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 involving choices in risky situations, we introduce a new normalization of utilities that is the only one ensuring that: 1) a transfer from a rich to a poor is welfare enhancing, and 2) populations with more risk averse people have lower welfare. We embed these requirements in a new characterization of utilitarianism and study some implications of this "fair utilitarianism" for risk sharing, collective risk aversion and the design of health policy.

Introduction

Utilitarianism played a key role in the development of economic theory and provided key concepts such as utility and welfare used to analyze individual behaviors and social situations. It remains the normative basis for many economic policy judgements in the academic literature (see, e.g., [START_REF] Riley | Utilitarianism and economic theory[END_REF][START_REF] Kaplow | The Theory of Taxation and Public Economics[END_REF], in spite of some recent criticism. 1 However, in spite of the long domination of utilitarianism, one issue that is most important for concrete applications has never been really settled: What practical method should be used to measure individual utility in an interpersonally comparable way? For lack of a fully applicable recipe, utilitarianism has often been used in a rather abstract way and the economic policy literature has often assumed individual utility functions to be identical. This assumption is however unrealistic, as the empirical literature has documented that there is, in particular, substantial heterogeneity in risk aversion in the population. 2 Four specific proposals have been made, however. One proposal, due to Edgeworth (1881) and recently revived by [START_REF] Argenziano | Foundations of weighted utilitarianism[END_REF], is to consider that "just noticeable differences" are of equal value across individuals. A second proposal has emerged from the literature on subjective well-being. It consists in using answers to survey questions about happiness or satisfaction as direct measures of utility (see, e.g., [START_REF] Kahneman | Back to Bentham? Explorations of experienced utility[END_REF][START_REF] Layard | The marginal utility of income[END_REF]. Both the first and second approaches rely on the comparability of individual perceptions. But such a comparability is far from obvious and remains much debated. 3

1 Utilitarianism is now contested as insufficiently flexible to incorporate important values that prevail in the public debate, such as fairness and desert. See [START_REF] Rawls | A Theory of Justice[END_REF], [START_REF] Sen | Commodities and capabilities[END_REF] and the subsequent literature, as well as [START_REF] Roemer | Theories of Distributive Justice[END_REF], [START_REF] Mankiw | Spreading the wealth around: Reflections inspired by Joe the plumber[END_REF], [START_REF] Fleurbaey | A Theory of Fairness and Social Welfare[END_REF], [START_REF] Weinzierl | The promise of positive optimal taxation: Normative diversity and a role for equal sacrifice[END_REF], [START_REF] Suzumura | Choices, Preferences, and Procedures[END_REF] and [START_REF] Saez | Generalized social welfare weights for optimal tax theory[END_REF].

2 See [START_REF] Kimball | Risk preferences in the PSID: Individual imputations and family covariation[END_REF], [START_REF] Chiappori | Relative risk aversion is constant: Evidence from panel data[END_REF], [START_REF] Schulhofer-Wohl | Heterogeneity and tests of risk sharing[END_REF] and [START_REF] Fossen | Stated and revealed heterogeneous risk preferences in educational choice[END_REF] for evidence of preference heterogeneity. Recently, in prominent reviews of public economics, [START_REF] Kaplow | The Theory of Taxation and Public Economics[END_REF], [START_REF] Boadway | From Optimal Tax Theory to Tax Policy[END_REF] and Piketty and Saez (2012) have criticized the assumption that utility functions are identical.

3 Critical discussions of the "just noticeable differences" approach can be found in [START_REF] Arrow | Social Choice and Individual Values[END_REF], [START_REF] Svensson | The utilitarian criterion, finite sensibility, and the weak majority preference principle: A further analysis[END_REF] and [START_REF] Hammond | Interpersonal comparisons of utility: Why and how they are and should be made[END_REF]. Critical discussions of the happiness approach 1 A third proposal is based on [START_REF] Harsanyi | Cardinal utility in welfare economics and in the theory of risk-taking[END_REF] impartial observer theorem and has been further discussed in [START_REF] Harsanyi | Rational Behavior and Bargaining Equilibrium in Games and Social Situations[END_REF]. It assumes that, behind a veil of ignorance, individual have extended preferences on prospects of outcomes and identities, so that they can compare their wellbeing with different preferences.

A key assumption of Harsanyi is that different deliberators behind the veil of ignorance will have the same extended preferences. 4 This assumption has been much disputed (see for instance [START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF][START_REF] Adler | Extended Preferences[END_REF], for recent discussions and criticisms of Harsanyi's approach).

A fourth proposal to measure individual utilities is related to the previous one, and relies on [START_REF] Harsanyi | Cardinal welfare, individualistic ethics and interpersonal comparisons of utility[END_REF] aggregation theorem. This theorem, which involves the Pareto principle applied in risky situations, characterizes utilitarianism as a sum of Von Neumann -Morgenstern (henceforth VNM) individual utilities. 5 In that context, the proposal is to scale the utility functions by setting the utility of a "good" option (generally the best) equal to one and the utility of a "bad" option (generally the worst) equal to zero. This has been called "relative utilitarianism" by [START_REF] Dhillon | Relative utilitarianism: An improved axiomatization[END_REF]. The 0-1 normalized utilities have appeared in can be found in [START_REF] Sen | Commodities and capabilities[END_REF], [START_REF] Nussbaum | Who is the happy warrior? Philosophy poses questions to psychology[END_REF], [START_REF] Graham | Happiness around the World. The Paradox of Happy Peasants and Miserable Millionaires[END_REF], [START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF], [START_REF] Fleurbaey | Beyond GDP. Measuring Welfare and Assessing Sustainability[END_REF].

the literature many times, 6 and they have been criticized almost as often. 7In this paper, we build on this fourth proposal and propose an alternative normalization of utilities in [START_REF] Harsanyi | Cardinal welfare, individualistic ethics and interpersonal comparisons of utility[END_REF] theorem to obtain a "local" or "marginal" variant of relative utilitarianism. Our proposal consists in equalizing marginal utilities at the poverty line. 8 We offer two ways of justifying this fourth approach. One argument relies on the idea that social priority should be greater for any individual below the poverty line than for any individual above it.

Such an argument supposes the existence of an arbitrary poverty line and requires all individuals to be risk averse. To obtain a more robust definition of the poverty line, we then consider another argument, which involves the idea that more risk averse individuals have a lower utility level and does not need the assumption that people are risk averse. This second argument involves comparisons of wellbeing levels. Such comparisons matter for utilitarianism in the evaluation of changes in the composition of the population. We thus need a framework where comparisons of social situations involving different individuals are possible. Such a framework is not typical in social choice theory but it has been introduced by [START_REF] Fleurbaey | Universal social orderings[END_REF] who defined the concept of universal social orderings. Universal social orderings are necessary when we want 6 The literature is often vague about the origins of the idea. [START_REF] Arrow | Social Choice and Individual Values[END_REF] attributes the idea of 0-1 normalized utility functions to (apparently oral communication by) Abraham Kaplan. Luce and Raiffa (1957, p. 34) refer to the normalization without citing any source. [START_REF] Hammond | Interpersonal comparisons of utility: Why and how they are and should be made[END_REF] cites [START_REF] Isbell | Absolute games[END_REF] and [START_REF] Schick | Beyond utilitarianism[END_REF]. [START_REF] Dhillon | Relative utilitarianism: An improved axiomatization[END_REF] and [START_REF] Sprumont | On relative egalitarianism[END_REF] refer to [START_REF] Kalai | Other solutions to Nash's bargaining problem[END_REF] -who equalize these normalized utilities instead of maximizing their sum. [START_REF] Karni | Impartiality: Definition and representation[END_REF] does not refer to earlier sources, and [START_REF] Segal | Let's agree that all dictatorship are equally bad[END_REF] cites [START_REF] Cao | Preference functions and bargaining solutions[END_REF].

Observe that the standard gamble on which the proof of existence of a VNM utility function usually relies [START_REF] Neumann | Theory of Games and Economic Behavior[END_REF], in the appendix written for the 1946 edition) already produces such a 0-1 normalization (between two arbitrary options). There remains a leap before such normalization can be used for interpersonal comparisons, but nevertheless, one could argue that the idea has been around since the very advent of VNM utilities.

to compare societies with different populations (as is done, e.g., when comparing countries according to their GDP per capita or inequality level) or when people' preferences may change (either exogenously or because of the policy being implemented). We show that the 0-1 normalization appears questionable and leads to unappealing consequences, both in terms of Pigou-Dalton transfers and comparisons of societies involving people with different risk preferences.

We do not claim that our proposal is unquestionably the best, but we would like to argue that it deserves consideration, and we find it surprising that it is not more prominent in the literature -as a matter of fact, we have not found any trace of it. In the next section, we compare the 0-1 normalization of relative utilitarianism to the new normalization of utilities that we propose. In Section 3 we introduce a formal framework for our analysis, which involves risk on consumption and on the composition of the population and makes it possible to invoke Harsanyi's aggregation theorem. Our framework allows for comparisons of situations involving different societies, which we need for instance when preferences may change. In Section 4, a first argument in terms of priority around the poverty line is shown to characterize the utility normalization we propose. In Section 5, an argument involving utility levels and population changes is analyzed and yields another characterization that does not depend on the assumption that individuals are risk averse. In Section 6, we discuss some implications of our fair utilitarian approach for risk sharing and collective risk aversion. We show that all individuals must have a consumption level above the poverty level whenever this is feasible. When resources are not sufficient to raise everyone above the poverty level, we also show that inequality should be bounded so that no one consumes more than the poverty level. It is known that an increase in agents' relative risk aversion does not necessarily increases collective risk aversion [START_REF] Mazzocco | Savings, risk sharing and preferences for risk[END_REF][START_REF] Jouini | Collective risk aversion[END_REF]. In the case of fair utilitarian criteria and individuals having Harmonic Absolute Risk Aversion (HARA) utility functions, we show that collective risk aversion always increases around the poverty line. At low levels (resp. high levels) of per capita consumption, collective risk aversion also increases when the risk aversion of the most risk-averse (resp. least risk averse) agent increases. Section 7 discusses policy implications, focusing on the example of health insurance. Section 8 concludes. An Appendix contains the proofs of our results.

Comparing utility normalizations

Let x denote an allocation of resources, and u i (x i ) be the utility of person i with this allocation, where u i represents individual preferences over resources and x i denotes the resources allocated to i. The utilitarian social welfare function W has the well-known form:

W (x) = ∑ i u i (x i ).
(1)

Suppose that u i is also a VNM utility function, so that its concavity represents individual i's risk aversion. The 0-1 normalization of utilities sets u i (x) = 0 and u i (x) = 1 for specific consumption bundles x, x. It has different implications depending on how the good and bad options are chosen. The most popular approach has been to take the worst option as the bad one, x, and the best option as the good one, x, thus ensuring that utility ranges over the interval

[0, 1].
Of course, this approach implicitly assumes that all individuals agree on the best and worst options, which may be acceptable when there is only one good whose amount is bounded but may not be evident in general. Another approach, proposed by [START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF][START_REF] Adler | Extended Preferences[END_REF], consists in picking the worst option as the bad option x, and a poverty level as the good option x.

The literature quoted in the introduction has focused its criticism of the 0-1 normalization on the fact it involves a dubious assumption that the good and the bad option mean the same thing for different people. However, the advocates of this normalization (e.g., [START_REF] Isbell | Absolute games[END_REF][START_REF] Segal | Let's agree that all dictatorship are equally bad[END_REF] have often argued that the normalization did not make such an assumption, but posited, as a matter of fairness, that the best option should be treated as equivalent for everyone in terms of social evaluation, and similarly for the worst option. The debate can of course continue about whether it is really fair to posit such an equivalence when individuals do enjoy these options differently [START_REF] Luce | Games and Decisions[END_REF], take the example of small gambles over $1 for a rich and a poor person). Another criticism of relative utilitarianism in its worst-best form (see, e.g., [START_REF] Arrow | Social Choice and Individual Values[END_REF] points out that the ranking of prospects may not be invariant to adding feasible options that change the best and worst outcomes for individuals. In an economic context (where x is a distribution of income or consumption), the outcome space is the set of positive real numbers, so that there is no well-defined best outcome and, under non-satiation, individuals have no maximum utility, which is also problematic for the 0-1 normalization.

We would like to introduce another set of worries, having to do with the heterogeneity of risk attitudes, and the implications of the 0-1 normalization for two types of social decisions: 1) the allocation of consumption across individuals (which depends on marginal utilities), and 2) the addition of new members to the population (which depends on utility levels).

Consider Figure 1. On panel (a), the normalization spans the worst-best interval. On panel (b), utility is equal to 1 at the poverty line. The figures show the VNM utility functions of two individuals with different levels of risk aversion, when resources are measured by a level of consumption.

On panel (a), the more risk averse person (black curve) has greater marginal utility up to some point and then lower marginal utility. The point where this happens will depend on the exact shape of the curves. As a consequence, at a given point, it may happen that for one pair of individuals, the more risk averse has greater priority, whereas for another pair, the less risk averse has greater priority. This is odd, since it seems that greater risk aversion should modify the relative priority for the allocation of resources in a more systematic way. Now, if one considers adding a new person to the society at a given level of consumption, on panel (a) the more risk averse is everywhere considered betteroff in utility, and therefore it is always better to add more risk averse rather than less risk averse agents. This is not very intuitive, since one rather tends to view risk aversion as a burden.

On panel (b), a highly risk averse person (black curve) who is just below the poverty line has less priority for the allocation of resources than a less risk averse person who is just above the poverty line. It seems odd to penalize the risk averse in this way. In contrast, when the problem is to add new members to the society, a highly risk averse person is preferred to a less risk averse person when they are at the same level of consumption below the poverty line, but the preference is reversed when they are above. It is hard to make sense of this reversal around the poverty line. In particular, it seems counterintuitive to deem the more risk averse person's utility to be higher than a less risk averse person's when hit by the bad luck of poverty.

Figure 2 illustrates the alternative normalization that we propose in this paper. The level and slope of everyone's utility function at the poverty line is the same. This produces a very clear pattern for the two social decisions discussed before. For the allocation of resources, the more risk averse individuals have greater priority below the poverty line and lower priority above the poverty line.

This makes sense if one views risk aversion as triggering a greater loss in utility under bad luck and a lower gain under good luck. Moreover, with the proposed normalization, every individual below the poverty line has greater priority than every individual above the poverty line, independently of risk aversion, which seems consistent with the standard understanding of a poverty line as identifying As far as adding new members to the population is concerned, this normalization treats risk aversion as a burden and therefore systematically prefers to add less risk averse rather than more risk averse newcomers to the population.

Observe that this new normalization can be viewed as a local variant of the 0 -1 normalization, since it is the limit of a 0-1 normalization when the good and bad options come closer together and the corresponding utility levels are kept in proportion.

We propose this normalization for utilitarianism, but note that non-utilitarian criteria can also use it. For instance, the generalized utilitarian (also called "prioritarian", see [START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF] criterion that maximizes a sum of concave transforms of normalized utilities, with the same transform for all individuals, can also satisfy the fairness and the anti-risk-aversion principles -though not the Pareto principle ex ante.

In the literature, two kinds of axioms have been proposed to justify the 0-1 normalization. First, impartiality axioms stipulate that it is indifferent to favor one individual or the other if the utility gains are the same (in a specific sense, see [START_REF] Karni | Impartiality: Definition and representation[END_REF][START_REF] Segal | Let's agree that all dictatorship are equally bad[END_REF]. Second, restricted independence axioms, inspired by Arrow's Independence of Irrelevant Alternatives, refer to changes in available intermediate options [START_REF] Dhillon | Relative utilitarianism: An improved axiomatization[END_REF][START_REF] Sprumont | On relative egalitarianism[END_REF].

In this paper, we suggest two new principles that reflect the considerations presented in this section about relative priorities for the allocation of resources and for the addition of new agents. As argued by [START_REF] Karni | Impartiality and interpersonal comparisons of variations in well-being[END_REF], in the context of Harsanyi's aggregation theorem, the moral imperative of "equal treatment of equal claims" (that he labels impartiality) entails interpersonal comparisons of well-being that relate to underlying moral value judgements. The value judgements we consider are fairness principles relying either to the value of progressive transfers (the Pigou-Dalton transfer principle) or the comparisons of populations with different preferences facing the same risk. To the best of our knowledge, these lines of arguments are new in the context of Harsanyi's aggregation theorem. The Pigou-Dalton principle can be related to [START_REF] Karni | Impartiality and interpersonal comparisons of variations in well-being[END_REF] general principle that competing claims of equal merit should be treated as equivalent, although it actually states that the claim for an increase in income is weaker for a rich than for a poor (hence we do not equate claims but compare them). However it has a independent normative appeal (from an egalitarian point of view) and it has never been studied in the context of Harsanyi's theorem although it is a central principle in the theory of distributive justice.

The framework

We develop a framework making possible to consider that diverse populations consisting of people with different risk preferences may exist. We do so to be able to represent our intuitions regarding the addition of more or less risk averse new agents to a population. Such a framework is also needed for comparing social welfare or living standards across populations with different sizes and preferences (for instance across time and space, see Sen, 1976a, or Fleurbaey and[START_REF] Fleurbaey | Universal social orderings[END_REF].

We let N denote the set of positive integers, N the set of non-empty finite subsets of N, R the set of real numbers, R + the set of non-negative real numbers, and R ++ the set of positive real numbers. For a set D and any n ∈ N, D n is the n-fold Cartesian product of D. Also, for two sets D and E, D E denotes the set of mappings from E into D.

The set of potential individuals who may or may not exist is N. In an alternative, only a population N ∈ N exists. Each potential individual i ∈ N is associated with a preference ordering, so that considering different populations N makes it possible to study the impact of changes in individual preferences. We study the allocation of resources among the individuals composing the population that exist. To simplify, we assume that a single good, labelled as consumption, has to be distributed. It can be a summary statistics of all the resources available (for instance a composite good or an equivalent consumption level).

We let X = ∪ N ∈N (R + ) N denote the set of possible alternatives when at least one individual exists. An alternative, then, is a function assigning a positive consumption level to each individual living in that particular alternative, where N is the set of such individuals. Hence the size of the population may vary from one alternative to another and it is important to keep track of the population in an alternative. For any x ∈ X, we let N (x) ∈ N be the set of individuals in the alternative and n(x) = |N (x)| be the number of individuals in the alternative.

We assume that there always are finitely many people in any alternative.

We also assume that it is not always known for sure what the final allocation of consumption will be nor what set of individuals will eventually exist. To model this, we assume that there exists an infinite set of states of the world S, with typical element s ∈ S. We denote Σ a σ-algebra over S, so that (S, Σ) is a measurable space. There is a probability measure P on the measurable space (S, Σ). We assume that the measure space (S, Σ, P ) satisfies a property of convex-rangedness:

For any A ∈ Σ and κ ∈ [0, 1], there exists A ′ ∈ Σ such that A ′ ⊂ A and P (A ′ ) = κP (A).
A prospect f is a function from S to X, which is supposed to be Σ-measurable.

For s ∈ S, f (s) is therefore the alternative induced by the prospect x in state s. We restrict attention to simple prospects that are finitely-valued, in the sense that there exists a finite partition

(A 1 , • • • , A m ) for which f (s) = f (s ′ ) for all s, s ′ ∈ A k , all k = 1, • • • , m.
We denote F the set of all such prospects. For any random variable K, i.e., any Σ-measurable function

K : S → R, its expected value is E [ K ] = ∫ S K(s)dP (s).
Although our framework seems similar to [START_REF] Savage | The Foundations of Statistics[END_REF] model of decision under uncertainty (our prospects are similar to Savage's acts), we want to model a situation of risk. Indeed, we assume that all individuals consider P as the correct belief function, which is an objective probability measure. For our purpose, this framework is more convenient than the usual framework for objective risk that deals with lotteries, because it makes it easy to express individual prospects and redistribution of resources.

For an alternative x ∈ X, whenever i ∈ N (x),

x i ∈ R + denotes the con- sumption of individual i. For a prospect f ∈ F , whenever i ∈ N ( f (s) ) , f i (s)
denotes the consumption of individual i in state of the world s ∈ S. We de-

note A i (f ) = { s ∈ S | i ∈ N ( f (s) )} the event in which individual i exists and p i (f ) = P ( A i (f ) )
the probability that he exists. We also let f i denote the

mapping f i ∈ R A i (f ) +
determining individual i's consumption in each state of the world in which i exists, under the social prospect f . The mapping f i represents i's individual prospect.

For a population N ∈ N , let F N denote the set of prospects f such that, for every s ∈ S, N ( f (s) ) = N . These are the prospects such that the same individuals are present in all states of the world, so that there is no risk on individual preferences. By convention, for any x ∈ X, we let x denote the prospect f ∈ F such that f (s) = x for all s ∈ S. These are sure prospects yielding the same allocation in all states of the world. Similarly, let X ⊂ F also denote the set of sure prospects and X N ⊂ F N be the set of sure prospects such that the population is N .

It remains to specify how individuals rank different prospects and alternatives.

We retain the prominent assumption in the literature dealing with risk, namely, we assume that individuals are expected utility maximizers. One difficulty is that, for a given social prospect, an individual i ∈ N may not exist in all states of the world. We hence need to define individual preferences conditional on their existence in an event A ∈ Σ. To do so, for any A ∈ Σ we let

Σ A = {B ∈ Σ, B ⊂ A}, which is a sigma-algebra over A. For any Σ A -measurable function K : A → R, its conditional expected value is E A [ K ] = 1 P (A) ∫ A K(s)dP (s).
Hence, the set R A + of mappings that are Σ A -measurable represents individual prospects conditional on existence in A. We then assume that individual preferences are conditional expected utilities:

For each i ∈ N and A ∈ Σ, individual i's conditional preferences are represented by a relation ≿ A i over R A + .
Furthermore, there exists an increasing, continuously differentiable and concave function u i :

R + → R such that, for all f i , g i ∈ R A + , f i ≿ A i g i ⇐⇒ E A [ u i • f i ] ≥ E A [ u i • g i ] .
We thus assume that no individual is risk-loving. This is done for the sake of simplicity. Actually, among our characterization results, only Theorem 1 depends on this assumption (without it, we have an impossibility result, even when we want to satisfy the weak transfer principle that we present below). Our other characterization result, Theorem 2, would hold even if some individuals were risk lovers.

In order to stick to the Utilitarian tradition and in particular to [START_REF] Harsanyi | Cardinal welfare, individualistic ethics and interpersonal comparisons of utility[END_REF] approach, we also assume that the social observer is an expected utility maximizer:

The social ordering ≿ is a relation over F. Furthermore, there exists a continuous function U : X → R such that, for all f, g ∈ F :

f ≿ g ⇐⇒ E [ U (f ) ] ≥ E [ U (g) ] .
Observe that, by definition, the social ordering ≿ is a complete and transitive relation. Its domains is F , the set of prospects that are mappings from states of the world to alternatives. Given that alternatives are distributions of consumption within populations that may change (different alternatives may involve different subsets of people), our definition implies that we are able to compare societies with different people (and even different population size) so that ≿ is a universal social ordering as defined in [START_REF] Fleurbaey | Universal social orderings[END_REF]. Such evaluations are commonly made by agencies comparing different countries (or a given country through time). But we can also think of a decision maker who is aware that her decisions may change people preferences. One example discussed in Section 7 is that of health policy, given that the health conditions may have an impact on preferences.

Remark that the framework that we have introduced only involves the distribution of income (or some unidimensional good). This is done for the sake of simplicity, to focus on the main issue that we study, namely the normalization of the VNM utility functions. We could interpret income as a comprehensive and interpersonally comparable measure of ex-post wellbeing that may in general aggregate several dimensions. This could for instance be a money-metric utility but other options are possible. There are only two restrictions that should be satisfied by such a measure: 1) it should be consistent with individual preferences over the several dimensions (commodities, goods, etc.) distributed ex-post;

2) a Pigou-Dalton transfer of such a wellbeing measure should be normatively appealing.9 

Comparisons of risk-aversion when there are multiple commodities are known to be difficult. [START_REF] Kihlstrom | Risk aversion with many commodities[END_REF] have shown that general comparisons using a multidimensional version of the Arrow-Pratt approach are possible only when people have the same preferences. Of course, assuming that all individuals have the same preferences over multiple commodities or goods would be extremely restrictive. [START_REF] Stiglitz | Behavior towards risk with many commodities[END_REF] has developed a different approach that allows a comparison between utility functions that do not represent the same or-dinal preferences: it focuses on the equivalent income of a commodity bundle for some price vector and on gambles over this (unidimensional) income level. One can describe this approach as finding a decomposition of individuals' VNM utility functions u i as u i = g i • v i , where v i is a basic well-being index aggregating the multiple dimensions (for instance a money-metric utility) and g i measures risk aversion over this index. With such a decomposition in mind, one coud apply the results of this paper to cases with multiple commodities or goods.

Fair social choice under risk for fixed populations

Let us first consider the case in which there is no uncertainty about the composition of the population, so that N is fixed. Then, the well-known Pareto principle can be expressed in the following way.10 

Same-population Pareto. For all

N ∈ N , for all f, g ∈ F N , if f i ≿ S i g i for all i ∈ N , then f ≿ g. If furthermore f j ≻ S j g j for some j ∈ N , then f ≻ g.
As discussed in Section 2, we also want social orderings to satisfy principles of fairness regarding relative priorities for the allocation of resources. In this respect, a standard principle in the literature is the Pigou-Dalton principle that describes social-welfare-enhancing transfers of resources. In a multidimensional settinng (like the risk setting), it is however known that no social welfare ordering can satisfy both the Pigou-Dalton principle and the Pareto principle [START_REF] Fleurbaey | The impossibility of a Paretian egalitarian[END_REF][START_REF] Brun | Non-welfaristic theories of justice: Is the 'intersection approach' a solution to the indexing impasse?[END_REF]. We thus focus on a weak fairness requirement that applies only when transfers are made from a non-poor to a poor, in a situation that does not involve uncertainty.

Pigou-Dalton transfer for the poor.

There exists a poverty level z p ∈ R ++ such that, for all N ∈ N , for all x, y ∈ X N , if there exist i, j ∈ N such that 1.

y i < x i < z p < x j < y j ; 2. x i -y i = y j -x j ; 3. x k = y k for all k ∈ N \ {i, j}; then x ≿ y.
Let ≿ N denote the restriction of the social welfare ordering ≿ to prospects in F N . The next proposition characterizes fair utilitarian criteria.

Theorem 1 For all N ∈ N , the social ordering ≿ N satisfies Same-population Pareto and Pigou-Dalton transfer for the poor if and only if there exists a poverty

level z p ∈ R + such that, for all f, g ∈ F N , f ≿ N g ⇐⇒ E [ ∑ i∈N u i (f i ) u ′ i (z p ) ] ≥ E [ ∑ i∈N u i (g i ) u ′ i (z p ) ] .
Fair utilitarian criteria normalize utilities so that marginal utility is the same for all individuals at a 'poverty level'. The poverty level z p is the one introduced in Pigou-Dalton transfer for the poor, and is based on the idea expressed in Section 2 that we should be able to say that transfer are welfare improving in a systematic way.

The introduction of a poverty level z p is the main difference between our Pigou-Dalton principle and existing versions of the principle. We would like to note that it is hard to think of a stronger version. 11 For instance, one might want to use the Certainty transfer principle of [START_REF] Fleurbaey | A Theory of Fairness and Social Welfare[END_REF]:

Certainty transfer. For all N ∈ N , for all x, y ∈ X N , if there exist i, j ∈ N such that 1.

y i < x i ≤ x j < y j ; 2. x i -y i = y j -x j ;
11 We could consider an even weaker Pigou-Dalton transfer principle saying that transfer from people rich enough (above some level z) to people poor enough (below another level z) should be welfare improving. We would obtain a more general formula where utilities should be normalized by marginal utility at some intermediate level z i p such that z ≤ z i p ≤ z. This level could be different for different individuals. We would still obtain our crucial insight that marginal utility (and not utility levels like in the 0 -1 normalization) should be normalized. We believe that the next section provides additional arguments why there should be a single level z p , which is the same for all.

3. x k = y k for all k ∈ N \ {i, j}; then x ≿ y.

But we have the following Corollary of Theorem 1:

Corollary 1 For all N ∈ N such that for some i, j ∈ N u i and u j are linearly independent, no social ordering ≿ N satisfies both Same-population Pareto and Certainty transfer.

Proof. Clearly, Certainty transfer implies Pigou-Dalton transfer for the poor.

Hence, by Theorem 1, there exists a poverty level z p ∈ R + such that, for all

x, y ∈ X N , x ≿ N y ⇐⇒ ∑ k∈N u i (x i ) u ′ i (z p ) ≥ ∑ k∈N u i (y i ) u ′ i (z p ) . ( 2 
)
Given that for i, j ∈ N u i and u j are linearly independent, there exists z ∈ R + and ε ∈ R ++ such that either

u ′ i (z+ε) u ′ i (zp) > u ′ j (z-ε) u ′ j (zp) or u ′ j (z+ε) u ′ j (zp) > u ′ i (z-ε) u ′ i (zp)
. Consider the latter case (the other case is similar). Let x, y ∈ X N be such that 1.

x i = x j = z, y i = z -ε and y j = z + ε; 2. x k = y k for all k ∈ N \ {i, j}.
By concavity of the utility functions, we have:

∑ k∈N u k (y k ) u ′ k (z p ) ≥ ∑ k∈N \{i,j} u k (y k ) u ′ k (z p ) + u j (z)+u ′ j (z+ε)ε u ′ j (zp) + u i (z)-u ′ i (z-ε)ε u ′ i (zp) > ∑ k∈N \{i,j} u k (y k ) u ′ k (z p ) + u j (z) u ′ j (zp) + u i (z) u ′ i (zp) = ∑ k∈N u k (x k ) u ′ k (z p )
.

By Equation (2), we should have y ≻ N x. But this is a violation of Certainty transfer.

Corollary 1 shows that that even the standard Pigou-Dalton principle when there is no risk conflicts with Pareto under expected utility. This suggests that it is not possible to go beyond our Pigou-Dalton transfer for the poor in that context. In that sense, fair utilitarian criteria are maximally fair if we want to be able to satisfy the Pareto principle when there is risk.

We focus in this paper on the normalization of utility based on individual risk preferences, but our normalization procedure could be applied to other important classes of preferences. Indeed, as discussed in [START_REF] Mongin | Ranking multidimensional alternatives and uncertain prospects[END_REF], results equivalent to Harsanyi's aggregation theorem exist when we consider multidimensional alternatives in general and assume a property of separability between the different dimensions. For instance, if all individuals and the society have "standard" exponential discounting inter-temporal preferences with same discount factor, we obtain an affine aggregation of preferences as in Harsanyi's aggregation theorem. We could then use a Pigou-Dalton transfer principle for constant consumption streams to normalize preferences as we do in Theorem 1. Similarly, if all individuals have constant elasticity of substitution (CES) preferences with the same share parameters and society has additively separable preferences, we would obtain an affine aggregation of preferences. We could then propose a Pigou-Dalton transfer principle for iso-consumption vectors to obtain a normalization similar to the one in Theorem 1.

Theorem 1 holds only when no individual is risk-loving, because a risk-loving individual may end up having a great marginal utility for high levels of consumption. In the next section, we will provide another foundation for level z p based on the concept of a critical level and which does not require the assumption that people are risk averse. To do so, we will use the intuition introduced in Section 2 that we prefer to face a common risk with a less risk-averse population. Fair utilitarian criteria also have the following attractive property: The more risk averse a person is, the greater marginal utility she has in poverty and the lower marginal utility she has out of poverty. In other words, a greater risk aversion implies that one gets greater social priority in poverty and less priority out of poverty.

Observe also that Theorem 1 does not say anything about utility levels, since only marginal utility matters for utilitarianism dealing with fixed populations.

The question of utility levels comes up in the next section.

Fair criteria for populations of variable sizes and compositions

As discussed in Section 2, it seems intuitive to deem a population facing a risk to be less well-off if it contains more risk averse individuals. To make such judgments, we must be able to compare populations with different risk attitudes. In this section, we incorporate uncertainty about the preferences or existence of people composing the population into our analysis. This also makes more general evaluations possible, allowing for instance a possible uncertainty about what the preferences of people will be in the future.

However, this also raises the issue of how the Pareto principle should be applied. Indeed, individual preferences are normatively relevant only for states of the world in which the preference bearers exist. We thus introduce a general version of the Pareto principle, such that individual preferences are respected whenever individuals live in the same states of the world in the two prospects that are being compared.

Pareto. For all f, g ∈ F , if for all i ∈ N, A i (f ) = A i (g) := A i , and if f i ≿ A i i g i for all i ∈ N such that P (A i ) > 0, then f ≿ g. If furthermore f i ≻ A i
i g i for some j ∈ N such that P (A j ) > 0, then f ≻ g.

The next two principles describe how populations of different sizes and composition are being compared. The first principle introduces the notion of a critical level of consumption, i.e., a level such that adding a person at this level is a matter of social indifference.

Critical level. There exists z

c ∈ R ++ such that for all x, y ∈ X, if N (y) = N (x) ∪ {j}, with j ∈ N \ N (x), y i = x i = z c for all i ∈ N (x) and y j = z c then x ∼ y.
Our critical-level principle is related to other principles proposed in the literature on population ethics (see [START_REF] Blackorby | Population Issues in Social Choice Theory, Welfare Economics, and Ethics[END_REF], for a presentation of this literature). The main difference is that our principle is expressed in terms of resource and not in terms of welfare. Our principle is weak because it does not require the critical-level to be the same for all possible allocations, instead it posits that there is a level at which population expansion is indifferent. The level of z c can be thought of as a subsistence level below which life is not worth living, so that a smaller population is preferable when everyone is below this level, whereas a greater population is desirable when everyone is above z c .

A second principle compares populations of same size facing an egalitarian prospect, i.e., a prospect in which income varies across states but individuals always end up in equal positions. The principle represents the argument made in Section 2 that risk aversion is a burden that reduces social welfare. The reason why this should be so is that a more risk-averse individual always has a lower certainty-equivalent, and is therefore willing to pay more to avoid the aggregate risk on income. Thus, when facing a given egalitarian risky prospect, a population with less risk-averse agents should be considered better off.

To state our principle, we need the following definition. We say that an individual j ∈ N is more risk averse than another individual i ∈ N if there exists a continuously differentiable, increasing and concave function ψ such that

u j = ψ • u i .
Social aversion to risk aversion. For all f, g ∈ F , if there exists a population N ∈ N and two individuals i, j ∈ N \ N , with j more risk averse than i, such that:

1. N ( f (s) ) = N ∪ {i} and N ( g(s) ) = N ∪ {j} for all s ∈ S, 2. f i (s) = g j (s) = f k (s) = g k (s) for all k ∈ N and s ∈ S, then f ≿ g.
Social aversion to risk aversion means that social welfare is larger when facing a common risk if the society is composed of less risk averse agents. This aversion has nothing to do with the fact that such a society can better share the risk because the risk is born equally by all individuals: this is a 'pure' aversion that only reflects the fact that risk can be seen as a burden, which is larger for more risk averse agents. Given that more risk agents have a more aversion to risk, society is less well-off as a whole when such agents are part of it.

To make sure that the above principle is not empty, we make the following assumption, that guarantees the existence of an individual that is comparable to others in terms of risk aversion. To simplify the proof, we also assume that utilities are affinely independent (otherwise, there may be some indeterminacy of the weights).

There exists an individual i ∈ N such that, for all j ∈ N \ {i}, either i is more risk averse than j, or j is more risk averse than i.

Furthermore, for any N ∈ N , the utility functions (u i ) i∈N are affinely independent.

Note that this condition is satisfied if there is a single risk-neutral individual in the society.

It is then possible to characterize the class of fair utilitarian criteria for variable populations.

Theorem 2 The social ordering ≿ satisfies Pareto, Critical-level and Social aversion to risk aversion if and only if there exists a critical level z

c ∈ R + such that, for all f, g ∈ F , f ≿ g ⇐⇒ ∑ i∈N p i (f ) × E [ u i (f i ) -u i (z c ) u ′ i (z c ) ] ≥ ∑ i∈N p i (g) × E [ u i (g i ) -u i (z c ) u ′ i (z c )
] .

Theorem 2 does not depend on the assumption that no individual is riskloving. However, a noticeable consequence of Theorem 2 is that these fair utilitarian criteria satisfy Pigou-Dalton transfer for the poor among risk averse individuals. In addition, the income poverty level for Pigou-Dalton is hereby shown to be exactly equal to the critical level involved in the Critical Level axiom. This result comes from the fact that the normalization of marginal utilities at z c is the only normalization that guarantees that, given that utility levels are equalized at z c (which is implied by Critical level), a more risk averse individual is worse-off than a less risk averse individual when facing a small risk around z c (see Fig. 2).

Contrary to what is implicitly assumed in Social aversion to risk aversion, one could argue that risk aversion should be neutral when normalizing individual wellbeing levels, so that people with different risk preferences should have the same expected utility when facing the same risk. This is however impossible in the context of Harsanyi's aggregation theorem: there is no way to normalize VNM utilities so that people would always have equal expected utility levels when facing the same risk. Following the reasoning of the proof of Theorem 2, we would obtain an impossibility result if f ≿ g is replaced by f ∼ g at the end of the statement of Social aversion to risk aversion.12 6 Optimal risk sharing and social risk aversion

In this section, we explore some of the implications of fair utilitarian criteria.

To do so, we consider a simple static economy with no production and a given population N of size n ∈ N. 13 We assume that the only risk is a risk on per capita endowment in the economy, described by a finitely-valued random variable ω on the measure space (S, Σ, P ). Thus per capita endowment in state s ∈ S is ω(s).

A prospect f is feasible if for all s ∈ S:

1 n ∑ i∈N f i (s) ≤ ω(s).

Fair risk sharing

We want to compare the fair optimal risk sharing rule with the optimal risk sharing rule using 0-1 normalized utilitarian criteria. Let us first look at fair optimal risk sharing, defined as the solution of the following first-best optimization problem:

max f ∈F N ∑ i∈N E [ u i (f i ) -u i (z c ) u ′ i (z c ) ] (3) s.t. 1 n ∑ i∈N f i (s) ≤ ω(s) ∀s ∈ S.
Another optimal risk sharing rule is the solution of the same optimization problem but using a 0-1 normalized utilitarian criterion:

max f ∈F N ∑ i∈N E [ u i (f i ) -u i (0) u i (x) -u i (0) ] (4) s.t. 1 n ∑ i∈N f i (s) ≤ ω(s) ∀s ∈ S,
where x is either the best available option (n × sup s∈S ω(s)), as assumed in "relative utilitarianism" [START_REF] Dhillon | Relative utilitarianism: An improved axiomatization[END_REF], or an exogenous poverty line, as suggested by [START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF]. 3) is such that:

(a) For all s ∈ S and all i, j ∈ N , if i is more risk-averse than j and

ω(s) ≤ z c , then f * j ( ω(s) ) ≤ f * i ( ω(s) ) ≤ z c .
(b) For all s ∈ S and all i, j ∈ N , if i is more risk-averse than j and

ω(s) ≥ z c , then f * j ( ω(s) ) ≥ f * i ( ω(s) ) ≥ z c .
2. For any risk on per capita endowment, and for any 0 < ε < 1, there exists a profile of preferences such that the optimal allocation for problem (4)

yields f * * i ( ω(s) ) ≥ (1 -ε)nω(s)
for some individual i in the population and

f * * k ( ω(s) ) ≤ εω(s)
for all other individuals k, whatever the state s ∈ S.

The first part of Proposition 1 shows that the fair utilitarian sharing necessarily imposes bounds to the inequality in the allocation of resources. When resource are low, so that it is impossible to provide everyone with a consumption level above the poverty line, then nobody should have a consumption level above the line. It can be viewed as a fairness requirement that poverty should be shared by everyone in poor societies: for somebody to have a consumption above the poverty level in that case, we would have to impoverish all other people given the limited resources.14 Moreover, when resources are low, Proposition 1 states that the more risk averse agents have relatively more at the optimum. On the other hand, when resource are sufficiently large, so that it is possible to raise everyone's consumption above the poverty line we should do so. Again, this can be viewed as a fairness requirement that prosperity should be shared. In this case, the more risk averse agents have relatively less.

The first part of Proposition 1 also implies that, when ω(s) = z p , the optimal consumption level is perfectly egalitarian (at z p for all agents). The existence of such an efficient and egalitarian optimum was assumed by [START_REF] Jouini | Collective risk aversion[END_REF]. It is an implication of fair utilitarian criteria.

The second part of Proposition 1 shows that the risk sharing rule derived from the 0-1 normalized utilitarian criteria can create large inequalities, where one individual gets almost all the aggregate endowment nω(s), while the others have a consumption level close to zero. In particular, even when there are enough resources to bring everyone above the poverty level, it may be optimal to have only one individual well above the poverty level while others remain in deep poverty. This seems to be a quite extreme distributive conclusion, which is avoided whatever the preferences of the population by the fair utilitarian rule.

Collective risk aversion

One might think that populations composed of more risk averse agents are less prone to take risks when acting collectively. However, [START_REF] Mazzocco | Savings, risk sharing and preferences for risk[END_REF] and [START_REF] Jouini | Collective risk aversion[END_REF] showed that is not always the case, even when there are only two agents with Constant Relative Risk Aversion (CRRA) utility functions. In this section, we study how the risk aversion associated with a fair utilitarian criterion changes when the composition of population N ∈ N changes.

Let us assume that all (potential) individuals have utility functions of the following specific Harmonic Absolute Risk Aversion (HARA) form: 15 for all i ∈ N,

there exists α i ∈ R + such that u i (x i ) = (κ + x i ) 1-α i / ( 1 -α i ) for all x i ∈ R + ,
where κ is a positive real number. Parameter α i determines whether individual i is more or less risk averse. Indeed, relative risk aversion of individual i at the consumption level

x i ∈ R + is R i (x i ) = - [ x i u ′′ i (x i ) ] /u ′ i (x i ) = α i /(1+κ/x i )
. At any consumption level x i ∈ R + , an individual whose utility has a higher parameter α i is more averse to risk.

For any population N ∈ N and for any level of per capita resource z ∈ R + , let us denote:

W N (z) := max x∈R n ∑ i∈N u i (x i ) -u i (z c ) u ′ i (z c ) s.t. 1 n ∑ i∈N x i ≤ z.
W N (z) is the indirect social welfare for the fair utilitarian criterion when per capita endowment is equal to z.

To characterize collective risk attitudes, we need to study the level of risk aver-15 HARA utility functions have the form

u i (x i ) = ζ 1-αi (η i + x i /α i ) 1-αi , with α i , ζ > 0.
Our assumption is to set η i = κ/α i and ζ = 1/α i so that comparative risk aversion is determined only by parameter α i . The CRRA can be seen as a limit case when κ → 0. The advantage of our formulation is to have well-defined utility functions on R + , which is not the case of CRRA utility functions when α i > 1 and x i = 0. sion associated to function W N . The collective relative risk aversion for a population N at the per capita resource level z

∈ R + is R N (z) := - [ zW ′′ N (z) ] /W ′ N (z).
The next proposition highlights situations in which we are sure that an increase in an agent's relative risk aversion increases collective relative risk aversion. To present the result, denote, for any N ∈ N , α N := max i∈N α i and

α N := min i∈N α i . Also denote z N := (κ/(z c + κ)) α N /α N (z c + κ) -κ.
The level of resources z N guarantees that the optimal sharing rule induces strictly positive consumption levels for all individuals.

Proposition 2 For all N ∈ N and all i, j ∈ N \ N , if individual i is more risk averse than individual j then collective relative risk aversion is higher in

population N ∪ {i} than in population N ∪ {j} at z ≥ z M (where M = N ∪ {i, j})
for the following values of z:

1. e -ρ z p -(1 -e -ρ ) κ ≤ z ≤ e ρ z p + (e ρ -1)κ, with ρ = [ α M α M -1 ] -1 .
2. z ≤ z p (resp. z ≥ z p ), provided i and j are more risk averse than any individual in N (resp. less risk averse than any individual in N ).

Proposition 2 implies that, around the poverty level, an increase in an agent's relative risk aversion always increases collective relative risk aversion (Case 1). This is true for a large interval around the poverty level when there is not too much heterogeneity in relative risk tolerance and when the most risk averse agents is not too risk averse. In particular, a marginal change from a perfectly homogenous population always changes collective risk aversion in the expected direction.

Proposition 2 also provides sufficient conditions for changes in the risk aversions of individuals at the extremes of the preference profile to affect collective risk aversion in the expected direction -either the most risk averse agents when resources are low, or the least risk averse agent when resources are high.

It is hard to find a counterpart of Proposition 2 for the 0 -1 normalization that spans the worst-best interval. Indeed, there is no fixed z p level around which we can study changes in collective risk aversion: to each level of aggregate (or average) resources corresponds a different normalization. On the other hand, the analysis of the 0 -1 normalization where 1 corresponds to a poverty line was not readily tractable, so that we could not obtain clear results (a numerical analysis did not provide clear insights). The analysis of this case is left for future research.

It is already remarkable that specific results were obtained for the normalization we propose in this paper.

Policy implications: Health insurance

The previous section has briefly described the behavior of fair utilitarianism in a simple framework and in the first-best context. Obviously, this criterion can also be relevant to any second-best policy context that involves distributional issues and therefore interpersonal comparisons.

Let us briefly examine an example of how the normalization proposed in this paper would bear on a more concrete policy issue. It is interesting to focus on the example of the impact of preference heterogeneity in the case of health insurance. While traditionally health insurance has been analyzed as simply aiming to insure against random shocks on health expenditures [START_REF] Arrow | Uncertainty and the welfare economics of medical care[END_REF][START_REF] Zeckhauser | Medical insurance: A case study of the tradeoff between risk spreading and appropriate incentives[END_REF], it has become increasingly recognized in the empirical literature that state-dependent preferences may be more appropriate to describe what happens to individuals hit by health events that are durable or chronic (see however [START_REF] Arrow | Optimal insurance and generalized deductibles[END_REF], for an early analysis of the impact of health state-dependent utilities). Health, then, does not only affect expenditures, but also the utility function itself. Given that our analysis has focused on utility depending on income, we will focus on the different risk attitudes of individuals with different (chronic) health conditions facing a risk on income (e.g., a risk on the cost of medical treatment).

There are two ways in which the utility function on income or expenditures may be health state-dependent. First, it may take the form v (h)×u (x), where h is health and x is consumption. This is the form of dependence studied for instance in [START_REF] Viscusi | Utility functions that depend on health status: estimates and economic implications[END_REF]Evans (1990), Finkelstein, Luttmer and[START_REF] Finkelstein | Approaches to estimating the health state dependence of the utility functions[END_REF] and [START_REF] Finkelstein | What good is wealth without health? The effect of health on the marginal utility of consumption[END_REF]. The three studies find that, at any level of income, marginal utility is increasing in health, which means that v (.) is an increasing function. However, in this formulation health conditions do not affect risk attitudes about income. Therefore patients with different health conditions would still like to insure against risks on costs in the same way, and this is consistent with the normalisation proposed in this paper (as well as other normalizations such as the 0-1 normalization).16 

A second form of health state-dependence is when health affects risk aversion, for instance when utility takes the form

x 1-v(h) -1 1 -v (h) .
In that case, if v (.) is a decreasing function, then healthy individuals are less risk averse on income or consumption. There is evidence that this may be the case [START_REF] Schurer | Lifecycle patters in the socioeconomic gradient of risk preferences[END_REF][START_REF] Decker | Health shocks and risk aversion[END_REF]. Facing such a phenomenon, fair utilitarianism does recommend to give incomplete health expenditure coverage to populations above the poverty threshold, and an over-compensating coverage to individuals below the poverty threshold. The 0-1 normalization does not imply such clearcut conclusions, because the details then depend on exactly how the utility function is transformed by health.

Whether it is reasonable to penalize the sick people for their greater risk aversion is of course a normative issue. Note that, when the VNM utility function is defined on the positive real space and marginal utility for any normalization tends to 0 (for instance when people have CRRA or CARA preferences), the more risk averse person eventually has lower marginal utility, whatever normalization is adopted. Thus, if sick people are more risk averse, penalizing sick people at high income levels may be a generic feature of utilitarian criteria. One can perhaps intuitively think that it is harsh on sick people to impose the double penalty of the unpleasantness of sickness and a reduction in non-medical consumption. This points to how controversial utilitarianism can be, as an approach that is willing to penalize lower marginal utility even when it is associated with lower total utility.

If we want to consider not only insurance but also the prevention of health risks (or self-protection, using the label by [START_REF] Ehrlich | Market insurance, self-insurance, and selfprotection[END_REF], what matters will not only be marginal utilities but utility levels. Indeed, the willingness to decrease the probability of a negative health shock depends on the utility loss of being sick compared to being in good health. [START_REF] Viscusi | Utility functions that depend on health status: estimates and economic implications[END_REF] highlighted that, if the health shock decreases the utility level, and not only the marginal utility level, this will have an impact on people willingness to accept risky jobs through the implicit value of statistical injury. Compared to the 0-1 normalization, our approach has the nice implication that, if injuries or health shocks are increasing risk aversion, we are collectively willing to pay a positive amount of money to reduce health risks. This is because more risk averse people always have a lower utility (see Fig. 2). On the contrary, with the 0-1 normalization, utility of more risk averse people is always (or sometimes, depending on how the good option

x is chosen) above the utility of less risk averse people (see Fig. 1). Hence, we may want to increase the probability of accidents or health shocks. This seems counter-intuitive and provides an argument in favor of our normalization and of the principle of Social aversion to risk aversion: Risk aversion is a burden that should perhaps be recognized as such and that justifies a differential treatment based on individual risk attitudes.

Conclusion

In this paper we have discussed how utilities should be normalized when applying a utilitarian social welfare function in a context where people may have different preferences. Our proposal entails normalizing the marginal utilities and the utility level at some critical threshold that we can interpret as a poverty level. We offer two lines of argument for such a normalization. First, this makes it possible to satisfy a weak version of the Pigou-Dalton transfer principle where it is always welfare enhancing to transfer money from someone above a poverty threshold to someone below. Second, this guarantees that a less risk averse population facing an aggregate (egalitarian) risk is better-off than a more risk-averse population facing the same risk. The interpretation is that risk aversion is a burden when facing risk.

We have developed our arguments in the context of [START_REF] Harsanyi | Cardinal welfare, individualistic ethics and interpersonal comparisons of utility[END_REF] theorem where the utility functions that are normalized are the VNM utility functions.

But the reasoning could be extended to cases without risk. 17 In particular, the line of argument based on the Pigou-Dalton transfer principle does not hinges on the fact that people face risk, so that other ordinal utility functions could be normalized based on this equity principle. One can also imagine to adapt the principle of Social aversion to risk aversion to other contexts. For instance, for the normalization of intertemporal utility in a dynamic setting, one can consider people with time-separable preferences and with different intertemporal elasticities of substitution, represented by the concavity of their per-period utility function.

People with more concave functions would be more averse to intertemporal fluctuations and one could argue that a population where people are less averse to fluctuations is better-off when facing a non-constant consumption stream than a population where people are more averse to fluctuations. We do not further develop these arguments here.

As already stated in the introduction, we do not claim that our proposal is the only one that is normatively relevant. We just think that it deserves more consideration. As argued in the previous section, we do not think either that utilitarianism is the only relevant normative position. As we have seen, it can have disturbing distributive consequences when people have different preferences (for instance when sick people are more risk averse). Other proposals are worth considering, for instance fair solutions that would insist on satisfying the Pigou-Dalton transfer principle. Recently, [START_REF] Piacquadio | A fairness justification of utilitarianism[END_REF] has studied how to satisfy (a multidimensional version of) this principle while respecting people's preferences, in a risk-free environment with multiple goods. [START_REF] Fleurbaey | Fair management of social risk[END_REF] have also developed an ex-post approach that can accommodate many different views re- 17 We would like to thank Philippe Mongin for this remark.

Step 1: The social VNM function is an affine combination of individuals ones Let first remark that social choices on F N can be translated as choices on the set of simple lotteries over X N . To do so, define ∆(X N ) the set of simple lotteries, that is mapping p : X N → [0, 1] such that ∑ x∈X N p(x) = 1 and p(x) > 0 for a finite number of elements in X N . For any prospect f ∈ F N , there exists a finite

partition (A 1 , • • • , A m ) for which, whatever k = 1, • • • , m, f (s) = f (s ′ ) ̸ = f (s ′′ ) for all s, s ′ ∈ A k and s ′′ ∈ S \ A k . Define p f ∈ ∆(X N ) such that, for any x ∈ X, p f (x) = P (A k ) if f (s) = x for all s ∈ A k and p f (x) = 0 otherwise. Conversely, for any p ∈ ∆(X N ), we can define an associated prospect f p ∈ F N such that f p (s) = x for all s ∈ A k , with P (A k ) = p(x) when p(x) > 0.
Hence, we can define the following functions on ∆(X N ):

1. For all i ∈ N , for all p ∈ ∆(X N ), V i (p) = E [ u i (f p i )
] .

for all

p ∈ ∆(X N ), V 0 (p) = E [ U (f p ) ] .
Each V i is linear in the sense of [START_REF] Fishburn | On Harsanyi's utilitarian cardinal welfare theorem[END_REF] and, by Same-population

Pareto, for all p, q ∈ ∆(X N ), V 0 (p) ≥ V 0 (q) whenever V i (p) ≥ V i (q) for all i ∈ N (with a strict inequality if V j (p) > V j (q) for some j ∈ N ). Hence, by Theorem 2 in [START_REF] Fishburn | On Harsanyi's utilitarian cardinal welfare theorem[END_REF], there exist positive real numbers

( α N i ) i∈N ∈ R N ++ and a real number β N such that V 0 (p) = ∑ i∈N α N i V i (p) + β N . The weights ( α N i ) i∈N ∈ R N
++ are furthermore unique because utility is selfcentered (it depends only on individual consumption), so that the utility functions u i are linearly independent.

Given the correspondence between preferences over prospects and preferences over lotteries, this implies that:

U (x) = ∑ i∈N α N i u i (x i ) + β N , ( 5 
)
where U is the function used to compute the social expected utility.

u i functions are linearly independent, φ•u -1 i cannot be affine unless it is constant, which implies α N j = α N \{i} j for all j ∈ N \ {i}. And we need 2α i 3 =

2α N i 3 = c so that α i = α N i . To sum up, there exist weights (α i ) i∈N ∈ R N ++ and real numbers β N ∈ R such that, for all x ∈ X:

U (x) = ∑ i∈N (x) α i u i (x i ) + β N (x) .
By repeated application of Critical-level, there exists z c ∈ R ++ such that, for any N ∈ N and any

i ∈ N , ∑ j∈N α j u j (z c ) + β N = α i u i (z c ) + β {i} . For the special case where N = {1, i}, this yields α i u i (z c ) + β {i} = α 1 u 1 (z c ) + β {1} . Hence, for all N ∈ N , ∑ j∈N α j u j (z c ) + β N = α 1 u 1 (z c ) + β {1} and β N = - ∑ i∈N α j u j (z c ) + α 1 u 1 (z c ) + β {1} .
To sum up, and denoting

Λ = α 1 u 1 (z c ) + β {1} , for all f, g ∈ F , f ≿ g ⇐⇒ E [ ∑ i∈N (f ) α i u i (f i ) + β N (f ) ] ≥ E [ ∑ i∈N (g) α i u i (g i ) + β N (g) ] ⇐⇒ E [ ∑ i∈N (f ) α i ( u i (f i ) -u i (z c ) ) + Λ ] ≥ E [ ∑ i∈N (g) α i ( u i (g i ) -u i (z c ) ) + Λ ] ⇐⇒ E [ ∑ i∈N (f ) α i ( u i (f i ) -u i (z c ) ) ] ≥ E [ ∑ i∈N (g) α i ( u i (g i ) -u i (z c ) ) ] ⇐⇒ E [ ∑ i∈N (f ) ũi (f i ) ] ≥ E [ ∑ i∈N (g) ũ(g i ) ] , ( 8 
) with ũi (x i ) = α i ( u i (x i ) -u i (z c ) ) . Function ũi is such that ũi (z c ) = 0 and ũ′ i (x i ) = α i u ′ i (x i ).
By assumption, there exist an individual i such that any other individual is either more risk averse or less risk averse. Let j ∈ N be less risk averse than i (the reasoning is similar when j is more risk averse than j). Let N ∈ N be such

that i, j / ∈ N . Assume that ũ′ j (z c ) ̸ = ũ′ i (z c ): Case 1: ũ′ i (z c ) > ũ′ j (z c ). Then there exists z > z c such that ũi (z) > ũj (z), because ũi (z c ) = ũj (z c ). Let x, y ∈ X e be such N ( x ) = N ∪ {i} N ( y ) =
N ∪ {j}, and x i = y i = z for all i ∈ N . Then, x ≻ y (by Eq. ( 8)), because

∑ k∈N (x) ũk (x k ) = ∑ k∈N ũk (z) + ũi (z) > ∑ k∈N ũk (z) + ũj (z) = ∑ k∈N (y) ũk (y k ).
But this contradicts Social aversion to risk aversion given that i is more risk averse than j.

Case 2: ũ′ i (z c ) < ũ′ j (z c ). Then there exists z < z c such that ũi (z) > ũj (z), because ũi (z c ) = ũj (z c ). Thus, by the same reasoning as above, x ≻ y, which is a contradiction of Social aversion to risk aversion.

Hence, for all j ∈ N \ {i}, we must have ũ′

j (z c ) = ũ′ i (z c ). Denote K = ũ′ i (z c ). We obtain that for all j ∈ N ũ′ j (z c ) = α j u ′ j (z c ) = K, so that α j = K/u ′ j (z c
). Hence, by Eq. ( 8) and the definition of functions ũi , for all f, g ∈ F :

f ≿ g ⇐⇒ E   ∑ i∈N (f ) u i (f i ) -u i (z c ) u ′ i (z c )   ≥ E   ∑ i∈N (g) u i (g i ) -u i (z c ) u ′ i (z c )   .

Proof of Proposition 1 Proof of part 1

Let us first focus on interior solutions of Problem (3). Given that the utility utility functions u i are concave, the first-order conditions are both necessary and sufficient for an optimum. These conditions are that, for all s ∈ S and all i ∈ N ,

u ′ i ( f * i (ω(s)) ) u ′ i (z c ) = λ(s), (9) 
where λ(s) > 0 is the multiplier associated with the resource constraint. This implies for all s ∈ S and all i, j ∈ N ,

u ′ i ( f * i (ω(s)) ) u ′ i (z c ) = u ′ j ( f * j (ω(s)) ) u ′ i (z c ) . ( 10 
) Assume that ω(s) = z p . Because of the resource constraint 1 n ∑ i∈N f i (s) ≤ z p , we cannot have f * i (z p ) ≥ z p
for all i ∈ N and f * j (z p ) > z p for some j ∈ N . On the other hand, f * i (z p ) ≤ z p for all i ∈ N and f * j (z p ) < z p for some j ∈ N would be preferences u k (z) = 1 -e -θαz , for all z ∈ R, where α > 0 and θ > 0.18 

We will focus without loss of generality on cases with interior solutions. Given that the utility utility functions u i are concave, Problem (4) is convex and the following first-order conditions are both necessary and sufficient for an optimum for all j ∈ N and s ∈ S, u ′ j ( f * * j (ω(s))

)

u j (x) -u j (0) = λ(s). ( 11 
)
Given the utility function we have chosen, this yields:

αe -αf * * i (ω(s)) 1 -e -αx = θαe -θαf * * k (ω(s))
1 -e -θαx , for all s ∈ S and k ∈ N \ {i}. This can be written in the following way:

f * * i (ω(s)) = θf * * k (ω(s)) -1 α ln ( θ 1-e -αx
1-e -θαx

) .

For a given a θ > 0, this means that for α high enough we have f * * i (ω(s)) ≈ θf * * k (ω(s)) for all s ∈ S and k ∈ N \ {i}. Obviously, for any ϵ > 0, when θ is high enough, the resource constraints 

Proof of Proposition 2 Collective relative risk tolerance

Let N be any population in N with size n = |N |. Denote x N * i (z) the optimal allocation sharing rule when per capita resources are equal to z ∈ R + . For any i ∈ N , we know that, for interior solutions, there exists λ ∈ R such that (see Equation 9):

u ′ i ( x N * i (z)
)

u ′ i (zc)
= e -λ . Given the HARA form of the utility function u i and defining τ i = 1/α i , this means that x N * i (z) = e -τ i λ (z c + κ) -κ. Parameter τ i drives individual i's relative risk tolerance at the consumption level x i ∈ R + defined as t i (x i ) = -u ′ i (x i )/

[ x i u ′′ i (x i ) ] = τ i (1 + κ/x i ).

The resource constraint yields:

1 n ∑ i∈N e -τ i λ = z+κ zc+κ .

Define implicitly function ϕ N : R + → R by 1 n ∑ i∈N e -τ i ϕ N (y) = y for all y ∈ R + . For any z ∈ R + , also define the function y such that y(z) = z+κ zc+κ . We obtain x N * i (z) = e -τ i ϕ N (y(z)) (z c + κ) -κ.

Note that ϕ N (y) ≤ 0 if y ≥ 1 and ϕ N (y) ≥ 0 if y ≤ 1. Furthermore, noting τ N := max i∈N τ i and τ N := min i∈N τ i , we have τ N = 1/α N and τ N = 1/α N . And e -τ N ϕ N (y) ≥ y ≥ e -τ N ϕ N (y) when y ≥ 1 (because ϕ N (y) ≤ 0), so that -1 τ N ln(y) ≤ ϕ N (y) ≤ -1 τ N ln(y). Similarly, when y ≤ 1, -1 τ N ln(y) ≤ ϕ N (y) ≤ -1 τ N ln(y). When z ≤ z c , we know by Proposition 1 (first part) that for all i ∈ N x N * i (z) ≥ e -τ N ϕ N (y(z)) (z c + κ) -κ, because the most risk averse agent has less consumption in bad states. And, because -ϕ N (y) ≥ 1 τ N ln(y) when y ≤ 1, we obtain for all i ∈ N : When z > z N , we have x N * i (z) > 0 for all i ∈ N and thus interior solutions. Note that, when z ≥ z c , we know by Proposition 1 (first part) that we necessarily have interior solutions.

The collective relative risk tolerance for a population N ∈ N at the per capita

resource level z ∈ R + is t N (z) := 1/R N (z) = - [ W ′ N (z)
] /zW ′′ N (z). Hara, Huang and Kuzmics (2007) proved the following result that relates the collective relative risk tolerance to the individual ones through the efficient sharing rule:

t N (z) = ∑ i∈N x N * i (z) z × t i ( x N * i (z)
) .

In the case of our HARA utility functions, t i (x i ) = τ i (1+κ/x i ). Using the optimal sharing rule for the fair utilitarian social ordering, we thus have: such that individual i is more risk averse than individual j (so that τ i < τ j ). Let τ ∈ R ++ be such that τ j ≥ τ ≥ τ i : this would be the risk tolerance parameter of a fictitious individual, with relative risk aversion that is intermediate between the one of i and j.

Let us fix z ∈ R + the per capita endowment of the economy. We define function γ N y(z),τ (ℓ) implicitly by: )

.

Again differentiating with respect to ℓ, we obtain: ) > 0.

The quantity ∂ξ N y(z),τ ∂ℓ (0) measures the impact on collective relative risk tolerance of a small increase in the relative risk tolerance of a person with risk tolerance τ when the society is composed of this person and the population N , and when the per capita endowment of the economy is z. Clearly, if we have ∂ξ N y(z),τ ∂ℓ (0) ≥ 0 for all τ j ≥ τ ≥ τ i , then collective relative risk aversion is higher in population N ∪ {i} than in population N ∪ {j}.

Given that Ξ N y,τ (0) > 0 and 

Figure 1 :

 1 Figure 1: 0-1 normalizations of VNM utility functions

Figure 2 :

 2 Figure 2: Normalizing the level and slope of VNM utility functions at the poverty level

  problem (4). The next proposition contrasts the two risk sharing rules. It highlights that, while the standard 0-1 normalized approach can generate large inequalities, the fair risk sharing rule induces bounds on what agents may receive.

  s) for all k ∈ N \ {i}, whatever the state s ∈ S.

  + κ) -κ.

  -τ i ϕ N (y(z)) . (12)Change in relative risk aversionConsider any population N ∈ N , with size n = |N |, and any i, j ∈ (N \ N ),

  e -(τ +ℓ)γ N y(z),τ (ℓ) = y(z)Differentiating with respect to ℓ (while keeping y(z) constant), we obtain:We can also introduce the function ξ N y,τ (ℓ) implicitly by:ξ N y(z),τ (ℓ) = zc+κ z ( ∑ k∈N τ k e -τ k γ N y(z),τ (ℓ) + (τ + ℓ)e -(τ +ℓ)γ N y(z),τ (ℓ)

-

  e -τ k γ N y(z),τ (ℓ) + ( t + ℓ) 2 e -(τ +ℓ)γ N y(z),τ (ℓ) ) -γ N y(z),τ (ℓ)(τ + ℓ)e -( t+ℓ)γ N y(z),τ (ℓ) + e

  for collective relative risk aversion to be higher in populationN ∪ {i} than in population N ∪ {j} is that 1 + γ N y(z),τ (0) ( τ k -τ ) ≥ 0 for all k ∈ N . Denote τ = τ N ∪{i,j} and τ = τ N ∪{i,j} . Case 1: z ≥ z p . If z ≥ z p , then y = (z + κ)/(z p + κ) ≥ 1 and for any population M ∈ N ϕ M (y) ≤ 0 and -1 τ M ln(y) ≤ ϕ M (y) ≤ -1 τ M ln(y). We have γ N y(z),τ (0) = ϕ M (y)where M is composed of population N and a fictitious individual with relative risk tolerance τ so that τ M ≥ τ and τ M ≤ τ . Hence -1 τ ln(y) ≤ γ N y(z),τ (0) ≤ -1 τ ln(y) ≤ 0.

To justify this, Harsanyi argues that deliberators are able, through "empathic projection", to experience the actual wellbeing levels of people in different circumstances.[START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF] criticizes this position and proposes an alternative method using "sympathetic projection".

This "revealed-preference" approach to utilitarianism implies that the VNM utility functions are the correct measures of individual wellbeing. This assumption has been adopted by a large fraction of the literature, but is not uncontroversial. For instance,Sen (1976b) and[START_REF] Weymark | A reconsideration of the Harsanyi-Sen debate on utilitarianism[END_REF] argued that, while Harsanyi's theorem establishes that social welfare is a sum of VNM utilities, it does not follow that it is the sum of individuals' well-being levels. The dissent hence arises from the identification of individuals' VNM utility levels with their well-being levels.Sen (1976b) and[START_REF] Weymark | A reconsideration of the Harsanyi-Sen debate on utilitarianism[END_REF] both contend that we would need separate arguments to justify this identification. However, several recent papers have recently rehabilitated this "revealed-preference" approach to utilitarianism: see for instance[START_REF] Adler | Well-Being and Fair Distribution: Beyond Cost-Benefit Analysis[END_REF],[START_REF] Fleurbaey | The utilitarian relevance of Harsanyi?s theorem[END_REF] or[START_REF] Greaves | A reconsideration of the Harsanyi-Sen-Weymark debate on utilitarianism[END_REF].

[START_REF] Arrow | Social Choice and Individual Values[END_REF],[START_REF] Luce | Games and Decisions[END_REF] and[START_REF] Hammond | Interpersonal comparisons of utility: Why and how they are and should be made[END_REF], quoted above, are all critical, as well as[START_REF] Sen | Collective choice and social welfare[END_REF],[START_REF] Jeffrey | On interpersonal utility theory[END_REF][START_REF] Hausman | The impossibility of interpersonal utility comparisons[END_REF].

Note that throughout the paper, "marginal utility" only means the first derivative of a VNM utility function. Consistent with the fact that we explore what we called the "fourth proposal" for utility measurement, the notion of marginal utility cannot be related to another independent approach to utility measurement corresponding for instance to the first, second or third proposals described at the outset of the paper.

See Fleurbaey and Zuber (2017) for a presentation of how the framework could be adapted to deal with a richer space of goods to be allocated ex-post. They also have an Equity principle that would correspond to what we name Pigou-Dalton transfer below.

Our version of the Pareto principle is a version of the so-called "Strong Pareto" principle.

Note that we also obtain an impossibility result if it is replaced by g ≿ f so that we have a Social preference for risk aversion.

We will compare different populations of the same size, but we only consider situations where there is no risk on the composition of the group.

Note that this does not mean that everyone has the same consumption level, nor that we would prefer to reduce aggregate resources to improve the consumption of the poor. Here, resources are exogenously given and we only limit the consumption gap between individuals.

[START_REF] Finkelstein | What good is wealth without health? The effect of health on the marginal utility of consumption[END_REF] the authors conclude that people should not be fully insured against health shocks, since a utilitarian planner would assign less resources to individuals with a lower marginal utility. This conclusion may be debated but this issue goes beyond our one-good analysis.

We could take people with different preferences of the CARA type exhibited here, provided they have similar enough preferences.

* This research has been supported by the Chair on Welfare Economics and Social Justice at the Institute for Global Studies (FMSH -Paris) and the Agence nationale de la recherche through the Fair-ClimPop project (ANR-16-CE03-0001-01), the CHop project (ANR-16-CE03-0001-01) and the Investissements d'Avenir program (ANR-10-LABX-93).

garding the measurement and aggregation of welfare, including views that could satisfy the Pigou-Dalton transfer principle (see also [START_REF] Miyagishima | Efficiency, equity, and social rationality under uncertainty[END_REF], for a similar approach). These are promising routes for future work.

Appendix Proof of Theorem 1

Proving that social ordering ≿ characterized in Theorem 1 satisfies Same-population Pareto and Pigou-Dalton transfer for the poor is straightforward. We show that only this social ordering satisfies the two principles.

Step 2: Characterizing the weights on utilities Assume now that there are two individuals i, j ∈ N such that α N i u ′ i (z p ) < α N j u ′ j (z p ), where z p is the poverty level. By continuity of u ′ i and u ′ j , this implies that there exist z < z p < z ′ such that α

But, by concavity of the functions u i and u j , we have

this contradicts x ≻ N y and hence Pigou-Dalton transfer for the poor.

Therefore, there must exists κ N > 0 such that, for all i ∈ N ,

for all i ∈ N . By expected utility and Eq. ( 5), this means that for all f, g ∈ F N ,

Proof of Theorem 2

Proving that social ordering ≿ characterized in Theorem 2 satisfies Pareto, Criticallevel and Social aversion to risk aversion is straightforward. We show that only this social ordering satisfies the three principles.

By the first step of the proof of Theorem 1 (Eq. ( 5)), Pareto (which implies Same-population Pareto) implies that for all x ∈ X:

where the weights

++ are unique positive numbers and β N (x) is a real number.

Now consider any i ∈ N and any

Denote α i := α {i} i , that is α i is the multiplicative constant transforming individual utility into social utility U when the population is reduced to the singleton {i}. Because the social ordering is an expected utility and by Eq. ( 6),

where

)u j (z). But by Pareto, it is also the case that

), because individuals other than i are indifferent (they face a fifty-fifty chance of receiving either z 1 or z 3 ). The reasoning is true for any z 1 , z 2 , z 3 , z 4 ∈ R + , so there must exist a continuous increasing function Ψ such that for all z 1 , z 2 ∈ R + :

Denote G, H the real-valued functions such that G(v 1 ) =

Eq. ( 7) implies that for any

Given that Ψ, G and H are continuous and increasing, it must be the case that there exists (Aczél, 1966, Chap. 3, Cor. 1). Because the inefficient (we can increase the consumption of j without violating the resource constraint), and thus not optimal. There are only two possibility for an optimum:

1. f * i (z p ) = z p for all i ∈ N ;

2. there exists i, j ∈ N such that f * i (z p ) < z p < f * j (z p ). In case 2, by concavity of the utility functions, we would have

)

)

which is a violation of the first-order condition (10). Thus only case 1 is possible.

This proves that there exists an efficient and egalitarian allocation when

Then, in the case of an interior solution, we can proceed like in the proof of Proposition 3 in Jouini, Napp and Nocetti (2013), which is straightforward.

Let us now consider the possibility of a corner solution where f * i (ω(s)) = 0 for some individual i ∈ N . For this to be the case, we would need

, as required by statement (a) in Part 1 of the proof. Also, if i is more risk-averse than another individual j, we have by our normalization that

, and therefore that u ′ j (0) u ′ j (zc) < λ(s). Thus f * j (ω(s)) = 0 ≤ f * i (ω(s)), as required. Assume that ω(s) ≥ z c . By the same reasoning as above, we know that there exists an individual j such that f * j (ω(s)) ≥ z c and

= λ(s). But, by concavity of the utility functions, we necessarily have:

which is contradiction. A corner solution is never possible in that case.

Proof of part 2

Assume that the population N is composed of an individual i with preferences u i (z) = 1 -e -αz , for all z ∈ R, and n -1 other individuals with the same