N

N
N

HAL

open science

Spatial patterns of urban systems and multifractality

Denise Pumain, Giinter Haag

» To cite this version:

Denise Pumain, Giinter Haag. Spatial patterns of urban systems and multifractality. Mitteilungen

des SFB 230, 1994, 9, pp.243-252. halshs-01625406

HAL Id: halshs-01625406
https://shs.hal.science/halshs-01625406
Submitted on 27 Oct 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://shs.hal.science/halshs-01625406
https://hal.archives-ouvertes.fr

(:h. f_(/\‘?‘@in b:;—)lq {4 /\/u. et S T 5y | g";lr ‘_

2 hn b ko Lo ol s l;} o rlk - -‘f a 5 & [
éﬂ &_mdx.z,- fg"\ﬁ Eﬁ'\-“-“‘j':' ] l/f_/\u\c«& ¢ 50 / (‘-é{ﬂ“l;{(ﬂ; e
oy ! /N 4 Ne e ~L SNFe 2 24
g‘ru L&'ﬁ{;@\_ - { f":“//f_ :_) g | )\ !*{-L_.. Tl ,\L) Wi Iles D8 D £ S .,

!
9 9 =0
J45- 252 .

Spatial Pattern of Urban Systems and
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1 Introduction

Sets of cities belonging to a large geographic region or to the same country
have many comparable properties. All of them have a very strong hierarchi-
cal structure of city sizes including a few number of very large metropolises,
a larger number of medium sized cities and a very large number of small
towns. They also have a rather regular geographical organization of towns
and cities of different size, according to patterns which have been formalised
geometrically in the spatial models of central place theory by W. Christaller
(1933). Moreover, large sets of connected cities have remarkable similarities
in their evolution, due to the permanent competition between them for the
creation and capture of all kinds of innovations. That is why B. Berty (1964)
suggested to consider "cities as systems within systems of cities”. We think
that systems of cities are open systems, which can be conceptualised in a
relevant way within the framework of self-organization theory.

The hierarchical structure is the main common property of systems of
cities. The statistical distribution of city sizes is extremely skewed, and this
shape remains stable over time. It has received several formalisations. The
best known is the famous rank-size rule” of Zipf (1949), which linked the
population ny of a city to its rank k (ranking in decreasing order) in the
following way:

ng =n k79, (1)

where n; is the size of the largest city and ¢ is a parameter with a value not
too different from one.



This formula has been sometimes misleading, but it is actually nothing
else than a Pareto distribution, giving the number k of cities with a popu-
lation larger or equal to ny:

k= nfn” (2)
where the parameter p = 1/q.

Several types of highly skewed distributions can actually fit the empirical
distribution of city sizes with a rather good quality of adjustment (Quandt,
1964). A model can then be chosen among them according to theoretical
considerations. Such a model should for instance be consistent with the
dynamic properties of urban systems, or with the behaviour of individuals
migrating from one city to another. A convenient model should also allow
to simulate the genesis and evolution of various urban systems, in order to
compare the range of simulated situations with empirical observations.

Despite they do have very general common properties, urban systems are
also characterized by their sensitivity to historical conditions which sharped
them differently, for very long time periods. For instance, on figure 1, the
spatial patterns of urban systems are compared throughout the European
Community. Cities are represented by circles proportional to their size and
the regions around them are classified according to the size of the main mar-
ket areas and density of cities. Four main types of spatial organisation can
be recognised: the ”Parisian” model has a very dominant capital excluding
other cities in a large radius; it appears also around cities like London, or
Madrid, or Miinchen. The "Rhenian” model is characteristic of the Rhine
valley. In this model the cities are less different in size, they are closer to
each other and share the urban functions less unequally. Such a spatial
pattern also can be found in the Midlands of Britain, or in northern Italy,
or in eastern France. The ”peripherical” model is like the Parisian one on
a reduced scale and with lower population density, whereas the ”interme-
diary” one is similar to the Rhenian, with a little more contrasts in size and
functional levels among cities.

Such a variety of spatial organisations is reflected in the statistical dis-
tribution of city sizes. Whatever the model which is chosen, a graphic plot
on a double logarithmic scale is a convenient way for describing and com-
paring the distributions. Figure 2 illustrates the types of distributions of
four countries, as presented by F. Moriconi-Ebrard (1994). The first two
curves for Germany show how important the choice of a proper delimitation
of urban areas is: the spatial entities which are considered have to be defined
consistently and in a comparable way from one country to another, before



adjusting any model. The results would be quite different if one would use
the figures about the ”Gemeinden” as published by the German census, or
if the whole contiguous urban area around the main urban center is conside-
red. This was done by F. Moriconi-Ebrard in the Geopolis data base and it
allows for international comparisons. However, the statistical distribution of
city sizes for Germany is the more regular among the four presented, there
are large differences in sizes among cities but no one is dominating more
than expected by the "rank size rule” model. This is in conformity with the
Rhenian urban spatial pattern. On the contrary, all other curves exhibit a
strong discontinuity, either between the first city and the second one like in
France (the population of Paris is seven times the one of Lyon, the second
city), or between the second and the third one like in Spain, where Madrid
and Barcelona dominate the urban hierarchy, or between the third and the
fourth like in Italy, where the three largest cities (Milano, Roma, Napoli)
dominate the rest of the urban system.

The statistical pattern of city size distribution reflects the spatial pattern
of urban systems, which is obviously linked with specific features of the
historical genesis of each national territory: the Centralism of the French
political and administrative system since the XIIIth century at least is a well
known particularity and the Parisian primacy is the result of it, whereas the
late unification of German states into a single country preserved the changes
of several cities in the competition until more recent time. The three headed
system of Italy is resulting of a even longer history of territorial integration.

One may wonder which are the processes of creating and maintaining
such structures strongly organised in the same way but slightly different
in their particular shape and very stable over very long periods of time
(centuries). What is the explanation for the preeminence of large cities?
As the general structure is very similar in countries of various physical,
historical and cultural conditions, could this behaviour be simulated by a
pure random process? Could the specificities of observed urban systems be
explained by stochastic variations around a single process?

2 The Dynamics of Urban Pattern Formation

Several reliable empirical studies are now available for understanding the
evolution of the size and spacing of towns. They used comparative data
bases, either national (like Madden, 1955, Robson, 1973, Pumain, 1982,
Guérin-Pace, 1993), or international for historical times (De Vries, 1984,



Bairoch, Batou, Chévre, 1988), or for contemporary periods (Cattan et al.,
1994, Moriconi- Ebrard, 1994). All studies showed a kind of meta-stability of
the hierarchical differentiation and spatial configuration of systems of towns
and cities. That means that the ranking of the towns and cities belonging
to the same country remain about the same for very long time periods, the
shape of the size distribution of cities keep its distinctive features, and the
relative size of neighbouring cities in average is only very slowly changing.
Such a metastability occured despite a very general process of urbaniza-
tion including population growth (2% per year during the XIXth century in
Britain for instance), very significant increases in productivity and income
levels, and dramatic qualitative changes in economic and social structures
as well as in urbanism and housing.

Could such a dynamic equilibrium be explained by a stochastic process of
growth and change within the system? We shall examine first a simple model
as suggested by Gibrat (1931) before describing a more recent synergetic
model (Haag and Max (1994), Haag (1994)).

2.1 The Gibrat Model

Gibrat was a statistician who found several applications of the lognormal
distribution, which was suitable for the description of settlement sizes ac-
cording to him. The number f(n)) of settlements of size ng can be written:

f(n) = (1/ov2r) exp [~ (log nx — n)?/207] (3)

where n is the mean of the logarithms of size and o their standard deviation.
Such a lognormal distribution is the result of a stochastic repartition of
growth within the settlement system, given the following rules:

e time is subdivided in short intervals

e during each interval the population of a settlement is increased (or de-
creased) by a quantity which is proportional to its size at the beginning
of the interval ("law of proportional effect”),

o the growth is small compared to the settlement size
e the growth rates (relative growth) are independent of city sizes

e the growth rates are randomly independant variables from one time
interval to the other.



When a convenient data base is provided with population of settlements
known at various successive census dates, it is easy to test such a model.
This was done by Robson (1973) on towns and cities of England and Wales
for the XIXth century, and by Pumain (1982) and Guérin-Pace (1993) on
French settlements betwen 1831 and 1990. The conclusions are about the
same: Gibrat’s law holds on the whole, since in average urban growth is
proportional to city size. On short time intervals, the relative growth rates
are very different from one town to the other and from one time period to the
next for the same town. Those local fluctuations in growth are reflecting a
continuous process of adaptation of towns and cities to their changing socio-
economic environment in a very competitive context of urban actors for
capturing the benefits of innovations, since towns and cities belonging to the
same system are very well connected through various communication links,
information circulates very fast through the entire system, and processes of
imitation and challenge produce a process of spatial diffusion of innovation
which has become faster and faster over time. Such a highly connected
system of cities also explains why in average they all grow at about the
same rate over long time periods.

However, there are two rather systematic deviations to the stochastic
growth process: first, there is a general trend for larger cities to have larger
growth rates. This is illustrated by the correlation between growth rates
and city size (figure 3 above), which is almost never negative but always
slightly positive, and even larger with the logarithm of size. Second, the
growth rates are not always independant from one period to the following
one, but they may be correlated (figure 3, below).

Such deviations from a pure stochastic process can be easily explained
from urban theory and empirical observations. Large cities are more likely
to create innovations, or to adapt faster to most innovations. The general
process of innovation diffusion in an urban system usually follows an hier-
archic way, starting in the largest settlements and filtering down the urban
hierarchy of sizes. This can explain why in average they grow faster than the
other, because they capture a large share of the initial advantage each time
an innovation occurs. Urban growth or decline also may persist over lon-
ger periods of time in the same cities because of the specialisation process.
This happens when a city maintains its advance in the adaptation process
to a given innovation, or if there are only a few possible locations for some
innovation to be exploited (for instance in the case of local resources like
mining or a natural amenity for tourism). This can lead to a specialisation
of the town in the activity in question. The process has an influence on



the relative position of the town within the urban system, since the growth
cycle which affects the city is linked to the growth cycle of the production.
In general, small towns are more sensible in their evolution to such cycles
of growth and decline, whereas the effect of the cyclic variations in a single
activity are less visible in the evolution of large cities where compensations
between growing and declining activities are more likely to occur.

There is another reason why historically an urban system should evolve
with large cities growing faster than the other. This is a well-known geogra-
phical process called "the space-time contraction”. When new transporta-
tion means are created, they increase the speed of travelling. Large cities are
then expanding their market areas at the expenses of smaller towns, which
decline, at least in relative terms. This has been observed everywhere. One
should then be able to include in a dynamic model of urban systems the evo-
lutional properties which make them adaptive, to a changing socio-economic
and geograplhic environment. The main specificity of the dynamics of the
urban systems compared to a stochastic process is the trend for a faster
growth of large cities.

One has then to find a model which keeps some of the interesting fea-
tures of the Gibrat’s model, including the stochastic aspect and the general
growing trend, but one should express in a more explicit way how the growth
process is linked with the interactions between cities. The "law of propor-
tional effect” has actually two components: the natural increase of urban
population is multiplicative (biological growth, births and deaths), it may
be considered in a first approximation to be the same rate from one city to
another, the second component is the net migration balance. As migrati-
ons are also (roughly) proportional to city size, according to all migration
theory (for instance in gravity models), one has to simulate a dissymmetry
in migration according to the attractivity of cities, in order to generate a
differenciated pattern of growth through the migration process. The syner-
getic migration model as elaborated by G. Haag and W.Weidlich (1984) can
fulfil such a purpose.

2.2 The Weidlich—-Haag-Model

Let the urban system be composed of ¢ = 1,2,..., L settlements and the
hinterland h. The population configuration of the urban system is given by:

T"L'={n1,...,n;,...,n[,}, (4)



where n; is the population size of city 1 = 1,2,..., L, and NV, where

Y nmi=N, (5)

is the total urban population. We assume a hierarchical ordering of the
settlements such that n, is the population of the largest place, n; is the
population of the i—th ranked place, and ny corresponds to the smallest
urban place. L is the maximal rank considered.

The dynamics of 7(t) is caused by decisions of individuals to change their
location from city j to city 7 and by birth/death—processes.

Each of the n; residents of settlement j may change to settlement ¢
with a "mean individual” transition rate pij(7) and thus gives rise to the
population configuration transition on the macro-level

wij () = njpi;() = n;vi;(t) explui(ni) — uj(n;)], (6)

where v;;(t) = v;i(t) is a symmetric mobility matrix measuring the intensity
of interaction between city 7 and city j. The v;(t) are not only depending
on the geographical distance but also on other effects like social proximity
and learning processes due to previous migration, and [u;(n;) —u;(n;)] is the
difference between the attractivities of the origin, u;(7), and the destination,
ui(ﬁ').

The mean value equation of the (Weidlich-Haag-model, 1984) then reads:

dnig(t) EL: Ay g
5 2 ki exp(ug — wy) — ; Vi exp(w — ug)
+ Pk( )7 + Ii(t), (7)
for k = 1,2,...,L, and where Ix(t) is the net immigration rate, pi(t) the

net growth rate of settlement &, respectively. The change in population size
of city k is due to inter-settlement migrations as well as to interactions with
the hinterland, the environment and birth/death events.

Evidently, (7) is a set of L coupled nonlinear equations of motion descri-
bing the spatial organization of a system of settlements at the macro-level.
Theoretical details of this model with an application to the French system
of cities (78 cities) were discussed previously (Pumain, Haag, 1991; Haag,
1991; Haag et al, 1992).



Four reasonable assumptions (figure 4) are used in the following analysis
and simulations to test their influence on the skewness of the rank-—size—
distribution:

e assumption A:
The attractivities u;(#%) are expanded in a truncated Taylor series up
to second order:

u; () = 8;(t) + &jni(t) — 3;n3(2). (8)

This corresponds to an "optimal” settlement size n?”t = Rj/2&;, which
maximizes the settlement attractivity.

e assumption B:
The attractivities u;(7) depend in a logarithmic manner on its popu-
lation size n;(t):

uj(7) = 6;(t) + &, log(n;(t)) (9)
Here, a convex decreasing marginal settlement attracitivity is assumed.

e assumption C:
The attractivities u;(7) are independent on its population size:

u;(7) = 5(2) (10)

In this case, the attractivity of a settlemet is completely determined
by size independent effects.

e assumption D:
The attractivities u;(7) dependent only on the rank of the city:

uj(7) = £ log(j) (11)

The propensity of the population to agglomerate (synergy effect) is represen-
ted via the agglomeration parameters &, &,, K., respectively. In assumtion
A, a possible saturation effect of city size owing to negative externalities is
taken into account via the saturation parameter & > 0.



3 Equation of Motion for the Rank—Size—Coefflicients

The total urban population is decreasing or increasing in time, depending
on the evolution of N(t). Despite of dramatic growth in the urban po-
pulation (Pumain, 1991) and of the number and size of settlements, the
shape of the distribution of settlement sizes remains remarkable stable (Fi-
gure 77). The general spatial pattern and the preserved size distribution
of settlements over time suggest that the dynamics of a system of settle-
ments at the most aggregate level could be formalized by a time-dependent
Pareto-distribution:

k(1) = g ()67, (12)

where 74(1) is the (mean) population of the k-th ranked place, 7;(t) is the
(mean) population of the largest place, and ¢(t) the Pareto—coefficient.

This power-law has shown to be an acceptable approximation to em-
pirical observations in different countries. However, the parameters of the
Pareto—distribution (Pareto—coefficient ¢(t), number of cities considered L,
urban population of the largest place #;(t)) change in time. Therefore, it
is reasonable to assume that variations of those parameters will depend on
the evolution and detailed spatial structure of the system of settlements. In
other words the "scale symmetry” (Pareto—coeflicient), involved in the dy-
namics of the nested system of settlements, will be a function of the inherent
parameters of the spatial system:

q:q(R1VOaﬂj15i:N1La"')' (13)

It is one aim of this paper to investigate under what conditions the
Pareto-distribution is most likely to be found. However, in general, devia-
tions of this power-law, in other words multifractality, must be expected.

Multifractal measures are related to the study of a distribution of phy-
sical or other quantities on a geometric support (Feder, 1991). The idea
is that a multifractal may be represented in terms of intertwined fractal
subsets having different scaling exponents (Mandelbrot, Evertsz, 1991). At
least at the beginning of the selforganization process, urban systems must be
seen as a multifractal phenomenon. In other words, many time-dependent
parameters (fractal exponents) are needed in order to describe the shape
and the evolution of the distribution of city sizes in a regional set of cities.

Therefore, a nonlinear transformation is introduced (Haag and Max,



1994):

In (f” : )
Ai(t) = w0, or gu(t) = —=92 (14)

where the gi(t) are denoted as rank-size—coefficients. Without any loss of
generality, g;(t) = 0 can be assumed.

Any arbitrary initial distribution of cities, represented by ¢x(t = 0), can
be used as starting point of the selforganization process.

Inserting the transformation (14) into (7) one obtains after some straight-
forward manipulations (Haag and Max, 1994) the equation of motion for the
rank-size—coefficients:

L
dgx 1
% Y 2 wexp(ur — ) — k% exp(ug — up)]
=1
| L
- Ink > v exp(=(ur = w)] — vig exp[—(ux — w)]]
=1
+ s =) + (Iy - k%™ 1I}) Cr(9) (15)

In k
for k=2,3,..., L, where

Nlink

L
CH@ =) k. (16)
k=1
Therefore, this dynamic theory of urban settlements connects the slow
dynamics of the rank-size-distribution with the inter-urban migratory dy-
namics of the population.
Equation (15) becomes fully explicit by insertion of the analytical form
(assumption A to D) of the attractivities ug(ng). For this aim, the size-
dependency is replaced via (14):

e assumption A:

g =g — K(1 = k79) 4 o (1 — k720%) + (8 — 61) (17)

e assumption B:

Uk = U — KsqQk Ik + (6 — 61) (18)
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e assumption C:

wk = ug + (6 — 61) (19)

e assumption D:
Up = u; — K lnk (20)

where the parameters (x, o, &, Kr) have been scaled appropriatly. The level
of attractivity of a settlement uy, is now quantitatively linked to the rank of
this settlement via assumptions A - D. Of course, regional differences in the
preference parameters §; may shift the attractivity levels of the settlements.
Therefore, the ranking of the attractivities wuy may deviate from the size—
ranking of the settlements, especially in the higher ranks.

The Pareto-distribution would be a stable attractor of the spatial system
of settlements if and only if

tll)rglo a(t) =q, Vi=2,.. L (21)

However, this seems to be a rather restrictive condition.

4 Simulation of the Settlement Hierarchy

In the two following simulations an almost homogeneous initial distribution
gk(t = 0) ~ 0 has been chosen. Furthermore, the system of settlements
has been treated as closed (pi(t) = Ix(t) = 0). Therefore, the settlement
hierarchy is the result of the underlying dynamic selforganization process.

In figure 5 assumption A, is used in the numerical simulation of (15).
Under those conditions the urban system remains close to the initially cho-
sen homogeneous distribution for a prolonged time period (& 300 units in
time). When the hierarchy starts to develop the evolution accelerates dra-
matically and within the next 40 time units as an intermediate state, a
Pareto-like distribution appears which finally ends up in a distribution of
a small number of dominating cities (3 metropolitan areas in this example)
and a set of almost equally populated small settlements. The reason for this
strong bifurcation behaviour of settlements with respect to their population
is caused by the shape of the attractivity function (polynomial of second
order) as favouring an optimal city size.

11



In figure 6 simulation with a logarithmic dependence of the settlement
attractivity on rank-size, under assumption D, is carried out. The hier-
archical ordering process starts immediately. Within a much shorter time
interval of approximately 100-200 units the Pareto-distribution is approa-
ched. The slope of the distribution is in this case completely determined
by the agglomeration parameter k.. Independent of the initial conditions
qx(t = 0) = go, the dynamics leads to a unique stationary Pareto-coeflicient
q(t) = kr. In this case the Pareto—distribution is the result of a dynamic
selforganization process with the Pareto—coefficient ¢(¢) as a stable attrac-
tor. In other words, the slope of the distribution is completely determined
by the parameters of the migratory dynamics and therefore linked via the
"individual” choice processes to the micro—level.

5 Conclusions and Outlook

The hierarchical ordering process of settlements can be understood as a
selforganization process. The dependence of the settlement attractivity on
its rank determines the hierarchical ordering of the system in the long—run.

The agglomeration parameter is the most important parameter for the
occurrence of any hierarchical organization in case of assumption A and D.
Possible damping or saturation effects are also of importance, especially for
the shape of the distribution, according to assumption A.

The size independent parameter §; of a settlement influences the choice
process to migrate as well. Those settlement specific parameters may be
reasonable for certain changes in the rank of a settlement in the course of
time and differences in the magnitudes of inter—urban flows.

However, the great variety of observed rank-size—distributions require
some modifications of our theory:

o The age-dependence of the migration flows must be taken into account.
Therefore, the group of young people is going to concentrate within
the most attractive cities and will decrease in the less attractive ones

(figure 7).

e Since the fertility rate is strongly age-dependent, the relative growth
rate will also depend on the demographic structure of the cities.

Those both effects can be taken into account via the introduction of appro-
priate age groups. The population configuration of the urban system has

12



therefore to be extended:

n'iz:{ni‘,__.,nf,...,ni}, (22)

where n! is the population size of city 1 = 1,2,..., L, of age group p. Of
course, it is crucial to introduct an age dependent relative groth rate pj/(t)
as well, yielding to a coupling between demographic growth and inter urban
migration.
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Figure 1 Diversity of spatial patterns of urban systems

0 100 200 km
RS

Type "intermédiaire” dominant Population en milliers d'habitants
Type rhénan dominant DR plus de 7001

——— 400
Type périphérique dominant ﬁ = 100: 21%
Type parisien dominant @" ggg} g éggo

[



Figure 2 Diversity of city size distributions
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Figure 3 Systematic deviations from Gibrat's stochastic growth process
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Figure 5 Simulation of an urban system using assumption A

k =0.596; o =0.188; v=0.001; N =256 * 106; L =78.
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Figure 6 Simulation of an urban system using assumption .B

k =0.596; o=0.188; v=0.001; N=25.6 * 106; L =78.



1o’
Z 108
=
(=]
=
=
_ los
f=]
-
2
E
=
=
104
103 " * s
1Q° 1g! 102
ranx

Figure 6 Simulation of an urban system using assumption .3

Kk =0.596; o=0.188;v=0.001; N=256*100; L=78.
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Figure 6 Simulation of an urban system using assumption B

x =0.596; o =0.188; v=0.001; N=256*106; L=78.



Figure 7 Age dependency of mobili
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