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A FULL DISCRETISATION OF THE TIME-DEPENDENT BOUSSINESQ
(BUOYANCY) MODEL WITH NONLINEAR VISCOSITY

RIM ALDBAISSY' {, FREDERIC HECHT', GIHANE MANSOUR}, AND TONI SAYAH#

ABSTRACT. In this article, we study the time dependent Boussinesq (buoyancy) model with nonlinear
viscosity depending on the temperature. We propose and analyze first and second order numerical
schemes based on finite element methods. An optimal a priori error estimate is then derived for each
numerical scheme. Numerical experiments are presented that confirm the theoretical accuracy of the
discretization.

KEYWORDS. Boussinesq, Buoyancy, Navier-Stokes equations; heat equation; finite element method; a
priort error estimates.

1. INTRODUCTION.

Let © be a connected bounded open set in ]Rd, d = 2 or 3, with a lipschitz-continuous boundary 92, and
let [0, T] be an interval of R. In this work, we study the Boussinesq approximation (buoyancy) where the
viscosity of the fluid v depends on the temperature. This system can be represented by the Navier-Stokes
equations of an incompressible fluid coupled with the heat equation, where the external body force f and
the viscosity v depend on the temperature:

ou

E(X, t) + (u(x,t).Viu(x, t) — v(T(x,t))Au(x, t) + Vp(x,t) = f(x,t,T(x,t)) in Q x[0,T],
86—12:(>(7 t) — aAT(x,t) + (u(x,t).V)T(x,t) = g(x,t) in Q x [0,77,
div u(x,t) = 0 in Q% [0,7],
u(x,t) = 0 on 9N x [0,7],
T(x,t) = 0 on 9Q x (0,77,
u(x,0) = up on Q,
T(x,0) = T on €,

(1.1)
here « is the thermal diffusivity and g is a given data function. The unknowns are the velocity u, the
temperature T' and the pressure p of the fluid. The function v is positive and bounded, while the coeffi-
cient « is a positive constant. For the simplicity, the nonlinear system of partial differential equations in
(1.1) is provided by the homogeneous Dirichlet conditions.

Many works have been carried out this system. A similar model of (1.1) but for a given external body
force f (independent of T') has been studied in [2], by using a spectral discretization. As well, in [3, 6],
the authors study the steady state coupled system of Navier-Stokes and heat equations.

Problem (1.1) is totaly discretized in time and space. We introduce two types of discrete schemes: first
order and second order. For both, we establish a priori error estimates in two dimensions based on the
discrete Gronawll Lemma. In order to confirm the optimality of the discretization and justify the choice
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of this formulation, several numerical experiments where provided.

The outline of the paper is as follows:

e In Section 2, we introduce some notations and functional spaces useful for the studies of the
problem.

e In section 3, we recall and study the variational formulation, the existence and the uniqueness
(for d = 2) of the problem.

e Section 4 is devoted to introduce and study the first order descretization, and perform the a
priori corresponding error analysis for d = 2.

e We introduce a second order discrete scheme in Section 5. We also perform and study the a priori
error analysis for d = 2.

e Some numerical experiments are presented in Section 6.

2. PRELIMINARIES

In this section, we recall the main notion and results which we use later on. We introduce the Sobolev

space

wmr(@)? = {ve L"(Q)% oFv e L' ()7, V|k| <m},

where k = {kq, ..., kq} is a vector of non negative integers, such that |k| = k; + ... + k4 and

kv

Mv=—
Ok1z,...0Faxy

This space is equipped with the semi-norm

r

[V ]wmr (e = Z/kavvdx :

|k|=m

and is Banach for the norm

S

IV llwm.r)e= (Z/Q Vl%mm)ddX)
1=0

When r = 2, this space is the Hilbert space H™(2)¢. In particular, we consider the following spaces

X =Hy()" = {ve H(Q)% vjpa =0},
Y = Hi(®)

and its dual H~1(Q)%.
We shall also introduce

v =23 = {o e 2@ [ atwix=of.

We define the following scalar product in L2(£):

(v,w) = /Qv(x)w(x)dx7 Yo, w € L*(9Q).

For the functions that vanish on the boundary, we should recall the Sobolev inequalities:

2d
Lemma 2.1. Foranyp > 1 whend=1o0or2, or1 <p< -9 when d > 3, there exists two positive

constants S, and Sg such that

and

Vo e Hy (), || v]lpry< SSIvIH(}(md

voe HH(Q) || vllio@)e< Sp Il v llm -

Lemma 2.2. For d = 2, we have the relation

IVl < 2"2(vI L2 @2 V] E2 o2
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As usual, for handling time-dependent problems, it is convenient to consider functions defined on a time
interval Ja, b[ with values in a separable functional space W equipped with a norm || . ||w. Then for any
r > 1, we introduce the space

b
L" (a,b; W) = {f mesurable sur |a, b[; / | f(t) I dt < oo} ;

equipped with the norm
1

b
17 i = ( NI dt) g

L™ (a,b; W) = {f mesurable sur Ja,b[; sup || f(¢) |lw < oo} :
te(a,b]

If r = oo, then

Remark 2.3. L" (O,T; W) is a Banach space if W is a Banach space.

In addition, we define C7 (O, T W) as the space of functions C7 in time with values in W. Henceforth,
we suppose the following hypothesis:

Assumption 2.4. We assume that the data £, g et v verify:

(1) £ can be written as follows:
f(x,t,T) = fo(x,t) + f1(x,T), (2.1)
where £y € L2(0,T; L2(Q)?) and £,(T) € L2(Q) is cg, -lipschitz from R with values in R%. In
addition, we suppose that
Vx € Q, V¢ e R, |fi(x,8)] < ey €], (2.2)

where cg, 1S a positive constant.
2) g€ L2 (0,7, 12(®)),

(3) v e L>=(R) is continuous. Further more, there exists two positive constants iy and Uy such that,
forany 0 € R

< w(f) < i (2.3)

Remark 2.5. In the case where f; denpends on t, x and T, we obtain the same results by also setting
the following condition:
Vo € Q,Vt € [0,T],V¢ € R, we have

ofy

‘m(xatvg)‘ < C;'l ‘€|a

where c;-l 18 a positive constant.
It is similar to write the linear approximation of the function f.

For sake of simplicity, from now on we consider the Assumption (2.4).
Remark 2.6. Henceforth, we use the following relations:

(1) Let a and b be two real numbers.
(a) For any positive real number €, we have

1 1
ab S 276(12 + 551)2. (24)
(b) We also have
1 1 1
(a—b,a) = 5(12 - §b2 + 5(@ —b)2. (2.5)
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(2) For any real numbers a™,a"~! and a"~2, we have
2 (3&” o 4an71 4 an72’an) _ ‘an‘2 4 |2an o an71|2 4 |52an71|2 o |an71‘2 o ‘20,“71 o anf2‘2’ (26)

where §2a™" 1 = g™ — 2a" 1 4+ "2,

3. ANALYSIS OF THE CONTINUOUS PROBLEM

We first write down a variational formulation of problem (1.1). Next, we summarize the existence (for
d = 2,3) and prove the conditional uniqueness (for d = 2) of the solution.

In order to introduce the variational formulation, we define the two following forms:
cu(u,v,w) = ((uV).v,w), Yu,v,w € X
and
cr(u,T,r) = ((uV).T,r), Vue X,VT,r €Y.
Thus, we introduce the corresponding variational problem
Find (u,p) € X x M, T € Y such that,

% (u(t),v) + (v(T'(t))Vu(t), Vv) — (p(t),div v) + cu(u(t),u(t),v) = (¢, 17(t)),v) VvelX,
% (T(t),r) + (aVT({)Vr) + cr(u(t), T(t),r) = (g(t),r) Vrey,
(divu(t),q) = 0 Vg e M,
u(0) = uy, in ,
T0) = T in
()

Theorem 3.1. If the Assumption 2.4 holds, every solution of (E) verifies the bound

| ||Lw(o,T;L2(Q)d) + [ w ||L2(0,T;H3(Q)d) +1IT ||Loo(o,T;Lg(Q)) +1IT HLZ(O,T;H(}(Q)) 3.1)
A 3.1
< C (N9 lea(osrieaon) + 110 luao ziaacaey + 1 w0 llzzqays + 11 T oz

where C' is a positive constant which depends of SS, 71, a and cg, .

Proof. Let (u,p,T) be the solution of (E). To prove the bound (3.1), it suffices to choose v = u in the
2

first equation of problem (E) and use Assumption (2.4), Lemma 2.1 and Relation (2.4) for e = — to get
151

the bound:

1d 2 I/Al 2 ((2))

SO
Ty P T i T AN

I £0(t) 12y - (3.2)

Next, we integrate with respect to ¢, between 0 and T to derive the followmg bound over u:

1 2 (SO) Ct. 2
Tl H u ||L°Q(07T;L2(Q)d) + || u HLZ(O,T;H(%(Q)d) < —2 b || ||L2(OTH1(Q)) +I>71 || Uo ”LQ(Q)d

<§3>

||L2(o T02(Q)d)

(3.3)
Similarly, we take the test function » = T in the second equation of the problem (E). Then we integrate
with respect to ¢t between 0 and T to obtain the inequality:

1 > (53)% 1 2
a || T ||L°°(O,T;L2(Q)) =+ || T ||L2(O,T;Hé(ﬂ))g ( 042 - (H ||L2(O T iL2(Q) ) + || TO HL2(Q)) . (34)
Finally, we derive the result from (3.3) and (3.4). O

A similar problem of (1.1) has been studied in [2] and discretized by using the spectral method where
the data f is a given function independent of the heat T' (f; = 0). The authors showed the existence
of the solution by using the Galerkin method and applying the Cauchy-Lipschitz theorem. The proof of
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the existence of the solution of (1.1) can be showed exactly by using the same method even where the
function f depends of the temperature since f is a Lipcshitz-continuous function. Hence the results of
the existence can be summarized in the following theorem.

Theorem 3.2. If the Assumption 2.4 holds, then Problem (E) admits at least one solution
(u,p,T) € L2 (O,T; H(}(Q)d) x L2 (O,T; L%(Q)) x L2 (O,T; H&(Q)) .

Since the uniqueness for Navier-Stokes equations remains an open problem in dimension d = 3, we only
consider the case of dimension d = 2 in the following theorem.

Theorem 3.3. Let d = 2 and assume that v is lipschitz-continuous, with Lipschitz constant v*. If
problem (E) admits a solution (u,p,T) which verifies:
ue LP(0,7;WhT(Q)?) where p > 4 and r > 4, then this solution is unique.

Proof. Let (u1,p1,71) and (ug, p2, T2) be two solutions of problem (E). In order to prove the uniqueness,
we denote by u =u; —ug, p=p1 —ps and T =T; — Ts.
It follows from the second equation of (E), by adding and subtracting cr (ug, T, 7) for r = T, the equation

/Q 5@%(& OT(x)dx + o (VT(x,1), VT (X)) = —cr (u(t), Ty (t), T(t)) .

Then, using Relation (2.2) for ¢ = 1, Theorem 3.1 and again Relation (2.2), we get

1d 1
GPT I T(t) 1720 +0‘|T(t>|§15(9) < §|T1(t)|H1(Q)(|| u(t) 74y +IT®Fs(0))

1 1

< ﬁ(;hl( Wiy + 5 9, I a(t) 1722 1T1(0)] % o)) (3.5)
1 1
+ %(§|T(t)|Hé(Q) + 272|T1(75)|§15(Q)||T(t)||L2(Q))~

Similarly, we drive from the first equation of (E) that

% (u(t), u(t)) + (W(T2(t)) Vu(t), Va(t)) = —cu (a(t), ui(t), u(t))
+ (W (T2(t) — v(Ty (1)) Vur(t), Vu(t)) + (f1(T1 (1)) — £1(T2(t)), u(?)) -

We set A = ((v(T2) — v(T1))Vuy, Vu). As f is cf —lipschitz and v is bounded, then we obtain the
following inequality:

(3.6)

1d . *
53 10 2y +211u®) )2 < AL+ [a®IIZs @)1 () g @)z + o, 1T Ol 2o @] 2 (02
By applying Lemma 2.2 and Relation (2.4), we deduce the relation

1d .
5 10(8) Baoye +01 (Bl o
* (3.7)

1 1
< Al + geslu®)lig ) + TEB\IU(t)Ilsz(Q)zlul( W@z + = (HU( M2 + IT@)I1Z2()-

Since the exact solution u; € L™ (0, T; whr (Q)2> ,7 >4, so we obviously deduce the bound,

€4 1 %
Al < S lw) lwerwr Ol + 5o Tma) wir@z | T0) 17 o -

2r

r—2
Since r* < 4, we obtain by applying Relation (2.4),

here r* =

€4 1, 1
Al < St () llwer @2 [l ) + 20,7 Ta®) w2 (\@5 IT() 720

L TORye) ).
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i \/Q « i

W ider the relati 3.5) and (3.7), ch = =—, 3= —,
e consider the relations (3.5) and (3.7), choose €1 3 0 c2 WG =3
ﬁl gy .
€4 = ,and g5 = to obtain
vt [ ui(t) lwrr(a)e V2r [ i (t) w2
1d A
57 Ha® 12z HITONZ2@) < CUNwE) [y @z HT1O @) +1) (T a) 220 HITOIZ20)-

We set (1) = (| u(t) gz 1T gy 6 = CUI ) s gaye +T1(0) 2 ) +1) and integrate
t
between 0 and ¢ to obtain y(t) < / @(s)y(s)ds. By applying Gronwall’s lemma, we obtain y = 0, so

0
that u = T = 0. Finally, the relation
/ div (v(x))p(x)dx = 0,Vv € Hj(Q)?
Q

gives p = 0. Then we conclude the proof of the theorem.

4. FIRST ORDER DISCRETIZATION

In this section, we propose first order time and space discretizations of the problem (E) in order to prove
an a priori error estimation. First we use the semi-implicit Euler method for the time discretization and
the finite element method for the space discretization. For the time discretization, we introduce a partition
of the interval [0, T] into N subintervals [t,,—1,t,] of length 7 (the time step). For the space discretization,
we suppose that the domain  is a polygon (respectively polyhedron) for d = 2 (respectively d = 3).
Let h > 0 be a discretization parameter in space and for each h, let T, be a corresponding regular (or
non-degenerate) family of triangles (respectively tetrahedra) for d = 2 (respectively for d = 3), in the
usual sense that:

o () is the union of all elements of Ty;

e the intersection of two different elements of 7, if not empty, is a vertex or a whole edge (or a
whole face of both of them for d = 3);

e the ratio of the diameter of an element « in 7, to the diameter of its inscribed sphere is bounded
by a constant independent of h.

In what follows, ¢,¢’,C,C’,c1,... stand for generic constants which may vary from line to line but are
always independent of i and 7.

Let X;, € X and My C M be a “stable” pair of finite-element spaces for discretizing the velocity u and
the pressure p, stable in the sense that it satisfies a uniform discrete inf-sup condition: there exists a
constant 5* > 0, independent of h, such that

1 _ .
Yqn, € My, sup 7/ qndivvpdx > 8% || qn ||2(q) - (4.1)
vnexy |[Valmiey Jo

Let P, denote the space of polynomials with total degree less than or equal to k. We choose for the
“mini-element” (see D. Arnold, F. Brezzi and M. Fortin in [4]), where in each element x, the pressure
p is a polynomial of IP; and each component of the velocity is the sum of a polynomial of IP; and a
“bubble” function b,, (for each element k, the bubble function is equal to the product of the barycentric
coordinates associated with the vertices of ).

We introduce the following finite-element space
Zp, = {Qh € 00(6)7 Vk € 7717 dh|, € Pl} )

where h denotes the maximal diameter of the elements of 7Tj,.
Therefore, the finite-element spaces for the velocity and the pressure are :

Xy ={vy € o) Ve € T, Vi, € P(K), Vijpe =0}, (4.2)

M;, = {qh S Zh,/ qth = O} s (43)
Q
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where

P(x) = [P1 @ Span(b)]®. (4.4)
Furthermore, the finite element space for the temperature is

Y, = {Qh S Zha0h|ag = 0} . (45)

There exists an approximation operator P, € L(H}(Q)?; X},) such that (see V. Girault and P.-A. Raviart
in [7]):

Yo € HY(Q)?, Vg, € My, / gn div(Pp(v) — v)dx = 0, (4.6)
and for k=0 or 1, ’
Vo € [H™H(Q) N HYOQ), | Pa(v) =0 2@ < Ch™*H ol ey, (4.7)
and forall r > 2,k =0 or 1,
Yo € WHR(Q) N Hy ()], |Pu(v) = vlwirye < CahF|vlyisrr (). (4.8)
In addition, there exists an approximation operator (when d = 2, see Bernardi and Girault [5] or

Clément [9]; when d = 2 or d = 3, see Scott and Zhang [12]), Ry, in LWYP(Q); Z;,) and in LWP() N
HY(Q);Y}) such that for m =0,1,1=0,1, and all p > 2,

VS e WHP(Q), |S = Ru(S)|wmria) < Csh ™S it (4.9)

Regarding the pressure, an easy modification of Ry, yields an operator r;, in L(H'(Q);Z;) and in
L(HY(Q) N L(Q); My,) (see for instance Abboud, Girault and Sayah [1]), satisfying (4.9). In order
to introduce the discrete scheme, we define the following forms: for all u,, vy, wy € Xy, and T, 1, € Y},

1, .
du(up, v, Whn) = cu(Un, Vi, Wp) + i(dlv(uh) Vi, Wh),
(4.10)

1, .
dr(up, Th, 1) = cp(up, Th,ry) + §(d1V(uh) Th,7h)-

The first discrete problem corresponding to (E) is:
for every n € {1,..., N}, knowing uZ_l € Xh,T;L‘_1 € Y}, we compute uy € Xy, pp € My, T)' € Y}, such
that for all v, € Xy, r, € Yy, and ¢, € My,

1 - n— : n— n—
;(uz o uZ 1’Vh) + (V(Th I)VUZ7VVh) - (pﬁale Vh) + du(uh 17uﬁ7Vh) = (fn(Th l)vvh) 5

1 — n n n n
;(T]? _T}? 1,Th) —|—0¢(VTh,Vrh) +dT(uh?ThaTh) = (g arh)a

(gn,div u}) =0,
(Edsl)
where uY) and T} are the approximations of ug and Ty, ¢" and f"(T,’f_l) are given as

1 tn
gn = - g(S)dS,
t

T

n—1

1 tn
(T = £+ (7)Y,  where £ = f/ fo(s)ds.
T Jtpn
The second discrete problem associated with Problem (E) is the following:
for every n € {1,..., N}, knowing uZ’_l € Xh,T,;’_1 € Y}, we compute u € Xy, pp € My, T € Y}, such
that for all v, € Xy, 7y € Yo, qn € My,

1 — mn— n s : n— n n mn—
;(uﬁ —uy l,vh) + (v(Ty) 1)Vuh,Vvh) — (), div v) + cu(uy l,uh,vh) = (f (T 1),vh) ,

1 - 13 n n n
—(T} = T3 rn) + (VTR Vrw) 4 ex(wi, TE ) = (97 7)

(gn,div up) =0,
(Eds2)

Remark 4.1. For the simplicity of the establishment of the a priori error estimates, we consider from
now on Ty = RpT(0) and uf) = P,u(0).



8 R. DBAISSY, F. HECHT, G. MANSOUR, AND T. SAYAH

Remark 4.2. The difference between the previous numerical schemes (Eds1) and (Eds2) is the trilinear
forms; in the first one they are dy and dr and in the second one ¢y and cr. In both schemes, we compute
(uy,p}) and then, use the computed u}} to calculate T;'. The main differences between the (Eds1) and
(Eds2) are:

(1) (Eds1) contains two supplementary terms provided from the definition of the forms (du,dr) and
(cu,cr), so the CPU time of computation of (Eds2) is less than that of (Edsl).
(2) The studies of (Eds1) is more simple than (Eds2) due to the stability relations

du(uh,vh,vh) = dT(uh7Th,Th) =0, VYu,,vy € X, VI, €Y. (4.11)
This last relations aren’t valid for the forms cy and cr.

Remark 4.3. In fact, for the simplicity we shall study in this paper the properties of the first scheme
(Eds1). The results corresponding to the second scheme (Eds2) are obtained by using the same method
but by applying the following bounds (see [8]):

For every uy, € Xy, vy € Xp,Th € Yy, there exists two constants C’u and C’T independent of h such that

|cu (wp ™t wp,wp) | < Cub” || div al ™" (|20 [anlF o) (4.12)

and
ler (up, Ty, Th)| < Crb” || div uj, || 22 | Thl7n g (4.13)

1
wherer =1—¢€,£ >0 ford=2 andr:§f0rd:3.

The relations (4.12) and (4.13) allow to get the existence and uniqueness of the numerical solution of
(Eds2) where the space step h is smaller than a given real positive number hy (see [8] for details).

Theorem 4.4. (Existence and uniqueness of the solution of (Eds1))

At each time step n, for a given qul € Xy, T;Z*l € Yy, under the assumption 2.4, Problem (Edsl1)
admits a unique solution (uj,py,Ty) € Xp x My, x Yy which verifies, for m = 1,...,N, the following
bounds

1 9 i T 12 N
5 || ,uZL ||L2(Q)2 +Z 7'“77% Hé(Q)d < Cd (H g ||iz(O,T7L2(Q)) + || fO ||iz(O,T,L2(Q)d)
n=0

- (4.14)
1 TE By + 1 ) 12200 )

m

1 m a . o
ST sy + 2 51Tl < Calll9 Baorray + I T8 Ba) (4.15)

n=0

where Cy and CN’; are positive constants independent of h and m.

Proof. For u}~' € Xy, it is clear that the first and third equations of Problem (Edsl) admit a unique
solution (u},p}) as a consequence of the relation (4.11), the coerciveness of the corresponding bilinear
form on X}, x X and the inf-sup condition (4.1). Thus, knowing u}} € X} and T;Ll_l €Y}, the second
equation of Problem (Edsl) also admits a unique solution T} € Y}, as a consequence of the relation (4.11)
and the coerciveness of the corresponding bilinear form on Y}, x Y},. Therefore, by taking v; = uj} in the
first equation and 7, = T} in the second equation of Problem (Edsl), we get, due to Formulas (2.5) and

2
(2.4) (for e = —), and Assumption 2.4 :
V1

n— 2! (S)%¢E 1 om— (53)?
| uy HQLZ(Q)d — | vy ' ||2Lz(sz)d +§T|u2|zg(md < 21;1 ol T ' ||2L2(Q)d + ;1 T || £ ||2L2(Q)d
and
n n— a_ (59? '\ »
1T Nz = 1 T8 i) + 57T o) < 2= 16" 120 - (4.16)

We sum over n =1,...,m and we obtain the results.
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Theorem 4.5. Let (u,T,p) be the solution of Problem E and (u},T}',p}y) be the solution of Problem
(Bdst). Ifwe L= (0,7 HY(©@)?) L2 (0,75 HA(Q)?), u' € L2 (0,73 HY(©)?), T € L (0,7 H' () ) N
L? (O,T; HQ(Q)) and T' € L (O,T;Hl(Q)), there exists positive constants C’;p and C’; depending on
u, ul, T, T  and o such that, for all m < N, we have

3 | T3 = RiT(tm) 1720 5 Z at|Ti — RaT(tn) |30y + By Z | Ty = RuT(tn) — (Tp " — RaT(tn-1)) 17200
n=1 n=1

<O/ (B2 +72) + Cp > 7lup = Pou(tn) ()

n=1

(4.17)

Proof. We choose the test function » = r) = Tj" — RpT(t,) in the second equation of (E). Then, we
integrate it over [t,,_1,t,], substract the second equation of (Edsl) multiplied by the time step 7, insert
+RyT(tn-1) and =R, T (t,). We obtain :

1 n 1 n b ! ! n
3 I 172y — || 72 3 I =i 72 +arlril ) = —/ (RaT (t) =T (1), ry)dt
1

n—

ta /t " (V(T() = RaT (1)), Vi) dt + /t " (V)T — (W V).TL, ) dt — %(div T, )

n—1

(4.18)
The first term of the right hand side of (4.18) can be bounded, for any & > 0, as follows:
tn 0)\2~
/ T(59)°¢
‘/t (RWT'(t) = T'(t), 77! )dt| < (tn1stn;HI(Q)) T 22 7 1120
n—1

By inserting £ R,T'(t), the second term of the right hand side of (4.18) can be treated as:

of [ (V(RAT () - T(1),Vrp)dt| < af [ / V(BT (1)), V7 ) dt]

tn71 tn 1

+a\/ V(RAT — T)(#), 1)

where, for any €5 > 0 and €5 > 0, we have

tn S
|/ / V(R,T (t )w;;) dt| < / / \RRT (8)| 112 ()7 | 1 oy dt s
tn—1 Jtn—1
tn ,
< Cz\TZ\Hl(Q)/ T ()| 1 () (5 — t—1)ds
tn 1
’7'265 627’

3z, | T ”L?(fw Lt H(Q)) +2\f|rh|H1(Q)7

and

tn n 2h TE3
(V(R,T = T)(t),ry) dsdt et H2(Q) T 5 \Th\Hl(Q

tn—1

Now, we have to treat the nonlinear term in (4.18) denoted by b,,. By inserting 7 ((u} V)R, T (t,),7})
and £ (d1v (up)RpT(tn),ry), by becomes by using (4.11) :

b = 7 () RAT(0),17) + 3 (v @DRAT(0)77) = [ (@()V)2(0), i

tn—1
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tn

Furthermore, by inserting +7 (Pyu(t,)VR,T (t,), 7)), £ (le (Pru(ty)RpT (tn), 7)), :I:/ ((Ppu(t,)V).T(t),ry) dt,
tn—1

1 [in
and i§ / (div Ppu(t,)T(t),r}) dt, we obtain
th—1

n—

b, — T(((uZfPhu(tn))V).RhT(tn),r,’j)Jr/n (Pru(t,)V).(RaT(tn) — T(1)),r) dt

tn—1

+["<«ﬂum»—mmvyn>ngﬁ+ (div (u} — Pyu(t,))RuT(tn), 7))

+1 /t (div (Puu(ta))(RaT(tn) — T(8)), 7)) dt + = /t " (div (Pyu(ty) — u()T(). ) dt.

2 2
(4.19)
We denote by by, 1,...,bn6 the terms of the right hand side of (4.19) which can be bounded as following:
for every positive real number £, > 0 we have:

tn
baal < / I = Pt i T 0o 17 i
tn—1

ICHRPaE 0 — Pt s e+ o )
- 2¢4 ’ (0, 75H () Th T DhEER L (@)1 "hIH (2))

tn
For every positive real number &5 and &g, we insert i/ ((Prhu(t,)V Ry (t),ry) dt in by, 2 and obtain:
tn—1

bss < y/ / (Pyult, )RhT()rh)det\+|/ Phu(tn)V).(RhT_T)(t),r;;)dt\

54) H

~2 ~

€5 + €6
D) 7'|7’h|H1(Q)-

2 2
é || oo ( OTHl(Q )d) ( ||T || oo OTHl(Q ||T||L2(OTH2(Q)))

tn
We insert j:/ ((Pou(t)V).T(t),rr) dt in by, 3 and obtain for every positive real number £7 and &g,
tn_1

n—

tn tn
lbna| < (52)2/ (/ |Pra (8)| g1 (q)ads + [(Pru — u)(t)] g Q)d)|T(t)|H1(Q)|TZ|H1(Q)dt
tn—1 t
(S9)*er 2 72 2
< T H H oo(oTHl(Q)) ( Er ” u ||L2(()TH1(Q) ) h H u HL2(0TH2(Q)d) )
€7+ Eg

5 T|7”h|H1(Q)~

The term b, 4 can be bounded for every positive real number g9 as:

1 n
lup, — Phu(tn)ﬁ{l(ﬁ)d + 559T|rh|§11(9)'

C9
bual < 57 (S 1T 1 0 1)

Furthermore, the terms b, 5 and b, ¢ can be treated exactly like b,, » and b, 3 and we get for every positive
real numbers €19, €11, €12 and €13,

cio(59)* 2
|bn,5| < 9 ” u ” oo(OT Hl(Q)d) (~ H HLZ(O T Hl(Q)>
€10 + €11
+72 T|7“h|H1(Q)

+h%e1 || u Hioc(o,f;m(ﬂ)d) )

and

612(52)4 2 7'2 ’ 2 h2
< N R N
|bn76| —= . 2 - || T || W(O,T;Hl(ﬂ)) (512 H u ||L2(O,T;H1(Q)d) +€
€12 T €13 n
+T7|rh|§11(sz)~

|| u ||L2(OT H2(Q)) )
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Finally, by using the obtained bounds and summing over n from 1 to m < N, we get

1 ™m 1 G n— .
3 (S HLZ(Q By Z p—rpt H%Q(Q) +Za7|7"1?|§11(9)
= n=1
<G+ 72+ &Y TR — Phulta)lmepe + & Y Tk i),
n=1 n=1
where 51, 52 and 53 depending of &;,7 = 1,...,12. After a suitable choice of &;, we conclude the following

bound

1, . I~ _ 1 & N
3 [ ”%2(9) D) Z | —rp? ”%2(9) D) ZO‘TV}L@II(Q)
n=1 m n=1
S Cl(h2 + 7'2) + Cg Z T|uZ — Phu(tn)|H1(Q)2.

n=1

To establish the a priori error estimates corresponding to the numerical scheme (Edsl), we use Lemma
(2.2) which is valid only for d = 2.

Theorem 4.6. Letd = 2, (u, T, p) be the solution of Problem E and (u},T;", p}) be the solution of problem
(Eds1). Ifue L? (O,T; H?(Q)?) nL> (O,T; W1’4(Q)2>, u € L2 (O,T; H?(Q)?), T €12 (o,T; Hl(Q))
and p € L? (O,T;Hl(Q)2>, there exists positive constants C’;, C; and C’;” depending on wu, ul, T, T

and o such that, for any positive real number 01 and for all m < N, we have for a time step T sufficiently
small,

1 71— e
3 | ui = Pru(tn) [|720)2 T3 Dl = Paulta)lin e + 5 Z | ujy = Pou(t,) — (up ™" = Pyultn—1)) 720y

n=1

TO1 e n
<C,m+r)+C, Z =Tt - T(tn—1)|3n (o) + c, Z 2%, 1T = T(tn-1) 1720 -
n=1

n=1

(4.20)

Proof. We choose the test function v = v}’ = u}} — Pu(t,) in the first equation of (E) and then integrate
over [t,—1,t,]. We subtract the second equation of (Edsl) multiplied by the time step 7 and insert
+Pyu(t,—1) and £P,u(t,) to obtain :

B IV 172y — || Vi 72 )2 + v —vip! 17202 +7 (T}~ VvE, Vvy)
tn tn
- / <f1<T;:—1> - ﬂ(T(t)),vh)dt [ G pte)div (v
n—1 tn—1
t

. tn / , (4.21)
—/t (TP YV Pyu(t,) — v(T(t)Vu(t), Vvy)dt — /f (Pru (t) —u (t), vi)dt

n—1

f/t " ()~ () V)u), V)t — 5 (rdiv (af g v)

By using Assumption 2.4, the last term in the left hand side of (4.21) verifies the inequality

T(W(T )YV Vi) > iV [ip o)
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The first term of the right hand side of (4.21) can be bounded, by using Assumption 2.4 and inserting
+£ (T (tnh-1)), as

|/ttn (B(Ty ™) — fu(T (), vi)dt| < o /t" | Tt = T(tn-1) 2@yl Vi o2 dt
n—1 ne1
+ck, /ttn1 | T(tno1) = T@) [[z2)ll Vi llz2(0)> dt
< (522 ()7 | TPt = T(ta-1) 320 +T€1 V7 B e
0)2
O P T 2 ey ”ﬂvh\m

The second term of the right hand side of (4.21) verifies

’/ (pi — p(t), div (vi))dt| = |/ (rap(t) — p(t), div (v}))dt|

IN

637'
Lz(OTHl(Q)) |Vh|H1 (2)2-

To bound the third term of the right hand side of (4.21), we write

/t (T Pault) — v(T(8)Vult), Vi)t — /t " /t ATV By (s), Vv dsdt

+ / " TV (Pru(t) — u(t)), Vi)t + / (TP = (T (tn1)))V(t), VY )dt

tn—1 tn—1

+ / " (T (o)) — V(T (@) Vut), VY],

n—

then, we use Assumption 2.4, the properties of P, and the following inequality (based on the relation

(2.2))

Ty~ = T(ta-)lFagq) < 21/2\|T1;?_1 — T(tn—1)||z2o)|TH ™ _1T(tn—1)|H1(Q) 122)
< 2T = Tl e + 50T T = Tl lin@)s
to get the following bound:
t AN2( )2
' n— n (¥2)"(cp) 764
| ; w(Typ ")V Pyu(t,) — v(T)Vu, Vvi)dt| < TP | u HLZ(OTHI(Q)Q) +—= |Vh|H1 ()2
n—1
C1 . T€5
+%V22h2 (R Hiz(ojﬂzm)z) +—= Vil ()2

€2, 4 n 1 n—
P20 e o sy 75 TR = Tt ey + 50125 Tien-la)

’7'56
|Vh|H1 @2t 7( 259 | u ||200(0TW1 a(0)2) ||T/|\L2(tn Litn HI(Q))T + 27 |Vh|H1 ()2

(4.23)
The last two terms of the right hand side of (4.21) can be treated by following the steps used for the study
of the corresponding terms if the proof of Theorem 4.17. In fact, by inserting +7 ((uZﬂV)Phu(tn), VZ)

and £ (le (u} ") Pyu(t,), v}), the trilinear terms can be written as

an =T ((u}TlV).Phu(tn),VZ) + g (div (uZﬁl)Phu(tn),vZ) — / ' ((u(t)V)u(t), vy)dt. (4.24)

tn—1
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In addition, we have

4y = 7 (0 = Pou(te))V).Pau(t,),vi) + / C (Poulte_1)V (Pau(ty) — u(t)), vi))dt

tn—1

tn T _
+/ ((Pru(tn—1) —u(t))V u(t), vy) dt + 3 (div (u} " = Pyu(t,—1))Pru(ty), vii)
tn—1
1 tn 1 tn
+§/ (div (Pru(tn—1))(Pru(ty) —u(t)),vy)dt + 5/ (div (Pru(tn—1) —u(t))u(t),vy) dt.
t"71 t”71
(4.25)
The second, third, fifth and sixth terms of (4.25) can be treated exactly by following the steps of the

corresponding terms in the proof of Theorem 4.17. We have to treat only the sum of the first and fourth
terms of (4.25) as following :

- T : n— n
Cn = T (((uZ L Phu(tn_l))V).Phu(tn),vﬁ) + 3 (dlv (uj L Phu(tn_l))Phu(tn),vh)
T — n T n— n
= 3 (™" = Pyu(tn-1))V).Pru(ty,), vi) — 3 (0}~ = Pyu(t,—1))V).vi, Pou(t,)) .
Then we obtain by using Lemma 2.2

‘Cn‘ < ClTHllzil — Phu(tn,1)|‘L4(Q)2|VZ|H1(Q)2|u(tn)|H1(Q)2

16 1 _
< Cillullpseo @2 (57 (700 b= Pau(tn 1)l o) + 25, 7w b= Puta-1)llzz)2)

A

558\Vz\?11(9)2)~

Then, by collecting the above bounds and summing over n from 1 to m < N, we get

1 1 m - ) m
B | v’ ||2L2(Q)2 5 Z v —vip! ||2L2(Q)2 +in ZT|V2|§11(Q)2
n=1 n=1
m

T . ", n
< G+ + & Z %, I T = T(tn1) 7200 + Z 7|Th = T(tn) |1 (0
n=1

m

+ea Y T Vi T2 60 D7 Vi a2 (4.26)
n=1

= n=1

where & &, &3 and & depending of ;. After a suitable choice of ¢;, the last term of (4.26) can be
absorbed by the term in the left hand side of the inequality. Next, by bounding the term (for n = m)
|| v [lL2(q) in the right hand side of the last relation as

IVt @< Vit = v e + I vit ™t a2,

choosing 237 < 1 and applying the discrete Gronwall Lemma, we get

1 m 1 i n n— ﬁl - n
5 | v ||2L2(Q)2 5 Z | viy =it ”%2(9)2 T Zﬂvh‘%{l(ﬂ)?
n=1 n=1
’ m ’7'(51 n— 7 U T n—
< Cuh+7%) + Z 7|Th L= T(tn1) 30 + Cu Z 20, I Ty = T(tn) 720 - (4:27)
n=1 n=1

Theorem 4.7. Under the assumptions of Theorems 4.5 and 4.6, and by choosing T € LOO(O,T7 H?(Q)),
there exists constants ko, Cy, and Cr, independent of h and T, such that

N
s T = Titn) 2oy +a ) T = Tt @) < Or(h? +72). (4.28)
== n=1
and
N
sup = ultn) [Za ) +91 ) 7IVE @) < Culh® +7%), (4.29)
="= n=1

for T < kg.
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Proof. We insert Ry, T(t,_1) in (4.20), use Theorem 4.5, choose T € L>(0,T, H*>(Q)) and apply the
properties of the operator Ry, to get the following bound

1, ., 1 & 1 — .
B 173 1720 ) ZOKTVZ@MQ) T3 Z | —rp 1220
n=1

n=1
<O+ + Y L‘Sl\rg—lﬁp @+ Y S T R,
= n:1 9 () o 26, ()
where C1, Cy and C3 are constants independent of h and .
We choose §; = 4&02 and we obtain
1 m ||2 1 G n|2 2 2 o n—1 2
B 77" 1720 +Z Za7|7"h|H1(Q) <Ci(h"+77)+ 0 ZT 175 Iz2(0)
n=1 n=1

It follows from the discrete Gronwall Lemma the following inequality

1, 1 & N
3 7 11220 1 Zaﬂrhﬁ{l(ﬂ) < Ci(h? +72).

n=1
To get the relation (4.28), it suffices to apply
|T[LL - T(tn)‘Hl(Q) < |T;LL — RhT(tn)‘Hl(Q) + |RhT(tn) - T(tn)|H1(Q)-
Finally, the bound (4.29) can be directly deduced from Theorem 4.6.

Remark 4.8. For the numerical scheme (Eds2), we follow the same steps used for (Edsl) with small
modifications at the level of the trilinear terms. In fact, (Eds2) doesn’t contain the operator div, so the
terms ((u)~'V).vi,v}) and ((upV).rit,r) don’t vanish. Here we can apply Relations (4.12) and (4.13),
and the obtained terms will be absorbed by the corresponding ones in right hand side of the inequality for
a space step h smaller than a positive constant hg. Thus, we deduce the same a priori error estimates as
in Theorem 4.7.

5. SECOND ORDER DISCRETIZATION

In this section, we introduce a two order numerical scheme and we establish the corresponding a priori
error estimates. In fact, this non-linear scheme needs to be solved at each time step.

For the time discretization, we use the second order BDF method. For the space discretization, we keep
the same mesh and notations as in the previous section and we choose the following discrete spaces for
the velocity, pressure (Taylor hood finite elements) and temperature:

Xp, = {vin € COQ)% V& € Th, vy, € Pa(k), Vi =0}, (5.1)
Mh: {qh eco(ﬁ)’ v"{eﬁa qh\,\., G]Ph/qhdx:o}a (52)
Q
and
Y, = {0, € C°(Q); V& € Th, 0. € Pa(k), 0, =0} . (5.3)

The previous spaces X, and M), satisfies the inf-sup condition (4.1).

Furthermore, we will introduce new operators, with the same notations of the previous section, Py, Rj,
and rp, but adapted to the new discrete spaces.

There exists an approximation operator P, € L(HE(Q)?; X},) such that (see V. Girault and P.-A. Raviart
in [7]):

Vv € HY} (), Vqu € My, / qn div(Py(v) — v)dx = 0, (5.4)

and for £k = 0,1 or 2, ’
vv e [HHHQ) N Hg( Q)% || Pa(v) = v [l z2@pa < CLA ol gaviaya, (5-5)
Vv e [H" 1 (Q) N Hg ()] [Pu(v) = Vg e < Cob¥|V]gsrqya- (5.6)
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As M, preserve the same definition of (4.3), we keep for the pressure the same operator defined in the
previous section.
In addition, there exists an operator Ry, € L(HE(Q);Y3) (cf. [12]), such that: for any real number k = 0, 1
or 2,

Vr e H]H_l(ﬂ) N H& (Q), || R}—ﬂ’ -T ||L2(Q)§ Cghk+1‘T|Hk+1(Q),
(5.7)

|Rpr — T|H1(Q) < C4hk‘T|Hk+1(Q).

We introduce, for 2 < n < N, the following stabilized scheme:
for every n € {2,..., N}, knowing uZ_z and uZ_l € Xh,T,?_2 and T,?_l € Y}, we compute uy € Xp,pp €
My, and T} € Y}, such that for all vy, € Xj, 7, € Y}, and g, € My,

(3u2 — ZluZ_1 + uZ_Q
2T
n n—1 n—2
CTE AT+ T
2T
(gn,div up) =0,

?Vh) + (I/(T;?)Vuz, Vvh) - (PZ»diV Vh) + du(uza uZth) = (fn(TfTLL)avh) )

Jrn) A+ dr (W), TR ) + a(VTE, Vi) = (g™, ),

(5.8)
where u) = P,u(0), T = R,T(0), g" = g(t,,), and

2 (1) = £y + £1(17), where i = fo(ty).
The terms u}L and T,% are solved by using the following Euler scheme:

l.l1 — 110 .
(%7‘,}1) + (V(Té)vukv vvh) - (pilw div vh) + du(u}lwu}lmvh) = (fl(Tf})avh) ’
T, - T,

(=

(qn,div u}) = 0.

1) +dr(up, T, ry) + (VT Vi) = (g4, 71),

Theorem 5.1. (Stability of the solution of (5.8))
Let (u}l, T}) in Xp, x My, be a solution of Problem (5.8), with the initial data (u},T}}) and (0, T}), we
have
N N
n |12 n n—1 2 2..n—1 2 ~ n|2
2;121\[ | g 1720y + 2;121\[ | 2uf —up ™" 72 (gpe + 7; [ 67uy ™" 1720y +2 Z g g
S Cul (” g ||200(07T;L2(Q)) + H Ti% ||%2(Q) + || QTﬁ - T}(L) HQLQ(Q) + || fO ||2oo(0,T;L2(Q)d)

+ ufll ||2L2(Q)d + 2“}11 - u% ||%2(Q)d

n=2

(5.10)
and

N N
sup || TH 11720 +2<SUI<3N 12T = T3~ (1320 + Z 16T (1720 +QZOZT|T1?|§{3(Q)

2<n<N (5.11)

n=2 n=2

< Cr, (119 I o iy + I T 32y + 11 2T = T8 320y ) -

where Cy1 and Cr, are two positive constants independent of h and T.

Proof. To prove (5.10) and (5.11), it suffices to take r, = 47T} and vj, = 47u} in System (5.8), using
Remark 2.6, Sobolev inequalities and summing over n from 2 to m < N.

Theorem 5.2. (Existence of the solution of (5.8))
Let (up,T}) and (u?,TP) be the initial data, under Assumption 2.4 Problem (5.8) admits at least one
solution.
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Proof. To simplify the proof, we introduce the following constants:

Cor = Cur (912 7y 1501 VT B + 1278 =T g

+ [l ug, 1172 2y + | 2uj, —uj) ”L?(Q)d ),

Cr. (gl + 1T 120 + 1 275 = T3 721 )-

o (0,T;L2(Q)¢

O, L (0,7522(2))
We proceed by induction on n > 3. For a given 7'~ and T}' 2 € Y}, satisfying (5.11) and (5.10), we
introduce the auxiliary problem:

Find ¢7 in Y}, such that for all v, € Y},

n __ n—1 n—2
(¢T(T;7ll),7‘h) _ (3Th 4T,§T + 1y

On one hand, (5.12) defines a mapping from Y}, into Y}, and we easily derive its continuity. On the other
hand, for r, =T}, we get

rp) + dr(ag, Ty r) + (VTR Vry) — (g7, ra)- (5.12)

(BT, TR) | > T3 g o) (T3 ) — ( || AT = T072 2y +55 1 9" llrz) )

55
T3 113 () (@ T | 11 ) — ( CT1 +53 g ||Lx(07T;L2(Q)) )-

v

In other words, |(¢(T}), T,’L‘){ > 0 for all T} in Y}, such that

1,559

T3 1 0) = a( Cr, +53 |l g

Lo (0,7:L2(2)) ).

Therefore Brouwer’s Fixed-Point Theorem, see for example [7], implies immediately the existence of T}
For the proof of the existence of the velocity, we follow the same method applied to the function ¢,
defined in X, for each u;fl and u”f2 € Xp:

(aluf) va) = (= 4“§T1 FU )t dalufu va) + (TR Tva) — (E(T7), i)
Where
[(o(up),up)| > |upl g (01]0) ga ) — (%Cul + 1,950, + 53 || fo ||Loo(07TA;L2(Q)d) )
(5.13)
for all u} in X} such that
553

uilmg @ = pu = 5= Cuy + e, S50, + 53 || fo Il (07:L2(2)7) °

We conclude the existence of the solution of Problem (5.8).

Theorem 5.3. (Uniqueness of the solution of (5.8))
Assume that v is lipschitz-continuous, with Lipschitz constant v*. Under Assumption 2.4, Problem (5.8)
has a unique solution (uf,pp,T}) in Xp x My, X Yy, for a time step T sufficiently small.

Proof. Let (ugl)n,pg)",T,(Ll)n) and (uf)",pf)",T}EZ)") be two solutions of Problem (5.8) and let

(WZa SZ, Z}TLL) _ (ul(zl)n . ug)n’pg) pg)n7 T(l)n T(2) )

The first two equations of System (5.8), mutiplied by 47, allows us to get by using Remark 2.6, Theorem
5.8 and the equivalence of norms in finite dimension spaces, the following relation

I 2h 1Za0y + 1 225 = 207 320y + 1107237 G0y — 207" 172y — 1 22571 = 2272 [12q)
+Aral2f G ) = de(wZ,T}(Ll)", 27) +dr (uf)" 2, 27) (5.14)

< err (W12 e + 1271 220
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and
| wi ||2L2(Q)d + 1l 22“’2 Wi 172 2y T | 8wy~ H%Z(Q)d Iwi ™ ||L2(Q)d
— 2w2 —-wy ||L2(Q)d —4—47'04|Wh|H1 (@)
— 47 ((n(TV™) - (T@)")Vug”",th) drdy (Wi, wi) + 47 (£ (T0™) — £ (T™), Vwy)
< cw(llWZHiz(g)d + 1122120
(5.15)

where ¢; and c¢o depend of h and are independent of 7.

By summing the last two bounds over n from 2 to m < N and remarking that 22 = z}L:O and wg =

w) = 0, we get

m m
I 25 (1320 + I 225" — T 1220 +Z 162207 11220 +40‘ZT|ZZ|?{1(Q)+ | wh' H%Q(Q)d

n=1

+ 2w — w13, 2(Q)d +Z | 62wyt ||2L2(Q)d +4O‘ZT|WZ|%11(Q)d (5.16)

n=1
m

<cs ZT(HW?LH%Z(QW + 12172 ())-

where c3 depends of h and is independent of 7.
To apply the Gronwall lemma, we write the last term (for n = m) of the right hand side of the (5.16) as
wit = 2w 4 ow T — w2 and 2 = 022" + 22 — 2% and we get

Wi 12 gaya < 2 (1 62w Waqaya + I 297" = w2 e )
and
2 o< 2 (022 ey + 1220070 = 202 gy ) -

For a time step 7 syfficiently small, the term cs7(|| 2} ||2L2 + || w122 (@)2) can be absorbed by the
term in the left hand side of the inequality. Applying Gronwall s lemma, we obtain w} = 0 and z;' = 0.
The inf-sup condition implies s}’ = 0 and then we get the uniqueness of the solution.

In the next proposition, we will establish the error estimate for the solution computed by one iteration
of Euler’s scheme (u}, —u(7), T} — T(7)):

Theorem 5.4. If T € L>(0,T;H*()), T' € L=(0,T;H*(Q)), T" € L=(0,T;L*(Q)) and u €
L*> (O,T; H3(Q)), the error of the solution computed by one iteration of Euler’s scheme satisfies the
following estimation, for a time step sufficiently small,

1 1
|| r ||L2 © T35 aT|’“h|H1 Q or(ht ) + C'TT|Vh\Hl Q)2 (5.17)
( ) ()

where rt =T} — RyT(7), vi, = ul — Pyu(r) and C is independent of h and .

Proof. Due to the regularity assumption of T, and forall x, there exists 6 €]0, 1] that depends on x such
that

1 12
TO)=T(r) —7T'(T) + §T2T (10),
and T} satisfies, by denoting r} = T}t — R, T(7), the error equation

175 117 2(Q) +aT|Th|H1 @ = ((Rth = T(r) = (T} - T(O)),r}z)
—|—oz7'(V(RhT(T) — (T)),V’I”}ll) — (TdT(u}lL,T,i,r}l) — 7dp (U(T),T(T),T}ll)) — 7—?(T (TG),rh).

Then (5.17) follows readily by applying the error approximation of Rj,.
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Theorem 5.5. Let d =2 and Assumption (2.4) holds. If u € L™ (O,T; H3(Q)?), u e L™ (07T; L?(Q)?)
and p € L™ (07 T HQ(Q)Q), then for a time step T sufficiently small and for any positive real number 01,
there exists C’:l and C’:; in R} independent of 6., and C'l/ll depending of 61 such that

TV]_

H Vi 722 +—5- |Vh|H1(Q) < Cu(h*+7)+Cyr | Ty =T(7) 1720y +éu61T|Ti1_T(T)|§{3(Q)' (5.19)

Proof. The proof follows the same steps of Theorem 5.4.
Due to the regularity assumption of u, and forall z, there exists 6 €]0, 1] that depends on z such that

u(0) = u(r) —7a'(7) + ;T u (7'9)

and uj, satisfies, by denoting vi = v} — P,u(r) , the error equation

1vi 120y +017IVA G ) < —((Pau(r) —u(r)) = (uf), = u(0)),v}) +7(rap(r) — p(7),div v},)
+Tgu(Tﬁ)VPhu(T)7v}l) — (V(T(T))Vu(T),VV}L) (Td (uh,uh,vh) — Tdy ( (1), u(T),V}L))
— (" (70),vh) + 7(B(T) = £1(T()), V).

2
(5.20)

Then (5.19) follows readily by applying the error approximation of P, and ry,.

Theorem 5.6. Under the assumptions of theorems 5.4 and 5.5, there exists positive constants ko, Cu
and Cr, independent of h and T, such that

1 1
1 [ ”%2(9) +1|7";1L|12qé(9) < Cr(h* + 1%

and

1 R
|| Vi, HLQ(Q)d +7 |Vh\H1(Q < Cu(h* +7Y).

Proof. Theorems 5.4 and 5.5 gives

1 1 N it
5 i Z2(0) +§0”\7"i11|12r13(9) < Cp(h* +7%) + Cpr Vi i s (5.21)
and
Tl/l ’ — 1 ”
IVh\Hl(md < Cu(h + 74 + Cyt | Ty = T(7) 220y +Cu0r7I Ty = T(7)| 31 0)- (5.22)

By Inserting R,7} in (5.22), using the properties of Ry, setting §; =

i

— and using (5.21), we get

T>u
|| h ||L2(Q) += |T}L|H1 <O+ +C |, ||2L2(Q) : (5.23)
Jayaa 1
We choose C' 7 < 1 to conclude
I Ty = T(7) 220y +7ITh — T(T)ﬁﬁ[é(ﬂ) < Cr(h* +7%). (5.24)

The error of the velocity comes from Theorem 5.5 and (5.24).
We can now state the first result of error estimate. For the simplicity, from now on we denote T" = T'(t,,)
and u™ = u(t,).

Theorem 5.7. Let d = 2, (u,T,p) be the solution of Problem (E) and (u},T}',p}) the solution of
problem (5.8). If w € L (0,T; H3(Q)?), T € L® (0,T; H3(Q)), T' € L= (0,T; H*()) and T®) €
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L? (07T;L2(Q)), there exists positive constants C’/T and C’; independent of h and T such that, for all
m<N
| T = RuT(t) 22y + | 2070 = BaT (b)) = (T3 = RaT (1)) [

+ > 1T = BaT (b)) 7o) + Y Tl TH = BaT" 31 q)

n=2 n=2

(5.25)
by by il m n n
< Cp(tt+ 1Y)+ Cp Z Tlu} — Ppu |§Ié(9)2
n=2
Proof. We set rj, =)} =T7' — RpT'(t,) and ¢} = RT(t,) —T'(tn). We start by adding and substracting

+1(3T(tn) — AT (tn—1) 4+ T(tn—2),mn) and £2(3R,T(t,) — 4RRT (tn—1) + RpT(tn—2),74) in the second
equation of (5.8), we obtain

3rn _ 4 n—1 n—2 3" — 4 n—1 n—2
2( "n Th_ T ,rh) + 2( Ph L2 ,Th) +4TdT(uZ,T;ll,TZ)
3T(t) — AT (tn—1) + T(tn_s)

+4ra (VTP Viry) +2( ) =41(g", ).

2T
In the other hand, we consider the second equation of (E) taken at t = t,. We obtain by inserting
+2 (3T (tn) — 4T (tp—1) + T (tn—2), 7)) and choosing r = r}’

23T (tn) — AT (tn—1) + T(tn—2),7r) +41cr (0f, T(tn), 1)  +47a (VT , Vi) =41 (g",r}) + Ru,

(5.27)
where ST(t) — AT(t — 7) + T(t — 27)
! - —7T)+ —27
R = (T (t) — o arh)'
Due to Taylor’s formula with integral remainder, we have
/ 3T(t) —AT(t —7) + T(t—27)| _ 72
T (t) — < T® 2(t—2rt) - 5.28
(v = < 5= 1 T9@) lizozn (5.25)
Then, we substract (5.26) and (5.27) and insert +47a (VRRT™, Vry). We get,
Iri WZ2ey + 12 =i ™ MZa gy + 110737 1720
n—1 12 n—1 n—2 (|12 n|2
=y ||L2(Q) =l 2r, =y ||L2(Q) +47—a|rh|H1(Q) (5.29)

< |Ri| 412 (3o —dop ™ + op 2 rp) |+ Tal (Vep, Vi) |
'HdT (uZ? 1, 7“;;”) —dr (u(tn)v T(tn)’ T;LL) |

We denote by Aj, As and As the second, third and fourth terms of the right hand side of (5.29). We
have by using the Cauchy-Schwarz inequality and (2.4)

4 2
T (3) 1|12 7183 | npo
R < i 1T Py nsm) + a2l (5.30)
In other hand, due to the Taylor’s formula, we have
2 (3¢5 — def " + i 2rh) = 7 (BT (ta) = T (b)) + 7 (Bay i) (5.31)
and .
Bl < e | RAT® =T 12, 0,
— 2\/5 n—2,tn
Hence by using Cauchy Schwarz inequality, (5.7) and the stability of R, in L?(Q) (see [12]), we have
C1h47' ’9 52(‘5’8)27— n|2
|Ai] < 525 | Lo~ (0.7 H2(2) f“hh{l(n)
ey 3 73(59)% | 2
+@ | T ||L2(0,T‘;L2(Q)) +T|r2|H1(Q)' (5.32)
The terme A, is bounded as follow
o?Thcs TEY

|As| < T, | u ||2oo(07TA;H3(Q)z) +7|7”Z|%11(Q)~ (5.33)
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Finally, |As| is treated as follow

|As] < |Asq| + |Asz2| + |Asz3], (5.34)
where
As1 =47 VRV R (ty), ) + 27 (div v R, T(t), r}) ,
Az o = 47 (Pyu(t,)Vy, ) + 27 (div vipp, ry)
and

As s =41 ((Prulty) —u(tn))VT(t,), ) + 27 (div (Pru(ty) — u(tn)T(tn),77) -

Therefore, we get the following inequalities,

2(52)4‘347 n2 2
Az < T|Vh|H5(Q)d | T ||Lm(07T*;H1(Q))
(52)4057' n|2 2
+€7|V}L|Hé(ﬂ)d H T HLOO(O,T;Hl(Q))
+2755|7"Z|3101(Q) + 7'56‘7"2‘%13(9)7 (5.35)
2(S9)4eeT
Az < = T ||2m(O,T:H3(Q))H u ||2m(0,T;H1(Q)d)
(52)4077' 4 2 2
+Th ” T ” oo(ojv:Hs(Q))” T ” oo(ojv;Hl(Q))
+2757|7’2|12L13(Q) + 7'58\7“2@3(9)’ (5.36)
and
2(52)4087 4 2 2
|A373| S Th H u || OQ(O,T:H:’(Q)”I)” T H “(07T;H1(Q))

(59)*cor

+——h" | u |} T ||
€10

o (0,7:H3(0)4) = (0,T5H(Q))

+2759|7~2|§{é(9) + ralo|rg|§,é(m. (5.37)

Finally, by summing over 2 < n < m, for all m < N, and using (2.6), we infer

i 72y + Il 207 = ! 1220 +Z I 8%~ 1720 +4Z7'0f|7“2|?13(9)
" = n=2 (5.38)
<&(Tt+hY) 4 & Z T\Tm?{g(ﬂ) + &3 Z T|VZ|?I[}(Q)’1 +3 04 1720
n=2 n=2
where & (i = 1,2,3) depend on ¢;, j = 1,...,10. Then after applying the result of Theorem 5.6 and a
suitable choice of ¢;, i € {1, ...,10} (&2 = 3«), we drive the following estimate

m m
I 32 + Il 270 =7t 17200 +Z I 6%~ 11720y +ZTOZ|7"Z|§I(}(Q)
" n=2 n=2 (5.39)
< Cr(r* + 1)+ Cr Z T|VZ|§13(Q)2,
n=2

where CA'} and é'; are constants that do not dependant on 7 and h.

Theorem 5.8. Let d = 2, (u,T,p) be the solution of Problem (E) and (uy, T}, p}) be the solution of
Problem (5.8). If w € L® (0,T; H3(Q)?), T € L= (0,T; H*(Q)), T' € L= (0,T; H*(Q)) and T®) €
L? (07T;L2(Q)), there exists positive constants C’u,C'; and CA';/ depending on a positive parameter o1



FULL DISCRETISATION OF BOUSSINESQ (BUOYANCY) 21
such that for all m < N, we have for a time step T sufficiently small,
| ap = Pyu(tn) 720y + I 20uf = Pou™) = (0™ = Puu(tn-1)) 720
m m

+ ) 118yt = Pouta-1) [F2p + Y Toalup — Pouta) 3 o

n=2
m ANm

< Cu(h* + 74 + Cld, ZT|T;? = T(tn \HI(Q ZT 175 = T(tn) 720 -

n=2

(5.40)

Proof. We denote by vy, = v = u} — Pyu(t,) € Vi, and ¢} = Pyu(t,) — u(t,). We first write the

equation of the velocity by choosing v, = v} in (Edsl), we obtain
2 (SUZ — 4112—1 + uZ—Q vn) + 47 (v(TP)Vup, Vvy) — 47 (pp, div vi) + 47 (upVup, vi) (5.41)
+27 (div (up)up, viy) = 47 (£ (T7), vi). .

In the other hand, we consider the first equation of (E) at ¢t = t,,, we obtain by taking v = v}
4T(ul (tn),vy) + 47w (T(tn))Vu(ty), Vvy) — 47(p(tn), div v})
+ar(u(t,)Vu(ty), vi) + 27(div (u(ty))u(ts), viy) = 4r(£(T(tn)), vi). (5.42)

We substruct (5.41) and (5.42), and insert £2(3u} — 4u} ™' + u "2, v}), £2(3Pyu(t,) — 4Ppu(t,_1) +
Pru(t,—2),v}) and +47(v(T}")VPyu(t,), Vvy). We obtain

v 7202 + 11 2V = Vi 1322 + 182Vt (17202

— Vi 2z = 1 2vi ™t = Vi 2 1220 +4Tﬁ1|Vﬁ|?{5(9)2
< 2368 —4F T+ B2 vi) | + ATV Prulta), VVE) — 4r(v(T(t)) Vulta), 3|
47 (uy Vg, viy) + 27 (div (up)uy, viy) — 47 (u(t,)Vu(ts), viy) — 27 (div (u(ts))u(ts), vi) |
47 (pfy — p(tn), div vi))| + |47 (EL(T}), vii) — 4 (B(T(tn)), vii) | + [ Rl (5.43)
where
By — (u/ (1) - 3u(t) — 4u(t —2:) +u(t —27) ’ Vh) . (5.44)

Let us study the terms of right hand side of (5.43) denoted by A;, i € {1,...,5}. Then we have, by using
Taylor’s formula

3¢ — 4@+ gp? , : -
Ph 9027 Ph = Pyu (t,) — u (t,) + Ra,
where
3
~ T2
ol < 5 | (Bna® =) @) e, - (5.45)
Since P, is stable by norm L? (cf. [8]), then we obtain
~ 201h4 - n
A1 < = | u HQOO(O,T;Hz(Q)z) +2T€1522|Vh|§{5(9)2
ey @ 5 G212
+ & [ u ||L2(0TL2(Q)2) +T€252‘Vh‘Hé(Q)2 (5.46)
For the terme |A,|, we get
~ 2(&1)203h47' - n
[Ao| < T (R ||2W(07TA;H3(Q)2) +27€3|Vh|§13(9)2
27(v*)* n
+ 5451 H ||4OO(O7T;W1,4(Q)2)H Th - T(tn) H%?(Q)

T(Sl ~l.n
|Th = T(tn) |30y + T2l VR T (2 (5.47)
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We add and subsruct 47dy (uy, Pyu(ts), viy), 47du (Pru(ty), Pou(ts), viy) and 4rdy (u(ty), Pou(ts), viy)
in the A3 to obtain
|As| = 41 (VRIVPuu(t,), vi) + 27 (div (Vi) Pu(ty,), vi)
+47 ((Pru(t,) — u(ty))VPyulty,), vy) + 27 (div (Pyu(t,) — u(ty))Prul(ty,), vi)
+47 (u(tn)V(Pru(ty) —u(ty)), vi) + 27 (div (u(ty))(Pru(ts,) — ulty))u(ts), vi) . (5.48)

We denote by 1213,17 1213,2 and [13’3 the terms of the right hand side of (5.48).
We have by using (2.2),

| (div (vi)Pru(tn), vi) | < calvilm o utn)lzs@)lvilza@)
< C5|V;LL Hl(Q)lu(tn)|L2(Q)7
4 b4/3
and then by using the relation ab < R + 4—/3, we get the following bound,
2V/21 N
[As1] < 2V27ceés | u ||Loo(oT HY(Q)?) ‘Vh‘Hl(Q)Q + i [ u HLoc(o,T;Hg(Q)z)H Vi H%Q(Q)Q
SOcr1ég 35%csT n
4T || u HLOC(O THI(Q)2) |Vh|H1(Q)2 + 2§7§6 H u ||LOO(O7T;H5(Q)2)H v ||%2(Q)2
The relation
27 (div (vi)Ppulty),vyy) = —4A7(viVPyul(ty),vy) — 41 (viVvy, Pou(ty)) (5.49)
allows us to get the inequality
- 47(59)eg < |n
‘A372| < #hz} || u HQOO(O”ZA";H&(Q)Z’)H u Hzoo(ojﬂ;H?,(Q)z) +4T€7|vhl|%-lé(9)2 (550)
and
~ 47’(50)4610 ~ n
‘A373| < gigh4 ” u ||200(07T;H6(Q)2)H u ”ioo(Oj;HS(Q)z) +47—58|Vh|§{g(9)2' (5'51)
For the pressure, we have
~ 47811h4 ~ n
Al < T 0 o ooy 20l g (5.52)
The last terme is bounded as follow
i 2r(cp)2(SD? | —_—
| As| BT I T3 = T(tn) 720 +2T€10|Vh|§{3(9)2' (5.53)

By summing over 2 < n < m, for all m < N, we get the estimation

m m
IV W+ 0290 =V W+ 20 1R [ =3 19k W +4 3 v

n=2

7’61 527—
&L (R + ) +27|Th_ |H1 Q)+Z HTh— T(tn) 1720

+ 2537' IR 1722 + Z€4T|Vh|Hl (@2
n=2
where §i, t=1,...,4 depend of &;, i =1, ..., 10.
Therefor, by collecting the above bounds, using Theorem 5.6 and choosing suitable values of &;,7 €
{1,..,10}, we obtain the following result:

m
Vi (2ae + Il 29 = vt |2, QMZW D AT
n=2

A - n CA(I/J/ - n - n
< Culh® + 7Y+ Cob1 Y 7ITE = T(ta)Fa oy + =2 2 71 T8 = T(tn) 720y + ZT I vh 122 (e -
G -
n=2 1 n=2
(5.54)
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After writing

A1 m n 2 A1 m71 n 2 AL m 2
Cy ZT [ vi 22(0)2= Cu Z T vi 2202 +Cu T [ Vi [[22(0)25
n=2 n=2
1

Using Gronwall’s lemma for 7 < ——, we infer

20/// ?

u

m m
Vi 12z + 12Vt = Vi 72 + D 116V 1720y +ZT§1|VZ|12H;(Q)2

n=2 n=2
< Culh + 7Y+ Cab1 Y 7ITY = T(ta) 31 () + Sf“ Do ITE =T(tn) 72 - (5.55)
n=2 1 p=2

Theorem 5.9. Under the assumption of Theoreme 5.7 and 5.8, there exists constants Cy and Cr inde-
pendent of T and h, such that for T sufficiently small, we have

sup I Ty = RaT(tn) 720y + ,Sup | 2T} = RiT(tn)) = (T3 ™" = RaT(tn—1) 720

2<n<
N-1 N o ) o a s (5.56)
+ > 1T = RuT(ta) HLz(Q +Z T3 = BrT ()| o) < Or(7" +17)

n=2

and

sup || upy — Phu(tn) |72y + JSup | 20wy = Pru(tn)) — (™! = Pou(tn-1)) (720
2<n<N <n<N

(5.57)

TV1

+ 30 18 = Pruta-) [ >2+Z—|uh Pua(ta) oy < Culr + hY).

Proof. We denote by v} = u}} — Pyu(t,) and r}} = T}" — R,T(t,). We combine the results of Theorems

5.7 and 5.8, insert £ R, T(t,,), consider T' € L*>® (O,T; HQ(Q)) and choose §; = ﬁ, to obtain

1"

TYua

m— - n— 1 % n
I 12 + 20 =70 320 +Z 6%~ 1720 t3 2704%@5(9)
m n=2 (5.58)
< Cp(t* + 1Y) + O Z Ty ||2L2(Q) .
n=2
We observe that
177 172 ()< 2 <|| it 12 + Il 2rp =2 H%z(g)>
and consider 7 sufficiently small such that, after applying Gronwall’s lemma, we obtain
2<Sup I 74 ||L2(Q LS SEEN | 2y —rp! ”%2(9) + Z | 6%t ”%2(9)
- - (5.59)
T, A
+ Z 7|7“h|§{g(9) < Op(r* +1?)
n=2

By considering the triangle inequality

I T3 = T(tn) 2@ < T5 — BT (tn) llL2(0) + | BT (tn) — T(tn) [lL2(0)
we get (5.56). We deduce the bound (5.57) by applying theorem 5.8.

6. NUMERICAL RESULTAS

To validate the theoretical results, we perform several numerical simulations using the FreeFem++ soft-
ware (see [10]). We begin with a simple test case where we show comparisons with the exact solution for
the first order schemes (Edsl) and (Eds2), and the second order scheme (5.8).
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6.1. First academic test case. We consider the square Q =]0, 3[2 and the time interval [0,7] = [0, 3].
Each edge is dividefi into N equal segments so that  is divided into 2N? triangles. The time step is

T 3
considered as 7 = N 5O h = N and 7 are equal. In this section, we consider f;(z,T) = 0.

We consider the manufactured solution
(u,p,T) = (tet curly, p, T) ,
where v, p and T are defined as follows
W(z,y) = 6—30((90—1)2+(y—1)2)7
p(z,t) = tsintcos gx cos Ey, (6.1)
T(x,t) = sint 2%(z — 3)2y§(y - 3)%,
In this section, we consider three cases for the viscosity: v(T) =T + 1, v(T) = sinT + 2 and v(T) =

1
e T+ 0 and we define the following relative error between the exact and numerical solution

M
St TIPR T = p(ta) 1720

M n
S T — T(tn) 31 )\ /2
S ol B |

Yot TIT () 2 )

M
(En:l Ty —up 3 o)

el Tlatn) 3 )2
(6.2)

6.1.1. First order schemes.

In this section, we study the schemes (Edsl) and (Eds2). Figures 1 and 2 (respectively (3 and 4) and (5
and 6)) show a comparison between the numerical and exact velocity (respectively the pressure and the
heat) for v(T) =T + 1. Same comparisons are obtained for the other cases of the viscosity.

Vec Value Vee Value

FIGURE 1. Numerical velocity
for v(T) =T+ 1 and N = 100.

FIGURE 2. Exact velocity for
v(T)=T+1 and N = 100.

FIGURE 3. Numerical pressure
for v(T) =T+ 1 and N = 100.

FIGURE 4. Exact pressure for
v(T)=T+1 and N = 100.

Table 1 shows the slope of the error curve (in logarithmic scale and for N going from 60 to 120) corre-
sponding to the different cases of v(T') and the schemes (Edsl) and (Eds2):
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FIGURE 5. Numerical heat for FIGURE 6. Exact heat for
v(T)=T+1 and N = 100. v(T)=T+1 and N = 100.

| v(@) [ (Edsl) | (Eds2) |
T+1 | 1,003 [ 1,003
sin(T) +2 | 0,984 | 0,941

e T+ — 10,9841 | 0,9838

TABLE 1. The slop of the error.

Remark 6.1. Note that the results obtained in Table 1 confirm those obtained in Theorem 4.7

6.1.2. Second order scheme.
In this section, we study (5.8) which is a nonlinear second order scheme and can be represented at each
time step as F'(w) = 0, where w = (u}, p}, T;') and

n n—1 n—2
3up —4u,” +u,

1
+upVuy — v(Ty) Auy + Vpp + idiv (up)up — £y

Fw") = 27 me1 2 (6.3)
3T — AT+ T 1.,
h ;T b VTP — AT + S div (W) T3 = ¢"
We solve the equation F(w) = 0 by using the following iterative Newton method:
let w® = (uzfl, pﬁfl, T{L‘*l). At each iteration k, knowing w*~!, we solve the following system
Dy F(w* 1) (wh —wh™1) = —F(w*™1), (6.4)

to get w® = (u¥,p*, T*). Note that D, F is the derivative of F.

By denoting (W, puw, Tw) = w* — wF~1, system (6.4) can be written, for all vj, € X,,;, and r}, € Y1, as

3uy, - - -
(211_T7Vh) + (1, VU vy) + (0P Vg, vi) + (1(TF )V, Vvy,)
+(Z_;(Tk_1)Tquk_l, Vi) = (Pw, div vi) + %(div (uw)uk_l?vh) +

3uk—1 o 4un—1 + un—2 .
= _( h h ,Vh) _ (uk—lvuk—17vh) + (pk—l’dlv Vi)

(div (uk_l)uw,vh)

DO =
—
o
t
S~—
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and
3T,

1
(?,rh) + (up_1 VT, 1) + (0 VTF L 1) + a(V Ty, Vi) + 5(div (W) TH 1 )

Jr% (div (ukil)Tw, rh)

3Tk:71 _ 4Tn—1 Tn—2 (66)
— L) = (THIVTE L ) — (VTR V)
1
—§(div (ukil)kal,rh) + (g",rh).

The Newton system 6.5-6.6 can be stopped at the iteration k& when the iterative error
T+ — Tk*l\Hl(Q)
T 11 (0)

[p* — ph? |2 ()
|pk |L2 (Q)

|uk . ukil |H1(Q)2

erry k = -
¢ |uk|H1(Q)2

becomes smaller than a given tolerance g, = 10719 (err » < &,).

Table 1 shows the slope of the error curve (in logarithmic scale and for N going from 50 to 70) with a
step of 5, for different cases of v(T):

| v(T) | (NSTfvd202) |
T+1 2,4164
sin(T) + 2 2,1983
e~ T +1/10 1,9386

TABLE 2. The slop of the error.

Remark 6.2. Note that the results obtained in Table 2 confirm those obtained in Theorem 5.6.

6.1.3. Comparison between order one and order two.
In the previous sections, we showed numerical validation of the first order scheme ((Edsl) and the second
order scheme (5.8). In this section, we compare the effectiveness of each one.

Table 3 shows a comparison between (Edsl) with N = 200 and (5.8) with N = 40 and shows the
corresponding CPU times of computation. We deduce that Scheme (5.8) is better then (Edsl), since
(Eds2) with N = 40 gives more precisions with much less time of computation than (Edsl).

v(T) scheme (Edsl), N=200 scheme (5.8), N=40
error CPU time (s) error CPU time (s)
T+1 0,064 4106 0,062 285
sin(7) +2 | 0,151 1975 0,051 271
e~ T +1/10 | 0,063 4192 0,025 285

TABLE 3. Comparison between (Edsl) and (5.8)

6.2. Second test case. In this section, we consider the natural convection heat transfer, where the
domain is a unit two-dimensional cavity of width L and height H. The vertical walls of the cavity are
isothermal, of temperatures T, (hot) and T, (cold). We refer to [11] for the details of the geometry
(see Figure 7), the boundary condition and the following scaling. Using a lengthscale Lref = H = 1
and a liquid reference state (pres, Vies, Trer), we can define the following scaling for the space, velocity,
temperature and time variables:

x U

Lref’

T-T, t
_ L

X = = —
T, — Ty ’ tres
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T, +T v
where Tcr = ! and Viep = T
® o u=o
== =
8, =0.5 6y =-05
u=0 uU=0
20
=0, U=0

o

FIGURE 7. Details of the natural convection problem.

In this case, the viscosity is constant and doesn’t depend on the heat but the data f depends of the heat
as following: fy = 0 and
0
fi(x,0) = Ra , Yo e .
R6P7’9
We take Ra = 10°, Re = 1 (Reynold number) and Pr = 0.71 (Prandtl number).

We first use the scheme (Edsl) to solve our problem. Figure 8 shows the repartition of the streamlines of
the flow in the liquid for N = 80. Furthermore, Figure 9 shows a comparison of the horizontal velocity
profile u(y) at mid-domain x = 0.5 between our results and those obtained in [11].

FIGURE 8. Streamlines of the flow in the liquid N = 80.
Then, we solve the second-order discrete problem by using the Newton method, as follows

3uy, _ _

(;,WL) + (u, Vu* =1 vp) 4+ (01 Vuy, vi) + (¥Vuy, Vvy,)
: Lo k-1 Lo k—1 df i1

—(pw, div vi) + 3 (dlv (uy)u ,vh) + 3 (dlv (u )uw,vh) — @(9 V0w, Vi,

o (3uFt— qupt +up?
B 2T

,vh> + (W Ivuh Tl vy) — (PR div vy

+w(Op VT Vvy,) + (div (ukil)ukfl,vh) — (fl(ﬂfb*l),vh) (6.7)

DO =
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and

N =20.
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09

|
*  Newton
08 ¥ —
07F
0.6

051

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

FIGURE 9. Comparison of the horizontal velocity profile u(y) at mid-domain = = 0.5
between (Edsl) and [11].

30, _
(27_,rh> + (ug—1VOy,rn) + (quHIC L) + a(Vy, Vry)

1 1
—|—§ (div (uw)ﬁk_l,rh) + 3 (div (uk_l)Hw,rh)
_ <39k1 — 407 0

, T’h) + (Qkilvgkil, ’I"h)

2T
1, .. 1 pk—
+a(VOF=1 V) + 3 (div (10" 1) — (g™, m1) (6.8)
Figure 10 shows the same comparison (as in figure 9) but by using the second order scheme (5.8) and for
1 : : : e :
08| ]
07t e )
05 /(
04t /
03 P e
o2t {% -
01f *
-%.OB »O.‘OG -0.‘04 »O.‘Oé qug 0.‘02 0.2)4 0. ‘06 0.08

FIGURE 10. Comparison of the horizontal velocity profile u(y) at mid-domain = = 0.5
between the scheme (5.8) and [11].

7. CONCLUSION

In this paper we treat the fully discrete time-dependent Boussinesq problem. We introduce first order
and second order schemes in space and time, and establish the corresponding a priori error estimates.
Next, we perform several numerical simulations using the FreeFem++ software to validate the theoretical
results and to show that the second order scheme in much better than the first order in terms of CPU
time of computation with the same precision.
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