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AN INQUIRY INTO THE RAMSEY-HOTELLING CONNECTION
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Ramsey's 1928 paper on saving and Hotelling's 1931 article on exhaustible resources are considered to be two seminal contributions in economic dynamics. They have been associated because of their temporal proximity, use of the calculus of variations, and because of Hotelling's citation of Ramsey. This connection however needs to be precisely investigated and characterized. On the basis of archival material, this paper shows that, on the interpersonal and theoretical ground, the connection is quite thin, but that significant parallels are found in Ramsey's and Hotelling's expectations with mathematical economics for the progress of science and for informing public decision.

Introduction

Frank P. Ramsey and Harold Hotelling provided early and seminal contributions in the field of mathematical economic dynamics. Ramsey's 1928 paper "A Mathematical Theory of Saving", published in the Economic Journal, and Hotelling's 1931 article "The Economics of Exhaustible Resources", published in the Journal of Political Economy, have sometimes been associated to date the beginning of "optimal growth theory" (Arrow 2009, 13). Both articles were written at the turn of the 1930s, both were concerned by intertemporal choice issues, both used the calculus of variations. 1 In his paper, Hotelling moreover cited Ramsey (1931a, 145). These various points led commentators to gather Ramsey and Hotelling in the same early tradition of modern mathematical economics (Kula 1996, 80-81; Michel 1990; Read 2016, 171-172; Weitzman 2003, 30), even to talk about a "Ramsey-Hotelling connection" (Erreygers 2009, 265f), with great proximity, even continuity, between the two authors (Arrow and Kurz 1970, 26; Duarte 2009b; Kamien 1987; Kamien and Schwartz 1991, 3). In the New Palgrave, Bromley (2008) corroborates this close relationship.

Historically speaking, the Ramsey-Hotelling connection is anything but obvious. Frank P. Ramsey and Harold Hotelling were contemporaries, the former being born in 1903, and the latter in 1895. But Ramsey died in 1930, so his career was very short. Hotelling experienced a longer life, until his death in 1973. While Ramsey grew in England and was trained at Cambridge, Hotelling came from Minnesota, and made his whole career in the United States (apart from temporary visiting stays in foreign countries). They evolved in different intellectual contexts, had different teachers within different university traditions. Obviously, since he genuinely quoted it, Hotelling knew Ramsey's 1 The calculus of variations is a technique of integrals optimization, coming from pure mathematics and physics. After some developments from the seventeenth to the nineteenth centuries, mathematicians particularly investigated the calculus of variations in the beginning of the twentieth century (Bolza 1904; Hadamard 1910; Hancock 1904; Hilbert 1900; Kneser 1900; Mayer 1905). See also Goldstine 1980. work on saving. But there is no evidence that the opposite was true.

According to Arrow (1974, 1103; 1980, 1987, 670), Hotelling (who was his PhD supervisor) intended to publish his contribution on exhaustible resources in the Economic Journal. Keynes and McGregor, editors-in-chief of the journal at that time, would have rejected it because of mathematical complexity -a surprising argument since Ramsey's 1928 paper was very complex too. Arrow (1980, 637) suggests that Keynes probably favored Ramsey because of his Cambridge (UK) affiliation. In his reconstruction of Hotelling's career, Darnell (1990, 13) relates the story and expresses his own surprise about the asymmetric consideration of the two papers by the Economic Journal. 2 On the basis of a similar episode for one of Harrod's papers, Gans and Shepherd (1994, 174-175) suggest that Ramsey could have been one of the reviewers of Hotelling's 1931 paper. At first sight the story is plausible. Hotelling had just published "Stability in Competition" (1929) in the Economic Journal and may have been encouraged to submit his contribution to a journal that had already published papers on dynamic issues; and Keynes indeed regularly asked Ramsey's opinion on submitted papers. Actually, apart from Arrow's testimony, there is no evidence that Hotelling really submitted his 1931 paper to the Economic Journal. Hotelling saved most of his notes, personal documents and memos, which are today gathered at the Rare Book and Manuscript Library of Columbia University, and a careful examination of these archives does not show any trace of such a submission. There is nothing in Keynes' archival material at Cambridge University either. The editorial correspondence of Keynes does not mention any reference to Ramsey with respect to Hotelling. Moreover, the chronology seems to contradict the idea that Ramsey could have commented on Hotelling's 1931 paper: in July 1930, in a letter to R. A. Fisher, Hotelling wrote that he had left a statistical project aside "for a few weeks [ ... ] to finish a paper on "The Economics of Exhaustible Assets"" 3 . This means that the 1931 paper was not finished for submission in the summer of 1930. Ramsey died in January 1930.

As a result, as far as the Ramsey-Hotelling connection is concerned, if there is any direct explicit connection between the two authors, it must be Hotelling reading Ramsey, rather than the other way round. But the link between Ramsey's 1928 paper on optimal saving and Hotelling's 1931 paper on exhaustible resources raises questions beyond this potential direct influence. Are there substantial reasons to connect the two papers apart from similar topics related to dynamics, the calculus of variations and a short citation? What kinds of parallels can further be drawn? In particular, what may be said about the role of mathematics in both Ramsey's and Hotelling's research projects?

On the basis of published and unpublished material, this paper consists of an historical and methodological inquiry to characterize and analyze the presumed Ramsey-Hotelling connection. Section 1 briefly recalls the intellectual trajectory of Ramsey until the end of the 1920s and his contribution on optimal saving. Section 2 reconstructs the successive steps of elaboration of Hotelling's article on exhaustible resources, by questioning the impact of Ramsey, and by qualifying the usual relations depicted in the literature. Section 3 explores another way of investigating the connection between Ramsey and Hotelling, from their shared expectations with mathematics. Some concluding remarks follow.

Ramsey and saving

Mathematics, logicism and economics

Frank P. Ramsey was born at the very beginning of the twentieth century in Cambridge (UK). 4 His father, Arthur Stanley Ramsey, taught applied mathematics at Magdalene College. Ramsey basically learnt mathematics with his father, and through the lessons of Clement Vavasor Durell during secondary school in Winchester. His diary reveals that he also read some mathematics and mechanics textbooks recommended by his father and by Durell (Paul 2012, 47). It is probably at this moment that he became familiar with the calculus of variations. 5 After secondary school, Ramsey studied mathematics at Trinity College, Cambridge. He was elected fellow of King's College in 1924, and became a lecturer in 1926.

On the fringe of his mathematical curriculum, he frequented many of the interdisciplinary circles flourishing in Cambridge. That gave him occasions to express his growing interest in analytical philosophy on the one hand, and in social sciences on the other. In particular, Ramsey was well integrated in the Heretics Society and in the Moral Sciences Club, before becoming a member of the Apostles Society. Bertrand Russell, George Edward Moore and John Maynard Keynes were members of these three societies.

Ramsey started his academic works with the translation (with Charles K. Ogden) of Wittgenstein's Tractatus Logico-Philosophicus (1922) and with a few contributions to the logicist program developed by Russell since the beginning of the century (Russell 1903; Russell and Whitehead 1910). 6 Ramsey's first papers "The Foundations of Mathematics" (1925a), "Universals" (1925b) and "Mathematical Logic" (1926a) belong to Russell's global project of refoundation of mathematics on logical grounds. 7 Through a criticism of Keynes' Treatise on Probability, and the establishment of his own theory of subjective probability in "Truth and Probability" (Ramsey 1926b), Ramsey finally emancipated from the logical atomism of his first papers, and turned to the construction of his own philosophical system: a pragmatist theory of 5 Margaret Paul, Ramsey's sister, relates (2012, 47) that Ramsey assisted to his father's 1918 lectures on dynamics, and that he read "Besant and Ramsey, dynamics" in January 1920 (probably Arthur's 1913 Treatise on Hydromechanics, part II). This textbook adopts a pure theoretical point of view and presents Euler's and Laplace's methods to deal with problems of fluid dynamics in various conditions. 6 Ramsey listened to Russell's lectures in Cambridge and London in 1920-1921, and had occasions to discuss some elements of the Principia Mathematica with him (Paul 2012, 81, 111, 155). 7 Mellor (1990, xiii) considers "The Foundations of Mathematics" (Ramsey, 1925a) as "the culmination of the logicist programme". On Ramsey and logicism, see also Sahlin 1990. knowledge (Gaspard 2014; Sahlin 1990). 8 From 1927 to 1930, a series of essays such as "Facts and Propositions" (Ramsey 1927a), "Theories" (Ramsey 1929a) or "General Propositions and Causality" (Ramsey 1929b) paved the way for an ambitious theory of truth, and for the book On the Nature of Truth Ramsey was elaborating when he died. 9 Ramsey's personal interest for economic and social issues started at the beginning of the 1920s, in his first presentations at the University Socialist Society about Guild and Fabian socialism, and about Major Douglas' credit theory (Ramsey 1922). He already knew some basics in economics at the time, through his reading of Mill, Marx, Webb, Hobson and Marshall during his Winchester years (Paul 2012, 50, 55). At the turn of the 1920s, Ramsey entered economics by searching for the means to reduce poverty and inequalities (Gaspard 2003), by thinking about the best way to organize production (Ramsey 1923), and by directly addressing the theoretical debates and methods of the discipline. 10 From an institutional point of view, Keynes played a decisive part in Ramsey's position at King's College as well as in introducing him to several figures of Cambridge economic theory, including Sraffa, Harrod and Pigou. As mentioned, Keynes was also the editor of the two papers Ramsey published in the Economic Journal (Ramsey 1927b(Ramsey , 1928). 11 ). 11 These two essays were directly connected with, and both inspired by Pigou's economics (Duarte 2009a, 2016; Gaspard 2003, 2005). 12 In "A Contribution to the Theory of Taxation" (1927b), Ramsey tackles a problem suggested by Pigou: What should be a taxation system allowing to minimize the loss in total social welfare? At the end of his argument, establishing rules to tax goods, Ramsey wonders if saving should also be taxed, but he remarks that answering the question requires a more precise analysis of saving, and a dynamic theory of income (Ramsey 1927b, 59). The issue at stake in Ramsey's 1928 paper may also be associated with Pigou's reflections on individual and social welfare. In the first edition of The Economics of Welfare, Pigou indeed underlines that, because of individuals' defective "telescopic faculties" (1920, 25) (i.e. their "irrational" (26) tendency to discount future utilities), capital accumulation may reveal insufficient for warranting a maximum of (intertemporal) "aggregate amount of economic satisfaction" (26). Pigou also notes that the limited character of human life (26) favors present consumption, since (future) "satisfactions due to labor or savings are not necessary enjoyed by the person to whose efforts they are due" (26). Lacks of investment and overexploitation of natural resources are the indications that the "State should protect the interest of the future in some degree" (28). However, concerning the lack of investment, Collard (1996, 596) establishes that Pigou (1920, 630-631) hesitated to clearly defend a pro-saving fiscal system, because of potential contradictory effects on economic welfare: encouraging saving may increase intertemporal welfare but also income inequalities, which would threaten total Folder 1-3), testifies that Keynes carefully read Ramsey's paper on optimal saving. He asked for clarification, offered an intuitive formulation of the optimal saving rule in the context of zero discounting, and discussed Ramsey's assumption of a constant discount rate. Ramsey changed the manuscript, following the requirements, and mentioning Keynes' intuitive result in main text. He however considered that introducing a variable discount rate would bring only "manipulative interest" (Ramsey in Keynes 1983, 788). Both sides of the correspondence may be found in Keynes (1983, 784-789).

welfare because of decreasing marginal utility.

Ramsey's mathematical theory of saving

Ramsey's 1928 paper starts with the following question: "How much of its income should a nation save?" (543). The argument starts with the establishment of an optimal saving rule for a "nation" obeying the utilitarian precept of no discounting. 13 A constant population nation is endowed with an infinite time horizon and an unchanged net utility function U(x(t)) -V(a(t)) with aggregate consumption (x) and labor (a) as arguments. National saving is the condition of capital accumulation ċ(t); aggregate production (and income) is represented as a result of a production function f(a(t),c(t)) with decreasing returns for capital (c) and labor (a). Ramsey defines a collective objective, called "Bliss" (1928, 545) (B), corresponding either to the satiation level of utility (enjoyed forever), or to the "maximum possible rate of enjoyment" (545), obtained when net capital return turns to zero. With the principle of no discount for future utilities, the optimal rate of saving (maximizing intertemporal utility) should obey the Keynes-Ramsey's rule: at each date, "the rate of saving multiplied by the marginal utility of money should always be equal to the amount by which the total net rate of enjoyment of utility falls short of the maximum possible rate of enjoyment" (1928, 543):

Once the rule is stated for a nation with infinite life expectancy, no discounting, and decreasing returns, Ramsey proposes a series of variations (see Attanasio 2015; Gaspard 2003, 415-417; 2005), to adapt the rule to different theoretical case studies: optimal saving for an individual (with finite lifetime) indifferent to his heirs; optimal saving for an individual leaving some capital to his heirs; introduction of a positive and constant discount rate. He discusses the determination of the interest rate, and finally concludes by considering classes of individuals (finite life) and "families" (infinite life) endowed with different discount rates. Ramsey's 1928 paper therefore goes far beyond the solely establishment of a rule, providing a sophisticated analysis of intertemporal choices. It extensively examines the practice of discounting and its implications for individual and collective welfare, and eventually, for economic policy.

After Pigou, Ramsey was particularly interested in the design of public policies through fiscal instruments. He did not succeed in introducing taxation in his 1928 analysis in a way sufficiently convincing for him (Ramsey in Keynes 1983, 784), and he finally renounced to publish his original section on the subject (Gaspard 2005, 3; Duarte 2009a, 463). 14 He was nevertheless satisfied with the published version, already enriched by several variations around the basic rule, and offering "simple results of sufficient generality to be interesting and yet not obvious" (Ramsey in Keynes 1983, 784).

Hotelling and exhaustible resources

Mathematics, economics and statistics

As a student, Hotelling started with journalism. 15 Even if he did not participate in the fights, the First World War disturbed his student career. When he came back to his journalism program, new courses, including economics, had been introduced. Even if Hotelling has been sometimes depicted as a mathematician who came to economics (Samuelson 1960, 21), it is noteworthy that he heard about economics before graduating in mathematics. 16 Journalism was not totally convincing: Hotelling's interests were "in research of deeper sorts than those leading to a steady flow of new items" (Hotelling 1948, 17). Encouraged by Eric -Authors's post-print --published in the European Journal of the History of Economic Thought (2019), 26(2), 352-379 -6 Temple Bell, he decided to study mathematics and he obtained his master's degree in 1921. At that time he became accustomed to various mathematical tools, including the calculus of variations. 17 After graduating, Hotelling tried to get into an economics program at Columbia University, but he was refused and finally joined Princeton to make a PhD in mathematics. He came to Princeton with the hope to learn mathematical economics and statistics there, but was disappointed again, finding "that nobody in the Princeton mathematics department had ever heard of either subject" (Hotelling 1963, 4). His PhD dissertation, under the supervision of Oswald Veblen, was therefore about topology (analysis situs) and explored the properties and classifications of figures supposed to be invariant under continuous transformations (Hotelling 1925c). 18 In March 1924, a fellowship at the Food Research Institute (FRI) in Stanford finally gave him the institutional conditions to develop the research he was expecting. 19 His interest in statistics began with a work on correlations (Hotelling 1925d, 1926b) but also on the "logical foundations of statistical inference". 20 Hotelling's fellowship contract also included collaborations with the mathematics and economics departments.

From 1923 onwards, Hotelling made his first extensive contributions in mathematical economics, mobilizing functional analysis rather than topology or statistics. He regularly visited the meetings of the American mathematical society (AMS), where he probably met the mathematician Griffith C. Evans (Darnell 1990, 12). 21 In December 1924, Hotelling sent his first 17 Crabbé (1986, 2) and Darnell (1990, 4f) suggest that Hotelling could have heard about the calculus of variations during a summer school in Chicago in 1920. Crabbé (1986, 3) also reports a letter to Coffey (dated Sept. 11th, 1964) in which Hotelling indicates that he learnt "advanced portions of the subject [ ... ] in J. Hadamard, Calculus of Variations". 18 Some generalized results in topology were published a few months later (Hotelling 1926a). 19 Letter from Alsberg to Hotelling, March 3rd, 1924 (HHP, Box 6, Folder 'Wallis-Fry'). 20 Monthly report from Hotelling to the directors of the Food Research Institute, April 3rd, 1925 (HHP, Box 41, Folder 'Agriculture III'). 21 In the 1920s, Evans, who contributed to functional analysis (Morrey 1983), had the project to improve the theory of production, through the introduction of price economic paper to the Journal of the American Statistical Association. It was about depreciation, and designed to complete James S. Taylor's 1923 proposal about the optimal path of depreciation charges during the lifetime of a machine. Hotelling's analytical added valueconsidering continuity rather than discretion in time -gave him some reputation among economists (Darnell 1990, 9-10). Some potential extensions appear in that first paper, such as the consideration of mine exploitation (Hotelling 1925a, 352), and the use of functional maxima "for hedonistic and eudaemonistic (sic) ethical theories" (352).

Theory of mine economics, drafts and notes (1924-1925)

In the lineage of his work on depreciation, Hotelling started investigating the issue of exhaustible resources. He presented his first intuitions on the subject during a 10min. talk on December 26th, 1924 at an AMS meeting in Chicago. 22 The talk consisted of four parts, including two on exhaustible assets (under competition or monopoly). His notes for the conference explore how to introduce the calculus of variations, "this rather abstruse branch of mathematics" for defining "the most profitable rate of exploiting a mine, when demand is elastic". 23 Hotelling refers to Evans's equations of demand, considers an integral of profits with constant discount rate, and introduces a limited amount of reserves exploited by competing owners, without totally solving the problem. 24 variations in demand functions (Evans 1922, 1924, 1925). He was an advocator of the calculus of variations, whose relation with economics was considered as "not accidental" (1925, 94). On the mathematical tradition of economic analysis coming after Evans and focusing on the calculus of variations, see Pomini 2018. 22 Letter from Hotelling to Dresden, Dec. 11th, 1924 (HHP, Box 10, Folder 'AMS Reports and Correspondence (3)'). Hotelling's notes for the talk have also been preserved in the same folder. 23 Monthly report from Hotelling to the directors of the Food Research Institute, Dec. 1st, 1924 (HHP, Box 41, Folder 'Agriculture III'). Hotelling talks about the calculus of variations as an "abstruse branch of mathematics" probably because his report was intended for supervisors who were neither mathematicians nor physicists. 24 Evans mostly used the calculus of variations by considering demand functions as functions of current prices 360 | 359 Drafts and notes dated 1925 show that, for a few months, Hotelling was struggling with the simplification of the analysis, but also with the definition of competition. His aim in 1925 was to "study by means of the same analysis monopoly and competition, usually theoretically treated as distinct problems, but actually shading gradually into each other" (HHP, Box 42, Folder 'Exploitation of Irreplaceable Assets'). The progressive (differentiated) exhaustion of resources of competing mines is a logical example of the continuity between monopoly and competition: competition may easily turn into oligopoly, duopoly or monopoly, if resources are progressively exhausted for this or that competitor. This led Hotelling to scrutinize duopoly situations (HHP, Box 42, Folder 'Exploitation of Irreplaceable Assets'). He made a presentation of his updated results in April 1925, during another AMS meeting in San Francisco. In the abstract of his talk entitled "Theory of Mine Economics" (1925b), he indicates that competition implies a "faster exploitation than alternatives" (monopoly?), but that this situation leads however to a maximum for the "public interest".

In all these early drafts and notes, many of the ideas, if not well established results, of the 1931 paper already existed: the basic formalisms of the question of rational exploitation of a mine in competition or in monopoly, as well as the search for the expression of the value of the mine; the use of Euler's equations to solve dynamic problems; the comparison of prices dynamics from the angle of the surplus' share between producers and consumers. All these elements we will find later in the 1931 paper therefore owe nothing to Ramsey's 1928 article. They however remained at the stage of scattered notes, for almost 4 years.

Hotelling in England (1929)

Hotelling stopped working on exhaustible resources for a while. His monthly reports to the directors of the FRI, as well as his working notes, indicate that other research fields became and current inflation. In the 1931 article, Hotelling introduces such demand representations at the end of the paper (1931a, 162 and following).

predominant in his agenda. In January 1926, he turned to the writing of an article on spatial competition. 25 His research helped him to improve his knowledge of the economic literature, in particular Cournot, Bertrand and Edgeworth. And he developed his own theory of markets size and structure. 26 On statistics, Hotelling pursued his work on the evaluation of statistical methods. After his reading of Keynes's Treatise on Probability, he found in the British statistician Ronald A. Fisher, the "Einstein of statistics", a major inspirer. 27 When Fisher published Statistical Methods for Research Workers (1925), he received skeptical comments. Hotelling was one of the few who appreciated the book, and made many efforts for its diffusion, in particular in the US (Hotelling 1927a (Stigler 2007, 608). 28 In the spring of 1929, Hotelling actively tried to raise funds for a 1-year trip in England. Commentators often notice that the objective of this trip was to meet and work with Fisher at the Rothamsted Experimental Station (Darnell 1990; Stigler 1999, 2007). 29 Hotelling's unpublished correspondence however attests that the journey was also designed for other purposes. Not only Hotelling wanted to work with Fisher on the advancement of his statistical textbook, but he 25 Before publication in the Economic Journal in 1929, a version was presented to the AMS in 1928. 26 During the publishing process, Hotelling got in touch with Keynes, who also alerted him on Sraffa's on-going works (Darnell 1990, 14). Keynes' letter to Hotelling (dated Aug. 7th, 1928) is available both in Keynes papers (Cambridge University) and in Hotelling papers (HHP, Box 42, Folder 'Calculations Relating to: "Differential ... "'). 27 Letter from Hotelling to Van Sickle, April 22nd, 1929 (HHP, Box 1, Folder 'Van Sickle, John V.'). 28 Hotelling also tried to invite Fisher in Stanford in 1927-28, but faced administrative obstacles (Stigler 1999, 264). 29 Fisher joined Rothamsted in 1919. See Mahalanobis 1964; Fisher Box 1978. also wanted to go to Britain to meet some particular economists, in order to have discussions on his mathematical economics projects. In a letter to the Head of the department at Stanford (dated April 22nd, 1929), Hotelling writes that he would like to meet Keynes, Ramsey and Bowley: "In addition to this work on statistics, certain questions in pure economics would be illuminated by personal discussions with those who know most about them, a group including Keynes, Ramsey and Bowley." 30 In a letter to Fisher, dated April 28th, he explains himself with more details:

"I should also like to visit Cambridge and other School places, and to meet Wishart, Bowley, Keynes, the Biometric School people, F. P. Ramsey, and others. In addition to statistics I am much interested in mathematical economics, and would like to discuss various points, such as uses of the calculus of variations in economics and applications of the theory of seminvaraints (sic) and frequency curves to the determination of supply and demand functions, with the English economists whose work has come nearest to these subjects." 31 The questions Hotelling intended to submit to these Englishmen were more precisely related to (1) "the economics of irreplaceable assets", (2) "the nature of supply and demands", (3) "joint supply and demand functions of related commodities" and (4) "applications of the calculus of variations" for the issue of stability in competition. 32 Ramsey was sufficiently important in Hotelling's mind to be part of a short list of British economists to meet, and exhaustible resources were among the first questions needing exchanges with his colleagues.

With respect to our inquiry, this English trip episode implies several comments. First, whereas Hotelling seems to have been unaware 30 Letter from Hotelling to Wildman, April 22nd, 1929 (HHP, Box 51, Folder 'Finances and Personal'). 31 Letter from Hotelling to Fisher, April 28th, 1929 (HHP, Box 14, Folder "IMS Draft for National Roster"). 32 Letter from Hotelling to Van Sickle, April 5th, 1929 (HHP, Box 1, Folder 'Van Sickle, John V.'). of Ramsey's work on subjective probability, in April 1929 he surely knew his work on saving (and taxation). 33 It is therefore because of his research on this topic that Hotelling wanted to meet Ramsey. Second, we know that Hotelling finally did not succeed in financing a full year in England. 34 He went there only for a few months, from the end of June to the end of December 1929. At that time, Ramsey was in England, except in August 1929, enjoying a "walking tour of Ireland" (Paul 2012, 262). He however became ill in mid-November, and cancelled much of his activities (Paul 2012, 262). There is no evidence, in Hotelling's or Ramsey's archives, that the two men effectively met. Probably they did not.

Drafts on exhaustible resources appeared in Hotelling's notebooks again in November 1928, with a piece entitled "strong variation", and two pages of calculations in the appendix. A stock effect is introduced, with an important use of the calculus of variations. Other documents, dated 1929, incorporate issues that were not treated in previous drafts: the determination of "the social value of a mine" (HHP, Box 42, Folder 'Exploitation of Irreplaceable Assets') and the consideration of the impact on collective welfare of the stock effect; the introduction of an excise tax on exhaustible resources in the case of a monopoly (HHP, Box 42, Folder 'Exploitation of Irreplaceable Assets'); and a 3-pages document, dated December 1929, presented as an abstract of a paper on the "exploitation of exhaustible assets" (HHP, Box 42, Folder 'Exploitation of Irreplaceable Assets'). We do not know if Ramsey has been the trigger of these latest developments, but they occurred after the publication of Ramsey's paper, and at the time of Hotelling's trip in England.

The economics of exhaustible resources (1931)

Hotelling finished "The Economics of Exhaustible Resources" in the second part of the year 1930. 35 The published version in the Journal of Political Economy contains an introductory part staging the normative and political issues linked to the industry of exhaustible resources, with a hint at the Conservation movement controversies (Hotelling 1931a, 137-140). The main question that is treated is the determination of the optimal trajectory of ore extraction, according to different objectives (competition or monopoly profits, social value, etc.), and according to different competitive settings. Hotelling opts for an argumentative structure recalling Ramsey's article. He starts with a general rule, known as the Hotelling rule: p = p 0 e^γt with p for price, t for time and γ as the discounting factor (the market interest rate). 36 He then develops several theoretical case studies, with variations around this rule.

The rule is established for free competition (1931a, 140-146). Basically, Hotelling's principle is as follows: the resource will be extracted in order that the net price of the resource will rise at a rate equal to the interest rate, which is also the discount rate. Since a stock of ore constitutes a kind of capital for the producer, extracting resources is worth doing only if keeping them in beneath gives lesser future gains than selling them now in order to invest the sum on capital markets (with a return equal to the interest rate). 37 Hotelling then explores monopoly situations, with linear or 35 Two letters from Hotelling to Fisher and Chamberlin (dated July 23rd, 1930 and August 8th, 1930) indicate that he was working on the final version of the paper in the summer of 1930 (RAFP, digitized version online; Guicherd 2017, 179). A letter from Mills (dated Jan. 17th, 1931) shows that the final version already circulated at the very end of 1930 (HHP, Box 1, Folder 'Mills, Frederick C.'). 36 The expression "Hotelling rule" was popularized by Solow in 1974 in his article "The Economics of Resources or the Resources of Economics". 37 In fact, Hotelling's rule was not such a decisive innovation in the history of environmental economics. Lewis C. Gray (1913, 1914) and Gustav Cassel (1918) had already emphasized the same intuitive principle some years before (see Missemer 2017, chap. 4; Robinson 1989).

discontinuous paths of extraction (146-152). He introduces his stock-effect (152-164), and finally studies the role of public intervention (164-171) and the effect of oligopoly on prices (171-175).

Apart from his mathematical results, Hotelling questions the notion of intertemporal "public good " (1931a, 138), by looking at the implications of market structures: Should we prefer monopoly in order to preserve resources, but with "unduly high prices " (1931a, 138) for present consumers? Or should we opt for free competition, more in line with optimal collective welfare, but likely to deprive future generations of the resources? Hotelling provides information on these various questions, but does not take position.

This long narrative helps to characterize the Ramsey-Hotelling connection on the theoretical ground. An examination of the 1931 published paper in comparison with previous notes and drafts suggests that many ideas, tools and argumentative strategies were already in Hotelling's mind before the publication of Ramsey's paper on saving. This is particularly the case for the use of the calculus of variations, for his interest in dynamic issues (starting in the early 1920s), and for the 'case studies' rhetoric (already appearing in 1924-1925 drafts). Hotelling's explicit will to meet Ramsey during his 1929 England trip nevertheless indicates that he had a clear interest in his colleague's work. And some of the late developments for the 1931 paper could have found inspiration in Ramsey (e.g. the evaluation of the "social value of the mine" under private or public exploitation, taxation). 38 On the theoretical level, as well as on the interpersonal level (cf. the probable missed meeting between the two men in England in 1929), the Ramsey-Hotelling connection appears quite thin. Hotelling's view on dynamic issues had roots prior to Ramsey, and his inspirations 38 Hotelling's interest in Ramsey's article was however partial, even on these points, since "total utility", "better called the social value of the resources" (1931a, 144) was not perceived, like in Ramsey, as the representation of the collective (or national) preferences. This total utility rather consisted of "concrete quantities, not symbols for pleasure" (145). This means that Hotelling's representation of social utility referred to consumers' surplus (through aggregate demand curves) rather than to a collective intertemporal utility function.

-Authors's post-print --published in the European Journal of the History of Economic Thought (2019), 26(2), 352-379were diverse; he was involved in other works as well (Hotelling 1929, 1932), under other influences. 39 Yet other kinds of parallels require investigation.

Searching for a background connection

The role of pure mathermatics

The 1920s were a period of intellectual transition and reconstruction after the double shock that occurred at the beginning of the century: on the one hand, the crisis of physics, which showed that classical applied mathematics did not suit to up-to-date physics anymore, and that new tools (non Euclidian geometry, probability theory, matrices, topology) were needed; 40 on the other hand, the foundation crisis of mathematics, which led to debates on how to reconstruct and unify mathematics. 41 These crises opened more than two decades of high theory in mathematics and logic, with a flourishing literature in epistemology and controversies about scientific validation. In particular, at the heart of the debate was the role of mathematics (and what kind of mathematics) in constructing science.

In this environment, Ramsey and Hotelling developed independent but similar reactions. Both considered that pure mathematics should be separated from applied physics, and that an autonomous repertoire of mathematical toolscomposed of both old (including the calculus of variations) and new tools (probability, statistical theory, topology, etc.) -should be set up. Pure mathematics would therefore become the main resource for researchers involved in various disciplines, and would be the main lever for the 39 For instance on taxation, his study of Edgeworth's paradox started in 1926 (HHP, Box 39, Folder 'Misc. (5)'). 40 For instance quantum theory challenged the habit of explaining the world with continuous and differentiable functions, and the theory of relativity called for rethinking the notions of space and time. 41 Weintraub (2002, 9-10) retains three causes for this crisis: the difficult integration of non-Euclidian geometry; the failures of the set theory; and the paradoxes in the foundations of arithmetic and logic, associated with Frege and Peano. Russell's logicism was a response to these paradoxes. It was opposed to the formalist (Hilbert) and the intuitionist (Brouwer) refoundation programs. On these competing programs, see also Grattan-Guinness 2000. progress of all sciences. Ramsey insisted on the role of mathematics to clarify, order and "selfcontrol" thoughts and scientific discourses (Ramsey 1991, 227). 42 Hotelling also considered that mathematics might help to order thoughts, often "dissolved into many wordy pages" (Hotelling 1936, 163), not only in physics or economics, but also in biology, psychology and even literature. He regretted to see mathematics departments still inside the "schools of physical sciences" (1936, 157).

According to both authors, to make the diversity of available tools known and operational to young researchers, mathematics had to be taught in a new fashion. In 1922, when the Trinity Mathematical Society wondered about the opportunity to modify the program of the Tripos, Ramsey called for a rise of pure mathematics in the curriculum. 43 And he defined himself as a "bad" teacher in preparing his students for the Tripos (Paul 2012, 188), because of his interest in explaining the fons et origo of the techniques and concepts rather than training students to twisted exercises. 44 Hotelling shared 42 Ramsey borrows the expression from Charles Sanders Peirce. 43 Paul states (2012, 11): "F. P. Ramsey said that applied mathematics had afforded no stimulus to advance since the middle of eighteenth century. All the recent advances in mathematical physics had been made by pure mathematicians. With regard to applied mathematics as a subject of study, he was of the opinion that it would be better to do away with it in the university, as it was merely a collection of standardized puzzles." The Tripos in mathematics was the core of final exams in Cambridge. The first part of the exam, common to all, basically consisted in Euclidian Geometry, arithmetic and classical tools of applied mechanics (restricted to static problems). Students' skills were tested through endless problems combining these methods. Weintraub (2002, chap. 1) shows how the Tripos in mathematics shaped the minds and the teaching of Cambridge's elites until the 1920s, making Cambridge science quite impervious to other kinds of mathematics. 44 Reminding about Ramsey's lectures, Elphinson (1990, quoted by Paul 2012, 187) indicates: "In the 1920s, few schoolboys were taught this subject properly. Of course, we knew how to differentiate and understood the use of this operation of differentiation for discovering the properties and shapes of plane curves [...]. But in a very few schools was the subject dealt with in any sort of rigorous style. Ramsey introduced us to that magic number e and to rigorous logical methods in analysis [...]. The differential geometry course showed me for the first time that we could really use them constructively to clarify a subject, rather than obscure it by treating it, in effect, as if in a foreign language". 367 | 366 this opinion on the teaching of mathematics, as he wrote in his article published in 1936 in the The Mathematics Teacher:

"All this suggests that there is really quite a bit of mathematics to learn. […] And the mathematics they study must not consist entirely of a lot of drill on multiplication and division. They can't put in all their time learning how to solve arithmetic problems that turn not on a knowledge of mathematics but on conventions, such as conventions about the width of wallpaper, and methods used for carpeting rooms. We have got to cut out a lot of those conventions […], and put in their places some real knowledge of mathematics, higher mathematics, much more mathematics than has heretofore been thought necessary." (Hotelling 1936, 169) Although Ramsey did not precisely write on the role of mathematics in economics, his reflection on "self-control" concerned all sciences, including applied fields (Ramsey 1991, 227). Hotelling went a little further, talking specifically about economics, arguing that mathematics was not only a support for statistics, but also contributed to the "very heart [...], the fundamental thing, economic theory" (1936, 163). Mathematics sheds light on the very assumptions required to rigorously prove economic believes, such as the efficiency of laissez-faire or the decreasing impact of taxation on demand. "Advanced calculus" and "modern algebraic developments" also lead to logical but counter-intuitive results that the intuition cannot see, "as in the case of taxation and exploitation of exhaustible resources" (164).

Ramsey and Hotelling did not use mathematics exactly in the same way in their respective inquiries into saving and exhaustible resources. Ramsey only tackled the calculus of variations (1928, 547), without extensive use (see Gaspard 2001, 2003, 421), probably to remain readable by Cambridge economists. In Hotelling, it is deeply exploited -a reminder that he started to work on mathematical economics for AMS conferences. Both authors however distinguished what could be grasped by "simple reasoning" (Ramsey 1928, 547) or "elementary methods" (Hotelling 1931a, 140) and what could not avoid the use of more complex tools -positive discount rate (Ramsey 1928, 547) and stock effect (Hotelling 1931a, 152).

In comparison with other mathematical economists of the previous generation (Walras, Marshall, Pareto, Fisher, and even in some sense Evans), Ramsey and Hotelling conceived mathematics as a necessary tool not because it was a synthetic language, or because of analogies with physics. It was necessary because of heuristics: it could provide unexpected insights, on condition that the researcher mobilizes the accurate tool in the general repertoire of pure mathematics, according to the problem addressed. Probably Ramsey and Hotelling were not the only ones in the 1920s-1930s to share this conception. Some parallels could be expanded to other mathematical economists at the time. It is beyond the scope of this article to make this expansion, but it would be an interesting question for further research. 45 With respect to the use of mathematics in general, Ramsey and Hotelling's perspective is not unlike G. H. Hardy's in his classic essay "A Mathematician's Apology" (1940), when he advocates the superiority of pure mathematics upon "trivial" tools (43) for the progress of science. 46 Yet this rapprochement is only partial, because Hardy was skeptical about the implementation of pure mathematics in applied fields: "the mathematics [...] which can be used by economists or sociologist [sic] hardly rises to scholarship standard" (43). Obviously, Ramsey and Hotelling were more ambitious for social sciences, claiming the usefulness of pure 45 Ramsey and Hotelling seem to have occupied a peculiar position in the period between the end of the nineteenth century, when economists looked for a "mechanical analogy" (Ingrao and Israel 1990) and "physical-modelbased analysis" (Weintraub 2002), and the middle of the twentieth century, when they opted for a "mathematical analogy" (Ingrao and Israel 1990) and "mathematicalmodel-based analysis" (Weintraub 2002). In a sense they were two pioneers of the "mathematical-model-based analysis", two decades before its development. The fact that Hotelling trained several major post-war economists (Arrow being a typical case) is a signal of this pioneering position. For extensive works on the history of mathematical economics, see also Israel 1996; Mirowski 1991. 46 Hardy's essay was much discussed in the 1950s and 1960s, and occupies an important place in the history of mathematics in the middle of the twentieth century (see Mordell 1970).

-Authors's post-print --published in the European Journal of the History of Economic Thought (2019), 26(2), 352-379mathematics also for these fields. Their perspective exceeded one field in particular, to propose a global vision of mathematics for all sciences.

Mathematics and normative issues: the design of economic policy

In Ramsey and Hotelling's perspective, saving and exhaustible resources are issues deeply linked to public regulation. Should we tax saving? Should we limit the production of exhaustible resources, or even nationalize the mines? These questions are part of the argument; the connection between theory and policy is made through ethics. Ramsey discusses the consequences of the "ethically indefensible" (1928, 543) practice of discounting; Hotelling examines the "selfish" exploitation of natural resources (1931a, 137). These issues refer to intergenerational equity; but intra-generational equity is also at stake, through income distribution in the short-run. Ramsey's demonstration is supposed to answer Pigou's dilemma between encouraging saving and containing inequalities. Ramsey's inquiry is incomplete, but it nevertheless contains "interesting" normative results (Ramsey in Keynes 1983, 784). 47 Hotelling's work presents a similar dilemma: if the regulation of extraction aims at preserving future generations' access to resources, monopoly is the best competitive design. It however distorts the sharing of the ongoing surplus; the "conservation" hypothesis may thus be accused to play the game of "those who are interested in maintaining high prices for the sake of their own pockets rather than of posterity" (1931a, 138). Hotelling's entire study (rule and variations) is supposed to provide a 47 For instance, Ramsey's inquiry shows that the only way to reach "Bliss" and to maximize intertemporal national welfare is to apply the rule with no discount for future utilities and a planning framework. The introduction of a positive discount rate modifies the optimal path of saving, with a "modified Bliss" path (554), where national utility is lower than previously. Finally, in a decentralized economy, the existence of different discount rates leads to divergent familial trajectories inside the economy, condemning in particular families with a too high discount rate to eternal poverty (559). The existence of different discount rates thus generates inequalities of income and welfare in each generation. map for escaping "two distinct evils, a Scylla and Charybdis between which public policy must be steered " (1931a, 138). 48 In both Ramsey and Hotelling, public intervention is therefore linked to ethical dilemmas. One objective is to define a solid and enlightened basis for solving these dilemmas. Mathematics not only helps to clarify thought, but also participates to a sort of social engineering, to provide guidelines for public choice.

As mentioned, Ramsey came into scientific research with reformist views inspired by Guild socialism, with the conviction that mathematicians should use their skills to "improve the lot of [their] fellow men" (Ramsey 1923). His first goal in economic research was to inform public decision. In that sense, his contributions can be associated with the Cambridge research programs of the time, turned to the elaboration of the agenda and non-agenda of the State (see Keynes 1926). Ramsey aimed at defining the best way to collect taxes, and to regulate or organize capital accumulation, beyond the mere description of economic behaviors. 49 This political and normative perspective, expressed in the 1928 article, was not missed by Hotelling when he read Ramsey: in his short bibliographical note prepared for Social Science Abstracts, he underlines that "one of several striking conclusions is that 'in the accounting of a Socialist State the function of the rate of interest would be to ensure the wisest use of existing capital, not to serve in any direct way as a guide to the proportion of income which should be saved'" (Hotelling 1931b, 1). Hotelling was thus sensitive to Ramsey's 48 Hotelling establishes that a private monopoly would be the appropriate structure for the conservation of resources, but that competition would bring a higher intertemporal "surplus". A public monopoly -or "a benevolent and allwise state" (Hotelling 1936, 166) -targeting the "total utility" or "social value of the resource" (1931, 143) would adopt the same schedule of exploitation as producers under (perfect) competition, shortening the exhaustion time. An unexpected tax on the private monopoly rent, or a severance tax on private monopoly could both slow exploitation and lower prices. 49 Paul (2012) indicates that " [Ramsey] was interested in using economics as a tool for reform rather as a way of explaining why things are as they are" (260).

ambitions with public decisions.

In the 1920s, Hotelling's contributions turned from practical optimization programs (the optimization of the life of a machine) to a global analysis of competition regulation (Hotelling 1929) and of the organization of public ownership, public investment and taxation when competition fails to bring optimal welfare (Hotelling 1932, 1938). Reconstructing his economic agenda means to insist on policyoriented studies. Like in Ramsey, Hotelling's research was not applied economics strictly speaking, rather theoretical contributions designed to give new information to economic agents to help them to take decisions. This perspective clearly appears in the 1931 article. Hotelling does not provide normative indications on resources management, but states that this or that competition structure, this or that optimization criterion, will lead to this or that result in terms of social welfare and resources preservation. This is a different attitude from his predecessor Gray, whom objective was to "point out the economic possibilities of conservation" (1913, 499). Hotelling does not take position in the conservation debates; he simply shows interest in the clarification of these debates through robust results coming from pure mathematics. There is a convergence with Ramsey on this point: the interest of the two authors is not in economic theory for the sake of it, but for the progress of science to help people, including the State, to make well informed decisions.

In summary, in the wake of the crises of physics and mathematics, Ramsey and Hotelling built similar intellectual projects, with a pure mathematical research base -probability and logic for Ramsey, topology and statistical theory for Hotelling -to complete a toolkit, then exploited on specific issues, including economic problems. The ambition was to produce new results that could not be reached with usual methods (literary reasoning, descriptive statistics, etc.), to participate to the progress of science and to help public decision. The uniqueness of this perspective would deserve further investigation, since other scholars, even inside economics, seem to have pursued the same kind of project (e.g. Jan Tinbergen, see Boumans 1993). Our result is however that Ramsey and Hotelling shared a common vision of the heuristics of mathematics, and that their connection is probably less known and more intense on this point than on the theoretical or interpersonal levels.

Conclusion

Frank P. Ramsey and Harold Hotelling are considered as two pioneering authors in the field of intertemporal decision theory. Because they used similar tools, were interested in dynamic issues, and because Hotelling cited Ramsey, the secondary literature often makes a quick link between the two authors, even talking about a "Ramsey-Hotelling connection". We felt the need to question this link, to characterize it, in order to contribute to this literature, and to better understand Ramsey's and Hotelling's intellectual projects.

We found that in terms of direct connection, Ramsey's and Hotelling's works failed to meet: probably Ramsey did not hear about Hotelling; and even if Hotelling knew Ramsey's 1928 paper, and even if the chronology of his research on exhaustible resources leaves open some potential points of influence, most of his ideas, intuitions and tools were in his mind before the publication of Ramsey's paper. Their missed 1929 rendezvous in England is an anecdotal indicator that their direct interpersonal and theoretical connection remained thin.

Yet this does not mean that the Ramsey-Hotelling connection is meaningless. The parallel trajectories of the two men, and their common perspective on pure mathematics, science and public decision shed light on a background relation deserving interest. Ramsey and Hotelling proposed similar answers to the crisis of physics and mathematics, by insisting on the necessity to set up an independent repertoire of pure mathematical tools offering new means of research in all sciences, including economics. In their respective papers on saving and exhaustible resources, they tried to inform economic and political choices, by exploring different futures resulting from various individual or public decisions (zero vs. positive discount rates, centralized vs. decentralized economy, private vs. social earnings of ore extraction, monopoly vs. competition, etc.).

The Ramsey-Hotelling connection is not only a matter of citation or of precocious use of the calculus of variations in economics; it is also a matter of intellectual project and of vision of pure mathematics for research and policy. 50 Their works failed to find a large audience in the 1930s and 1940s. Economists probably were not ready to embrace the technical developments and the trust in mathematics for examining the moral and political implications of economic decisions. This does not mean that Ramsey and Hotelling played no role in the 1930s. 51 In particular, Hotelling continuously taught mathematical economics at Columbia University at the time. He trained, episodically or for a longer period of time, some major figures of post-war economic dynamics (Arrow, Debreu, Dorfman, Koopmans, Samuelson, etc.). A continuation of our research would be to investigate to what extent the seeds Ramsey and Hotelling sowed, at the turn of the 1930s, shaped post-war economics, not only from a theoretical but also from a methodological point of view.

-

  ; see Aldrich 2010, 120-121). Hotelling's articles on the generalization of the first law of Laplace (multi-correlations) (1926b) and on the general theory of stochastic problems (1927) were the first manifestations of what was about to represent the project of his life: to complete Fisher's work with robust mathematical foundations. From 1927b onwards, Hotelling and Fisher engaged an extensive correspondence, with deep theoretical discussions

See alsoDarnell 1988, 60; Duarte 2009b, 163f. 

Letter from Hotelling to Fisher, July 23rd, 1930 (RAFP, digitized version online).

Ramsey's biography is well documented(Duarte 2009a; 2016;[START_REF] Paul | a Sister's Memoir[END_REF][START_REF] Sahlin | The Philosophy of F. P. Ramsey[END_REF][START_REF] Taylor | Frank Ramsey: A Biographical Sketch[END_REF]).

Duarte (2009a) extensively discusses the possible impact of Ramsey's results on Pigou's work.

When studying the optimal national saving rule, Ramsey defines discounting as an "ethically indefensible" practice, arising "from the poverty of our imagination"(Ramsey 1928, 543).

This section has been published by Duarte (see Ramsey 2009).

Hotelling's biography can be found in[START_REF] Darnell | Harold Hotelling 1895-1973[END_REF][START_REF] Darnell | The Life and Economic Thought of Harold Hotelling[END_REF], with information mostly coming from autobiographical material[START_REF] Hotelling | Western Hotelling and Allied Families. An Epic of Migration[END_REF][START_REF] Hotelling | Autobiographical remarks[END_REF]. See also[START_REF] Levene | Harold Hotelling, 1895-1973[END_REF][START_REF] Smith | Harold Hotelling 1895-1973[END_REF]

 16 In his autobiography, he even indicates that he studied mathematics to improve his abilities in economics (

1948, 17, 20). See alsoDarnell (1990, 4).

From the 1920s onwards, Hotelling kept bibliographical notes on statistics and probability. None of Ramsey's works are mentioned in these notes. By contrast, Ramsey's 1928 paper on saving was reviewed by Hotelling for "Social science abstracts" (HHP, Box 25, Folder 'Causes of Birth Rate Fluctuations').

Letter from Hotelling to Fisher, May 20th, 1929 (HHP, Box 14, Folder 'IMS Draft for National Roster').

The fact that the calculus of variations was not the most important feature of the Ramsey-Hotelling connection is reinforced by the existence of another tradition after Evans, with Charles Roos and some Italian scholars (Amoroso, La Volpe), which precisely focused on the calculus of
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