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Abstract

We consider financial markets with heterogeneously ambiguous assets and heterogeneously
ambiguity averse investors. Investors’ preferences, a version of the smooth ambiguity model,
are a parsimonious extension of the standard mean-variance framework. We consider, in turn,
portfolio choice, equilibrium prices, and trade upon arrival of public information, and show, in
each case, there are departures from the outcome in standard theory. These departures are of

significance as they occur in the direction of empirical regularities that belie the standard theory.
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1 Introduction

Modern decision theory uses the term ambiguity to describe uncertainty about a data generating
process. The decision-maker believes that the data comes from an unknown member of a set of
possible models. and intuitively argue that concern about this
uncertainty induces a decision-maker to want decision rules that work robustly across the set
of models believed to be possible. The argument is formalized in pioneering contributions by
|Schmeidler| (1989)) and |Gilboa and Schmeidler| (1989) followed by a body of subsequent work
including robust control theory (Hansen and Sargent| (2008))) and the theory of smooth ambiguity
aversion (Klibanoff et al.| (2005)).

The financial literature largely proceeds from the assumption that investors behave as if

they know the distributions of returns, ruling out ambiguity. However, this assumption is hard
to justify. Finer sampling would, arguably, virtually eliminate estimation errors for second
moments of return distributions, but it is well established that first moments (i.e., means)
are extremely difficult to estimate (Merton| (1980), |Cochrane| (1997), Blanchard| (1993), and

|Anderson et al.| (2003))). This paper considers investors who are concerned about the ambiguity

of return distributions, more specifically, the ambiguity due to the uncertainty about the means
of returns. We conceive of this parameter uncertainty in a Bayesian fashion: unknown means
are treated as random variables. More concretely, combining a prior over the means for the
set, of assets considered with observations from the data, we take the resulting posterior joint
distribution of the means to describe the parameter uncertainty, i.e., the ambiguity about the
return distributionsEl The ambiguity averse investor is inclined to choose a portfolio position
whose value is less affected by, and hence robust to, the parameter uncertaintyﬂ

We use smooth ambiguity to model investors’ ambiguity aversionﬁ If the data generating
process were known, then a smooth ambiguity averse investor would evaluate a portfolio by its
expected utility given that process. However, given the parameter uncertainty, the posterior
joint distribution of the asset mean returns together with the portfolio induces a distribution
over possible expected utility values. If one takes two portfolio positions a and a’ such that
the distribution induced by a’ is a mean-preserving spread of the distribution induced by a,
then the smooth ambiguity-averse investor prefers a to a’. Increasing the ambiguity aversion
makes the preference for a over a' stronger; passing to the limit, the maximally ambiguity

averse investor evaluates a portfolio by only considering its minimum expected utility value, as

e.g., in (Garlappi et al.|(2007). The (smooth) ambiguity-neutral investor, on the other hand, is

indifferent between two such portfolios and hence maximizes his expected utility by investing in
a Bayesian optimal portfolio. The pioneering works of Klein and Bawa (1976) and (1979)

study portfolio choice and pricing implications of parameter uncertainty by modeling investors

! An alternative conception of parameter uncertainty, in the classical rather than Bayesian approach, is offered
by |Garlappi et al.[ (2007) in the form of confidence intervals around the point estimates of means.

See,e.g., Dow and Werlangl (]1992[), |Epstein and Wangl 1994), |Mukerji and Tallon| (2001)), |Uppal and Wang

2003), |Garlappi et al.| (2007)), [Hansen and Sargent| (2010)), |Gollier| (2011)), |Boyle et al.| (2012), Maccheroni et al.
2013), and inter alia.
JTrautmann and van de Kuilen| (2015)) surveys experimental evidence on ambiguity aversion. Seem
(2018), and references to the literature therein, for experimental evidence comparing the smooth ambiguity model
to other alternatives. [Dimmock et al| (2016) and Bianchi and Tallon| (2018) use survey data to relate evidence
on individuals’ ambiguity aversion to their behavior in financial markets, for instance, portfolio holdings.




as choosing Bayesian optimal portfolios.

Recent contributions have demonstrated ambiguity aversion can significantly help to explain
empirical regularities involving intertemporal price movements of aggregate uncertaintyﬁ In this
paper, we consider market implications when there are multiple uncertain assets with heteroge-
neous ambiguity, i.e., assets that can be ranked in terms of uncertainty about mean returns. The
paper considers, in turn, portfolio choice, equilibrium prices and returns, and trade upon arrival
of public information, given such heterogeneity in the cross-section of assets. We find that there
can be departures from the predictions of standard theory, given the presence of another key
ingredient — a second heterogeneity: multiple agents who are heterogeneously ambiguity averse.
Significantly, these departures occur in the direction of empirical regularities that belie the stan-
dard theory. In this way, novel to the literature, ambiguity is shown to have the potential for
explaining cross-sectional empirical regularities including aspects of nature and volume of trade.
That ambiguity has this potential is important since many of the other new theories at the
vanguard of consumption-based asset pricing, which are good at explaining aggregate puzzles
such as equity premium and excess volatility, do not have similar explanatory power when it
comes to cross-sectional puzzles (see, e.g., Lettau and Ludvigson (2009))E|

Our specification of the smooth ambiguity model simplifies to a parsimonious extension of
the standard mean-variance framework. In this extension the investor faces a three-way trade-off
between expected return, risk and ambiguity. As intuition suggests, we find that more ambiguity
averse investors resolve this trade-off by putting more weight on ambiguity and thus are more
partial to the less ambiguous assets. This key, single driving force connects our results on
portfolio choice, equilibrium asset prices, and trade upon arrival of public information. By doing
so, our theory speaks to several puzzling phenomena in a unified fashion: the asset allocation
puzzle (Canner et al.| (1997)), the size and value premia (Fama and French| (1992), (1993)),
the empirical security market line being flatter than the one predicted by the CAPM (Black
et al. (1972) and Treynor and Black (1973)), and the observation that earnings announcements
are often followed by significant trading volume with small price change (Kandel and Pearson
(1995)).

As we noted, investors’ response to heterogeneity in the ambiguity of assets is key to our
results. Intuitively, this heterogeneity may arise for at least a couple of reasons. One reason
may be that one asset is structurally more exposed to uncertainty quite generally, whether it be
risk or ambiguity. For instance, a firm’s stock return is structurally more exposed to uncertainty
than its bond return as stock is a residual claim. Moreover, bond returns are exposed to
only downside uncertainty whereas stock returns are exposed to both downside and upside
uncertainty. A second reason is about the fundamentals of the underlying asset. For instance,

new-technology companies or companies exploring new markets would have fundamentals whose

“For instance, see Maenhout| (2004), Epstein and Schneider| (2008), Tlleditsch| (2011), (Condie et al.| (2015), and
in a more macro-finance tradition, |Ju and Miao| (2012]), Hansen and Sargent| (2010|), and |Collard et al.| (2018)).

®The new theories considered in [Lettau and Ludvigson| (2009) are (i) the representative agent external habit-
persistence paradigm of|Campbell and Cochrane| (1999)) that has been modified to accommodate a cross-section of
tradable risky assets as in|Menzly et al.| (2004]), (ii) the representative agent long-run risk model based on recursive
preferences of Bansal and Yaron| (2004)), and (iii) the limited participation model of |Guvenen| (2009). The cross
sectional puzzles considered in the study include size and book-market sorted portfolio returns emphasized by
Fama and French| (1992), (1993). At the time of Lettau and Ludvigson’s study, the empirical implications of
ambiguity aversion for intertemporal price movements of aggregate uncertainty were not fully appreciated.



risks have not been fully learned. Also, firms which are more exposed to aggregate uncertainty
shocks, for instance, because of financial distress or reliance on external financing, would be in
this category. The success of the macro-finance literature incorporating ambiguity in explaining
price dynamics lends support to the idea of treating aggregate uncertainty as ambiguous. In
that literature, the assumed source of the ambiguity in the agent’s beliefs is the occurrence
of periodic, temporary changes in the probability distribution governing next period’s growth
outcome due to the effect of the business cycle.

We adopt the framework of Hara and Honda (2016) to describe investors’ common beliefs
about asset returns. The asset returns are jointly normally distributed with a known covariance
matrix and an unknown mean vector. The means are also taken to be jointly normally distri-
buted, and this latter distribution describes the ambiguity. Given these assumptions on beliefs
and appropriate parametric restrictions on the smooth ambiguity model, the investors’ evalu-
ation of final payoff is given by a generalization of the mean-variance preference model which
Maccheroni et al.| (2013)) refer to as robust mean—varianceﬁ This evaluation is a linear function
of three terms, namely, the mean of the payoff according to the predictive distributionm the
variance of the payoff according to the predictive distribution, and the variance of the unknown
mean. The first two terms are as in the mean-variance framework. The third term is novel and
encapsulates ambiguity. In the evaluation, the second term is weighted by the coefficient of risk
aversion whereas the third term is weighted by the coefficient of ambiguity aversion.

We first analyze portfolio choice in a static setting with two uncertain assets and a risk-free
asset. Hara and Honda] (2016]) show that the mutual fund theorem of [Tobin| (1958) holds if
agents are homogeneously ambiguity averse but may fail otherwiseﬁ We add to this finding by
demonstrating that the key direction of departure from the mutual fund theorem is the tendency
of the more ambiguity averse agent to hold less of the more ambiguous asset. This sets the foun-
dation for our subsequent results on equilibrium pricing and trade following public signals. The
direction of departure is also empirically compelling to the extent that it is consistent with the
so-called asset allocation puzzle of |Canner et al. (1997)) if we were to identify more ambiguity
averse agents with more conservative attitudes towards financial investments. |[Dimmock et al.
(2016)) and Bianchi and Tallon| (2018]) provide direct evidence that ambiguity aversion is an im-
portant explanatory variable of individual investors’ portfolios, in particular portfolio allocation
to equities broadly as well as between categories of stocks.

Next we close the model, endogenizing prices, while maintaining multiplicity of agents with
heterogeneous ambiguity attitudes. If investors were homogeneously ambiguity averse, then the
mutual fund theorem holds and a CAPM-like single-factor pricing formula, where the factor is
the excess return of the market portfolio, naturally follows. This echoes the findings of |(Chen

and Epstein| (2002) for the case of a single-agent economy in a continuous-time framework and

50ur use of the smooth ambiguity model is motivated, in part, by the distinctive parametric separation of
ambiguity from ambiguity attitudes it facilitates. This makes it possible to incorporate the two heterogeneities,
crucial to our analysis.

"The predictive (unconditional) distribution of returns is the weighted mixture of return distributions condi-
tional on means where the weights are dictated by the distribution of means.

8This result implies that the mutual fund theorem holds when investors are ambiguity-neutral. This was
earlier shown by [Klein and Bawa, (1976) who model investors facing parameter uncertainty as choosing Bayesian
optimal portfolios.



Ruffino| (2014) for a static economy where investors have robust mean-variance preferences with
homogeneous ambiguity aversion. Our key contribution here is to show that the single-factor
pricing formula continues to hold despite the failure of the mutual fund theorem due to the
heterogeneity in ambiguity aversionﬂ The pricing formula depends on what we refer to as
the market ambiguity aversion and characterize as a function of the distribution of ambiguity
aversion in the economy. In particular, we find that agents with intermediate levels of ambiguity
aversion have the highest impact on the market ambiguity aversion and therefore pricing.

In the CAPM-like formula we obtain, the standard CAPM beta is adjusted depending on the
extent to which the ambiguity of the asset return is correlated with the ambiguity of the market
portfolio return. The expected excess return of an asset is shown to be composed of two uncer-
tainty premia: (CAPM-predicted) risk premium, and ambiguity premium. The latter provides a
candidate explanation for the so-called size premium and value premium (or book-to-market pre-
mium) famously documented by Fama and French! (1992)), (1993). High book-to-market firms,
which tend to be in financial distress, and small-cap firms, due to their over-reliance on external
financing, likely carry a high ambiguity premium. This is because, as discussed earlier, such
firms have relatively high exposure to aggregate uncertainty. The empirical literature also esta-
blished that the security market line (i.e., the relation between CAPM betas and excess returns
of assets) is flatter than what is predicted by CAPM (Black et al.| (1972) and [Treynor and Black
(1973)). We argue our theory gives a plausible explanation for this observation.

Finally, we propose two dynamic extensions of the static model in order to study how prices
and trade respond to the arrival of public information. In the first dynamic extension, in the
interim period the agents receive a public signal drawn from the same process which governs
the realization of the final-period return. We interpret this signal as an earnings announcement.
In the second dynamic extension, we consider uncertainty shocks: the public signal is an event
which directly increases or decreases the parameter uncertainty (i.e., ambiguity). To fix ideas,
think of the Brexit vote outcome announcement: a binary signal with two possible outcomes,
the “leave” signal outcome making a larger parameter uncertainty imminent than a “remain”
outcome. In both extensions, we show arrival of public signals leads to trading if and only
if agents are heterogeneously ambiguity averse. Trade may occur with no or very small price
movements. A bigger uncertainty shock causes individual portfolios to move further away from
the market portfolio, leading to a higher volume of trade.

In the theory developed here, the nature of trading is dictated by uncertainty sharing con-
siderations. Following the public signal, the return-risk-ambiguity trade-off changes, making
investors seek a different allocation of more and less ambiguous assets depending on their diffe-
rent tolerances for ambiguity. This requires portfolio rebalancing, i.e., changes in the composition
of the portfolio of uncertain assets, thus mutually beneficial exchange of such assets. There is
evidence of trading caused by ambiguity averse investors’ portfolio rebalancing in response to
uncertainty shocks. Results in Dimmock et al. (2016) show that “ambiguity aversion interacts
with time-varying levels of economic uncertainty: [investors| with higher ambiguity aversion

were more likely to actively reduce their equity holdings during the financial crisis”.

90ur result implies that the standard CAPM holds when all investors are ambiguity neutral, a result that
goes back to [Brown| (1979) who, like Klein and Bawa| (1976]), model investors facing parameter uncertainty as
choosing Bayesian optimal portfolios.



Kandel and Pearson| (1995)) document significant trading volume around earnings announce-
ments often without large price movements, a fact hard to reconcile with standard theory. They
show that differential interpretation of public signals can lead to trade without an accompanying
price change. Banerjee and Kremer| (2010) develop a model where agents agree to disagree, to
explain volume of trade. In both models, trade stems from the individuals’ willingness to (spe-
culatively) bet against one another based on their differences in beliefs. Thinking solely of the
trade as a consequence of differences in beliefs, it is difficult to draw clear welfare conclusions
(e.g., see (Gilboa et al. (2014)).

As we will show, the robust mean-variance formula of an ambiguity averse investor’s evalu-
ation of the portfolio can be re-written as if it were the evaluation of a standard mean-variance
utility investor with a subjective belief where the subjectivity is only evident via an adjust-
ment to the variance term (but not the mean term). The adjustment depends, in part, on the
investor’s ambiguity aversion. This as if interpretation connects the findings of this paper to
those in the differences-of-opinion literature, showing how it builds on some of its insights while
departing from others, as we elaborate in Remark [T} That the mechanism of ambiguity aversion
may act through the channel of as if subjective beliefs has been observed by, for instance, [Han-
sen and Sargent| (2008))(p.9, para.3), [Strzalecki and Werner| (2011)), |Gollier| (2011 and |Collard
et al.|(2018) in relation to robust control theory, uncertainty sharing, portfolio choice, and asset
pricing, respectively.

Finally, in the concluding section, we discuss strategies for empirical testing of the theoretical
results and predictions developed in the paper. In particular, we discuss how ambiguity of
returns of individual assets may be estimated and how such estimates may then be used to test
the predictions for portfolio choice, the effect of ambiguity on returns across the cross-section,
and the mechanism of portfolio rebalancing through which changes in ambiguity following public

announcements cause episodes of stock trading.

2 The Base Setup

In this section we describe the domain of choice, agents, their beliefs and preferences. We
consider a model with two uncertain assets ¢ = 1,2 and a risk-free asset f. The price of the
risk-free asset, py, is normalized to 1. The price of uncertain asset i is denoted by p;. There is
a finite set of agents, {1,...,n,..., N}. Agent n’s holdings of the assets are denoted by g; »; for
convenience, we will write ¢, = (q1,n, q2,n)E We denote by a;, = p;ig;» the monetary amount
invested in asset ¢ by agent n, and write a,, = (a1, a2,) to denote the monetary investment (or
equivalently, monetary holdings) in uncertain assets. Given the normalization py =1, af, = qsn
denotes the monetary holding of the risk-free asset by agent n. Agent n’s endowment of asset
i is e;p, and the aggregate endowment of the asset is e;. All agents have zero endowment of
the risk-free asset, and therefore there is zero aggregate supply of the risk-free asset so that
er = 0. Both risk-free and uncertain returns are exogenous. The gross (monetary) returns of
the risk-free asset and uncertain assets are Ry and R;, i = 1,2, respectivelyﬂ That is, if agent

n invests aj,, in asset j, where j = f, 1,2, then his payoff is R;a; .

10 A1] vectors are taken to be column vectors. Transposes are row vectors.
1We use R to denote the column vector (R1, R2).



The uncertain returns are ambiguous in the sense that agents are uncertain about the pro-
bability distribution governing each return: they believe that the returns data are generated
by an unknown member of a set of possible models. Formally, we have a random vector
M = (M, Ms), the model, whose realization fixes the vector of conditional distribution of
returns R|M = (Ry|M;, Ra|M>). The uncertainty about returns conditional on a model M (i.e.,
R|M) is referred to as the first-order uncertainty while uncertainty about the model M itself
is referred to as the second-order uncertainty. We adapt the setup of Hara and Honda (2016])
to describe the agents’ common beliefs about the uncertainty governing returnsE In this se-
tup, both first- and second-order uncertainties are Gaussian. We further impose the following

assumptionsE

Assumption 1. The mean return of asset i conditional on model M is M;,i = 1,2. That is,
E[R| M]= M.
Assumption 2. Models and asset returns are jointly normally distributed with

cov (R, M) = var (M) = X.

()= (C5) (5 30)

(oM)? oM 012 o1
Y= d Y= .
" ( i (05\4)2 B o2 09°

Assumption [2] is actually all about the joint normality of R and M; the restriction that

That is,

where

cov (R, M) = var (M) does not result in loss of generality as pointed out by Hara and Honda
(2016). The matrix X g is the variance-covariance matrix of the unconditional distribution of
returns R. Henceforth, we will refer to (64)? and oM as the model variance of asset i and model
standard deviation of asset i, respectively, and X3, as the model variance-covariance matrix. The

Projection Theorem, together with Assumptions [ and [2] yields
M = E[R| M] = E[R] + [cov(R, M)] [var (M)]"" (M — E[M]) = E[R] + M — E[M],

which in turn implies that E[R] = E[M]| = u = (u1, p2). We assume that u; > Ry, i = 1,2, so
that risk- and ambiguity-averse agents do not rule out investment into uncertain assets. Also,

following Assumption [2] and the Projection Theorem, we have

Y =var (R | M) = var (R) — [cov(R, M)] [var (M)] ™" [cov(R, M)] = £ — Sar. (1)

12 Assuming common (second-order) beliefs has the consequence, as shown by [Rigotti et al| (2008), that un-
certainty averse agents (which includes the class of agents we consider in this paper) will not want to enter
into speculative trades, in the sense that, absent aggregate uncertainty, the full insurance allocations are Pareto
optimal.

13We slightly abuse notation by denoting both the model random variable and a particular realization of the
variable by M.



Hence, we obtain that the conditional asset return is distributed as:
R|M~N(M,YXr—Xy).

In particular, the variance of returns conditioned on the realization of M is independent of the
realized value. In this setup, the uncertainty about the model only affects the (conditional)
mean of the return, not the (conditional) variance, and thus reduces to parameter uncertainty
about the mean.

We apply the framework of the smooth model of |Klibanoff et al. (2005) to describe how
the agents incorporate uncertainty in the evaluation of portfolios. In this model, if the agent
were to know the realization of M, that is he faces no parameter uncertainty, the evaluation
is the usual expected utility evaluation using the random variable R|M. Uncertainty about
M makes this expected utility evaluation (based on R|M) uncertain; the agent is ambiguity
averse if he dislikes mean preserving spreads in this uncertainty. More specifically, consider a
portfolio (af .y, a1 n,a2,) which yields a final contingent wealth equal to W(afp,a1n,a2n) =

arnly + a1, R1 + a2 Ra. Agent n evaluates such a portfolio according to@

Ey [d’n (ER|M[UTL (W(af,m ain, a2,n))])] ’ (2)

where u,, a utility function, incorporates the agent’s attitude to risk, and ¢,, an increasing
concave function, reflects the agent’s ambiguity aversion. Thus, the ambiguity and the am-
biguity aversion are represented distinctly through the random variable M and the function
¢n, respectively. This parametric separation is useful in that it is possible to hold an agent’s
beliefs (perceived ambiguity) fixed while varying their ambiguity attitude, say from aversion to
neutrality (i.e., replacing a concave ¢, with an affine one reduces the preference to expected
utility while retaining the same beliefS)E As in Hara and Honda| (2016]), we further specify
Un(x) = —exp(—bpz) and ¢, (y) = —(—y)™/%. Note, if v, = 6,, then agent n is ambiguity
neutral and a CARA (expected) utility maximizer. If v, > 6,, the agent is ambiguity averse.
Denote by

= —y W) = On
on(y)  On On,
the coefficient of (relative) ambiguity aversion of the agent. In the rest of the paper, we will
always assume that n, > 0 for all n, i.e., we never consider ambiguity seeking.
We now set up the maximization problem the agents solve. Given Assumptions [I] and
and the specifications of u, and ¢, as above, Lemma 1 of Hara and Honda| (2016|) shows that

maximizing is equivalent to choosing a portfolio (af .y, a1, a2,) that maximizes

0 Y — 6
— T n T n n T
Vn(af,n7 a1n, a2,n) = af,an +uoan — - QA ERan - 5 Oy EMaTM (3)
| S —— 2 N—_—— 2 N—_——
mean return risk ambiguity

where a, = (a1, a2,). This formulation therefore generalizes the standard and commonly used

14 B+ denotes an expectation operator which integrates over the realization of the random variable X.
15 An ambiguity neutral, standard expected utility agent cares only about the unconditional uncertainty, re-
presented by the random variable R.



mean-variance model of Markowitz (1952): 97" a,) Y ra, is the standard risk adjustment to the

evaluation while @ a, Yara, introduces an ambiguity adjustment. Maccheroni et al.| (2013)
obtain the formulation , which they refer to as the robust mean-variance model, as a second-
order (Arrow-Pratt) approximation of the certainty equivalent of a smooth ambiguity evaluation
where u,,, ¢, and beliefs are arbitrarily specified. This is analogous to the fact that the standard
mean-variance formulation may be seen as a quadratic approximation of the certainty equivalent
of an expected utility evaluation where utility and beliefs are arbitrarily specified. Thus, while
the route here to an exact robust mean-variance formulation relied on particular specification
of utilities and beliefs following Hara and Honda| (2016), we may nevertheless interpret the
formulation as an approximation to a more general specification.
Observe, we may rewrite the formulation in as
T On T

Valatn, a1n,02,) = apnRf+p an — 3 n (Er+ mXMm) an. (4)
Hence, our ambiguity averse agent’s evaluation of the portfolio can be read as if it were the
evaluation of a standard (as opposed to robust) mean-variance utility agent with absolute risk
aversion parameter 0, and an as if subjective belief that uncertain assets’ return distribution
is given by N(u,Xr + n,Xn). Thus, our population of robust mean-variance agents with
identical beliefs but heterogeneous ambiguity aversion may be equivalently seen as a population
of standard mean-variance agents with heterogeneous as if beliefs which differ in the variance
but not in the mean of returns. The disagreement in as if beliefs is in the term 7,X,/, hence it
stems from differences in 7,, and the differences are magnified by 3,s. Given that the ambiguity
is about the mean returns, one might have expected that more ambiguity averse decision makers
would behave as if they believe the mean returns were lower, but they instead behave as if the
return variances are higher. This as if beliefs interpretation is helpful in gaining intuition for
some of the results we obtain in the subsequent analysis. The following remark elaborates on

how we build on and add to the insights from the differences-of-opinion literature.

Remark 1. The differences-of-opinion literature focuses mostly on subjective beliefs where the
subjectivity about the expected value of returns drives agents to engage in speculative trades
— speculative in the sense that they would pursue trade even if they were risk neutral (as in,
e.g., |Harrison and Kreps (1978), Morris (1996), Kandel and Pearson (1995) and |Banerjee and
Kremer| (2010)). On the other hand, as we note from , agents with heterogeneous ambiguity
aversion act as if they have subjective beliefs where the subjectivity is not about the expected
value of returns but instead about the return variances[l% In this sense, the trade in our model
18 not for speculative reasons but for uncertainty sharing purposes, as agents disagree on how
to optimally diversify. There is a second way in which the as if beliefs formulation given in
adds to the differences-of-opinion literature. The subjectivity in as if beliefs is characterized
by nu2ar and thus connected to objective, and in principle measurable, properties of return
distributions encapsulated in Ypr. Ambiguity aversion, which forges the link in this connection,

is also measurable (see, e.g., \Dimmock et al.| (2016)). Hence, compared to the differences-of-

16That the agents share the same as if beliefs about the expected value of returns follows from our assumption
of common (second-order) beliefs — see footnote



opinion literature, the as if beliefs here are imparted with more discipline which in turn yields

sharper, testable predictions, as we discuss in Section @E

3 Portfolio choice and the asset allocation puzzle

3.1 Portfolio choice

We study here how the composition of the optimal portfolio is determined by ambiguity aversion
given exogenous asset prices. Consider agent n with initial wealth W,, = pieq, + p2ea . The
maximization problem he faces is

Tn

0 -0
max arnlly + wla, — —naZERan — 7naZEMan (5)
Af n, Gln, A2n 2 2

s. to af,+ayn,+az, < W,

Solving for the optimal monetary holdings of uncertain assets, a, = (a1, a2,,), yields:
1 -1
n

or more explicitly,
(i = By)Ajn = (j = By)Bian

Qin = ; 1= 17 2a 7
’ Ay Az + (Biagn)? @)
where
Ai,n = Hno'zz + (7n - 971)(01]\/[)2 = On [012 + nn(azgw)Q] )
Bl2,n = 0Opho12 + (771 - Hn)o'% = 0O, [012 + Una%] :

Therefore, we have

arn _ (1 — Ry) (05 + 1 (057)?] — (2 — Ry) [o12 + 1nois] (8)
azn  (p2 — Ry) [0% +na(01!)?] — (11 — Ry) [o12 + nnols ]

So, the ratio of monetary investments in uncertain assets is independent of the agent’s risk aver-
sion parameter 6,. If everyone is ambiguity neutral (i.e., n, = 0 for all n), this implies nothing
but the classical mutual fund theorem (Tobin| (1958)): ambiguity neutral agents, regardless of
their risk aversion, invest in the same proportion across uncertain assets, and therefore hold
the same portfolio of uncertain assets. The ratio in does depend, however, on the agent’s
ambiguity aversion parameter n, E The mutual fund theorem continues to hold if agents are
homogeneously ambiguity averse. However, generically, two agents n and n’ with different

ambiguity aversion parameters will have different ratios of monetary investments in uncertain

. a . . . . .
assets. Noting " = ;]; ;g;”, this also means that they will hold uncertain assets in different
n ,n
q1,n d1,n/

proportions, i.e., === The following remark summarizes these observations:

’ q2,n q2,n/ ’

17 As if beliefs in the macro-finance literature with ambiguity aversion have an analogous interpretation — see,
for instance, the related discussion in Remark 1 of |Collard et al.| (2018).
18Unless very specific stringent restrictions on the asset return structure hold, such as, obviously, if the two

assets are identical with ui1 = p2, 01 = 02 and a{” = aé”, orif o; = afw and o012 = a%.



Remark 2. If agents are homogeneous in ambiguity aversion, i.e., n, = N, for all n,n’, then

aln __ l,n’
T ag

the mutual fund theorem holds, that is, for optimal portfolio choices it holds that and

Z;—" = ﬁ for all n,n’. If, on the other hand, agents are heterogeneous in ambzguzty aversion,
3T 2,n

then the mutual fund theorem generically fails.

To see the intuition, recall the observation in and the discussion following that obser-
vation. When agents are homogeneously ambiguity averse, they act as if they have standard
mean-variance preferences with the same beliefs, and hence the mutual fund theorem follows.
On the other hand, agents with heterogeneous ambiguity aversion act as if they have different
beliefs about return variances, which leads them to hold different portfolios as they disagree on
how to optimally diversify. The latter point is made explicit by @: optimal monetary holdings
are a function of 1, ,, the distinguishing aspect of the as if belief.

That the mutual fund theorem holds with homogeneous ambiguity aversion and fails with
heterogeneous ambiguity aversion was already noted in Hara and Honda (2016). In the next
subsection, we go beyond this observation by characterizing the departure from the mutual fund

theorem in terms of agents’ ambiguity aversion and ambiguity of the assets.

3.2 Comparative statics

Let §; = % and SA™ = ’”U_Rf i =1,2. 5; is, of course, the standard Sharpe ratio of

SZAmb as the ambiguity Sharpe ratio of asset i. We also let p = 212

asset 7, and we will refer to
0102

M
and pM = U{f,l;g/[. Lemma |A.1|in the Appendix gives a full characterization of the comparative

statics of portfolio choice with respect to ambiguity aversion. The characterizing condition in
Lemma is a mouthful, but at its heart lies a three-way trade-off between excess return, risk
and ambiguity — glimpsed through the interplay between the (standard and ambiguity) Sharpe
ratios and the two correlation terms p and p™. We explore the content of the characterization

through a proposition and a couple of corollaries, to follow.

Proposition 1. Let agent n be more ambiguity averse than agent n’, i.e., n, > n,. Then, for

optimal portfolio choices it holds that

ai, a1 n/ q1, q1,n/
o 2 and 2D <«

a2 n ag n! q2n q2.n'
if either of the following conditions holds:
(a) S1 = Sa, SlAmb < SzAmb and p#1, or

(b) S{mb /Sy < S5mb /Sy and p(GMm) <p <p<°’§égé>

In (a), we make the agent indifferent between the two assets in terms of return compensation
per unit risk, but partial to asset 2 in terms of return compensation per unit ambiguity. If
there is no room for risk diversification (i.e., if p = 1), then absent ambiguity aversion, agent’s
choice between the uncertain assets would be indeterminate, hence we could not say how more

ambiguity aversion would affect the agent’s choice. However, when p # 1, risk diversification
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uniquely determines the optimal portfolio choice absent ambiguity aversion, and introducing
ambiguity aversion tilts the optimal choice away from asset 1. Therefore, the agent would hold
proportionately less of asset 1 if he were more ambiguity averse.

In (b), the restriction p (%ﬂjg—f) <pM <p (Z—?\Z g—;) implies that the correlations p and p™
have the same sign, and thus, that diversification opportunities in risk are aligned, as would
seem plausible, with those in ambiguity. Assuming such an alignment ensures that the trade-
off between risk diversification and ambiguity diversification does not play a significant role in
heterogeneously ambiguity averse agents’ portfolio choices. The first-order effect that leads to
differences in differently ambiguity averse agents’ portfolios, instead, comes from these agents’
different evaluations of each asset’s ambiguity in comparison to its risk-return profile. Speci-
fically, if asset 1 offers lower return per unit ambiguity in proportion to return per unit risk
compared to asset 2, that is, if Sf‘mb/ S1 < SQAmb/ So, then the more ambiguity averse agent
holds proportionately less of asset 1.

Intuition suggests that more ambiguity averse agents should put more weight on ambiguity
in the three-way trade-off between return, risk and ambiguity and therefore be more partial to
the less ambiguous assets. We articulate this intuition more precisely in the following corollaries,
obtained by applying two formal notions of one asset being more affected by ambiguity than
another, developed by \Jewitt and Mukerji (2017). Given the class of preferences in our setup,
asset 1 is more ambiguous (I) than asset 2 if and only if uy = p2, o1 = o9 and J{W > O'é\/[, and
asset 1 is more ambiguous (II) than asset 2 if and only if 04 > o3/ H Using this new vernacular,

we have the following result as a direct consequence of Proposition [I}

Corollary 1. Let agent n be more ambiguity averse than agent n', i.e., n, > nu. If

(1) asset 1 is more ambiguous (I) than asset 2 and p # 1, or

(ii) asset 1 is sufficiently more ambiguous (II) than asset 2 so that o} > ot <ﬂ> and

[op)
O.JV[ . M O.JVI .
p(drs) < <o (Gist)
then for optimal portfolio choices it holds that

ai, aln qi, qi,mn/
o o and 20 o 1

a2.n ag n! q2n q2,n’

Next, we take one uncertain asset to be more ambiguous (II) and to have a lower ambiguity
Sharpe ratio compared to the other one, and ask how an agent would optimally allocate her

wealth between the uncertain assets if she were sufficiently ambiguity averse.

Corollary 2. Let Sf‘mb < Sf‘mb. If agent n is sufficiently ambiguity averse, and asset 1 is more
ambiguous (II) than asset 2, then the agent optimally allocates a smaller portion of his wealth

to asset 1 compared to asset 2, that is, a1, < a2 p.

YFor characterizations of both “more ambiguous (I)” and “more ambiguous (II)” for the class of preferences

considered here, see Example 4.2 in |Jewitt and Mukerji| (2017).
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3.3 Asset allocation puzzle

Following Corollaries [T] and 2] the departure from the mutual fund theorem is in a particular
direction in that more ambiguity aversion leads to a portfolio that has proportionately more
of the less ambiguous asset. This seems to accord well with the widely recognized deviation
from the mutual fund theorem, the asset allocation puzzle, first noted in |Canner et al.| (1997):
it is very common to observe in financial planning advice that more conservative investors are
encouraged to hold more bonds, relative to stocks. Table I reproduced from Canner et al. (1997)

illustrates the puzzle.

TABLE I - ASSET ALLOCATIONS RECOMMENDED BY FINANCIAL ADVISORS

Percent of portfolio

Advisor and investor type Cash Bonds Stocks Ratio of bonds to stocks

A. Fidelity
Conservative 50 30 20 1.50
Moderate 20 40 40 1.00
Aggressive 5 30 65 0.46

B. Merrill Lynch

Conservative 20 35 45 0.78
Moderate 5 40 55 0.73
Aggressive 5 20 75 0.27

C. Jane Bryant Quinn

Conservative 50 30 20 1.50
Moderate 10 40 50 0.80
Aggressive 0 0 100 0.00

D. New York Times

Conservative 20 40 40 1.00
Moderate 10 30 60 0.50
Aggressive 0 20 80 0.25

As documented by |Canner et al. (1997) and as expected, stocks are riskier than long-term
bonds which are in turn riskier than Treasury bills, where risk is proxied by standard deviation. It
follows that the standard error of the estimate of mean returns for each asset class is also ranked
the same way. Hence, the confidence interval around the estimated mean returns gets wider as we
move from Treasury bills to bonds to stocks, suggesting a greater degree of uncertainty or poorer
knowledge about what the true mean is. This in turn suggests stock returns may be perceived
as more ambiguous than bond returns and bond returns may be perceived as more ambiguous
than Treasury bill returns. Staying within the standard mean-variance framework, the mutual
fund theorem holds and therefore interpreting conservatism as risk aversion does not explain the
asset allocation puzzle. On the other hand, the popular financial advice is accommodated in the
robust mean-variance framework when we interpret conservatism as ambiguity aversion.

Canner et al.| (1997) discuss various possible explanations of the puzzle (though not am-
biguity aversion) and find them unsatisfactory. In particular, they point out that subjective
beliefs cannot be an explanation as the financial advisor’s subjective belief about asset returns

presumably does not change depending on whom they advisem In their concluding remarks,

200f course, the as if belief interpretation in is not subject to the same critique.
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interestingly, the authors conjecture that non-standard preferences may help explain the puz-
zle. More recently, Dimmock et al. (2016)) test the relation between ambiguity aversion and the
fraction of financial assets allocated to stocks, and find it to be statistically and economically
significantly negative, lending support to our explanation. Bajeux-Besnainou et al| (2001 and
Campbell and Viceira| (2002)) suggest alternative, complementary explanations based on inter-
temporal hedging incentives. A distinctive feature of our explanation based on heterogeneity
in asset ambiguity and agent ambiguity aversion is that it also provides a basis for candidate
explanations for some well-known departures from CAPM and of the nature of trade following

earnings announcements, as we show in subsequent analysis.

4 Static equilibrium asset pricing and cross-sectional implications

We now study the equilibrium of a static multi-agent economy and derive properties of asset

prices as a function of asset ambiguity and agent ambiguity aversion.

4.1 A generalized CAPM with heterogeneous ambiguity aversion

In this subsection, we establish a single-factor CAPM-like asset pricing formula with heteroge-
neously ambiguous assets and heterogeneously ambiguity averse agents. As in the CAPM, the
single pricing factor is the excess return of the market portfolio, however the factor loading now
accounts for the existence of ambiguity as well as risk. In the formula we obtain, the standard
CAPM beta is adjusted depending on the extent to which the ambiguity of the asset return is
correlated with the ambiguity of the market portfolio return. As long as there is an ambiguity
averse agent in the market, the expected excess return of an asset is shown to be composed of
two uncertainty premia: the (CAPM-predicted) risk premium and the ambiguity premium.

That we obtain a CAPM-like pricing formula with heterogeneously ambiguity averse agents is
surprising since we know from the results in the previous section that with such heterogeneity the
classical mutual fund theorem fails, and therefore agents hold portfolios distinct from the market
portfolio@ We are able to obtain the single-factor pricing formula by constructing what is
effectively a representative agent for pricing purposes. By obtaining an explicit characterization
of the representative agent, we show how heterogeneity in ambiguity aversion affects equilibrium
asset prices. In particular, our finding suggests that the agents with intermediate levels of
ambiguity aversion matter most for the size of ambiguity premium.

An equilibrium of the (static) economy is given by asset holdings { (q?n, Qi s q§7n)}7]y:1 and
asset prices (pj, p3) such that monetary holdings {(q} ,,Pid] », pgq’in)}gzl are a solution to the

agents’ maximization problem , and market clears, i.e.,

Zq;,n = Zei,n =e;, 1 =1,2, and Zq}m = 0.
n n -

2'Ruffino| (2014) has a similar CAPM-like formula but with homogeneously ambiguity averse agents. In the
author’s notation, the assumption that the ratio of 6 to X is equal for all investors is equivalent to assuming
homogeneous ambiguity aversion among investors, i.e., a common 7 in the notation here (see p. 5, Ruffino
(2014))). As shown in the previous section and by Hara and Honda| (2016)), the mutual fund theorem holds with
homogeneity in ambiguity aversion.
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To state our asset pricing result, we need to introduce some further notation. The return of

a generic portfolio of uncertain assets held by agent n is denoted by R(a,) where,

a1, 4 ag pRo _ P1q1,n 1 + p2gen 2

R(a
( n) alp + a2 n P1q1,n + P292.n

We also let

a1 ,n01; + A2, n02; _ ((11,n)2(01)2 + 2a1 pa2 no12 + (a2,n)2(02)2
, var(R(a,)) = 5

ai,n + a2 n (al,n + a2,n)

(a1,0)*(01")? + 2a1,,09,n015 + (a2,n)*(937)*

(al,n + a27n>2

cov(R(an), R;) =

)

M M
1,001 + 02105
ain + ag n

cov™M (R(ay), R;) , var™ (R(a,)) =

As is standard, agent n is said to hold the market portfolio if his holdings of uncertain assets
is proportional to the aggregate endowment of uncertain assets, i.e., (qi,n,q2,n) = (kne1, knez)
for some real scalar k,. This implies that agent n holds the market portfolio if and only if
% = % We let Rarket denote the market portfolio return, that is,

_ pieiRy + pieaRy
Rmarket = ¥ ¥ .
pie1 + pses

(9)

Note that the market portfolio return, R,,qrket, is determined in equilibrium as it depends on
equilibrium prices (p7, p3), even though asset returns R; are exogenous. Let us define asset i’s

beta, B;, in the standard way, and ambiguity beta, BZAmb, analogously:

cov (Rmarket ) Rz)

var (Rmarket )

COUM (Rmarketa Rz)

varM (Rmarket>

Amb _
g =

Bi =

)

We are now ready to state the anticipated result:

Proposition 2. Let n = min, {n,} and 7 = max, {n.}. Then, there evists a unique Nmarket €
M, 77] such that the following equality holds:

CO'U(Rmarketa R’L) + Mmarket COUM(Rmarkeb Rz)
ElR;| - R = E Rmar et] — R 10
[ ] ! UaT(Rmarket) + Mmarket UaTM(Rmarket) ( [ g t] f) ( )

= a;+ Bz (E[Rmark:et] - Rf) s (11>

where

M
— Nmarket VT (Rmarket) (Amb >
i A 8) (E[Rumarket) — Ry) - 12
Y var(Romarket) + Thmarket 0™ (Roarket) A Bi ) (E[Riarket] — Ry) (12)

Furthermore, Nmarket > 0 if and only if n > 0.

We show in the Appendix (Lemma that, given an agent’s optimal portfolio choice, ex-
pected excess asset returns can be explained by a single-factor pricing formula, where the single
factor is the excess return of the agent’s optimal portfolio (of the uncertain assets). With ho-
mogeneous ambiguity aversion, all agents’ optimal portfolios coincide with the market portfolio
since the mutual fund theorem holds. Therefore, setting 7,,qarker €qual to the agents’ common

ambiguity aversion coefficient, the CAPM-like formulation in Proposition [2| obtains (as Ruffino
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(2014) had shown). The novel contribution here is that we establish the same formula conti-
nues to hold under heterogeneous ambiguity aversion, a case where the mutual fund theorem
fails. That we can follows from the fact that we effectively establish a representative agent for
pricing purposes. Specifically, under heterogeneous ambiguity aversion, we show that one may
construct an ambiguity aversion coefficient, namely 7,,4rket, for which the corresponding optimal
portfolio is the market portfolio, thereby giving us the proposition. In Section we present
a full characterization of 7,4kt and show that it is determined (in part) by the distribution of
ambiguity aversion among the agents.

The excess return of an asset is the compensation for systematic (non-diversifiable) uncer-
tainty in that asset. Like in the standard CAPM, the single pricing factor is the expected excess
return on the market portfolio. The difference ambiguity and ambiguity aversion bring is the ad-
justment to the factor loading, as can be seen from . The overall adjustment to the standard
CAPM formula is encapsulated in «;, which we refer to as asset i’s ambiguity premium. Asset i’s
ambiguity premium is zero if (i) all agents are ambiguity neutral so that 9,4kt = 0, or (ii) all
uncertain assets carry no ambiguity so that var™ (Rerket) = 0, or (iii) ﬂf‘mb = ;. Given some
ambiguity and ambiguity aversion, «; > 0 if and only if 5{4’”1’ > (;, that is, if the asset’s exposure
to systematic ambiguity (or, exposure to systematic second-order uncertainty) is greater than
its exposure to systematic unconditional uncertainty. Note, however, even if an asset’s returns
are ambiguous, the asset will carry an ambiguity discount if its systematic ambiguity exposure is
relatively low. The main take-away from Proposition [2]is that the cross-sectional heterogeneity
in exposure to systematic ambiguity is a determinant for the cross-sectional expected returns.

This has empirical implications, as we discuss next.

4.2 Discussion of cross-sectional empirical implications

If we were to regress the excess returns of asset ¢ on the excess returns of the market portfolio
cov(Bmarket: i) pq the QLS slope coefficient. Note, this OLS

Uar(Rmarket)
coefficient is the CAPM factor loading and therefore the sole determinant for the cross-sectional

over time, we would get §; =

expected returns in CAPM. Absent ambiguity aversion, the asset pricing prediction of our theory
is identical to that of CAPM. However, even with a single ambiguity averse agent in the economy,
there is an additional term in the excess return predicted by our theory, the ambiguity premium
«;, driven by asset i’s exposure to systematic ambiguity as can be seen from . Thus, by
our theory, the cross-sectional expected returns are not only determined by the standard CAPM
predictor, 3;, based on the OLS coefficient, but also by i’s ambiguity exposure. The natural
question then, is whether some of the well-known, systematic departures from CAPM can be
accounted for by such exposure.

Consider the size and value premia documented in the literature critiquing CAPM (e.g., see
Fama and French| (1992) and (1993)). These premia refer to the observation that, controlling
for CAPM betas, firms with small market capitalizations and high book-to-market equity ratios
generate, on average, higher stock returns. There is no theoretical consensus on why these premia
exist. It has been suggested that size premium may be partly an outcome of the fact that small

firms are more dependent on outside financing, leaving them more exposed to business cycles
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and broader financial conditions@ When it comes to value premium, many associate it with
financial distress risk@ Financially distressed firms tend to have high book-to-market equity
ratios: distress causes a collapse in the market value of equity whereas it has little effect on the
book value of equity since the latter reflects historical cost of acquisition of assets making up the
firm less the (promised) liabilities. We argue, next, that cross-sectional heterogeneity in exposure
to systematic ambiguity is a common thread that runs through these informal, uncertainty-based
explanations. The success of the macro-finance literature incorporating ambiguity in explaining
price dynamics of aggregate uncertainty is a justification for treating systematic uncertainty as
ambiguous@ This common thread provides an articulation of these explanations that has the
advantage of being formal as well as accommodated within a CAPM-style framework with a
single factorﬁ

Absent financing considerations, stock returns are simply driven by operating returns on
capital investments. If availability of sufficient financing is uncertain for a firm, then it is harder
for investors to forecast the firm’s stock returns as they need to consider potential shortfall in
capital investments which has sustained implications for operating returns and thus the po-
tential to affect expected returns. Also, since stock returns are operating returns net of outside
financing costs, exposure to uncertain financing costs driven by broad financial conditions makes
them less predictable. Therefore, if the financing conditions worsen due to business or financial
cycles, firms more reliant on outside financing, such as small and distressed ones, generate stock
returns that are more ambiguous from the perspective of investors. The ambiguity is also sys-
tematic: dependence on outside financing implies higher exposure to economy-wide conditions,
and therefore all small and distressed firms are commonly and strongly affected by cycles.

The empirical literature also established that even though there is a positive relation between
an asset’s CAPM beta and its average return this relation (i.e., the security market line) is too
flat in the data (Black et al. (1972) and Treynor and Black| (1973])). That is, compared to what
is predicted by the CAPM, the returns on the low beta assets are too high and the returns on the
high beta assets are too low. Our theory is consistent with this observation: a flatter security
market line is obtained when low beta assets carry a positive ambiguity premium and high beta
assets carry a negative ambiguity premium. This would happen if the cross-sectional variation
in ambiguity beta were lower than the cross-sectional variation in beta so that ambiguity beta
would be higher than beta for low beta assets and lower for high beta assets. In our framework,
ambiguity beta is driven by exposure to aggregate shocks that affect models governing the
return generation processes (more specifically, means of returns) whereas beta captures both

such exposure and also exposure to aggregate shocks that affect return realizations given the

22Gee, for instance, [Perez-Quiros and Timmermann| (2000) for empirical evidence supporting this line of argu-
ment.

23Fama and French|(1995) and [Vassalou and Xing| (2004) provide empirical evidence for the association between
value premium and financial distress risk.

24The macro-finance literature has established connections between uncertainty shocks, recessionary episodes
and ambiguity. See, for instance, the discussion in Section 3.3.3 of |Collard et al.| (2018]) relating evolution of
perceived ambiguity to the macroeconomic uncertainty indices, such as the ones developed by |Jurado et al.
(2015) and |Carriero et al.| (2018]).

There is a strand of literature (Lakonishok et al.| (1994), [La Portal (1996) and [La Porta et al. (1997))
which offers an explanation for the value premium, behavioral in nature, that is an alternative to the risk-based
explanation. These authors argue that the returns associated with value investing are due to naive investor
expectations of future growth that result in mispricing.
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models. Consider a recession: it implies a lower mean return for most firms due to its economy-
wide and persistent effect, however realized returns depend on firm characteristics such as brand
loyalty, disposable income of the client base and price elasticity of the product or service offered.
Therefore, arguably, there is less cross-sectional variation in ambiguity betas compared to betas.

The relationship between expected returns and dispersion in earnings forecasts has received
considerable attention and is empirically contested. Some papers claim to document a negative
relationship (e.g., Diether et al| (2002)) and Hong and Stein| (2003)), but others claim to find a
positive relationship between the two (e.g.,|Qu et al.| (2004) and Banerjee (2011))). Dispersion of
opinions or lack of consensus need not reflect high levels of ambiguity to the extent that it arises
from private information. However, dispersion of opinions among experts may instil ambiguity
in the mind of non-expert decision makers who rely on experts for guidance. Arguably, then,
there is a positive association between scenarios where there is dispersion of expert opinion
about returns and scenarios where there is ambiguity about returns. The theory presented here
characterizes conditions under which the relationship between expected returns and dispersion
in earnings forecasts would be positive or negative to the extent that systematic or idiosyncratic
ambiguity is responsible for the dispersion of opinion. In particular, our theory predicts, for firms
which carry positive (negative) ambiguity premium, there is a positive (negative) relationship
between their expected returns and dispersion in earnings forecasts when there is also dispersion
in macroeconomic forecasts — the latter indicating that dispersion of opinion is due to high levels

of systematic ambiguity rather than differential information.

4.3 Heterogeneity and the market ambiguity aversion

We now return to the question of how distribution of ambiguity aversion among agents affects
the market ambiguity aversion, 9y,qrket, which in turn affects the ambiguity premia/discounts of
assets. As a key step towards establishing this, we first give an explicit characterization of the

market ambiguity aversion coefficient.

Proposition 3. The market ambiguity aversion coefficient introduced in Proposition[3, Nmarket,

s given by
-1
N

N
Timarket = (Z Hk) Znnnna
k=1 n=1

where, form=1,--- | N,

1 1
m, = (- .
<9n) ((o% + nn(01)?) (03 + nn(039)?) + (012 + nna%)2>

The corollary below gives us more insight into how an agent’s level of ambiguity aversion
impacts the level of market ambiguity aversion. Even though the weights II,, decrease with 7,,
as the overall contribution of an agent’s ambiguity aversion coefficient to the market ambiguity
aversion is determined by the product of the coefficient itself and its corresponding weight, it is
ex-ante unclear whether highly ambiguity averse agents have more or less impact on the market

ambiguity aversion. Intuitively, there are two forces working in opposite directions: higher
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ambiguity aversion requires a greater compensation for ambiguity; on the other hand, it also
causes the agent to take a less aggressive position in the market and thus to affect the prices
less. Corollary |3 shows there is a threshold level of ambiguity aversion, 7, below which the first

force dominates, and above which the second dominates.

Corollary 3. Without loss of generality, re-index the agents so thatn <ns <--- <nn-1 < nn.
Let

2.2, 2
. . L 0105 + 079
n* = mln{ne{l,---,N}.nn>n:\/(U{M)Q( N7 ( M)Q}.

p) 912
For1l,, n=1,--- ,N, as given in Proposition[3, the following conditions hold:
(a) if n* =0 or n* = N, then 011111 < O11any < -+ < OnIINnN;
(b) if n* =1, then Oh1limy > Oollgmy > -+ > OnIINnN;

(c) otherwise, 01111 < Ollame < -+ < Op<Ilpsnps and Op«Ilpemp > Ops 1 p1mpsg1 >
<> OnIInnN .

If ny < Mpy1 for some n, then the corresponding inequalities for 0,11,n, and 0p4 111, 11711 in

conditions (a)-(c) are also strict.

Note that 7 > 0 and that the smaller the contribution of ambiguity to overall uncertainty
(i.e., the smaller (0?)2(cd1)? + (}4)? is in relation to 0?03 4 02,) the greater is the 7). This
has two implications. First, the presence of agents whose ambiguity aversion coefficients are
less than 7 (which naturally includes ambiguity neutral agents) would render condition (b) void.
Secondly, condition (a) is likely to hold only when ambiguity is a relatively insignificant part of
the overall uncertainty. Hence, if ambiguity contributes significantly to overall uncertainty and
there is also enough heterogeneity in ambiguity aversion across agents, then the more salient
case in point is that described in condition (c).

To isolate the pure effect of heterogeneity in levels of ambiguity aversion, hold the level of
risk aversion to be constant across the population, that is, 81 = --- = 0. Then, in the case
described in condition (c), among agents whose ambiguity aversion coefficients are lower than
the threshold 7, the higher the agent’s level of ambiguity aversion, the higher is his contribution
to the market ambiguity aversion. On the other hand, among agents whose ambiguity aversion
coefficients are greater than 7, the relationship is reversed. As a result, the highest impact agents

in terms of contribution to the market ambiguity aversion are the ones with intermediate levels

of ambiguity aversion.

5 Dynamic equilibrium analysis with public signals

We now turn to two dynamic extensions of our static model where we study how prices and
trade respond to the arrival of a public signal. The two dynamic extensions differ in the content
of this signal. In the first extension, the agents receive a public signal drawn from the same
process which governs the realization of the liquidating dividends of uncertain assets. Upon

receiving the signal, the agents update their beliefs about the distribution of the model M. We
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interpret these signals as earnings announcements. In the second dynamic extension, the signal
informs only about the model variance; we see the realization of such a signal as a realization of
a (model) uncertainty shock. The next subsection presents the dynamic structure common to

both extensions.

5.1 The common dynamic structure and notion of equilibrium

We model a three-period economy whose structure and timeline are as follows:

- In the initial period, ¢t = 0, agents trade and choose a portfolio of three assets, two uncertain
(indexed by 1,2) and one risk-free (indexed by f).

- In the interim period, ¢ = 1, agents receive a public signal S = (S1,53) about the li-
quidating dividends of the uncertain assets, update their beliefs and have an opportunity
to trade again in all the assets. The risk-free asset pays off Ry for each dollar invested
in £ = 0. No dividend from the uncertain assets is realized, however their prices change

endogenously following the signal. No consumption takes place in this period.

- In the final period, t = 2, no decisions are taken — the risk-free asset pays off R; for
each dollar invested in ¢t = 1, liquidating dividends of the uncertain assets realize (more

precisely, asset i pays off R; for each dollar invested in ¢t = 1), and agents consume.

Int=0,asset i’s (i = 1,2, f) price is denoted by p?, its quantity held by agent n is qgn, and
the corresponding monetary holding is a! n = = pdq) n- Int =1, these variables depend on the
realization of the signal. When talking about price and holdings conditional on the realization

of a signal S, we write pis , qiSn and as = pf qisn. The price of the risk-free asset is normalized

to 1in ¢ = 0,1. Uncertain asset i’s (¢ = 1,2) gross return from t = 0 to t = 1 is equal to . We

S
refer to this as asset ¢’s interim return. Abusing notation, we let 2 o= [2—5, ;T} The uncertaln
1

asset ¢ pays off R; int = 2 for each dollar invested in t = 1. We refer to this ;b asset i’s return.
Note, the asset ¢ pays off R in ¢ = 2 for each dollar invested in ¢ = 0. As in the static model,
the aggregate endowment of the uncertain asset i is denoted by e; — to simplify, we take the
endowment to be the same for both uncertain assets so that e; = e for ¢ = 1,2. There is zero
aggregate supply of the risk-free asset so that ey = 0.

An equilibrium is given by prices and holdings of uncertain and risk-free assets in periods
0 and 1 such that the holdings are optimal, given the prices and information, and clear the
markets in both periods. We refer to equilibrium prices and holdings in period 0 and in period 1
as ex ante equilibrium and interim equilibrium, respectively. We say that an equilibrium entails
trivial trading if the composition of the uncertain portfolio stays the same across periods 0 and
1, but the quantity of the risk-free asset held changes. An equilibrium entails non-trivial trading

if the composition of the uncertain portfolio changes from period 0 to period 1. Formally,

- an equiltbrium entails trivial trading at signal realization S if, at the equilibrium,

G @
= é’" foralln and g}, # q%,  for some
q2,n 42.n

)
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- an equilibrium entails non-trivial trading at signal realization S if, at the equilibrium,

S 0
ql,n ql,n
#* for some n
S 0 ’
q2,n q2,n

- an equilibrium entails no trade at signal realization S if it entails neither trivial nor non-

trivial trading.

We now define interim and ex ante preferences according to the recursive smooth ambiguity
formulation of Klibanoff et al.| (2009) which, given the recursive construction, guarantees dy-
namically consistent behavior. After realization of the signal .S, the agent updates his beliefs
through Bayes rule. Let M’ = M|S and R’ = R|S denote the updated beliefs over M and R.
Then, the interim utility from an interim portfolio (ain, a;j ) is given b

US(af,.a5) = 65" (Ene [on(Erar [un (Wi(a?,.,al))])]) (13)

where Wg(a?n, ay) = (a5) TR+ a?an is the final wealth obtained after the liquidation of the
dividends. Ex ante, prior to the realization of the signal, the utility from an initial portfolio

(a?cn, a?) is, via recursion as stipulated by [Klibanoff et al.| (2009),

_ S o«
US (0}, a8) = 6" (Bar [0 (Bspar (U5 (%) )]) (14)
where (a;’i, aZ’S) is a solution to
S¢S S
agnjg( Un (af,n7 an) (15)
oY fn
subject to the budget constraint
S\T S 0T P° 0 S¢.0 0
(an) 1+ af,n < (an) pio + a’f,an = Wn (af,nva ) (16>

Observe that (a}:i,af{s) depends on (a%n,ao). In and in , we assume up(r) =
—exp(—0,x) and ¢, (y) = —(—y)?/% as in the static analysis of Section 2. Note, yields a

robust mean-variance formulation while does not.

5.2 Earnings announcements
5.2.1 Modeling earnings announcements

We formalize an earnings announcement as a publicly observed signal drawn from the same
stochastic process governing uncertain asset returns. This signal allows the agents to update
their common prior on models believed to generate returns — thus leaving them better informed
about returns. We let S = (51, 52) to be the public signal about uncertain assets 1 and 2.
Conditional on a model M, return R and signal S are i.i.d. Consistent with the notation in (1)

of the static setup, we let 3 = X — Xy where X i and X/ are as given in Assumption [2| and

26Recall, ¢, is an increasing function and thus maximizing Uf(a?’n,ag) is equivalent to maximizing
Exr [on(Brrar [un (Wi (aFn,ai))])]-
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assume that the beliefs conditional on the model are

() x((20)(2 1)

As is the case in the static setup, let M ~ N (pu,¥Xp). Then, it follows from Bayes’ Rule that
M' = M|S ~ N (us, Xs), where

ps = (S +E‘1)*1 (S +371S), (18)
I ¥ +2h (19)

Notice that pg is a linear function of S while X g does not depend on the realized value of S.
However, the precision of model uncertainty increases following the signal as evident from ,
where the left hand side shows the precision of M’ while the precision of M is given by ij.
Analogous to Assumptionof the static setup, we assume that Cov(R', M') = Var(M'). Hence,
Var(R') = ¥rp = X + Xg and the updated beliefs are given by

M’ b b
P R0 A T . (20)
R Hs Ys X +Xg
Also, following from (20)), R'|M’ ~ N (M’,¥), which is analogous to in the static model.

5.2.2 Equilibrium analysis

We solve the equilibrium backwards, first deriving the interim equilibrium and then the ex
ante. For the interim analysis, we place ourselves at period 1 once S is realized and observed
by all agents. Note, the analysis is essentially the same as the one performed for the static
case, adapted to the updated beliefs. Recalling the interim maximand , the equivalent
robust mean-variance form , the updated beliefs , and the budget constraint , the

maximization problem of agent n reduces to

_Qn

On n
@) (S + Tg)ag —

2

max { (W3 (a3 ap) = (@)1) Ry + (a3) Tus —

a

(a) T SsaS } (21)

n

where W2 (ag)c’n, ad) = (a?l)T%; —i—a(},nR 1 is the wealth agent n derives from his portfolio (a(},n, a)
when S is realized.

The interim equilibrium is characterized in Lemmas [C.I] and [C.2] in the Appendix. The
main take-aways from these results are as follows: As in the static case, agents hold the market
portfolio in the interim period if they are homogeneous in ambiguity aversion. Otherwise, they
generically hold different uncertain portfolios which vary with the realized signal S and their
ambiguity aversions. Also, interim prices are linear functions of the signal.

n
a solution to — subject to the budget constraint (qg)Tp0+q?c’n < W2, in which W2 is agent n’s
wealth at time 0. Lemmas[C.3 and [C.4]in the Appendix characterize the ex ante equilibrium. We

Ex ante, agent n seeks to maximize UL (a? o a0> as defined in 1) —and where (a?i, af{s) is

find that, under homogeneous ambiguity aversion, agents hold the market portfolio in the initial
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period and their risk-free holdings remain the same across both initial and interim periods. On
the other hand, if agents are heterogeneous in ambiguity aversion, ex ante they hold uncertain
portfolios which vary only with their ambiguity aversions. Recall that interim portfolios not only
depend on ambiguity aversion but also vary with the signal realization. Therefore, there is no
trade with homogeneity in ambiguity aversion whereas equilibrium generically entails non-trivial

trading with heterogeneity — as we formally state in the following proposition:

Proposition 4. If agents are homogeneous in ambiguity aversion, i.e., N, = N, for all n,n’,
then the equilibrium entails no trade at any signal realization. The equilibrium entails non-trivial
trading at almost all signal realizations if agents are heterogemeous in ambiguity aversion, i.e.,

if there exist n,n' such that n, # Ny

Recall from , heterogeneously ambiguity averse agents can be interpreted as mean-variance
agents with different as-if beliefs, different only with respect to the variance term. On the other
hand, the economy with homogeneously ambiguity averse agents can be formally interpreted as
a standard mean-variance economy with common beliefs, and is therefore effectively complete
with everyone holding the market portfolio before and after the public signalm The effective
completeness of the economy implies that the ex ante equilibrium allocation is Pareto efficient,
hence following a public signal there is no trade (not even trivial trading) under homogeneous
ambiguity aversion.

For an intuition of why non-trivial trading arises with heterogeneous ambiguity aversion,
recall that interim portfolio choice problem is the same as the static one, adapted to updated
beliefs. As formalized in , upon the realization of a sigr;al S, the beliefs get updated and

2,n
take-away from our static analysis is that this ratio would also vary with ambiguity aversion

given any signal realization S. The ratio of initial-period monetary holdings, Zé—’", on the other
2

therefore the ratio of interim period monetary holdings, le—’”, varies with § And, a key

hand, does not depend on the signal. Hence, the interim and initial ratios dﬁfer for almost
all signal realizations. Can the inter-temporal change in the asset prices fully account for the
inter-temporal change in the ratio of monetary holdings? The answer is negative if agents
are heterogeneously ambiguity averse so that 71, # n, for some n,n’: then, for a given signal
realization, the inter-temporal change in the ratio of asset prices which would completely account
for the inter-temporal change in the ratio of monetary holding of agent n cannot be the same as
the change in the ratio of prices that would fully account for the ratio change in the monetary
holding of agent n/'.

Differences in as if beliefs, under heterogeneous ambiguity aversion, explains why there is
trade, but the idea is less helpful in understanding the non-trivial trade posited in Proposition
[ For that, an uncertainty sharing perspective takes us further. Following the public signal,
the return-risk-ambiguity trade-off changes, making agents seek a different allocation of more
and less ambiguous assets depending on their different tolerances for ambiguity. This prompts

portfolio rebalancing and thus trade in uncertain assets. Moreover, in the uncertainty sharing

?7See the discussion of [Rubinstein| (1974) in pp. 54-58 of [Back| (2017)).
28While adapting the static portfolio choice characterization in to the interim signal, the vector of parameters

(p1, p2;01,02,012; oM oM o) gets updated and the update varies with S.
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perspective the trade is mutually beneficial, that is, welfare increasing. Thinking solely of the
trade as a consequence of differences in beliefs, it is difficult to draw clear welfare conclusions
(e.g., see (Gilboa et al. (2014)).

5.2.3 Trade with and without price movements

Kandel and Pearson| (1995) document that earnings announcements are usually followed by a

significant rise in trading volume — not necessarily associated with large price changes:

Using the announcement dates of quarterly (interim) earnings from the Compustat
quarterly files and daily data on the returns and volumes of common stocks, we find
that there are economically and statistically significant positive abnormal volumes as-
sociated with quarterly earnings announcements even when prices do not change in
response to the announcements. It is notable that there appear to be abnormal volu-
mes that are unrelated to the magnitudes of the price changes. This is inconsistent
with most existing models of volume around public announcements in which agents

have identical interpretations of public signals.

By abnormal volume, the authors refer to the additional volume due to the public information
release beyond the usual volume observed in no-announcement days which results from trading
due to life-cycle considerations or trading to exploit private information@ Since there is no
life-cycle consideration or private information in our model, the trading volume attained in our
analysis is “abnormal” in this sense.

We saw our theory gives an explanation for non-trivial trade following public signals (earnings
announcements). But what does it have to say about price changes associated with such trade?

To that end, first we have the following proposition:

Proposition 5. With heterogeneous ambiguity aversion, the equilibrium generically entails non-

trivial trading at the signal realization which yields no price change across periods.

Since equilibrium prices and holdings are continuous in the signal, it follows from the propo-
sition that, given heterogeneous ambiguity aversion, in the neighbourhood of the signal which
yields no price change, there are equilibria entailing non-trivial trading with small price changes.
To get an idea of the quantitative significance of the trading volume and associated price chan-
ges, later on in this subsection we report a numerical exercise. Before we do so, we discuss how
our theory of trade following public announcements stands in relation to the existing literature.

A number of papers explain trading volume in dynamic settings with heterogeneous infor-
mation (e.g., [Kim and Verrachial (1994)), and [He and Wang (1995)). In these models, there is
no trading volume due to public announcements unless agents also have private information.
Also, importantly there is no trade without an associated change in price contrary to the key
observation of Kandel and Pearson (1995) noted above. Another strand of literature explains
trading volume in dynamic settings with heterogeneous prior beliefs (e.g., Harris and Raviv
(1993), [Kandel and Pearson| (1995), and [Banerjee and Kremer| (2010)). In [Harris and Raviv

29Empirically, they define abnormal volume to be the difference between volume in a 3-day period around the
announcement and the mean 3-day volume in pre-announcement periods with the same stock return.

23



(1993)), trade cannot occur in the absence of a price change. However, in the models of [Kandel
and Pearson| (1995) and |Banerjee and Kremer| (2010) such trade can occur. In the latter two
models, agents interpret the public signal differently due to their different prior beliefs. Trade
occurs in the absence of a price change if and only if agents have different priors about the
mean of the public signal hence, as noted in Remark [T} trade is driven by agents’ speculatively
betting against each other. Also, note that in the papers cited above the economies consist of
one uncertain asset and one risk-free asset, and hence any trade generated in these papers is
what we refer to as trivial trade in our context.

We now provide the numerical exercise that reports data on interim returns and trade ge-
nerated by simulated signals in a calibrated dynamic economic equilibrium. The returns of the
two uncertain assets are assumed to have the same mean and variance so that M; = My and
0? = 03. The uncertainty about the mean (i.e., ambiguity) is assumed to be different across the
assets so that (0M)2 # (031)2. The parameter values for the risk-free asset and the uncertain
assets are chosen based on the 1974-2015 nominal annual returns of the 3-month US T-Bills and
the S&P500 index, respectively: Ry is rounded up as 1.05 from the sample mean of the 3-month
US T-Bill (gross) returns, and 07 = o3 are rounded up as 0.04 from the sample variance of the
S&P500 returns. We generate a return history for the uncertain assets by taking them to be the
same as the 1974-2015 S&P500 index returns. Combining the non-informative prior over the
mean with observations from this history, we find the variance of the resulting posterior distribu-
tion to be 0.0010. The parameters (o17)? = 0.0006 and (¢37)? = 0.0016 are chosen around the
latter figure so as to generate an economy with heterogeneously ambiguous assets. By rounding
up the expected value of the posterior, we obtain E[M;| = E[Ms] = p1 = pe = 1.12 (which is a

9102 1

Following and , conditional on the true means of the uncertain assets, the public

signals (i.e., earnings announcements) are distributed such that S|M ~ N(M,¥Xg — X5). For

— 012 M _ o919
gross figure). We set p = and p" = —#%7 to be 0.5.
g 0'2

our numerical exercise, we take the true means to be the same as the unconditional means, that
is, we assume M7 = My = 1.12, and draw 1000 signal realizations from the distribution

N[ 112 0.04 — 0.0016 (0.5)1/0.04/0.04 — (0.5)4/0.00061/0.0016
1.12 )7\ (0.5)1/0.041/0.04 — (0.5)4/0.00061/0.0016 0.04 — 0.0006

so as to simulate interim period returns and trading volumes generated by the signals. The
economy is assumed to have four agents, who are heterogeneous in ambiguity aversion but
homogeneous in risk aversion, with n1 =0, 72 =3, 13 =9, 4 =12 and 61 =6y =03 =0, = 1.
The aggregate endowments of uncertain assets are normalized to 1. As is standard, asset i’s

S 0
. . . Zn’qZ',n_qZ',n’
trading volume is given by =" —3—=

, where qfn and qgn are the quantities of asset ¢ held by
agent n after realization of signal S and prior to it, respectively. As mentioned, we may interpret
this as abnormal trading volume in the sense of Kandel and Pearson| (1995).

The graph in the left panel of Figure 1 shows substantial abnormal trading volume which is
relatively unvarying — staying within a narrow band of the 2%-3% of the aggregate endowment
and accompanied by both low and high (interim period) absolute returns. Prices may spike or
dive following public signals, but more often than not the price changes are modest (see the
graph in the right panel of Figure 1). Hence, echoing the observation of Kandel and Pearson

(1995)), the more frequent occurrence is relatively small interim period returns accompanied by
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Figure 1: The graph in the left panel plots abnormal trading volume in relation to (interim
period) absolute returns for asset 1 for a thousand draws of public signals. The graph in the
right panel shows the frequency distribution of (interim period) returns for asset 1.

2%-3% abnormal trading volume.

What accounts for these findings? Recall from the equilibrium analysis (Section that
interim period prices are linear functions of public signal realizations, hence the distribution
of interim returns follows that of signals. Extreme interim returns are low probability events,
occurring only following signal realizations which are surprises. Small interim returns are more
frequent and follow signal realizations which are closer to agents’ expectations. The trading
volume, on the other hand, follows the portfolio adjustments prompted by the change in return-
risk-ambiguity trade-off following the signals. The change in ambiguity does not depend on
the realized value of the signal, unlike interim returns. Thus, even when interim returns are
small, the more common occurrence, the trading volume can still be signiﬁcantm In summary,
the price change is smaller the more the signal confirms expectations, while the trading volume
is mostly dictated by the change in ambiguity. This insight is explored further in the second

dynamic extension where the ambiguity may be made to vary more completely.

5.3 Uncertainty shocks

We next explore the issue of reaction to arrival of information in a somewhat more stylized
model, where the signal realizations directly inform the ambient ambiguity. More precisely, the
signal directly determines the variance of second order beliefs (i.e., model uncertainty) but not
the means of the returns. This modeling strategy allows us to look into the relation between
changes in the level of ambiguity and trading volume unencumbered by any change in mean
returns. Therefore, the analytical staging of this extension is different from that in the previous
one where mean returns and the level of ambiguity were affected by the signal but only the mean
returns varied with the realized value of the signal.

To fix ideas, one may think of such signals as uncertainty shocks, shocks which determine
the level of uncertainty in the environment. As a concrete example, think of the Brexit vote

outcome as one of two possible signal realizations: Brexit or the status quo. Each realization

30Furthermore, in results not reported here, the numerical exercise also shows that increasing heterogeneity in
ambiguity aversion increases the trading volume: when the economy is assumed to have only two agents with
ambiguity aversion coefficients equal to 3 and 9, the trading volume shifts slightly to the left.
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could determine a distinct level of uncertainty; in particular, a larger parameter uncertainty

would follow the Brexit outcome.

5.3.1 Modeling uncertainty shocks

We consider a version of the model introduced in Section [5.1] with a special signal structure
to model uncertainty shocks — there are three possible realizations of the signal, which we call
interim states, S = H(igh), I (ntermediate), L(ow), that directly inform on the level of ambiguity:
the defining feature of an interim state is the associated model variance denoted by Yg. We
assume, for simplicity, that the signal realizations are unambiguous events, i.e., the probability
of S, denoted by 7(S5), is the same under any model M. Like in the previous extension, we let
R|M ~ N(M,X) where ¥ = X — 3.

As before, we denote by M’ = M|S and R’ = R|S the updated beliefs over M and R.
Analogous to the setup introduced in section we assume that Cov(R', M') = Var(M').
Hence, as was the case in , we have

M N 1 Yg Yg
R 7] ’ is >+ is
and R'|M’ ~ N (p1,X). Note, however, unlike in (20), E[M’] and E[R’] do not depend on S.

5.3.2 Equilibrium analysis and implications

We assume only two agents, n = 1,2, in our equilibrium analysis. As in the analysis of section
5.2.1) we start with the interim period, once the signal is realized. Analogously, the interim
period maximization program of agent n is given by

On

On
e (W3 (a02) = (@) Ry 4 (0) -

(a)T( + Ss)af — 22

a

(a) S }

n

where W2 (ag)c L ah) = (ag)T%i +a(} L7 is the wealth agent n derives from his portfolio (a(} e GY)

when S is realized. The solution of this maximization problem for uncertain assets is:

* 1 N S —
anﬁ = 97(2 + ES + nnES) 1(“ - Rfl) (22)

n

The interim period market clearing condition is ) afn = p 3", ein. Given our assumption

that asset endowments are equal, ) | e1, =), €2, = e, we have that at an interim equilibrium

1 1 ] .
PP == o (B4 85 +08s) " (u— Ryl) (23)

and asset holding in interim period state S is

*,S s
g = (24)
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Ex ante, an agent seeks to maximize U <a(}7n, a%) as defined in —and where (a;g , a® )
is given by f subject to the budget constraint (¢9)p® + q?cn < WY. Given the assumption
that the probability of each state S is the same under each model M, simplifies to:

0,0 0 S 558 %8
US 0} ral) = Es (US (a5, @)

Lemma in the Appendix shows that agents hold (a proportion of) the market portfolio
as their uncertain portfolio in period 0 and agent n’s market portfolio holding is proportional
to his risk tolerance 9%. We know from our earlier static analysis that interim period holdings
will be exactly of the same form if agents are homogeneously ambiguity averse. However, with

heterogeneity in ambiguity aversion we have trading over time, just as we obtained in Proposition

2]

Proposition 6. The equilibrium entails non-trivial trading if agents are heterogeneous in am-
biguity aversion, i.e., n1 7 M2. If agents are homogeneous in ambiguity aversion, i.e., N = 1o,

then the equilibrium entails no trade at any signal realization.

Since agents hold the market portfolio in period 0, the ex ante portfolio holdings do not
depend on the probabilities of the three interim states. The interim portfolio holdings are chosen
after the state realizes, hence they do not depend on the state probabilities either. Therefore,
trading volume does not depend on interim state probabilities. All the action that comes from
these probabilities is subsumed by prices: as can be seen from in the Appendix, the ex-ante
equilibrium price is a weighted sum of the interim equilibrium prices, where the weights are
proportional to the probabilities of the states. For instance, if the probability of an interim state
tends to 1, then the ex ante price converges to that state’s price discounted by the risk-free rate.
In this case, we will observe a small price change if the likely state were to arise. Furthermore,
we know from that the interim equilibrium prices vary with the signal realization S and
are inversely related to Xg, the level of ambiguity embodied by the realized signal. Therefore,
if the level of ambiguity varies significantly across states and a state with small probability but
relatively high ambiguity level were to arise, then there would be a significant drop in the asset
prices. The price changes in this model are significant if and only if the state realizations are
surprises and the ambiguity levels vary significantly across the states.

Next we relate the trading volume generated in our model to the level of ambiguity in the
interim period. We focus on a scenario where the uncertainty shock does not affect all assets, in
particular, it affects just asset 1, assumed to be more ambiguous (I) than asset 2. For a clearer

statement of the result, we relabel the two agents in the economy as n and n’.

Proposition 7. Assume p1 = s, 01 = 09, 6{{ > 6{ > 61L > g9, and

= (5f)2 012
ZS — ( 6’12 (5’2)2 )

where S = H,I, L. Let n, > n, and A be a constant whose expression is given by (@ in the
Appendiz. If
(55)° <A for all S, (25)
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then

*, H *, H ®,1 *,1 *,L *,L
al,n al,n’ al,n a’l,n’ al,n a’l,n’ 0
* H B * H > s, 1 B *, 1 *,L - *,L > :
a2,n a2,n’ a2,n a2,n’ a2,n a2,n’

This proposition posits that the higher the level of ambiguity following the uncertainty shock,
modulo the upper bound , the bigger is the difference of the interim asset allocation ratios
(i.e., the ratio of monies allocated to asset 1 versus asset 2) between the less and the more
ambiguity averse agents. Given that all agents, ex ante, hold the market portfolio, for each
agent the change in the asset allocation ratio across time is bigger following a shock resulting
in a higher level of ambiguity. This implies that the dollar volume of trading is monotonically
increasing in the level of ambiguity (uncertainty shock).

The conclusions we draw from Proposition[7]are tempered by the restriction on the ambiguity
level given by . Why does this restriction arise? Recall from Corollary [1| that, if agent n’ is
more ambiguity averse than agent n and asset 1 is more ambiguous (I) than asset 2, then the

*,5 *,8
1,n 1,n

difference in asset allocation ratios, a*, T — "’ s strictly positive for any given ambiguity level

2,n 2,

S. What Proposition [7] adds to that coroll::;y is the implication about how these differences
compare across the ambiguity levels. Notice though, the asset allocation ratios here are the
ratios of monetary holdings, i.e., price times quantity, while the corollary was true for quantity
allocations, too. Asset prices differ across ambiguity levels (revealed through signal realizations);
in particular, typically, the higher the ambiguity level of an asset the lower is that asset’s price.
Hence it is possible that even if a higher ambiguity level leads to a bigger difference in the asset
allocation ratio in quantities, the lower price attained in that ambiguity level would make the
difference in monies smaller. The role of the restriction ([25)) is essentially to limit the ambiguity
increase to a level that does not depress prices enough to reverse the monotonicity.

Dimmock et al.|(2016) find empirical support for the notion that ambiguity aversion interacts
with time-varying levels of economic uncertainty: in a representative US household survey, con-
ditional on holding stocks prior to the 2008-09 financial crisis, more ambiguity averse households
were more likely to actively reduce their equity holdings following the onset of the crisis. This is
in line with the main take-away from Proposition [7} the higher the level of ambiguity following
an uncertainty shock, the higher is the dollar trading volume as more ambiguity averse agents
fly to safety, i.e., less ambiguous assets.

To summarize the insights from the discussions in this section, trading volume is positively
associated with the variation in ambiguity across periods while price changes are inversely related
to the probability of the realized state (the extent to which the state is anticipated). Hence, even
if the realized state is not a surprise, the level of trading volume can be significant because the
resolution of ambiguity always changes the return-risk-ambiguity trade-off. If we assume that
most announcements are not surprises, then, according to our model, non-negligible trading
volume with small price movements would be a common occurrence following announcements.
However, on occasion a big surprise transpires, often accompanied by a relatively big change in
ambiguity. In such a case, the big surprise would be associated with both a big price change

and significant trading volume.
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6 Concluding discussion: empirical testability

We have demonstrated the potential of our theory to provide explanations for several interesting
phenomena regarding portfolio choice, cross-sectional asset pricing and trading volume. The
explanations are based on intuitive, connected narratives of agents’ perception of and reaction
to uncertainty. The narratives do not stand up if the uncertainty were formalized as risk but
do when formalized as ambiguity, mirroring the findings of the recent macro-finance literature
that treats systematic uncertainty as ambiguous. The next natural step is to empirically test
this potential, especially its quantitative significance. To that end, the critical question is the
measurement of ambiguity of returns. While some work in this regard has taken place in the
macro-finance context, there has been scarcely any work in incorporating ambiguity into cross-
sectional empirical analysis, with the notable exception of (Garlappi et al.| (2007). To conclude,
we next discuss some empirical strategies to test our results, though carrying out formal tests
or even providing the details of empirical implementation are beyond the scope of this paper.

In the narrower perspective of our theory, ambiguity about the return distribution is taken to
be the uncertainty about the mean parameter. This may be measured by obtaining a Bayesian
estimate of the parameter. That is, combining a prior over the means with observations from the
returns data, the covariance matrix of the resulting posterior joint distribution of the means can
be taken as the measure of ambiguity for the assets under consideration. For instance, |Gallant
et al. (2018) do this for aggregate asset returns in order to estimate the impact of ambiguity
on the dynamics of equity premium. An alternative approach for measurement of ambiguity, in
the classical rather than Bayesian fashion, is to use the width of confidence intervals around the
point estimates of means for the quantification of the measure, as in | Garlappi et al. (2007)) whose
objective is to construct optimal portfolios for agents concerned with parameter uncertainty.

Having a measure of asset ambiguity allows us to test whether our theory addresses the
asset allocation puzzle. A first hypothesis to test is whether financial advisors identify portfolios
tilted towards less ambiguous assets as those suitable for more conservative investors. A stronger
test would involve measurement of ambiguity aversion of individual investors and compare their
portfolio allocations. This could be done following the approaches taken by |Bianchi and Tallon
(2018) and |Dimmock et al.|(2016]). Using household survey data, both papers measure ambiguity
aversion by asking subjects to choose between lotteries with known versus unknown probability
distributions over the final payoffs and match this measurement with the subjects’ portfolio
allocations. Thus, to directly link our theory to the asset allocation puzzle, we need to test two
hypotheses: first, that households who choose portfolios recommended to conservative investors
by financial advisors tend to be more ambiguity averse, and if so, that their recommended
portfolios, on average, carry less ambiguous assets.

Turning to testable cross-sectional pricing implications, the first issue to be tackled is to
measure 34, It can be estimated making use of the covariance matrix of the posterior joint
distribution of the means of assets and the market portfolio. On the other hand, 8 can be
estimated following standard procedures, i.e., regressing individual asset excess returns against
market portfolio excess returns and taking the resulting slope coefficient as the estimate. These
estimates would be enough to get us to a first basic test of the result presented in Proposition

[2l The proposition suggests that the proportion of ambiguity premia across any two assets, @

29



and j, is given by
oy E[R;] — Ry — Bi(E[Rmarket) — Ry) B — B

(&7 B E[RJ] - Rf - Bj(E[Rmarket] - Rf) B Bfmb - ﬁj '

Therefore, a hypothesis to be tested is whether stocks with higher 4™ — 8 generate higher
abnormal returns, on average, where abnormal returns are taken to be returns in excess of
the ones predicted by CAPM. If this hypothesis were not rejected, then abnormal returns are
positively correlated with ambiguity premium, giving qualitative support for . For the next
step of obtaining a more powerful quantitative test of our theory, we need an estimate for market
ambiguity aversion, i.e., Mpmarket- 10 that end, one can use again and assume that, in each

period t, realized return of each asset ¢ satisfies the following relationship:

Tmarket UGTM<Rmarket)
UQT(Rmarket) + Nmarket vaTM(Rmarket)

Ri,t - Rf,t = (ﬁzAmb - 61) + Bi (Rmark:et,t - Rf,t) + €i,ts

where € is taken to be an unbiased error term i.i.d. across assets and periods. Based on

, ﬁiAmlws and ’UCITM(RmaTket)

this relationship, Nmarket can be estimated by first plugging in 3;’s
whose measurements are discussed above and then by matching moments using a panel dataset of
realized returns. Then, a statistical goodness-of-fit test can be applied to measure the difference
between the empirical distribution of realized returns and the predicted distribution of returns
obtained using the estimated 9,,qrket, and thus to evaluate how well our theory explains returns
compared to (standard) CAPM.

We may test whether ambiguity has explanatory power for the value and size premia along the
following lines. We start by constructing quantile portfolios sorted according to 4™ — 8. Then,
within each such quantile, we further sort stocks into portfolios ranked according to their book-

gAMb _ 3 allows us to control

to-market ratios or market capitalizations. Sorting according to
for cross-sectional differences in exposure to systematic ambiguity. If the difference between
the abnormal returns of high and low book-to-market quantile stocks is significantly lower when

pA™b _ 3 quantile) compared

exposure to systematic ambiguity is controlled for (i.e., within each
to the case when this exposure is not controlled for, then one would have supporting evidence
for ambiguity (at least, partially) explaining value premium. A similar test can be run for size
premium along the same lines. Alternatively, as a short cut approach to proxy cross-sectional
variation in exposure to systematic ambiguity, we can make use of macroeconomic uncertainty
indices developed by [Jurado et al.|(2015) and |Carriero et al.| (2018)). In particular, stock returns
can be regressed against these indices and stocks with higher slope coefficients can be identified
as those with higher exposure to macroeconomic uncertainty and therefore likely with higher
exposure to systematic ambiguity. Using a similar empirical strategy, one can also test whether
ambiguity has explanatory power for the flatter empirical security market line phenomenon.

In closing, we turn to a testing strategy for the theory of ambiguity driven trading discussed
in Section |5l Proposition [7| suggests that an increase (decrease) in ambiguity following a public
announcement would lead to more ambiguity averse investors’ portfolios to diverge away from
(converge towards) those of less ambiguity averse. One may test this with a panel dataset that
tracks differently ambiguity averse investors’ portfolio allocations over time, by checking how
investors’ portfolio positions vary with changes in macroeconomic uncertainty indices that follow

public announcements.

30



Appendix:

Proofs of results in the main text and additional related results

A Section 3 Portfolio choice

Lemma A.1. Let agent n be more ambiguity averse than agent n’, i.e., n, > n,. Then, for

optimal portfolio choices it holds that

Q1n aln! qin qin’

a2.n ag n! q2n q2,n’

if and only if

SAmb 2 SAmb 2
(( gl ) _< ?5'2 ) )Sf}mb SAmb( M)3 (05\4)3 T (Sl 52) 012 ot o3

= (880" = (557)) oz (1) (031 < 0. (26)

Proof of Lemma It follows from that

o(ir) c on
= 5,
O [(n2 = Ryp) (07 + 1(01")?) = (11 = Ry) (012 + 1013 )]
where
C = [(m — Rp)(03")? = (2 — Ry)ois] [(2 = Ry)(01)? = (1 — Ry)onz]
— [(u2 = Ry)(01")? = (m1 — Ry)ois] [(ma — Ry)(02)® — (u2 — Ry)ona] -
As S; = BBy and SAME = Lﬁ 1= 1,2, we can re-write C as follows after some tedious

o 2 o; ’

but straightforward calculations: '

Siime SETONZN b b (a3 (a3 2 2\ M, 2 2
Cc = << S ) ( )SlmSm( ) (02) +(Sl—52)0'120'10'2
2 2
_ ((s{‘m") ~ (sgm) )012 (M) (o). (28)
9 Zl n)
Therefore, following from (27]) and ([28]), i < 0 if and only if

Amb \ 2 Amb\ 2
((Sg ) - (% )Sf‘mbsAmb( 1Y (o) 4 (83— 53) oldoto?
1

= ((stm)” = (s )012 (o112 (03")® < 0. (29)

Hence al—” < - 2w’ - for 0y, > ny iff holds. Since Z;—Z = z ;Z;" for all n, it also holds that

7 ag
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W Bl for g, > 1 iff (29) holds. O

q2,n qs

Proof of Proposition

(a) Let S1 = Sa. Then the left-hand side of reduces to
2 2
((Sflmb> - (i) ) (o) (03) 7102 (1 = p),

which is strictly less than 0 if p # 1 and S{™* < S3'™ Hence, the desired result follows
from Lemma[AJ]l O

(b) After somewhat tedious but routine calculations the left-hand side of can be re-written
as

(n1 = Ry) (p2 = Ry) %

[(o7 (o21)? — 03 (o2)7) + L2220 (o30td — (o) oi2) + 222 (1) 02— 2ol ) |- (30)

po — Ry 1 — Ry

M M

Assume that p <%g—f <pM<p (%%) Then the expression in 1} and therefore
2 1

the left-hand side of (126}

6f), is less than or equal to
2 2
(11 = Ry) (2 = By) (03 (03") = o} (o1)°)
o anz (P (o
= (u1— Ry) (p2 — Ry) o3 (‘72 ) (@) - <0é\/1> .

The above expression is strictly less than 0 if S{™/S; < S5 /S, (which is equivalent to
oM /o) > g1 /a3). Therefore, the desired result follows from Lemma O

Proof of Corollary [1} This is a direct corollary of Proposition [I] O

Proof of Corollary |2l Observe from that

i O _ (= Bp)(@3") — (2 — Ry)ots
11m == M\2 M
NMn—00 A2 n (p2 — Rf)((71 )2 — (1 — Rf)Uu

If S{mb < 844mb and oM > )| then

m— Ry ol <0{”> <GiM+pMaé”> _ (o) + o]

po — Ry o = \ oM oM 4 pMaM (oM)2 + oM~

This further implies that lim,,, . Z;—" <1.0
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B Section (4} Static equilibrium asset pricing

Lemma B.1. For any givenn =1,..., N, let a, be agent n’s optimal portfolio so that a, solves

the maximization problem (@) Then the following holds:

cov(R(ay), R;) + nncov™ (R(ay), R;)
var(R(ay)) + npvarM (R(ay))

B[R]~ Ry = (E[R(an)] - Ry), i=12  (31)

Proof of Lemma Recall that the optimal portfolio is given by @:

v i = Rp)Ajn = (1 — Ry)Buag
i,n A1 nAzp + B%Q,n )

i =1,2i# ]

where A; , =0, [03 + nn(aZM)Q] and Bis =0, [012 + nna%]. Hence, we have the following:

A1nAzp + Bly,,

i — Ry = (a; n,A; inB 32

122 f (az,n in T Qjn 12,n) Al,nAQ,n _ B%Zn ( )

This further implies
—Rf)+ —R
E[R(an)] B Rf = al,n(#l f) CL27n(/.L2 f)
A1n + G20
_ (al,n)QAl,n + 2a1,n02:,B12.n + (a2,n)2A2,n « ArnAon + B%Q,n
a1+ 2p ArpAsy — By,
Together with , this implies that:
ainAin+ ajnBion " (a1,n)?A1 n+2a1,ma2 nBian+(a2,n)? 420
’ ’ ’ ’ al,ntazn

Next, observe the following:

GinAin + ajpAjn = Op(arn + azn) (cov(R(an), Ri) + nucov™ (R(an), Ri))
(a1.0)* A1 + 201 na2 nBion + (a2.0)*Asn = On(arn +azn)? (var(R(an)) + nnvarM(R(an))) .

Therefore, can be re-written as

cov(R(an), Ri) + nucov™ (R(ayn), R;)
var(R(ay)) + npvarM(R(ay,))

E[Ri] — Ry = (E[R(an)] - Ry),

which is the desired result. [J

Proof of Proposition Proving there exists narket € M, 17] such that an agent with am-
biguity aversion parameter 7,4,k Would optimally hold the market portfolio is sufficient to
establish existence of My arket € b, ﬁ] such that — hold. This is so because the antece-
dent implies via Lemma that holds, which can then be re-written as —. From
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Ki(nn)
o where

, we know that agent n’s optimal monetary holding of asset i is a; ,, =

(wi — Rp)(0F +nma(0))?) — (nj — Ry)(012 + 10073)
(0F + nu(01")2) (03 + 1 (037)?) + (012 + Npoiy)?

Ki(mn) xS

Therefore agent n’s optimal portfolio return is given by

a1n + az2n B Kl(nn) + KQ(”“)

ainRi +aspnRy  Ki(nn)Ri + Ka(nn)Ra

Following the equation above and @, the optimal portfolio return of an agent with ambiguity

aversion parameter Np,qrket 1S equal to the market portfolio return if and only if

Kl (nmarket)Rl + KQ (nmarket)RQ _ pTelRl + p§€2R2
Kl (nmarkzet) + KQ (nmarket) pTel + p§€2

(34)

Moreover, if the above equality holds for all realizations of exogenous asset returns R; and Ra,
then the agent with ambiguity aversion 7,,q,ker Optimally holds the market portfolio. Now note

that market clearing implies

9 =pje; i=1,2. (35)
Hence, following —, an agent with ambiguity aversion parameter 7,,q,ker Optimally holds
the market portfolio if and only iﬂ

Ki(nn
K (nmarket) o Zn 19(: :

Kl (nmarket) + KQ(nmarket) B Zn % -+ Zn % .

(36)

Re-writing the above equation, we obtain

(1 — Ry)o3 — (p2 — Ry)o12 + Nmarket (01 — Rf)(ffz )? — (u2 — Ry)oi3)
Zz 1,2, Héz[( Rf)a = (kj — Rf)012 + Mmarket (i — )(UjM) — (5 — Rf)a%)]
> 1 (p1—=Ry)o3—(p2—Rys)or2+nn((m1—Ry)(03")* —(u2—Ry)als)

— n On (‘7%+77n(‘7{v[) )(UQJan(‘TQ )2)+(‘712+77n‘712)
> > L(Nz‘_Rf)J —(uj—Rp)oratnn((ni—Ry)(0})2—(u;—Ry)oi3) |
i=1,2, j#i Ln O, (024nn (e}M)2) (02 +nn (0d1)2)+(o12+nnolE)2

This uniquely yields

N
Timarket = (Z Hk) Znnnna (37)
k=1 n=1

where, forn=1,--- | N,

1 1
Hn - - . 38
() ((a% o) (02 o) + (7t nna%f) %)

31Note that, if holds, then it necessarily holds that

K ( n)
KQ(nma'rket) Zn "

K, (nmarket) + KQ(nmarket) N Zn Kl(n") + Z Kz(n”)
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Since 1I,, > 0 for all n, it follows that min,{n,} = 7 < Mmarker < 7 = max,{n,} provided that
1 # 1. Hence, we have the desired result. [

Proof of Proposition |3 This follows from — in the proof of Proposition |2, [

Proof of Corollary |3| It follows from Proposition [3| that 89%HTZ% is strictly negative if and

2,2 2
only if n, > (U%;’ (1:21\24;2220%)2. Therefore, 6,11,7n, is an increasing function of n, if n, <
o‘%a%—l—a%z ol s . . . . . .
(T2 (oAN2 4 (T2 and it is a decreasing function of 7, otherwise. This gives us the desired
1 2 12
result. OJ

C Section [5 Dynamic equilibrium analysis with public signals

Lemma C.1. Optimal interim monetary holdings of agent n are given by

1
a;s; = 07 (An + an) ) (39)
where
Ay = (4 +1)Eg) " [(2;} + ) S - Rl
B, = (S+(m+DZs)H(Z+2) el

Furthermore, By, is a symmetric matriz.

Proof of Lemma Recall from , the interim maximization problem of agent n reduces

to

e { (568, ) = (@5)1) Ry + (@) s = :

S
an

0 -0
BT+ Do - S ) el ).
First order condition for this problem yields

—Rsl1 4 g — 0, (X 4+ Xg) ag — (= Qn)zsag = 0.

Since 71, = 77“(;9”’

n

—Rs1 4 ps — 0, (X + Xg) afy — OnnpXsas =0

and thus

1 _
afy = (B4 Bg +mBs) " (us — Ryl) =

"6

1 _
g (E+ O +1)Xs) " (us — Ryl)
n
or, recalling that Xp = X + Xg,
s_ 1 -1
ap = 5= (Br+10.8s) " (ps — Ryl).
n

35



Note that pg is a function of S, whereas ¥g and ¥ (and thus X p/) are not. Plugging the
expression for pg = (X3 + Zfl)fl (23 1+ 271S), we obtain:

a

1
ﬁ:e—(AnJanS),

where

_ _ 1y —1 =
Ay = (C+(m+ DT (S5 +37) 7 S5t - R

(S4 (n+1)8s) L (St +57 ) T n L

3
I

Also, observe that

B, = (S+ (e ) T e
= S+ m+ DS (S (S +57)
(2 + s+
(5553 + 1) (B + (1 + D)Zs)]
= [SSS 4+ S+ (e + IS + (0 + 1)Ss]

—

-1

= S/ +E2+ e+ DS (S5 -2 Zg+ (e +1)Ss
follm

= [EEUS A4S (1) (S —58) + (g + 1)s]

— [ESUE 44 (DR

which is symmetric since EEX/}E and X are both symmetric. [J

Lemma C.2. At interim equilibrium, for any S € R, i € {1,2} andn € {1,--- ,N}, agent n’s
holding of asset i is given by:

1
In__ xe S =m VYke{l,--- N}
S k 0y
Qin = Gie(qun_Fan)i _ (40)
n X e : otherwise,

2k i(Ak‘f‘BkS)i
where A, and By, are as defined in Lemma[C'1], and
p° =A+ BS (41)

where A =1 niAn and B=1 néBnﬁ

€ €

Proof of Lemma|C.2] This lemma follows directly from Lemmal[C.I|above and market clearing.
(]

32For a vector V, we to denote the i** component of the vector by (V)s.
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Remark 3. As noted earlier, ex ante preferences defined in do not take the basic robust
mean-variance form. Rather, we apply the recursive smooth model framework of |Klibanoff et al.
(2009) to embed the robust mean-variance form in the dynamic setting, which complicates the ex

ante equilibrium analysis compared to the static analysis.

Lemma C.3. At ex ante equilibrium, for any i € {1,2} and k,n € {1,--- N}, the ratio of
agents k and n’s asset © holdings is given by:
@), g Lo =1

' 0, (@ nk,p ), . .
%in 9 Q). otherwise,

where Q(nn,p°) is a vector whose expression is as given by in the proof below.

n

Proof of Lemma First note that, for given monetary holdings (a%n, ad):
Epimr [un (Wz(afs,ag))] =
= By [un (@) TR+ (W = @)79°) B3+ ((a)T9° — (a)T1) Ry)]
— —cap (=0 | (W) - (q?,n)Tpo) B3+ ((a) 0" = (a5) 1) By )
exp (—Qn(ag)TERqM, [R] + 92( )TvarR/M,(R)a7§>

— —cap (=00 | (W2~ @T5°) R+ ()75 - @) 71) By (@) = (a5t ).

Hence,

Ee [6n (Erare [un (W (afsv ay)])] =
= Bar [ e~ (W0 — @) 78°) B + (16 ° — (@)71) Ry + ()T — 2 (05) a3 )]
= —eap( = | (W = (@)75°) B3 + ((a0)Tp® — (a)T1) By - @(aﬁ)TEGED x

2
72 T S
ewp( yulap) s s+ (a )Esan>-

Since ¢,,1(z) = —(—z)%, we have

Up(afan) = &5 (En [on (Brpe [un (W3 (aF, a0)])])
= —eap(— 0| (W2 = (@) 75°) B} + ((aD)T9° — (@)T1) By + (@) s
0.

(@) Tz = 2 (af) Esas] ).

Plugging in a and p* from and , and using the fact that ug = (EX/[I + 2*1)_1 (E;/[l,u + E*IS),

we obtain:
US(ays o) = —ean( = 0u] (W2 = (aD)5) B3 + (@) <A+Bs>Rf+9 (An+ BaS) " (s — 1Ry)

37



1
20,

= T, exp <STC’nS +d, S+ €n> 5

i
202

where T',, > 0 does not depend on ¢2, S or M, and

1 1 _ T _ _
Co = 5BuSBn+ 5 (I +1)B, SsBy - ((z;; +xhH™ 2—1) (Z+ (mm + D) (S +571)
dy = —0,(¢2)"BRy — A} SsS ™ — (Se23 0 — 1Rf)T B, +A!SB, + (n, + 1)A} sB,,
en = —0n(q))T ARy + 0,(q)) P RS

Note, we rely on the fact that B,, is symmetric and on its expression given in Lemma[C.1]in the
derivation of C),. Next, letting Y = .5 — M yields

fs2n

US(a%5,a2%) = —T, exp (YTCnY (AT +2MTC)Y +en+ M CoM + dnTM> .

We now introduce a well-known result about multivariate normal distributions (e.g., see Ander-
son| (1984), Ch. 2 or Brunnermeier| (2001), p. 64):

Mathematical Preliminary. Let w ~ N (0, i). Then,
_ _ _ 1_ .
B [exp (v Aw+bTw+ )| = [T - 284] 2 exp <2bT (1—254) "' Sh+ 5)
where A is a symmetric matriz, b a vector and ¢ a scalar.

Note that Y|M ~ N (0,3). Also, observe that C), is a symmetric matrix. Therefore, using the

Mathematical Preliminary, we get the following:

S o
Esm [Uqf(aﬁs,ans)} _
= T, By [exp (YnTC’nY +(dnT +2MTC)Y + e+ MTCuM + dnTM)]
= T, |[I —25C,|71/% x
1
2
=T, |[I —2%C,|~'/? exp(MTDnM + fIM + gn),

e:L‘p( (dnT +2MTCy) (I - 25C,)7t s (dnT n 2MTCn) T 4 en+ MTCLM + dnTM)

where

D, = 2(C;'s'cyt =20 4 G,
T = 2l (1-22c,)t2C, +4d],

n

1 _
gn = 5dnT (I —2%2C,) ' 2d, + ep.

Note, D,, is symmetric.
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Making use of the Mathematical Preliminary once again, we get:
9n (Un (4, an)) =
= Eum {‘bn (ES|M [US( fs7a;kLS):|>:|
—Tn/On |T — 250, | /% By [exp (g” [MTDnM + fo M+ gnm
= —T)/% |T — 280, |77/ x
Eas [exp (; (M = 1) DA = ) + (1] + 207 D) = ) + g + £+ uTDnum

— /0 T — 250,/ | — 22MZJDH|—1/2 X
n

-7 np Y- Tn
ea:p<202 (f +2u' D, )(I—QEMe—Dn) 12M(f7‘T+2MTD")T+H(gn+f7ju+uTDnu)).

n

Since agent n maximizes over ¢¥ (which is equivalent to maximizing over a given prices), we

can focus only on elements containing ¢0 in the objective function. Therefore,

argmazgy En [% (Es [Us(afs7a*7s)})} =
1~
argmazgo {_QH(f +2u' D n) n(fr:r +2u"Dy)" - gy — fnTM}
where E, = (I — ZEMg—:Dn>_ Su = (S ' —2(n, +1)Dy )_1, which depends only on 7, and
not on #,,. Next, let

F, = (I-22C,)'%
Gy = —AISeN ™' = (863 u—1Rs) | By + AISB, + (i + 1) Al S4B,

Note, both F;, and G,, depend only on 7, and not on 6,. Observe that
argmazrg Ey {gbnEg [US( ;f,a;S)H =
argmazo { - %wnﬁn(Rf)Q(qg)TB@FnCn + E,(2F,C, +1)"B"¢2
+ 2y, Ry (¢) " B(2F,,Cp, + I)Eppi,y Dy + 0, R4 (%) T BE, G,
- %HZR?(qS)TBFnBqu +0,(an) " (0’ R} — ARy) + 0, Ry () ' B(2F,Cr + I)u}-
The first order condition for the above maximization problem yields:

0 = —VbnR;B(2F,C,, + I)E,(2F,C,, + I)" BT¢8 + 2v,,B(2F,C,, + I)E,ui" Dy, + 0,,BF,G,,
~02R;BF,B ¢ + 0,(p°R; — A) + 0,B(2F,Cp, + I ).

This implies that
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where

—1
QUint’) = ((m+1)BEF.Cy+ DELQF.C, + 1) BT + BEBT)
(2(nn +1)B(2F,Cp + D Epp" Dy + BF, Gy — A+ B(2F,Cy + I+ pORf). (43)

Observe that the vector Q(n,,p") depends neither on @, nor on S. Taking the ratio of ex ante
equilibrium asset ¢ holdings of agents k& and n given by , we get the desired result. [

Lemma C.4. At ex ante equilibrium, for any i € {1,2} andn € {1,--- , N}, agent n’s holding

of asset i is
1

o : = 1.... N
o=l ST m=ne he (L N)
ﬁ X (Q*(nn)); : otherwise,

where Q*(n,) is a vector whose expression is as given by in the proof below.

Proof of Lemma Re-write the vector Q(n,,p") given by as
Qs 0°) = (Yo) "' (Zn + 0" Ry), (44)
where

Y,
Zn

(n + 1)B(2F,,C,, + ) E,(2F,,C,, + I)'B" + BF,B",
2(np + 1)B(2F,Cp + I)Eqp” Dy + BE,Gy — A+ B(2F,Cy, + .

The market clearing condition implies that ), é(Yk)_l(Zk +p°Rf) = Ry e. Hence, at an ex
ante equilibrium, it holds that

1
po Rf = (Z;k(yk)1> (Rf e — Z alk(Yk)lzk> .

k k

Plugging this back into yields

-1
Q*(?%J - (Yn)_l Zn + (Z ;(Yk)_1> <Rf € — Z elk(Yk)_IZk> . (45)

Hence, it follows from that

0
Under homogeneity of ambiguity aversion, we know from Lemma that q? = qgl % for
all k € {1,---,N}. Therefore, for any ¢ = 1,2, it follows from the market clearing condition
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that qgl 61> % é = e. This implies that qgl = % , which in turn implies

1
1
Sk

1

_ 0
ko

under homogeneous ambiguity aversion. and together yield the desired result. [J

on,n X e (47)

Proof of Proposition Under homogeneity of ambiguity aversion, Lemmas [C.2] and [C4]
establish that agents’ asset holdings are the same ex ante and interim regardless of the signal
realization. Therefore, the equilibrium entails no trade for any signal realization under homoge-
neous ambiguity aversion.

Under heterogeneous amblgmty aversion, observe from Lemmas [C.2] and [C.4] that the ratio

of interim asset holdlngs & ~_ depends on the realization of S, whereas the ratio of ex ante asset
2,n
0
holdings, q(l)—, does not. Therefore, for almost all signal realizations, the equilibrium entails
2

non-trivial trading with heterogeneous ambiguity aversion. [

Proof of Proposition We know that, upon observing signal S, the interim period equi-
X, g (An+BnS)
=Sn T =

matrix, is generically invertible, there generically exists a signal realization, call it S, such that

librium asset price vector is given by p° = A+ BS. Since B, a symmetric

the interim period equilibrium asset price vector, p°, is equal to the initial period equilibrium
asset price vector, p%: § = B~! (pO — A).
It follows from Lemma that

0 g (At BB (0 - 4)),
" p%g B Zné(An"‘Banl (p" — A));

and therefore

Q

s (A + BB~ (p° — A))1 S (An+ BB~ (p° — 4)),

T A BT A, Yo d (s BB T A,

(48)

)
V)

Also, from , we know that

N
= == (49)
where Q(n,,p°) is as defined in (43)).

Let

(An+ BuB7 (1 = 4));  Yug, (Ant BB~ (0° — 4)),
(Ao +BuB™ (0" = A))y X, (An+ BaB~ (0~ A)),
@
@

£ ({06301 7ns 2°)

(17, P")1

0 =
g(mm,p”) = o)
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Following and , the equilibrium does not entail non-trivial trading at S if and only if

F ({031, 0°) = g, p°)  for all n. (50)

Note that f generically depends on {Hk}szl while g does not, therefore

F(({0: iy, 0 7)) = f ({O}ness s ) — ()

is a non-degenerate function of ({Ok})szl and 7,. Let p ({6 }h_1,mn) solve
F ({ek}ﬁ:bnn’ ) = 0.

Then p(({Hk}{cvzl, nn) generically depends on 7, implying that p ({Gk}{c\le, nn) #0p ({Gk}fc\;l, 77n’)
if gy # 1. This, in turn, implies that if £ ({0x 321, 70, P°) = 9(0n, p°) then f ({0x 302, 0, %) #
g(nyr, p°) for n # n’. This violates the condition given in and therefore we have the desired
result. [J

Lemma C.5. At ex ante equilibrium, for any i € {1,2} and n € {1,2}, agent n’s holding of
asset i 18

1
0 6
4Gn = = 1

Proof of Lemma Given monetary holdings (a? s a?), we have

B [un(WE(05,,5))] =
0, W2 (0, 05))]
WE — (@) )RS + ((60) 0" = (@) TR |) Eroar [ean (~0u(af)TR)]

W2 — (@) TP RS + (@) T5° — @) TRy ) <

= ER"M’ [—GSUp
= —exp (—Gn

[
— —exp (—en [
(

1
ETP <—9n GE)TER/‘M/ [R] + 50%(&5)TUCLTR/‘M/ (R)a;j)

—_~ o~ =~~~

= —exp (*Gn [(Wﬁ —(a)"P") R} + ((an) p° — (ag)Tl)RfD exp <9n(a§)Tu + 92(@3)T2a5> :
Then,

Enp (¢n [ER’|M’ [un(Wﬁ(ain’ag))] ) =

]
= —eop(—{ (W9~ @)TP) B + (@) 9" — (@)71) Ry f Jeap (—wi)m - @(aSFZai) ,
which in turn yields

Up(afnsan) = n" (Bar (0 [Erpner [un (Wi (afn, a)]])) =
= —cap(— 0. (W2~ @) TP") B3+ () Tp° — @) 7T1) Ry + (@) T~ sn(af) TS0 })
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= K¥ exp (—9n {(qg)TPSRf - (qg)TpoRfe}) , (51)

where

KS:—e:Up< 0 {(WORf—( T1) Ry + @) T gn(af) TS0 })

Note, K does not depend on ¢°. Following , agent n’s maximization problem reduces to:

max  »  w(S) K% exp (—9n {(qg)Tpst - (qg)TpoRfc}) :

an Se{H,I,L}
The first order condition of this problem is:
0 = n(H) K" (o — 0 Ry) Ry eap (~6, { (a0) TRy — (a0) 'R} })
w(1) KT (o] = 0Rp) Ry eap (00 {(a2) 0" Ry — (a)) 0" R} })
+ (L) K" (p} — pRy)Ry exp( On {(qg)TpLRf — (qg)TpORfc}) , i=1,2.

Let
A5 = cap (~0n{(a)) PRy — (@)W R}}), S =H,IL (52)

Then, the first order condition above can be re-written as
0 = n(H)K"(p! — p)Rp)RyAY + n(D)K (p! — p?R;)Ry AT + m(L)K X (pF — p)Ry)Rp AL, i =1,2,

which implies

A K'a(I) (Rppy(pt — pi) +pEpi — pivs + Ry} (ph — %)) (53)
Al KH7(H) (Rp(pf — pb) + pipt — pip§ + Rypt (p§ — pi'))’
AL K'n(I) (Byp3(pi — pi') + pi'ph — péqpl + Ry} (p3' — 1)) (54)
Al KL7(L) (Ryp3(pi! — pt) + plpt — plipk + Ryp? (pF — p¥l))

Also, it follows from that

AH

T = eap (=0n[d (el = p1) + @2 (P — p2) Ry])
AL
T = eap (=00 [d) (o1 = p1) + a3 (p5 — P2)Ry]) -

We have two equations with two unknowns, namely q?}n and qgm, above. Solving for the unkno-

wns, we derive:

) log (AII{) — pb) +log (%) (py — p5')
e = 4R oG 1L_p1)+p2 (v] —pi") + 05 (pf" —p1)]’ o
) log(A ) +log<‘4,)(p{{—pf)
Lo = G IL_pl)er2 (pf —pi") + 5o —p1)]’ i

H L . . .. . .
where ’:—I and % are as given in 1’ and li i.e., in terms of prices (not quantities).
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Note, 1} and 1) give us ex ante equilibrium quantities q?’n and qg,n in terms of ex ante
equilibrium prices p{ and pJ and interim equilibrium prices pf and pg . Next, we solve for ex

ante equilibrium prices p(l) and pg using the market clearing condition
0 0 .
qi,l + q’i,2 = e, 1 = 17 2

This yields:

o _ DE"x(H)p! + EE x(L)pr + K'a(Dpi . _ (57)
pi Ry (D KH n(H) + E KL n(L) + KL n(I)) a

where

D - e erf (pf + pl — pff — pi’) 616,
P 01 + 02 ’

f I I _ L_Lee
E = emp(er (p1+p2 £ p2) 1z .

01 + 0

In the above equations, erf(z) is the error function encountered in integrating the normal distri-

bution, defined by
2 z
erf(z) = ﬁ/o et dt.

Next, plugging into — and then using the derived expressions for i—? and i—? in
—, we get the desired resultﬂ
0 7

0 +0, © I L

0 _
qi,n -

Proof of Proposition [6] If there is homogeneous ambiguity aversion so that 7; = 72, then the

interim equilibrium asset holdings given by reduce to

1

02 [
X e =

01 + 0 rta

S .
QGn = xe, 1=1,2,

for S = H, I, L, which are equal to the ex ante equilibrium asset holdings as derived in Lemma
Hence, the equilibrium entails no trade for any signal realization under homogeneous
ambiguity aversion.

Under heterogersleous ambiguity aversion, it follows from that the ratio of interim asset

S
holdings, qls’" = “1;@, depends on the signal realization S and is thus generically different from

q2”’7« 2,n

0
the ratio of ex ante asset holdings, Z})—’” (which does not depend on S as can be seen from Lemma
2

C3). O "

33We used Mathematica to carry out the algebraic simplifications and derive the result.
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Proof of Proposition [7] To prove the result, it suffices to show that

*,5 *S
a aln_ 1,n’
*,S *S
a2n Qn

o(o7)?

since 619 is the only model parameter that varies with S. Let 0 = 01 = 03. Under the assumption

of the proposition,

*,S
a1 pn

)

_ (0®+ (1 +m)53) — (012 + (1 4 a)T12)
a;;j (02 + (14 1a)(57)%) = (012 + (1 + 10)T12)

)

Thus,
S S _
ary A (M — ) (0® — 012)((37)* — 73)

asn oy (02— 012) (24 e+ nw) (02 — 012) ((65)2 — 12) + (1 + 51a)(1 +90r) ((55)2 — 12)

R

Note that
CL* S CL*’S
1In 1,n’
xS %8 >0
CL2 n (12 n'
*,8 *,S
for all S, because 7,/ > 1, 02 > 012 and 01 > g9 for all S. Taking the derivative of *g — 1—’;'
a2 1 a2,n’

with respect to (a7)? yields:

(= np)(0® — 012) !
(02 = 712)" 4+ (24 1 4+ 1) (02 = 012) () = 512) + (1 + 1) (1 + 1) (52 = 512)°

{(02—012) + (24 M + 1) (07 — 012)((5 2)2—512)+(1+77n)(1+77n')((5f)2—512)(2(52)2—512—(519)2)}~

X

Given that 7,y > 1, and 02 > 019, the derivative is positive if the term in the curly brackets is
positive. The latter is satisfied if (51)% < A where

(a2 vy, (02— 012)% + (24 M+ ) (0% — 012)((62)2 — F12) + (1 4 1) (1 + 1) F12(012 — 2(52)?)
A = (52) +2\/(a2) + (1 +70) (1 + 1) |
(58)

Hence, we have the desired result. [
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