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Jean-Marc Bonnisseau∗and Mat́ıas Fuentes†
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Abstract

In this paper, we consider an economy with infinitely many commodi-
ties and market failures such as increasing returns to scale and external
effects or other regarding preferences. The commodity space is a Ba-
nach lattice possibly without interior points in the positive cone in order
to include most of the relevant spaces in economics. We propose a new
definition of the marginal pricing rule through a new tangent cone to
the production set at a point of its (non-smooth)-boundary. The major
contribution is the unification of many previous works with convex or
non-convex production sets, smooth or non-smooth, for the competitive
equilibria or for the marginal pricing equilibria, with or without exter-
nal effects, in finite dimensional spaces as well as in infinite dimensional
spaces. In order to prove the existence of a marginal pricing equilibria,
we also provide a new properness condition on technologies.
Keywords: Marginal pricing rule, Banach lattices, Market failures, Pro-
perness, General equilibrium.
J.E.L. codes: C62, D21, D51, D62

1 Introduction

General equilibrium theory in infinite dimensional spaces has been a growing
topic during the eighties and nineties and still is a very specialized field which
allows to incorporate some non-competitive behavior such as asymmetric infor-
mation. Since [2] there has been a growing literature whose goal consisted in
using very general vector spaces in order to encompass several economic fea-
tures such as commodity differentiation, uncertainty and infinite time horizon
among others. Nevertheless, the above extensions are not straightforward. In-
deed, closed and order bounded sets are not compact, equilibrium prices are not
necessarily continuous and joint continuity does not hold among others. The
first part of that literature was about topological vector spaces mainly Banach

∗Paris School of Economics, Université Paris 1 Panthéon-Sorbonne
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lattices ([23], [24], [31] and [32] among others). These frameworks cover various
economic models: the ones with uncertainty, option pricing and infinite hori-
zon. There are, however, economic questions leading to spaces which are not
topological vector lattices. Examples include the models of commodity differ-
entiation ([22] and [20]) and of intertemporal consumption in [19]. Nevertheless
their price spaces are lattices. Then, [25], [28] and [27] inaugurated and deep-
ened the use of topological spaces by using vector lattices instead of topological
ones. It was shown that it is enough to require that the commodity space is
vector lattice endowed with a locally convex topology so that the topological
dual space is a lattice too. More recently, [3] and [21] showed that the lattice
structure can be left out.

The above literature only deals with convex production sets and the com-
petitive case. The marginal pricing rule behavior comes from [18] in order to
treat the case when profit-maximization is no longer suitable. For instance, it
happens when there are increasing returns to scale or more general types of
non-convexities in production. A proper mathematical treatment in a finite di-
mensional setting was first provided in [17] and then generalized in [13]1 through
the Clarke’s tangent cone2. Then [9] proved a marginal pricing equilibrium when
several firms do not have convex technologies. This paper, in turn, has been gen-
eralized in two ways: by considering externalities and by considering infinitely
many commodities. In the first case, the motivation came from the fact that
external factors are, very often, source of non-convexities in both production
and consumer preferences. [11] have shown by means of an example that the
Clarke’s normal cone to the production set for a fixed environment is not longer
the right concept since discontinuities take place. Consequently, the marginal
pricing rule given an external factor must consider not only the close produc-
tions for the same level of external effect but also those which are associated to
different but close levels of external effect. This means that the producer takes
into account that around a given production, the shape of the production set
changes when the external effects vary. The new cone they obtain is larger than
the Clarke’s one which is actually the cost to be paid for extending the model
to this situation. Some papers, [30], [6] and [10], have studied the marginal
pricing equilibria with infinitely many commodities but only in the space L∞.
When externalities are added the same space was used by [15] and [16]. So
far, no additional results has been established with non-convexities and/or with
externalities in an infinite dimensional setting.

The aim of this paper is first to provide a new definition of the marginal
pricing rule based on a new tangent cone in Banach lattices for non-convex
production sets with external effects. This definition is extending the previous
ones in the literature in the sense that if the production sets are convex, the
marginal pricing rule coincides with the competitive behavior, if the production
sets are smooth like in [8, 15, 16], we recover the standard unique normal price,

1The original working paper was from 1982 and became well known among theorists
2Prices are located into the polar of the Clarke’s tangent cone, namely, the Clarke’s normal

cone
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in a finite dimensional space without external effects, we recover the Clarke’s
tangent cone, with external effects, the marginal pricing rule introduced in [11],
and if the commodity space is L∞, the concept coincides with the one of [6].

Second, we prove that the marginal pricing rule is compatible with the exis-
tence of an equilibrium under assumptions at the same level of generality than
the ones used for the competitive equilibrium.

The introduction of L∞ (or `∞), although important from an economic point
of view, does not allow to consider other situations than those involving infinite
horizon analysis. That is why we extend the equilibrium problem to Banach
lattices as a way of encompassing many interesting economic models as those
cited previously. In order to obtain a marginal pricing equilibrium we have to
reformulate both the tangent and the normal cone to a production set Y (z) at
a production y belonging to it given the external factor z. It is so not only
because the externalities introduces a technical difficulty for getting a suitable
set for marginal prices but also because, unlike in L∞, closed and bounded balls
are not order bounded.

From a mathematical point of view, the definition of the new tangent cone
combines the tools of the Clarke’s tangent cone extending by the one in [11] to
encompass the externalities and the one of [6] for the infinite dimensional. But
to overcome the fact that the open ball may not be order bounded, we have to
combine weak* open neighborhoods and order intervals to get the desired con-
tinuity properties. Another contribution of the paper is to provide a so-called
local star-shaped assumption on the production sets to avoid an abstract condi-
tion (Assumption TC) borrowed from [6]. This assumption is satisfied in finite
dimensional spaces thanks to the free disposal assumption or when production
sets are convex. It translates the idea that the shape of the production set is
not too chaotic like a fractal. It has the advantage of being directly set on the
production sets and not as a property of the tangent cone.

As for the existence proof, we adopt the method of [4] by considering the
limit of a sequence of equilibria in suitable truncated economies with finite
dimensional commodity spaces as in [6]. But we actually introduce a new step
to overcome the emptiness of the interior of the positive cone, like in some proofs
for competitive equilibrium. Indeed, it consists in restricting the commodity
space to the principal ideal generated by a reference vector e, which could be
the total endowments. Then a new topology is generated in the restricted space
which is stronger than the relative (norm) topology, so that the interior of the
positive cone is non-empty and we can get the existence of an equilibrium in
the same way it is done in L∞.

At this stage, a key properness assumption is required to prove that equi-
librium in the restricted space is actually an equilibrium in the original econ-
omy. More precisely, the question at stake is to extend the price functional
from the principal ideal to the whole space. The difficulty in our setting comes
from the fact that not all assumptions hold true in the restricted commodity
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space. Furthermore, unlike in Walrasian economies, uniform properness is not
sufficient to get an common non-null equilibrium price functional satisfying the
marginal pricing rule for each producer. Consequently, we have to introduce a
new properness condition, which is very close to the spirit of the existing ones
in the literature like, for example, [24] and [28], but at the same time, allows us
to solve the aforementioned difficulties.

The paper is organized as follows: Section 2 treats with the mathematical
structure adopted in the paper. Section 3 presents the model and the Assump-
tions together with the specification of the new marginal pricing rule. In Section
4 we state an existence result under the particular circumstance that the interior
of the positive cone has a non-empty interior. Then, in Section 5 we extend the
analysis to more general Banach lattices whose positive cones have an empty in-
terior. Thus, the result of Section 4 is a key-step in this Section. Besides, a new
properness condition is stated in order to get the main existence result. Several
technical proofs of propositions, lemmas and theorems are given in Appendix.

2 Terminology and notation

Let L be a Banach lattice, i.e., a Riesz space equipped with a complete lattice
norm denoted by ‖ · ‖. The space L is also endowed with a Hausdorff locally
convex-solid topology τ , which is weaker than the norm topology and such that
all order intervals are τ -compact3. L+ = {x ∈ L | x ≥ 0} is the positive cone of
L which is τ -closed.

Let L∗ be the topological dual of L. For x ∈ L and π ∈ L∗, π(x) is the
evaluation or the value of the commodity bundle x for the price π. We denote
by σ∗ the weak∗ topology on L∗ and by ‖ · ‖∗ the dual norm. Let LM be the
product space given by the cartesian product of M copies of the space L. If
each space L is endowed with the topology τ , we denote by

∏
LM τ the product

topology of LM . The product space LM is also a Banach lattice. For all x ∈ L,
Vτ (x) is the set of τ -neighborhood of x and for all z ∈ LM , V∏

LM τ (z) is the set
of
∏
LM τ -neighborhood of z.

Let A : LM 7→ L be a correspondence. We say that A has τ -closed values if
for every x ∈ A, A(x) is a τ -closed subset of L.

For further details on infinite dimensional spaces and Banach lattices, we
refer to [29] and to [1].

3For all (x, ξ) ∈ L2, |x| ≤ |ξ| implies ‖x‖ ≤ ‖ξ‖. B(0, 1) = {x ∈ L | ‖x‖ < 1}, B(0, ε) =
εB(0, 1), B(x, ε) = x+ εB(0, 1), B̄(0, 1) = {x ∈ L | ‖x‖ ≤ 1}. A subset E of L is called solid
if |y| ≤ |x| and x ∈ E imply y ∈ E. For x, y ∈ L with x ≤ y, [x, y] = {z ∈ L | x ≤ z ≤ y}.
The principal ideal generated by x ∈ L is L(x) =

⋃
n∈N n[−x, x] which is a vector sublattice

of L. An element x ∈ L+ is an order unit if L(x) = L. The ‖ · ‖-topology is locally solid with
a base of neighborhoods of zero which are radial and circled sets.
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3 The model

There are finite sets of consumers and producers I and J respectively. Each
element z = ((xi)i∈I , (yj)j∈J) belongs to LI+J , where LI+J is the product
space given by the Cartesian product of #I + #J copies of the space L. Each
consumer i has a consumption set and a other regarding preference relation,
which depends upon the actions of the other economic agents. Formally, for
each i ∈ I, Xi : LI+J � L+ is the consumption correspondence. For the
environment z ∈ LI+J , Xi(z) ⊂ L+ is the consumption set of the i-th consumer.
We denote by �i,z the binary preference relation of agent i on the set Xi(z).
This relation is assumed to be complete, reflexive and transitive. The relation
of strict preference x �i,z x′ is then defined by x �i,z x′ and not x′ �i,z x.
We do not assume that we can compare two commodity bundles if they do not
share the same environment. Let ωi ∈ L+ be the initial endowment of the i-th
agent such that ωi ∈ Xi(z) for all z ∈ LI+J . Let us denote the total initial
endowment of the economy by ω =

∑
i∈I ωi 6= 0.

Each producer j has a production set which also depends upon the actions
of the other agents. For each j ∈ J , Yj : LI+J � L is the production corre-
spondence. For the environment z ∈ LI+J , Yj(z) ⊂ L is the set of all feasible
production plans for the j-th producer. We denote the ‖ · ‖-boundary of Yj(z)
by ∂Yj(z)

4.

The price set is given by S = {π ∈ L∗+ | ‖π‖L∗ = 1}.
Let ri : R1+J → R be the wealth function of the i-th consumer. If π ∈ S and

(yj)j∈J ∈
∏
j∈J Yj(z), her/his wealth is ri(π(ωi), (π(yj))j∈J). This encompasses

the private ownership economy case, i.e., when ri(π(ωi), (π(yj))j∈J) = π(ωi) +∑
j∈J θijπ(yj) for θij ≥ 0 and

∑
i∈I θij = 1 for all j ∈ J .

For a given environment z ∈ LI+J and a given initial endowments ω′ ∈ L+,
we denote by A(ω′, z) the set of attainable productions, that is,

A(ω′, z) := {(y′j) ∈
∏
j∈J

∂Yj(z) |
∑
j∈J

y′j + ω′ ∈ L+}

In order to consider only consistent situations, we define the set

Z :=

{
z = ((xi)i∈I , (yj)j∈J) ∈ LI+J

∣∣∣∣ ∀i ∈ I, xi ∈ Xi(z)
∀j ∈ J, yj ∈ ∂Yj(z)

}
The set of weakly efficient attainable allocations corresponding to a given total
initial endowment ω′ ∈ L+ is given by

A(ω′) := {z = ((xi)i∈I , (yj)j∈J) ∈ Z |
∑
i∈I

xi =
∑
j∈J

yj + ω′}

4We are interested in the boundary of the production set due to the relationship it has
with efficiency. Indeed, when intL+ 6= ∅ free-disposal condition implies that the former equals
the set of weakly efficient production vectors given an environment z, that is, ∂Yj(z) = {y ∈
L | ({y}+ intL+) ∩ Yj(z) = ∅}
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Finally, we introduce e ∈ L+ as a reference commodity bundle satisfying
‖e‖ = 1. A natural candidate is e = ω/‖ω‖ but this is not always the right
choice. Indeed, when L is the space L∞ of essentially bounded measurable
functions, it is convenient to choose e = χ the constant function equal to 1.

In the following, we consider two cases namely when the interior of L+ is
nonempty or when it is empty. In the first case, we assume that e belongs to
the interior of L+. In that case, since 0 belongs to the interior of the order
interval [−e, e], then the norm ‖ · ‖ is equivalent to the lattice norm associated
to e defined by:

‖x‖e = inf{t ∈ R+ | |x| ≤ te}
So, we will then assume that the norm ‖ · ‖ is actually the norm ‖ · ‖e, which
implies that the closed balls are actually order intervals.

When the interior of L+ is empty, we assume that e is a quasi-interior point
of L+ (i.e. e is strictly positive), which means that the principal ideal L(e)
generated by e is norm-dense in L+.

3.1 Marginal pricing equilibrium

To define the marginal pricing rule in presence of externalities with an infinite
dimensional commodity space, we combine three ideas: the first one from [11]
to deal with the externalities, the second one from [6] to encompass infinite
dimensional spaces and, third, we also consider order intervals instead of balls
to overcome the possible emptiness of the interior of the positive cone of L,
which is an original contribution of this paper.

For every (ȳj , z) ∈ ∂Yj(z)× Z ⊂ L1+I+J and ρ > 0 we let:

T̂ ρYj(z)(ȳj) :=


ν ∈ L

∣∣∣∣∣∣∣∣∣∣∣∣

∃ η > 0 such that ∀ r > 0,
∃ V ∈ V∏

LI+J τ
(z), U ∈ Vτ (ȳj) and ε > 0 |

∀ z′ ∈ B(z, ρ) ∩ V,
∀ ȳ′j ∈ B(ȳj , ρ) ∩ U ∩ Yj(z′)

and ∀ t ∈ (0, ε), ∃ ξ ∈ r[−e, e] such that
ȳ′j + t(ν + η(ȳj − ȳ′j) + ξ) ∈ Yj(z′)


Then we define the set

T̂Yj(z)(ȳj) := ∩ρ>0T̂ ρYj(z)(ȳj).

By polarity, we define

N̂Yj(z)(ȳj) = [T̂Yj(z)(ȳj)]
o = {π ∈ L∗ | π(ν) ≤ 0 ∀ν ∈ T̂Yj(z)(ȳj)}.

To comment this definition, we remark that the introduction of the neigh-
borhood V for the parameter z is the way to take into account the external
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effects on production. Then, the intersection over the parameter ρ and the per-
turbation of ν by the additional term η(yj − y′j) is a way to get the conditional
closeness of the graph with respect to the topology τ . Finally, choosing ξ in the
order interval r[−e, e] is the way to narrow the range of ξ, or, in other words, to
say that the vector ȳ′j + t(ν + η(ȳj − ȳ′j)) is close to the set Yj(z

′) for the order
relation which is tighter than the norm. Actually, if e belongs to the interior
of L+, then we can replace the order interval by a ball, which is closer to the
standard definition of a tangent cone in the spirit of Clarke [12]. Finally, note
that the set T̂Yj(z)(ȳj) is not necessarily convex.

The marginal pricing rule is now formally defined: given (ȳj , z) ∈ ∂Yj(z)×Z,

the j-producer chooses the prices in N̂Yj(z)(ȳj) ∩ S. In words, to compute the
prices according to the marginal pricing rule, the producer takes into account
the fact that his production set depends on external effects. Finally, the set of
production equilibria is

PE := {(π, z) ∈ S × Z | π ∈ ∩j∈JN̂Yj(z)(yj)}

We provide below some properties of the marginal pricing rule. The most
important feature are the following: when the production sets Yj(z) are convex,
then the producers maximize their profit taken the price as given as well as the
environment z; when there is no externality and the interior of the positive cone
is nonempty, it coincides with the concept of [6]; if L is finite dimensional, then
we recover the concept of [11] and if, furthermore, we have no externality, we
are back to the definition of the marginal pricing rule based on the Clarke’s
normal cone as introduced by Cornet in [13].

We are now able to state the definition of a marginal pricing equilibrium.

Definition 1. A marginal pricing equilibrium of the economy E is an element
(z = (xi)i∈I , (yj)j∈J), π) in Z × S such that:

1. For all i ∈ I, π(xi) ≤ ri(π(ωi), (π(yj))j∈J) and if x′i �i,z xi then π(x′i) >
ri(π(ωi), (π(yj))j∈J)

2. For all j ∈ J , π ∈ N̂Yj(z)(yj) ∩ S

3.
∑
i∈I xi =

∑
j∈J yj + ω

3.2 Basic assumptions

We now posit the following assumptions. Some of them became standard in the
literature with increasing returns

Assumption (C)

For all i ∈ I
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1. Xi is a convex-valued correspondence with a (
∏
LI+J τ, τ) closed graph.

Furthermore, for all z ∈ LI+J , 0 ∈ Xi(z) and Xi(z) is a solid subset of
L+.

2. For all z ∈ LI+J , the half-line {δe | δ > 0} is included in Xi(z). For all
x′i ∈ Xi(z) and for all δ > 0 there exists a neighborhood V ∈ V∏

LM τ (z)
such that x′i + δe ∈ Xi(z

′) for all z′ ∈ V .

3. For every z ∈ LI+J , and all x̄i ∈ Xi(z) both sets {x′i ∈ Xi(z) | x′i �i,z x̄i}
and {x′i ∈ Xi(z) | x̄i �i,z x′i} are ‖ · ‖-closed. For all x′i ∈ Xi(z) such that
x′i �i,z xi, for all t ∈ (0, 1), tx′i + (1 − t)xi �i,z xi. For every z ∈ A(ω),
there exists (x′i)i∈I ∈

∏
i∈I(Xi(z)∩L(e)) such that x′i �i,z xi for all i ∈ I.

4. The set Gi = {(x′i, x̄i, z) ∈ L2 × LI+J | (x′i, x̄i) ∈ Xi(z)
2, x′i �i,z x̄i} is a

(‖ · ‖ × τ ×
∏
LI+J τ)-closed subset of L2 × LI+J .

5. The wealth function ri : R1+n → R is continuous and increasing. Further-
more, for all ((vi), (vj)) ∈ RI+J ,

∑
i∈I ri(vi, (vj)j∈J) =

∑
i∈I vi+

∑
j∈J vj

and if
∑
i∈I ri(vi, (vj)j∈J) > 0 then ri(vi, (vj)j∈J) > 0 for all i.

Assumption (P) For every j ∈ J

1. Yj : LI+J � L has a (
∏
LI+J τ, τ)-closed graph.

2. For every z ∈ LI+J , Yj(z) ∩ L+ = {0} and Yj satisfies the free-disposal
condition, that is, Yj(z)− L+ = Yj(z).

3. For all z ∈ LI+J , for all ȳj ∈ ∂Yj(z) and for all δ > 0, there exists
V ∈ V∏

LM τ (z), such that ȳj − δe ∈ Yj(z′) for all z′ ∈ V .

Assumption B (Boundedness) For all ω′ ≥ ω
there exists b ∈ R+ such that, for all z ∈ Z, A(ω′, z) ∩ L(e)J ⊂ [−be, be]J .

Assumption SA (Survival) For all z ∈ Z, t ∈ R+, for all (π, (ȳj)) ∈
S ×A(ω + te, z), if π ∈ ∩j∈JN̂Yj(z)(ȳj), then π(

∑
j∈J ȳj + ω + te) > 0

Assumption TC (Tangent cone) For all z ∈ Z, for all j, for all ȳj ∈
∂Yj(z), 0 ∈ T̂Yj(z)(ȳj).

Remark 1. Note that we assume non-satiation only on the attainable sets.
Together with the convexity of preferences, we have local non-satiation. We
assume continuity of preference relations with respect to the external factors
and to the consumption bundles.

Remark 2. Assumption C(1) states that Xi(z) is solid (i.e., it contains order-
intervals). We do so because we are considering consumption sets which are not
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equal to the positive cone L+ (See [31]). We make use of this property in Section
5.

Remark 3. By C(1), Xi(z) is a closed and convex subset of L+. Hence, by
C(2), one gets that for all x ∈ Xi(z), x+ δe ∈ Xi(z) for all δ ≥ 0. We note that
Assumption C(2) also implies that if a net (zγ)

∏
LI+J τ -converges to z, then

for every x′i ∈ Xi(z) there exists a sequence (tγ) ∈ [0,∞) which converges to 0
and such that x′i + tγe ∈ Xi(z

γ) for all γ. This is stronger than the standard
lower hemi-continuity condition on Xi, which will be exploited in Section 4.

From an economic point of view, since x′i + δe is a possible consumption,
Assumption C(2) means that a perturbation of the externalities in a well chosen
small neighborhood V will not produce a so large effect on the consumption
possibilities as to x′i + δe would be no longer possible. Thus a small change
in the externalities has a relatively small impact in consumption and can be
counterbalanced by a small move along the half-line generated by e.

Remark 4. Assumption C(3) says that feasible consumption vectors are non-
satiated in L(e) rather than in L. However, as we shall see later, L(e) includes
the relevant commodity bundles in the economy. We refer to [27] who states an
analogous assumption for a competitive economy.

Remark 5. With regard to the production sets, Assumption P(3) implies
that if a net (zγ)

∏
LI+J τ -converges to z, then for every y′j ∈ Yj(z) there

exists a sequence (tγ) ∈ [0,∞) which converges to 0 and such that y′j − tγe ∈
Yj(z

γ) for all γ. As in Remark 3, we point out that this is stronger than the
standard lower hemi-continuity condition. Nevertheless, in finite dimensional
spaces, P(3) is satisfied if z → Yj(z) id lower hemi-continuous under the free
disposal assumption.

This assumption is economically interpretable similarly to the one on the
consumption side. We point out that, in [15], there have been posited less
strong assumptions than C(3) and P(3) although they were less economically
meaningful. Besides the economic interpretation there is a technical reason for
Assumption P(3). We need it in order to prove that profit maximization is the
behavior followed by producers when production correspondences are convex-
valued (See Proof of Proposition 2 (6)).

Remark 6. Boundedness assumption says that feasible production vectors
belonging to a principal ideal are order bounded which, in turn, implies that
the attainable set in L(e)I+J is order bounded. In fact, it belongs to [−ω′ −
#Jbe, ω′ + #Jbe].

For spaces whose positive cone has a non-empty interior, Assumption B is
automatically satisfied if A(ω′) is norm-bounded.

Remark 7 As consequences of Assumption TC, we have −L+ ⊂ T̂Yj(z)(ȳj)
and N̂Yj(z)(ȳj) ⊂ L∗+. Later we will show that N̂Yj(z)(ȳj) is not reduced to the
null vector. This Assumption is also made in [6].

The following assumption is stronger than Assumption TC but it exhibits
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two advantages: first, it is stated directly on the production sets, not on the
tangent cone, and it has an easier economic interpretation as a reinforcement of
Assumption P(3).

Assumption SP(3) For all z ∈ LI+J , for all ȳj ∈ ∂Yj(z) and for all δ > 0
there exists V ∈ V∏

LI+J τ
(z), U ∈ Vτ (ȳj) such that for all z′ ∈ V , for all

ȳ′j ∈ Yj(z′) ∩ U , for all t ∈ (0, 1], t(ȳj − δe) + (1− t)ȳ′j ∈ Yj(z′).
If Yj(·) satisfies Assumption SP(3), we say that Yj is

∏
LI+J τ -locally star-

shaped with respect to ȳj − δe whenever ȳj ∈ Yj(z). We easily check that As-
sumption SP(3) is stronger than Assumption P(3). If Yj(z) is convex for all z,
Assumption SP(3) is clearly a consequence of Assumption P(3). Now we prove
that Assumption TC is satisfied if Yj satisfies Assumptions P and SP(3).

Let z ∈ Z and ȳj ∈ ∂Yj(z). Let ρ > 0 and take η = 1. Let r > 0 and choose
δ > 0 smaller than r. Let V and U be the weak-open sets as given by Assumption
SP(3) and ε = 1. Then, for all z′ ∈ B(z, ρ)∩V , for all ȳ′j ∈ B(ȳj , ρ)∩U ∩Yj(z′),
for all t ∈ (0, ε), t(ȳj−δe)+(1−t)ȳ′j = ȳ′j+t(ȳj− ȳ′j−δe) ∈ Yj(z′), which means

that 0 ∈ T̂ ρYj(z)(ȳj). Since this is true for all ρ, we conclude that 0 ∈ T̂Yj(z)(ȳj).

We finally remark that Assumption SP(3) is a consequence of Assumption
P(3) when L is finite dimensional. So, Assumption SP(3) is necessary only to
deal with infinite dimensional spaces in the non-convex case.

If Assumption P is satisfied and L is finite dimensional, let z and ȳj ∈
∂Yj(z)(ȳj). Let δ > 0 and V be the neighborhood of z coming from Assumption
P(3) that is ȳj − δe ∈ Yj(z′) for all z′ ∈ V . Let U = {ȳj − δe} + intL+. U is
a weak open neighborhood of ȳj from the free-disposal assumption and since L
is finite dimensional so the norm topology is equal to the weak topology. Thus,
for all z′ ∈ V , for all ȳ′j ∈ Yj(z′)∩U and for all t ∈ (0, 1), t(ȳj−δe)+(1− t)ȳ′j =
ȳ′j − t(ȳ′j − ȳj + δe) belongs to Yj(z

′) from the free-disposal assumption and the
fact that ȳ′j − ȳj + δe ∈ L+.

3.3 Comments on the marginal pricing rule

Proposition 2 below allows us to compare the marginal pricing rule with the
existing ones in the literature. The proof is given in Appendix.

We first define two correspondences in order to compare with the existing
notions in finite dimensional commodity spaces. For every (ȳj , z) ∈ ∂Yj(z)×Z ⊂
L1+I+J , we let

T̂Yj(z)(ȳj) :=

ν ∈ L
∣∣∣∣∣∣∣∣
∀r > 0 ∃ ε > 0 | ∀z′ ∈ B(z, ε)
∀ȳ′j ∈ B(ȳj , ε) ∩ Yj(z′),∀t ∈ (0, ε)

∃ ξ ∈ B(0, r) such that
ȳ′j + t(ν + ξ) ∈ Yj(z′)


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and

N̂Yj(z)(ȳj) = [T̂Yj(z)(ȳj)]
o = {π ∈ L∗ | π(ν) ≤ 0 ∀ν ∈ T̂Yj(z)(ȳj)}

Proposition 1. Suppose that Assumption P holds, then for every (ȳj , z) ∈
∂Yj(z)× Z

1. T̂Yj(z)(ȳj) is a convex cone and −L+ ⊂ T̂Yj(z)(ȳj).

2. T̂Yj(z)(ȳj) ⊂ TYj(z)(ȳj) where the former is the Clarke’s tangent cone to the
set ∂Yj(z) at the vector ȳj. Without externalities, both notions coincide.

The proof is given in Appendix. The inclusion for the tangent cones implies
the reverse inclusion for the normal cones: NYj(z)(ȳj) ⊂ N̂Yj(z)(ȳj) ⊂ L+, where
NYj(z)(ȳj) is the Clarke’s normal cone.

Proposition 2. Under Assumptions P and TC, for every (ȳj , z) ∈ ∂Yj(z)×Z.

1. T̂Yj(z)(ȳj) is a cone, −L+ ⊂ T̂Yj(z)(ȳj) and N̂Yj(z)(ȳj) ⊂ L∗+ is a convex
and σ∗-closed cone.

2. T̂Yj(z)(ȳj) ⊂ T̂Yj(z)(ȳj) and N̂Yj(z)(ȳj) ⊃ N̂Yj(z)(ȳj).

3. T̂Yj(z)(ȳj) ⊂ TYj(z)(ȳj) where the former is the small tangent cone of [6]
to the set Yj(z) at ȳj.

4. If e ∈ intL+ then T̂Yj(z)(ȳj) is a convex cone.

5. If L is finite dimensional, then N̂Yj(z)(ȳj) ∩ S = MP (ȳj , z), where the
later is the marginal pricing rule in finite dimensional economies of [11].

6. If Yj is convex-valued

N̂Yj(z)(ȳj) = {π ∈ L∗ | π(ȳj) ≥ π(y′j) for all y′j ∈ Yj(z)}

Remark Let us note that since for all z ∈ LI+J the set Yj(z) satisfies free

disposal, then ν ∈ T̂Yj(z)(ȳj) if and only if for all ρ > 0 there exists η > 0 such
that for all r > 0 there are V ∈ V∏

LI+J τ
(z), U ∈ Vτ (yj) and ε > 0 such that

for all z′ ∈ B(z, ρ) ∩ V , for all ȳ′j ∈ B(ȳj , ρ) ∩ U ∩ Yj(z′) and for all t ∈ (0, ε) it
follows that ȳ′j + t(ν + η(ȳj − ȳ′j)− re) ∈ Yj(z′).

In order to complete our comparison with the literature, we consider now
smooth production sets, i.e., when for all z ∈ Z the technology is described by
Yj(z) = {ζj ∈ L|fj(ζj , z) ≤ 0} where fj : L × LI+J → R is a differentiable
mapping called the transformation function. Let us consider the following as-
sumption:

Assumption SB (Smooth boundary)

11
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1. fj is continuous for the τ ×
∏
LI+J τ toppology on L× LI+J ;

2. fj(·, z) is Fréchet differentiable and Lipschitz on L;

3. ∇1fj(ζj , z) belongs to L∗+ \ {0} if ζj ∈ ∂Yj(z) where ∇1fj(ζj , z) is the
gradient of fj with respect to ζj ;

4. ∇1fj is continuous for τ ×
∏
LI+J τ toppology on L×LI+J and the norm

topology on L∗.

Lemma 1. If the production set Yj(·) is described by a transformation func-

tion fj satisfying Assumption SB, then N̂Yj(z)(ζj) is the half-line generated by
∇1fj(ζj , z), which is also the Clarke’s Normal cone to Yj(z) at ζj.

The proof of this lemma is given in Appendix.

4 When L+ has a nonempty interior

In this section, we assume that the positive cone L+ has a nonempty interior5

and the vector e ∈ intL+. Then [−e, e] is a neighborhood of 0 ([1]). To get the
existence of a marginal pricing equilibrium, we follow the approach of Bewley
[4]. Thus, we construct a directed set of finite dimensional economies from
which we can apply Theorem 3.1 of [11] in each of them in order to get a net of
equilibria in the truncated economies, which converges to an equilibrium of the
original economy.

Let F be a finite dimensional subspace of L containing the vectors e and
(ωi)i∈I . We denote by F the family of such subspaces directed by set inclusion.
For every F ∈ F , we define its positive cone by F+ = F ∩L+ and its interior is
intF+ = F∩intL+. We endow each F with an euclidean structure, the associated
norm being denoted ‖ · ‖F such that ‖e‖F = 1 and {e⊥F } ∩ F+ = {0}, where
e⊥F denotes the orthogonal space to e. Hence, the dual space of F is F itself.
We denote by BF (x, r) (resp. B̄F (x, r)) the open (resp. closed) ball of center x
and radius r in F for the euclidean structure.

The truncated consumption correspondence for the commodity space F is
given by XF

i : F I+J � F+ such that XF
i (zF ) = Xi(z

F ) ∩ F+. In the same
way, the truncated production correspondence Y Fj : F I+J � F , is defined by

Y Fj (zF ) = Yj(z
F ) ∩ F . We define the set ZF = {zF ∈ F I+J | ∀i ∈ I, xFi ∈

XF
i (zF ) and ∀j ∈ J, yFj ∈ ∂Y Fj (zF )}. Let us note that ∂Y Fj (zF ) ⊂ ∂Yj(zF )∩F

thanks to the free-disposal assumption.

Let SF = {pF ∈ F 0
+ | 〈pF , e〉F = 1}, where F 0

+ denotes the positive polar
cone of F+. The revenue of the i-th consumer in the truncated economy is given
by the same revenue function ri. The restricted preference relation on XF

i (zF )

5Examples of this kind of spaces are L∞ and the space C(K) of real-valued continuous
functionals on a compact Hausdorff space K endowed with the supremum norm
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is �Fi,zF . Therefore, subeconomies are fully described by EF = {(XF
i ,�Fi,zF

, ri, ωi)i∈I , (Y
F
j )j∈J} for all F ∈ F .

We point out that for all F ∈ F , for all zF ∈ F I+J , and for all i and j,
XF
i (zF ) and Y Fj (zF ) are non-empty subsets of F+ and F respectively. Propo-

sition 2.5 guarantees that for all F ∈ F and all (ȳj , z) ∈ F 1+I+J , N̂Y Fj (z)(ȳj) ∩
SF = MPF (ȳj , z) =

co

p ∈ F
∣∣∣∣∣∣
∃ (ȳnj , z

n) ∈ L× LI+J and (pn) ∈ SF
such that (ȳnj , z

n)→ (ȳj , z), (p
n)→ p

ȳnj ∈ ∂Yj(zn) and pn ∈ NYj(zn)(ȳ
n
j )


Finally we let

AF (ω′) =
{
zF ∈ ZF |

∑
i∈I x

F
i =

∑
j∈J y

F
j + ω′

}
⊂ A(ω′)

and

PEF =
{

(pF , zF ) ∈ SF ×AF (ω) | pF ∈
⋂
j∈JMPj(y

F
j , z

F )
}

4.1 Existence of marginal pricing equilibria

We can state now the following existence result

Theorem 1. The economy E = {(Xi,�i, ri, ωi)i∈I , (Yj)j∈J} has a marginal
pricing equilibrium if it satisfies Assumptions (C), (P), (B), (SA) and (TC).

Within the literature concerning externalities and increasing returns, the
above result extends the one of [11] by allowing an infinite dimensional space.
It also generalizes [6] since external effects are taken into account. In addition,
this model encompasses the one of [16] since we are considering non-smooth
technologies. With regard to the papers in which a general pricing rule is con-
sidered (for instance, [10] and [15]), we note that even though a larger number
of situations can be considered, the existence results require two additional as-
sumptions6 about boundedness of the losses of the firms and continuity of the
pricing rules.

6Known as Assumptions BL and PR respectively
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4.2 Proof of the Theorem 1

The proof follows the guidelines of [16]. The difference relies on the fact that
now we are considering non-smooth technologies.

Marginal pricing equilibria in the finite dimensional commodity space econ-
omy

We note that neither Survival nor the Local Non-Satiation condition remain
true in the subeconomies. Consequently, it seems that Theorem 3.1 of [11] can-
not be applied. However, Lemma 2 below shows that whether finite dimensional
commodity subspaces are large enough, then weaker versions of those assump-
tions hold. We first prepare the ground for stating this lemma. Let ϑ̄ > 0 be a
real number. By Assumption B, there exists a > 2ϑ̄, such that for all z ∈ LI+J ,
A(ω + ϑ̄e, z) ⊂ [−a2e,

a
2e]

J and A(ω + ϑ̄e) ⊂ [−a2e,
a
2e]

I+J . Let r̄ > 2a such
that {ω+ ϑ̄e}+ [−#Jae, #Jae] ⊂ [−r̄e, r̄e]. Let λ̄ be a real number such that
λ̄ ≥ 2#Jr̄ + ‖ω‖F . We remark that λ̄ satisfies Lemma 4.2 of [11] in our model.

Lemma 2. Under Assumptions (C), (P), (B) (SA) and (TC), there exists a
subspace F̂ ∈ F such that for all F ∈ F , if F̂ ⊂ F , then the subeconomy EF
satisfies:

(SAF ): For all (pF , zF , λ) ∈ PEF ×
[
0, λ̄
]
, if (yFj )j∈J ∈ AF (ω+λe, zF ) then

〈pF ,
∑
j∈J y

F
j + ω + λe〉F > 0

(LNSF ): For all ((xFi )i∈I , (y
F
j )j∈J) ∈ AF (ω),

there exists (x′i)i∈I ∈
∏
i∈I X

F
i (zF ) such that x′i �i,zF xFi for all i ∈ I.

The proof parallels that of [15]. As for (SAF ) replace Assumption PR in
that proof by the result of Proposition 4 below.

Proposition 3. Let F̂ ∈ F be the subspace coming from Lemma 2. Under As-
sumptions (C), (P), (B), (SA) and (TC) if we have F̂ ⊂ F then the subeconomy
EF has an equilibrium (zF , pF ) ∈ ZF × SF .

Proof. We remark that Bonnisseau and Médecin use Assumption (SA) in Lem-
mas 4.2 (3) and 4.4 and in Claim 4.3. They also fix a parameter t̄ > 0 (p.
283). We replace it by the number ϑ̄ given in Lemma 2. For Lemma 4.2 (3)
and Claim 4.3, Survival Assumption is applied only for productions plans which
satisfy

∑
j∈J yj + ω + ϑe ≥ 0 with ϑ ≤ ϑ̄. Given r̄, it is clear that ϑ̄ < λ̄ and

then we have that condition (SAF ) of Lemma 2 is enough to conclude. For
Lemma 4.4, we shall prove that (SAF ) is enough to use the deformation lemma.
In doing so, we introduce the following:

Let DF := B̄F (0, λ̄)I × B̄F (0, r̄)I and ZFD := ZF ∩DF

λFj : e⊥F × F I+J → R
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(sj , z) 7→ λFj (sj , z)

ΛFj (sj , z) = sj − λFj (sj , z)e ∈ ∂Y Fj (z)

XF (z) =
∑
i∈I X

F
i (z) + F+ = F+

Y F0 (z) = −XF (z)

λF0 : e⊥F × F I+J → R

(sj , z) 7→ λF0 (sj , z)

ΛF0 (sj , z) = sj − λF0 (sj , z)e ∈ ∂(−F+)

θF ((sj)j∈J , z) =
∑
j∈J λ

F
j (sj , z) + λF0 (s0, z)− 〈ω, e〉F ,

with s0 = −
∑
j∈J sj − proje⊥F ω

∆F ((sj)j∈J , z) =

{
(pj − p)j∈J

 pj ∈MPj(Λj(sj , z), j ∈ J
p ∈ N−F+

(ΛF0 (s0, z)) ∩ SF
}

MF
ϑ̄

(z) =
{

((sj)j∈J) ∈ (e⊥F )J |
∑
j∈J ΛFj (sj , z) + ω + ϑ̄e ∈ F+

}
for every z ∈ ZFD

GMF
ϑ̄

=
{

((sj)j∈J , z) ∈ (e⊥F )J × ZFD |
∑
j∈J ΛFj (sj , z) + ω + ϑ̄e ∈ F+

}
GMF

ϑ̄,α
=
{

((sj)j∈J , z) ∈ (e⊥F )J × ZFD | ϑ̄ ≤ θF ((sj)j∈J , z) ≤ α
}

α = max
{
θF ((sj)j∈J , z) | ((sj)j∈J , z) ∈ (B̄F (0, 2a) ∩ {e⊥F })J × ZFD

}
For λFj and λF0 , Lemma 4.3 in [11] states that

∑
j∈J ΛFj (sj , z) + ω + ϑe ≥ 0

if and only if θF ((sj)j∈J , z) ≤ ϑ. Then, the authors apply a deformation lemma
for which it must be proved that the conditions of the lemma are satisfied. In
particular, it is required that 0 6∈ ∆F ((sj)j∈J , z) for all ((sj)j∈J , z) ∈ GMF

ϑ̄,α
.

Otherwise, there exists (see the proof of Lemma 4.4) ((sj)j∈J , z) ∈ (e⊥F )J ×ZFD
with ϑ̄ ≤ θF ((sj)j∈J , z) ≤ α and p ∈ N−F+

(ΛF0 (−
∑
j∈J sj−proje⊥F ω, z))∩SF

such that p ∈ ∩j∈JMPj(Λ
F
j (sj , z), z). By Lemma 4.3 above,

∑
j∈J ΛFj (sj , z) +

ω + αe ≥ 0 and it can be proved that p(
∑
j∈J ΛFj (sj , z) + ω + αe) = 0 contra-

dicting the Survival Assumption (SAF ) since (ΛFj (sj , z))j∈J ∈ AF (ω + αe, z)

and α ≤ 2#Jr̄ + ‖ω‖F ≤ λ̄. The proof to check this inequality is actually the
same as the one provided in [16].

In [11], the Local Non-Satiation Assumption is used in Claim 4.6 where zF ∈
AF (ω). Consequently, Condition (LNSF ) of Lemma 4 is enough to conclude and
the proof of Proposition 3 is complete.

The limit argument

We have a net of finite dimensional equilibria EF = ((xFi )i∈I , (y
F
j )j∈J , p

F )

for every F ∈ F . Note that zF ∈ A(ω). The next lemma shows that we can

15

 
Documents de travail du Centre d'Economie de la Sorbonne - 2018.37



extend the price vector pF which corresponds to the marginal pricing rule in EF
to a continuous linear functional on the entire space L which is also a marginal
pricing rule.

Lemma 3. Let Yj be a production correspondence satisfying Assumption P. For
every F ∈ F , for every (ȳj , z) ∈ ∂Y Fj (z) × ZF and for every p ∈ MPj(ȳj , z),

there exists π ∈ N̂Yj(z)(ȳj) ∩ S such that π|F is colinear to p.

Proof. First of all we show that intT̂Yj(z)(ȳj)∩F ⊂ intT̂Y Fj (z)(ȳj). Unlike [6], we

cannot use hypertangency since T̂Yj(z)(ȳj) is not the Clarke’s tangent cone. Let

ν ∈ intT̂Yj(z)(yj) ∩ F , hence there exists δ > 0 such that B(ν, δ) ⊂ T̂Yj(z)(ȳj).

Take ν′ ∈ B(ν, δ) ∩ F . Since ν′ ∈ T̂Yj(z)(ȳj) ∩ F , for every r > 0 there exists

ε > 0 associated to r
2 such that for all z′ ∈ B(z, ε)∩F I+J , for all ȳ′j ∈ B(ȳj , ε)∩

F ∩ Yj(z′) and for all t ∈ (0, ε) there exists ξ ∈ L such that ‖ξ‖ < r
2 and

ȳ′j + t(ν′+ ξ) ∈ Yj(z′). By free-disposal ȳ′j + t(ν′− r
2e) ∈ Yj(z

′). Since ν′ and r
2e

belong to F , one has that ȳ′j + t(ν′− r
2e) ∈ Yj(z

′)∩F and thus ν′ ∈ T̂Y Fj (z)(ȳj),

which implies that ν ∈ intT̂Y Fj (z)(ȳj).

Let us consider the linear manifold N = {ν ∈ F | p(ν) = 0}. It is clear that
N∩intT̂Y Fj (z)(ȳj) = ∅, whence N∩intT̂Yj(z)(ȳj) = ∅. By Hahn-Banach extension

theorem there exists a closed manifold H = {ν ∈ L | π̂(ν) = 0} containing N
and not intersecting intT̂Yj(z)(ȳj). Clearly, π̂ is continuous, colinear to p and it

belongs to N̂Yj(z)(ȳj).

The conclusion of this lemma provides a price in N̂Yj(z)(ȳj), which is smaller

than N̂Yj(z)(ȳj). Nevertheless, the forthcoming limit argument shows that the

equilibrium price is actually in N̂Yj(z)(ȳj) since the cone N̂Yj(z)(ȳj) does not
satisfy the necessary closedness property.

For all j ∈ J , let πFj be an extension of pF in N̂Yj(z)(y
F
j ). The net

(zF , (πFj )j∈J)F∈F ∈ A(ω)×
∏
j∈J

N̂Yj(z)(y
F
j ) ∩ S

has a limit point. Indeed, by Assumption (B), (zF )F∈F belongs to a
∏
LI+J τ -

compact set while (πFj )j∈J belongs to a
∏
LJ,∗ σ

∗-compact set from Alaoglu’s

Theorem. Hence, there exists a subnet (zF (γ), (π
F (γ)
j )j∈J)γ∈Γ which converges

to (z, (πj)j∈J).

On the other side, since the nets
(
〈pF (γ), y

F (γ)
j 〉

)
γ∈Γ

=
(
π
F (γ)
j (y

F (γ)
j )

)
γ∈Γ

and
(
〈pF (γ), x

F (γ)
i 〉

)
γ∈Γ

=
(
π
F (γ)
j

(
x
F (γ)
i

))
γ∈Γ

are bounded, we can assume

without any loss of generality that they converge in RJ and RI .

The next result, whose proof is given in Appendix, relates the closure of the
graph of N̂Yj(·)(·) with N̂Yj(·)(·).
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Proposition 4. Let (zγ , πγ)γ∈Γ be a net in A(ω) × S converging to (z, π) for
the product-topology

∏
LI+J τ × σ∗ such that

a) πγ(yγj ) converges for all j

b) πγ ∈ N̂Yj(zγ)(y
γ
j ) for all γ ∈ Γ.

Then, π(yj) ≤ limγ π
γ(yγj ) and π ∈ N̂Yj(z)(yj) ∩ S if π(yj) = limγ π

γ(yγj )

We now prove that there is a marginal pricing equilibrium of the economy
E . Indeed, π1 = π2 = . . . = πn > 0 (See Step 2 in [15]). Now, we denote this
price vector simply by π. Next, by C(1) and P(1) together with the fact that
L+ is τ -closed, ((xi)i∈I , (yj)j∈J) ∈

∏
i∈I Xi(z) ×

∏
j∈J Yj(z) and

∑
i∈I xi =∑

j∈J yj + ω. We also claim that for all i ∈ I, if x′i �i,z xi, then π(x′i) ≥
ri

(
π(ωi), limγ(π

F (γ)
j (y

F (γ)
j )j∈J)

)
. Indeed, there exists a subspace F0 such that

x′i ∈ F0. There also exists γ0 and a positive sequence λF (γ) in [0,∞) converging
to 0 from above such that for all γ > γ0, F0 ⊂ F (γ) and x′i+δF (γ)e ∈ Xi(z

F (γ))
by Assumption C(2), whence x′i + δF (γ)e ∈ Xi(z

F (γ))∩F (γ). Since (xi, x
′
i, z) 6∈

Gi (see Assumption C(4)), then there exists γ1 such that for all γ larger than γ0

and γ1, (x
F (γ)
i , x′i + δF (γ)e, zF (γ)) 6∈ Gi and thus x′i + δF (γ)e �i,zF (γ) x

F (γ)
i . By

the equilibrium conditions in EF (γ) and the fact that π
F (γ)
j|F (γ) = pF (γ), π

F (γ)
j (x′i+

δF (γ)e) > ri(π
F (γ)
j (ω), (π

F (γ)
j (y

F (γ)
j )j∈J). Since x′i + δF (γ)e converges to x′i in

the norm-topology and πj = π for all j, we have

π(x′i) ≥ ri(π̄(ω), limt(π
F (t)
j (y

F (t)
j )j∈J))

and the claim is proved.

Next, we point out that by Proposition 4, limπ
F (γ)
j (y

F (γ)
j ) ≥ πj(yj) for all

j ∈ J . By the above result and the local non satiation Assumption C(3), we
deduce that π(xi) = ri (π(ωi), (π(yj))j∈J) for all i ∈ I which, in turn using the

market clearing condition, implies that limπ
F (γ)
j (y

F (γ)
j ) = π(yj). Hence again

by Proposition 4, z ∈ A(ω) and π ∈
⋂
j∈J N̂Yj(z)(yj) ∩ S. Finally, Condition

1. of Definition 1 is also satisfied thanks to the fact that the income of each
consumers is positive, the preferences are continuous and 0 ∈ Xi(z) for all i,
which allows us to prove that a strictly preferred consumption with respect to
xi is out of the budget set.

5 When L+ has an empty interior

Now we address the case where L is a Banach lattice whose positive cone has
an empty interior. Nevertheless, we recall that we assume that e is a quasi-
interior point of L+, that is L(e), the principal ideal generated by e is norm
dense in L. As well known in the literature, a properness condition becomes a
key assumption in order to get a competitive equilibrium vector price.
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For the consumption side we have:

Uniform e-properness on preferences ([23]) For all i ∈ I and all z ∈ LI+J ,
the preference relation �i,z is said to be e-uniformly proper if there is a real
number εi > 0 such that for all α > 0 for all u ∈ L, if x̄i − αe + αu in Xi(z)
and x̄i − αe+ αu �i,z x̄i then u 6∈ αB(0, εi).

Actually, the above definition adapts that of Mas-Colell to our case when
both the consumption set does not equal the positive cone and externalities are
incorporated. Roughly speaking, e is desirable in the sense that one cannot
compensate the loss of e with a vector which is too small relative to e. In other
words, e is an extremely desirable bundle ([31])

As for the production sector, Richard introduced uniform e-properness which
is a weakening of that of [24]. We posit and adapt it to the context of our model

Uniform e-properness on technologies ([28]) For all ω′ ≥ ω, for all z ∈ A(ω′),
the technology Yj(z) is e-uniformly proper if there exists εj > 0 such that for
all ȳj ∈ Yj(z), ({ȳj} − Γj) ∩ {ξ ∈ L : ξ+ ≤ ȳ+

j } ⊂ Yj(z), where Γj = {αζ | α >
0 and ζ ∈ {e}+B(0, εj)}.

The above definition implies that if y+
j is producible with an amount y−j of

inputs, then the output y+
j is still feasible if one substitutes the input αu with

u ∈ B(0, εj) by αe. That is to say, y+
j − (y−j +αe−αu) ∈ Yj(z) for u ∈ B(0, εj).

As for the argument for proving the existence of equilibria, it will consist
in finding a vector sublattice for which all the results of Section 4 hold. Then,
by an appropriate extension theorem on price functionals, we prove that there
is a marginal pricing equilibrium in E . Unlike the proofs for competitive equi-
libria in Banach lattices (or more generally, in vector lattices), some drawbacks
appear preventing us to apply this approach directly. First of all, when restrict-
ing the original commodity space to an order ideal commodity space, Survival
Assumption does not hold. Consequently we would not get an equilibrium in
the restricted economy. Second, even if we might prove that Survival Assump-
tion holds true, uniform properness is not sufficient to prove that there exists a
positive and continuous extension of prices since the argument as such depends
crucially on the profit maximization hypothesis which is not true in non-convex
economies. The last difficulty appears even if each producer can set prices
according to his marginal pricing rule (i.e. even if we can avoid the second
difficulty). When the commodity space is a vector lattice and the price set is
a sublattice of the order dual, if {πj}j∈J is the set of prices for which every
producer maximizes his profits ∨j∈J{πj} also does for every j ∈ J . Hence,
uniform properness allows to get an equilibrium price functional (see [28] for a
proof). In the present context, since L is a topological vector lattice, it follows
automatically that L∗ has a lattice structure. However, if πj ∈ N̂Yj(z)(yj) for
all j ∈ J uniform properness is not suitable since it would not guarantee that
∨j∈J{πj} ∈ ∩j∈JN̂Yj(z)(yj) as in the Walrasian case. As a remark, uniform
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properness is no longer sufficient for proving equilibria.

Consequently, we have to introduce an alternative notion of properness. We
shall call it uniform properness relative to L(e)

Uniform e-properness relative to L(e)

We shall say that the technology Yj is uniformly proper relative to L(e)
if there exists a real number δj > 0, which generates the open cone Γj =
{αξ | α > 0, ξ ∈ {−e} + B(0, δj)} such that for all z ∈ Z and all ȳj ∈ Yj(z),
({ȳj}+ Γj) ∩ L(e) ⊂ Yj(z). The element e is the proper vector.

In words, we are saying that if yj is producible and we add to it the quantity
e of inputs, then it is still producible if we add a vector which is small enough
and the resultant vector is order bounded by some multiple of e. Thus, marginal
rates of substitution with respect to e are bounded away from zero. In other
words, the trace on L(e) of the extended production set Yj(z) + Γj is included
in Yj(z). Our condition is not directly comparable neither to [28] nor to [24]7.

We notice that if e ∈ intL+ then uniform properness technology relative to
L(e) follows directly from the free-disposal Assumption since there would be a
real number δj > 0, such that −e+B(0, δj) ⊂ −L+ and L(e) = L. On the other
hand, when production correspondences are convex-valued this assumption can
be replaced by uniform properness of preferences and technologies given in [23]
and [28] respectively.

5.1 The main existence theorem

Theorem 2. Let E be a Banach lattice economy. There exists (z̄, π̄) in Z ×
N̂Yj(z)(yj)∩S which is a marginal pricing equilibrium if E satisfies Assumptions
C, P, B, SA, TC and each technology is e-uniformly proper with respect to L(e).

Theorem 2 extends Theorem 1 since we do not impose any interiority as-
sumption. Apart from the ordered preferences we have assumed, our result is
at the same level of generality than the other existence results for competitive
equilibrium whereas we encompass two major market imperfections, increasing
returns and externalities.

5.2 Proof

Let L(e) be the principal ideal generated by e. Hence the order interval [−e, e]
is radial in L(e) and then the gauge of the set [−e, e] induces a norm topology
on L(e). We call it the ‖ · ‖e-topology. Actually, [−e, e] is the closed unit ball

7Instead of L(e), Mas-Colell uses a pre-technology Zj which is a closed and convex sub-
lattice of L satisfying free disposal
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on L(e) while Be(0, 1) = {x ∈ L(e) : ‖x‖e < 1} is the open unit ball on L(e).
Let L(e)∗ denote the ‖ · ‖e-dual of L(e) and let ‖ · ‖∗e denote the dual norm on
L(e)∗.

Let L(e)+ = L+ ∩L(e). Clearly L(e)+ is ‖ · ‖e-closed in L(e) and has a non-
empty ‖·‖e-interior which contains e. Obviously, ‖e‖e = 1. The ‖·‖e-topology is
finer than the topology of L(e) as a subspace of (L, ‖ · ‖) with the norm denoted
‖ · ‖|L(e). Let τe be the restriction to L(e) of the topology τ . Clearly τe is
included in the ‖ · ‖|L(e)-topology, which itself is included in the ‖ · ‖e-topology.
Furthermore, it is straightforward to check that τe is a Hausdorff and locally
convex-solid topology such that all order intervals in L(e) are τe-compact.

Let Xe
i : L(e)I+J � L(e)+ be the restricted consumption correspondence

such that for all z ∈ L(e)I+J , Xe
i (z) = Xi(z) ∩ L(e)+. Y ej : L(e)I+J � L(e) is

the restricted production correspondence such that for all z ∈ L(e)I+J , Y ej (z) =
Yj(z)∩L(e). We also restrict properly the preference relation by �ei,z for all z ∈
L(e)I+J . We remark that ∂Y ej (z) ⊂ ∂Yj(z)∩L(e), whence Ze ⊂ Z and Ae(ω′) =
A(ω′) ∩ Ze ⊂ A(ω′). The revenue functions (ri) are the same. p ∈ L(e)∗ is a
‖·‖e-continuous linear functional on L(e). Finally, PEe = {(p, z) ∈ L(e)∗×Ze |
p ∈ ∩j∈JN̂Y ej (z)(yj)}. For all z ∈ L(e)I+J , T̂Y ej (z)(yj) and N̂Y ej (z)(yj) are the

induced cones in L(e).

The economy Ee is fully described by ((Xe
i ,�ei,z, ri)i∈I , (Y ej )j∈J , ω).

We show that Theorem 1 applies for Ee. Clearly, for all z ∈ L(e)I+J the
‖ · ‖e-interior of Xe

i (z) is non-empty because of Assumption C(1) on solidity
condition and the fact that δe ∈ Xe

i (z) for all δ > 0. Xe
i satisfies the remaining

of Assumption C(1) and Assumption C(2) and since the ‖·‖e-topology is stronger
than the ‖ · ‖L(e)-topology, Gei (z) is ‖ · ‖e× τe×

∏
L(e)I+J τe-closed in L(e)2+I+J .

As for non satiation, note that it remains true in Ee since in Assumption C(3),
the improving consumption (x′i) is chosen in L(e)I . The next lemma whose proof
is given in Appendix shows that Assumption SA holds true in the economy Ee

Lemma 4. The economy Ee satisfies Assumption SA.

With respect to the production sector, it is not difficult to observe that
Assumption P is fully satisfied on every Y ej . On the other hand, Assumption
B is automatically satisfied. Finally one easily checks that Assumption R holds
on Ee.

Consequently, all conditions of Theorem 4 are satisfied. Thus, there is an
equilibrium ((xi)i∈I , (yj)j∈J , p) ∈ Ze×N̂Y ej (z)(yj)∩Se

∗
. For the next two claims

we remark that T̂Yj(z)(yj) ∩ L(e) ⊂ T̂Y ej (z)(yj)

Claim 1. There exists a price functional π ∈ L∗ such that π|L(e) = p

Proof. Let δ > 0 be a real number such that δ < δj for all j ∈ J , where δj are
the parameters coming from uniform e-properness assumption relative to L(e)
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on each production correspondence Yj . Since L is a locally convex topological
vector space, we can apply a suitable version of the Hahn-Banach theorem (for
instance, see [29], Theorem 4.2, p. 49) to show the existence of a continuous
linear functional π which extends p to the whole space L. So, we have to show
first that p is ‖ · ‖-continuous on L(e). We stress that accordingly to the above
remark p is ‖ · ‖e-continuous. We now prove that the functional p is bounded
on B(0, δ) ∩ L(e). Since B(0, δ) is circled (then symmetric) it suffices to prove
it for any vector in B(0, δ) ∩ L(e)+. Let ξ ∈ B(0, δ) ∩ L(e)+. There exists
n0 ∈ N such that ξ̄ = 1

n0
ξ ≤ e. ξ̄ ∈ L(e) ∩ B(0, δn0

). We show that − 1
n0
e + ξ̄

belongs to T̂Y ej (z)(yj). Indeed, recall that by Assumption TC, 0 ∈ T̂Yj(z)(yj) and

then in T̂Y ej (z)(yj). Thus, for ρ > 0, there exists η > 0 such that for all r > 0

there exist relative neighborhoods V e ∈ L(e)I+J (for V ∈ V∏
LI+J τ

(z)) and
Ue ∈ L(e) (for V ∈ Vτ (ȳj)) together with the real number ε > 0 such that for
all z′ ∈ ({z}+ρBe(0, 1)I+J)∩V e, for all ȳ′j ∈ ({yj}+ρBe(0, 1))∩Ue)∩Yj(z′) and

for all t ∈ (0, ε), ȳ′j + t(η(yj − ȳ′j)− re) ∈ Yj(z′). We note that −t 1
n0
e+ tξ̄ ∈ Γj

for t > 0 and then, by the e-uniform properness relative to L(e), it follows that
ȳ′j+t(η(yj−ȳ′j)−re)−t 1

n0
e+tξ̄ = ȳ′j+t(− e

n0
+ ξ̄+η(yj−ȳ′j)−re) ∈ Y (z′)∩L(e).

Thus we deduce that − 1
n0
e + ξ̄ belongs to T̂ ρY ej (z)(yj) and since this is true for

all ρ > 0, we get that − 1
n0
e+ ξ̄ belongs to T̂Y ej (z)(yj).

Since p ∈ N̂Y ej (z)(yj) and p(e) = 1, it follows that p(ξ̄) ≤ 1
n0

. Hence,

p(ξ) = n0p(ξ̄) ≤ 1. We conclude that p is ‖ · ‖-continuous on L(e) and thus
there exists π ∈ L∗ which extends p.

Because of the free-disposal assumption and the fact that π(e) = p(e) = 1,
π > 0.

Claim 2. π ∈ ∩j∈JN̂Yj(z)(yj).

Proof. Let ν ∈ T̂Yj(z)(yj) ⊂ T̂
ρ
Yj(z)

(yj) for any j and ρ > 0. If ν ∈ L(e) then

π(ν) = p(ν) ≤ 0 and we are done. Let us suppose that ν 6∈ L(e). From the
definiton of T̂ ρYj(z)(yj) we know that there exists η > 0 such that for r > 0

arbitrary there exist neighborhoods V ∈ V∏
LI+J τ

(z), U ∈ Vτ (yj) and a real

number ε > 0 such that for all z′ ∈ ({z} + ρBe(0, 1)I+J) ∩ V ∩ L(e), for all
ȳ′j ∈ Be(yj , ρ) ∩ U ∩ L(e) ∩ Yj(z′) and for all t ∈ (0, ε) there exists ξ ∈ r[−e, e]
such that ȳ′j + t(ν + η(yj − ȳ′j) + ξ) ∈ Y (z′).

Let us choose β > 0. Let δj > 0 be the parameter coming from uniform
e-properness relative to L(e). Since π is ‖·‖-continuous, there exists δ′ > 0 such
that B(0, δ′) ⊂ {x ∈ L : |π(x)| < β}. Let δ > 0 such that δ < βδj and δ < δ′.
Since L(e) is norm-dense in L there exists u ∈ B(0, δ) such that ν + u ∈ L(e).
We remark that the vector ȳ′j + t(ν+η(yj− ȳ′j) + ξ)− tβe+ tu = ȳ′j + t(ν−βe+
u+η(yj−ȳ′j)+ξ) belongs to L(e). Hence, by uniform e-properness condition, we
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deduce that ȳ′j+t(ν−βe+u+η(yj−ȳ′j)+ξ) ∈ Yj(z′)∩L(e). This in turn implies

that ν−βe+u belongs to T̂ ρY ej (z)(yj) and since this is true for all ρ > 0 we have

that ν−βe+u belongs to T̂Y ej (z)(yj). Thus, π(ν−βe+u) = p(ν−βe+u) ≤ 0,

whence π(ν) ≤ 2β. This inequality is true for all β > 0 and j ∈ J and thus the
Claim is proved.

The last part of the proof consists in proving that every consumer is in
equilibrium according to her/his budget constraint and preferences. Let i ∈ I
and x′i ∈ Xi(z) such that x′i �i,z xi and π(x′i) < π(xi). Let us note that
(xi, x

′
i, z) 6∈ Gi. By Lemma 3 in [27], L(e)+ is norm-dense in L+ and thus one

can choose a parameter ε > 0 small enough such that there exists u ∈ B(0, ε),
x′i + u ∈ L(e)+, (xi, x

′
i + u, z) 6∈ Gi by Assumption C(4) and π(x′i + u) < π(xi).

Since there exists n0 ∈ N for which x′i + u ≤ n0e we deduce by solidity of Xi(z)
(Assumption C(1)) and Assumption C(2) that x′i + u ∈ Xi(z). Consequently,
π(x′i + u) = p(x′i + u) < π(xi) = p(xi), which contradicts the fact that xi is an
equilibrium consumption vector for i in Ee
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6 Appendix

6.1 Proof of Proposition 1

We first recall the definition of the Clarke’s tangent and normal cones to the set
Yj(z) at the point ȳj

TYj(z)(ȳj) :=

{
ν ∈ L

∣∣∣∣ ∀r > 0 ∃ ε > 0 | ∀y′j ∈ B(ȳj , ε) ∩ Yj(z),∀t ∈ (0, ε)
[y′j + tB(ν, r)] ∩ Y (z) 6= ∅

}
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NYj(z)(ȳj) = [TYj(z)(ȳj)]
o = {p ∈ L∗ | p(ν) ≤ 0 ∀ν ∈ TYj(z)(ȳj)}

Proof. T̂Yj(z)(ȳj) is non-empty since the free-disposal condition implies that

−L+ ⊂ T̂Yj(z)(ȳj). Now we show that T̂Yj(z)(ȳj) is a cone. Let ν ∈ T̂Yj(z)(ȳj)
and τ > 0. Let r > 0 and ε be the parameter associated by the definition
of T̂Yj(z)(ȳj) to r

τ . Hence, for all z′ ∈ B(z, ε), for all ȳ′j ∈ B(ȳj , ε) ∩ Yj(z′)
and for all t ∈ (0, ε) there exists ξ ∈ B(0, rτ ) such that ȳ′j + t(ν + ξ) ∈ Yj(z′).
Let ε′ strictly smaller than ε and ε

τ . Hence, for every z′ ∈ B(z, ε′) for every
ȳ′j ∈ B(ȳj , ε

′) and for every t ∈ (0, ε′), since tτ < ε, there exists ξ ∈ B(0, rτ ) such
that ȳ′j + τt(ν + ξ) = ȳ′j + t(τν + τξ) ∈ Yj(z′). As τξ ∈ B(0, r), we have proved

that τν ∈ T̂Yj(z)(yj) by associating to r the parameter ε′ and thus T̂Yj(z)(ȳj) is
a cone.

We now show that T̂Yj(z)(ȳj) is convex by proving that

T̂Yj(z)(ȳj) + T̂Yj(z)(ȳj) ⊂ T̂Yj(z)(ȳj)

Let ν and ν′ be two vectors in T̂Yj(z)(ȳj). For r > 0 there exist two non

negative real numbers ε and ε′ associated by the definition of T̂Yj(z)(ȳj) to r
2 .

Let ε1 > 0 smaller than ε and ε′

1+‖ν‖+ r
2

. Hence, for all z′ ∈ B(z, ε1), for all

ȳ′j ∈ B(ȳj , ε1) ∩ Yj(z′) and for all t ∈ (0, ε1), there exists ξ ∈ B(0, r2 ) such that
ȳ′′j = ȳ′j+t(ν+ξ) ∈ Yj(z′). We remark that ‖ȳ′′j −yj‖ ≤ ‖ȳ′j−ȳj‖+t(‖ν‖+‖ξ‖) <
ε1 + ε1(‖ν‖ + r

2 ) ≤ ε′. So, since ε1 < ε′, there exists ξ′ ∈ B(0, r2 ) such that
ȳ′′j +t(ν′+ξ′) ∈ Yj(z′). Hence, ȳ′j+t(ν+ν′+ξ+ξ′) ∈ Yj(z′) and ξ+ξ′ ∈ B(0, r).

So ε1 associated to r satisfies the defintion of T̂Yj(z)(ȳj) and we have shown that

T̂Yj(z)(ȳj) is closed under addition.

The proof of the second part is trivial given the definition of the Clarke’s
normal cone.

6.2 Proof of Proposition 2

Proof. 1. T̂Yj(z)(ȳj) is non-empty by Assumption TC. We now prove that

T̂Yj(z)(ȳj) is a cone. Let ρ > 0, τ > 0 and ν ∈ ∩ρ>0T̂ ρYj(z)(ȳj) ⊂ T̂
ρ
Yj(z)

(ȳj). Then

there exists η > 0 such that for all r > 0 there exist V ∈ V∏
LI+J τ

(z), U ∈ Vτ (ȳj)
and ε > 0 such that for all z′ ∈ B(z, ρ)∩V , for all ȳ′j ∈ B(ȳj , ρ)∩U ∩Yj(z′) and
for all t ∈ (0, ε), ȳ′j + t(ν + η(ȳj − ȳ′j) + ξ) ∈ Yj(z′) for some ξ ∈ r[−e, e]. Let
η′ = τη. Let r > 0. Let V,U and ε the parameter and the open neighborhoods
associated for ν to r

τ . Let ε′ = ε
τ and note that τt ∈ (0, ε) is equivalent to

t ∈ (0, ε′). Hence, for all z′ ∈ B(z, ρ)∩V , for all ȳ′j ∈ B(ȳj +ρ)∩U ∩Yj(z′) and
for all τt ∈ (0, ε), there exists ξ ∈ r

τ [−e, e] such that ȳ′j +τt(ν+η(ȳj− ȳ′j)+ξ) =
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ȳ′j + t(τν+ η′(ȳj − ȳ′j) + τξ) ∈ Yj(z′) with τξ ∈ r[−e, e]. Hence, τν ∈ T̂ ρYj(z)(ȳj).
Since this holds for all ρ > 0, τν ∈ T̂Yj(z)(ȳj)

N̂Yj(z)(ȳj) is weak*-closed since it is the intersection of weak*-closed half

spaces {π ∈ L∗ | π(ν) ≤ 0} over the ν in T̂ ρYj(z)(ȳj).

2. From the definition of T̂ , it is enough to prove that T̂ ρYj(z)(ȳj) ⊂ T̂Yj(z)(ȳj)
for all ρ > 0. Let ρ > 0 and ν ∈ T̂ ρYj(z)(ȳj). Consequently, there exists η > 0

such that for all r > 0 there exist V ∈ V∏
LI+J τ

(z), U ∈ Vτ (ȳj) and ε > 0
associated to r

2 . Let us fix ε′ > 0 strictly smaller than ε, r2η , ρ and such that

B(z, ε′) ⊂ B(z, ρ) ∩ V and B(ȳj , ε
′) ⊂ B(ȳj , ρ) ∩ U . Thus, for all z′ ∈ B(z, ε′),

for all ȳ′j ∈ B(ȳj , ε
′) ∩ Yj(z′) and for all t ∈ (0, ε′), we get the existence of a

vector ξ ∈ r
2 [−e, e] such that ȳ′j + t(ν + η(ȳj − ȳ′j) + ξ) ∈ Yj(z

′). Note that
‖η(ȳj − ȳ′j)‖ ≤ r

2 and thus ‖ξ′ = ξ + η(ȳj − ȳ′j)‖ ≤ r and ȳ′j + t(ν + ξ′) ∈ Yj(z′).
Consequently, T̂ ρYj(z)(ȳj) ⊂ T̂Yj(z)(ȳj).

By polarity we obtain that N̂Yj(z)(ȳj) ⊂ N̂Yj(z)(ȳj).

3. T̂Yj(z)(ȳj) ⊂ TYj(z)(ȳj) since order intervals are norm-bounded thanks to
the fact that the norm is a lattice norm.

4. Since e ∈ intL+, as already mentioned in Section 3, without any loss of
generality, we choose the norm as the lattice norm associated to e. So B̄(0, 1) =
[−e, e] and we can replace it in the definition of T̂Yj(z)(ȳj), ξ ∈ r[−e, e] by
ξ ∈ B(0, r).

We show that T̂Yj(z)(ȳj) + T̂Yj(z)(ȳj) ⊂ T̂Yj(z)(ȳj) in order to prove the

convexity. Let ν and ν′ be in T̂Yj(z)(ȳj). Hence they belong to T̂ ρYj(z)(ȳj)
for every ρ > 0. Let us consider the set T̂ ρ+1

Yj(z)
(ȳj). There exist η and η′

such that for every r > 0 there exist ε, ε′, U, U ′, V and V ′ associated to r
3

such that for all z′ ∈ B(z, ρ + 1) ∩ V , for all ȳ′j ∈ B(ȳj , ρ + 1) ∩ U ∩ Yj(z′)
and for all t ∈ (0, ε),

[
{ȳ′j}+ tB(ν + η(ȳj − ȳ′j), r3 )

]
∩ Yj(z′) 6= ∅ and for all

z′ ∈ B(z, ρ+ 1)∩V ′, for all ȳ′j ∈ B(ȳj , ρ+ 1)∩U ′ ∩Yj(z′) and for all t ∈ (0, ε′),
[{ȳ′j}+ tB(ν + η′(ȳj − ȳ′j), r3 )] ∩ Yj(z′) 6= ∅.

There exist α ∈ (0, 1), V ′′ and U ′′ such that V ′′ + B(0, α) ⊂ V ∩ V ′ and
U ′′ + B(0, α) ⊂ U ∩ U ′. Let ε′′ > 0 strictly smaller than ε, ε′, r

η′(3‖ν‖+3ρη+r)

and 3α
3‖ν‖+3ρη+r . Hence, for all z′ ∈ B(z, ρ) ∩ V ′′ ⊂ B(z, ρ + 1) ∩ V , for all

ȳ′j ∈ B(y, ρ)∩U ′′∩Yj(z′) ⊂ B(ȳj , ρ+1)∩U∩Yj(z′) and for all t ∈ (0, ε′′) ⊂ (0, ε),
there exists ξ ∈ B(0, r3 ) such that ζj = ȳ′j + t(ν + η(ȳj − ȳ′j) + ξ) ∈ Yj(z′).

From the definition of ε′′, one easily checks that ‖ζj − ȳ′j‖ < α < 1 and
η′‖ζj−ȳ′j‖ ≤ r

3 . So ζj ∈ B(ȳj , ρ+1) and ‖t(ν+η(ȳj−ȳ′j)+ξ‖ < α. Consequently,
since ȳ′j ∈ U ′′ and z′ ∈ B(z, ρ+ 1) ∩ V ′, there exists ξ′ ∈ L such that ‖ξ′‖ < r

3
and ζ ′j = ζj + t(ν′ + η′(ȳj − ζj) + ζ ′j) ∈ Yj(z

′). We note that ζ ′j = ȳ′j +
t(ν + ν′ + (η + η′)(ȳj − ȳ′j) + ξ + ξ′ + η′(ȳ′j − ζj)) and ‖η′(ȳ′j − ζj)‖ < r

3 .

Consequently,
[
{ȳ′j}+ tB(ν + ν′ + (η + η′)(ȳj − ȳ′j), r)

]
∩ Yj(z′) 6= ∅ and thus
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ν + ν′ ∈ T̂ ρYj(z)(ȳj). Since this is true for all ρ > 0, we conclude that T̂Yj(z)(ȳj)
is stable under sumation. Since T̂Yj(z)(ȳj) is a cone, we get it is convex.

5. We first show that when L is finite dimensional T̂Yj(z)(ȳj) = T̂Yj(z)(ȳj).
Let r > 0 and ε associated with r

2 such that for all z′ ∈ B(z, ε), for all ȳ′j ∈
B(ȳj , ε)∩Yj(z′) and for all t ∈ (0, ε) there exists ξ ∈ B(0, r2 ) such that ȳ′j+t(ν+
ξ) ∈ Yj(z′). Let ρ > 0 and η > 0. Since in this case all topologies are equivalents
and the interior of the positive cone is nonempty, we can choose the closed unit
ball equal to the order interval [−e, e]. We now choose ε′ > 0 smaller than ε, r

2η

and ρ. Let V = B(z, ε′) and U = B(ȳj , ε
′). Then, for all ȳ′j ∈ U one has that

‖ξ−η(ȳj− ȳ′j)‖ < r for all ξ ∈ B(ν, r2 ). This implies that for all z′ ∈ V ∩B(z, ρ),
for all ȳ′j ∈ U ∩B(ȳj , ρ)∩ Yj(z′) and all t ∈ (0, ε′), there exists ξ ∈ B(0, r2 ) such
that ȳ′j+t(ν+ξ) ∈ Yj(z′). But ȳ′j+t(ν+ξ) = ȳ′j+t(ν+η(ȳj−ȳ′j)−η(ȳj−ȳ′j)+ξ).

Since ξ − η(ȳj − ȳ′j) ∈ B(0, r), ν ∈ T̂ ρYj(z)(ȳj), so ν ∈ T̂Yj(z)(ȳj) since this is true

for all ρ > 0.

Let us now consider the following sequential characterisation of T̂Yj(z)(ȳj)
when L is a finite dimensional vector space:

T̂Yj(z)(ȳj) :=

{
ν ∈ L

∣∣∣∣ ∀zn → z,∀ynj → ȳj such that ynj ∈ ∂Yj(zn)
and ∀tn ↓ 0 ∃νn → ν such that ynj + tnνn ∈ Yj(zn)

}

Let us recall the marginal pricing rule of [11] when the commodity space is
of finite dimension:

MP (ȳj , z) = co

p ∈ S
∣∣∣∣∣∣

∃ zn ⊂ RL(I+J), zn → z,
∃ ȳnj ⊂ RL, ȳnj → ȳj , ȳ

n
j ∈ ∂Yj(zn)

∃ pn ⊂ RL, pn → p, pn ∈ NYj(zn)(ȳ
n
j ) ∩ S


To prove that N̂Yj(z)(ȳj)∩S = MP (ȳj , z), we first prove the following lemma:

Lemma 5. (i) Let ν ∈ T̂Yj(z)(ȳj) and let r > 0 and ε > 0 as given by the

definition of T̂Yj(z)(ȳj). For all z′ ∈ B(z, ε) and all ȳ′j ∈ B(ȳj , ε) ∩ Yj(z′),
ν − re ∈ T̂Yj(z′)(ȳ′j).

(ii) Let ν ∈ MP (ȳj , z)
◦, for all δ > 0, there exists ε > 0 such that for all

z′ ∈ B(z, ε) and all ȳ′j ∈ B(ȳj , ε) ∩ Yj(z′), ν − δe ∈ intTYj(z′)(ȳ
′
j).

Proof of Lemma 5 (i) Let ν ∈ T̂Y j(z)(ȳj). We choose ε′ < ε such that B(z′, ε′) ⊂
B(z, ε) and B(ȳ′j , ε

′) ⊂ B(ȳj , ε). Then, for all z′′ ∈ B(z′, ε′) for all ȳ′′j ∈
B(ȳ′j , ε

′)∩Yj(z′′) and all t ∈ (0, ε′) there exists ξ ∈ B(0, r) such that ȳ′′j + t(ν+
ξ) ∈ Yj(z′′). By the free disposal condition, ȳ′′j + t(ν − re) ∈ Y (z′′). From the

definition of T̂Yj(·), this clearly implies that ν − re ∈ T̂Yj(z′)(ȳ′j).
(ii) Let ν ∈MP (ȳj , z)

◦ and δ > 0. By contraposition, if for all ε > 0, there
exists z′ ∈ B(z, ε) and ȳ′j ∈ B(ȳj , ε)∩Yj(z′) such that ν−δe /∈ intTYj(z′)(ȳ

′
j), we

can build a sequence (zn, ȳnj , p
n) converging to (z, ȳj , p) such that ȳnj ∈ ∂Yj(zn),
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pn ∈ NYj(zn)(ȳ
n
j ) ∩ S and 〈pn, ν − δe〉 ≥ 0. So, at the limit, from the definition

of MP (ȳj , z), we get p ∈MP (ȳj , z) and 〈p, ν − δe〉 ≥ 0, which implies 〈p, ν〉 ≥
δ > 0, which contradicts ν ∈MP (ȳj , z)

◦. �

We now proceed with the proof. Let π ∈MP (ȳj , z), then by Carathéodory’s
Theorem π =

∑
k∈K λkpk such that λk ≥ 0,

∑
k∈K λk = 1, and (pk) ∈ S for

all k. Hence, for all δ > 0, 〈π, ν − δe〉 =
∑
k∈L λk〈pk, ν − δe〉. By definition,

every pk is the limit of a sequence pnk ∈ NY (zn)(ȳ
n
j ) ∩ S ⊂ N̂Y (zn)(ȳ

n
j ) ∩ S from

Proposition 1. Let ν ∈ T̂Yj(z)(ȳj). For all n ≥ n0

∑
k∈K λk〈pnk , ν − δe〉 ≤ 0 by

the above lemma. Taking limits, one has 〈π, ν − δe〉 =
∑
k∈K λl〈pk, ν−δe〉 ≤ 0.

Hence, 〈π, ν〉 ≤ δ. Since this is true for all r > 0, we conclude that 〈π, ν〉 ≤ 0
and then π ∈ N̂Yj(z)(ȳj) ∩ S.

To prove the converse inclusion, we use the duality between closed convex
cones and we actually prove that MP (ȳj , z)

◦ ⊂ T̂Yj(z)(ȳj). Let ν ∈MP (ȳj , z)
◦.

To prove that ν ∈ T̂Yj(z)(ȳj), it suffices to show that ν − δe ∈ T̂Yj(z)(ȳj) for
all δ > 0. From the above lemma, for all δ > 0, there exists ε > 0 such
that for all z′ ∈ B(z, ε) and all ȳ′j ∈ B(ȳj , ε) ∩ Yj(z′), ν − δe ∈ intTYj(z′)(ȳ

′
j).

So, from the characterisation of the interior of the Clarke’ tangent cone, there
exists τ(ȳ′j , z

′) > 0 such that for all t ∈ [0, τ(ȳ′j , z)], ȳ
′
j + t(ν − δe) ∈ Yj(z′). Let

zn → z and ȳnj → ȳj such that ȳnj ∈ ∂Yj(zn). For n large enough, zn ∈ B(z, ε)
and ȳnj ∈ B(ȳj , ε) ∩ Yj(z′). So, we can build a sequence tn ↓ 0 such that
tn < τ(ȳnj , z

n). Hence, ȳnj + tn(ν − δe) ∈ Yj(zn) for all n large enough, which

implies that ν − δe ∈ T̂Yj(z)(ȳj).

6. Let Yj be a convex valued correspondence. Let

PM(ȳj , z) = {π ∈ L∗ | π(ȳj) ≥ π(y′j)∀ y′j ∈ Yj(z)}

be the profit maximization behaviour. Let ζj − ȳj ∈ (Yj(z)− {ȳj}). Let ρ > 0,
η = 1, r > 0, 0 < δ < r, ε = 1 and U = L. By Assumption P(3), there
exists V ∈ V∏

LM τ (z) such that ζj − δe ∈ Yj(z
′) for all z′ ∈ V . Let z′ ∈

B(z, ρ)∩ V and ζj − δe ∈ Yj(z′). Then, for ȳ′j ∈ B(ȳj , ρ)∩ Yj(z′) and t ∈ (0, 1),
t(ζj − δe) + (1 − t)ȳ′j ∈ Yj(z

′) since Yj(z
′) is convex. But this means that

ȳ′j + t(ζj − δe − ȳj + (ȳj − ȳ′j)) ∈ Yj(z′). Since −δe ∈ r[−e, e] we have that

ζj− ȳj ∈ T̂ ρYj(z)(ȳj). Since this is true for all ρ > 0, ζj− ȳj ∈ T̂Yj(z)(ȳj) and thus

N̂Yj(z)(ȳj) ⊂ (Yj(z) − {ȳj})◦ = PMj(ȳj , z). The converse is immediate since

PM(ȳj , z) = NYj(z)(ȳj) ⊂ N̂Yj(z)(ȳj) ⊂ N̂Yj(z)(ȳj).

6.3 Proof of Lemma 1

Proof. Let us note that Assumption SB (2) implies that for all ζj ∈ ∂Yj(z),
TYj(z)(ζj) = {ν ∈ L|∇1fj(ζj , z)(ν) ≤ 0} is the Clarke’s tangent cone to Yj(z) at
ζj ([12], Theorem 2.4.7, Corollary 2, p. 57).
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Since e is in the quasi-interior of L+ and∇1fj(ζj , z) ∈ L∗+\{0},∇1fj(ζj , z)(e)
is strictly positive. Let ν ∈ L such that ∇1fj(ζj , z)(ν) ≤ 0, let ρ > 0, η = 1 and

r > 0. Let α > 0 such that α < rβ
2(2‖ν‖+4ρ+r) where β = ∇1fj(ζj , z)(e). Since

∇1 is continuous, there exist neighborhoods U ∈ Vτ (ζj) and V ∈ V∏
LI+J τ

(z)
such that ‖∇1fj(ζj , z)−∇1fj(ζ

′
j , z
′)‖ < α for all (ζ ′j , z

′) ∈ U × V .

Let U ′ = {ζ ′j ∈ L | ∇1fj(ζj , z)(ζ
′
j − ζj) <

rβ
4 } be a weak neighborhood of

ζj . There exists another convex neighborhood U ′′ of ζj and δ > 0 such that
U ′′ +B(0, δ) ⊂ U ′ ∩ U

Let ε > 0 such that ε < 2δ
2(2‖ν‖+2ρ+r) . From the Mean Value Theorem, for

all z′ ∈ V ∩ B(z, ρ), for all ζ ′j ∈ U ′′ ∩ B(ζj , ρ) ∩ Yj(z′) and all t ∈ (0, ε), there
exists ζ ′′j in the segment [ζ ′j , ζ

′
j + t(ν + ζj − ζ ′j − r

2e)] such that

f(ζ ′j + t(ν + ζj − ζ ′j −
r

2
e), z′) = f(ζ ′j , z

′) + t∇1fj(ζ
′′
j , z
′)(ν + ζj − ζ ′j −

r

2
e)

From our choice of ε, one deduces that ζ ′′j ∈ U , so ‖∇1fj(ζ
′′
j , z
′)−∇1fj(ζj , z)‖ ≤

α. Since ∇1fj(ζ
′′
j , z
′)(ν + ζj − ζ ′j − r

2e) = (∇1fj(ζ
′′
j , z
′)−∇1fj(ζj , z))(ν + ζj −

ζ ′j− r
2e)+∇1fj(ζj , z)(ν+ζj−ζ ′j− r

2e), one deduces from the previous definitions
and inequalities that ∇1fj(ζ

′′
j , z
′)(ν + ζj − ζ ′j − r

2e) < 0. Since f(ζ ′j , z
′) ≤ 0, we

get f(ζ ′j + t(ν + ζj − ζ ′j − r
2e), z

′) ≤ 0, that is ζ ′j + t(ν + ζj − ζ ′j − r
2e) ∈ Yj(z

′).

Since − r2e ∈ [−re, re], we obtain that ν ∈ T̂ ρYj(z)(ζj). Since this is true for all

ρ > 0, we have that ν ∈ T̂Yj(z)(ζj)

6.4 Proof of Proposition 4

In this subsection, e belongs to the interior of L+ and the norm is the norm
associated to e, that is the closed unit ball is the interval [−e, e].

We first state and prove the following lemma.

Lemma 6. Let ρ > 0 and ν ∈ T̂ ρYj(z)(ȳj). From the definition of T̂ ρYj(z)(ȳj),
there exists η > 0 such that for r̄ > 0, there exist εr̄ > 0, Vr̄ and Ur̄ such
that for all z′ ∈ B(z, ρ) ∩ Vr̄ and all ȳ′j ∈ B(ȳj , ρ) ∩ Ur̄ ∩ Yj(z′), t ∈ (0, εr̄),
ȳ′j + t(ν + η(ȳj − ȳ′j) − r̄e) ∈ Yj(z

′). Then, for all z′ ∈ B(z, ρ) ∩ Vr̄ and all

ȳ′j ∈ B(ȳj , ρ) ∩ Ur̄ ∩ Yj(z′), ν + η(ȳj − ȳ′j)− 2r̄e ∈ T̂Yj(z′)(ȳ′j).

Proof. Let ρ > 0 and ν ∈ T̂ ρYj(z)(ȳj). Let z′ ∈ B(z, ρ)∩Vr̄ and ȳ′j ∈ B(ȳj , ρ)∩Ur̄∩
Yj(z

′). Let ε′ > 0 smaller than εr̄,
r̄
η and such that B(z′, ε′) ⊂ B(z, ρ)∩ Vr̄ and

B(ȳ′j , ε
′) ⊂ B(ȳj , ρ)∩Ur̄. For all z′′ ∈ B(z′, ε′), for all ȳ′′j ∈ B(ȳ′j , ε

′)∩Yj(z′′) and
for all t ∈ (0, ε′), ȳ′′j +t(ν+η(ȳj−ȳ′′j )−r̄e) = ȳ′′j +t(ν+η(ȳj−ȳ′j)+η(ȳ′j−ȳ′′j )−r̄e) ∈
Yj(z

′′). Since ȳ′′j ∈ B(ȳ′j , ε
′), η(ȳ′j − ȳ′′j ) ≥ −ηε′e ≥ −r̄e. Hence, by the free-

disposal property, ȳ′′j + t(ν + η(ȳj − ȳ′j) − 2r̄e) ∈ Yj(z′′). So, for all r > 0, the

vector ν+η(ȳj− ȳ′j)−2r̄e satisfies the definition of T̂Yj(z′)(ȳ
′
j) with ε′ has above

and ξ = 0 ∈ B(0, r).
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Now we proceed with the proof of Proposition 4:

Proof. From Assumption B, A(ω) is bounded, so, there exists ρ > 0 large enough
such that for all (z′, z′′) ∈ A(ω)2, z′′ ∈ B(z′, ρ) and y′′j ∈ B(y′j , ρ).

Let ν ∈ T̂ ρYj(z)(yj). From the previous Lemma, there exists η > 0 such that

for r̄ > 0, there exist Vr̄ and Ur̄ such that for all z′ ∈ B(z, ρ) ∩ Vr̄ and all
ȳ′j ∈ B(yj , ρ) ∩ Ur̄ ∩ Yj(z′), ν + η(yj − ȳ′j)− 2r̄e ∈ T̂Yj(z′)(ȳ′j).

Since (zγ , πγ)γ∈Γ converges to (z, π) for the product-topology
∏
LI+J τ × σ∗

and πγ(yγj ) converges for all j and πγ ∈ N̂Yj(zγ)(y
γ
j ) for all γ ∈ Γ, there exists

γ0 such that for all γ ≥ γ0, zγ ∈ Vr̄ ∩ A(ω) ⊂ Vr̄ ∩ B(z, ρ) and yγj ∈ Ur̄ ∩
B(yj , ρ) ∩ Yj(zγ). From the above lemma, ν + η(yj − yγj )− 2r̄e ∈ T̂Yj(zγ)(y

γj ).

Since πγ ∈ N̂Yj(zγ)(y
γ
j ), πγ(ν + η(yj − yγj )− 2r̄e) ≤ 0. Taking limits, we obtain

π(ν) + ηπ(yj) − η limγ π
γ(yγj ) ≤ 2r̄. Since this is true for all r̄ > 0 we deduce

that π(ν) + π(yj) ≤ limγ π
γ(yγj ).

From Assumption TC, 0 ∈ T̂Yj(z)(yj) ⊂ T̂
ρ
Yj(z)

(yj), so the previous inequality

leads to π(yj) ≤ limγ π
γ(yγj ).

If π(yj) = limγ π
γ(yγj ), then we get π(ν) ≤ 0 for all ν ∈ T̂ ρYj(z)(yj), which is

larger than T̂Yj(z)(yj) and we conclude that π ∈ N̂Yj(z)(yj).

6.5 Proof of Lemma 4

Proof. We want to prove that for all (p, z, t) ∈ Se×Ze×R+, if (yj) ∈ Ae(ω+te, z)
then p(

∑
j∈J yj + ω + te) > 0. By Claims 1 and 2, there exists a continuous,

positive, linear functional π which extends p to the whole space L and π ∈
∩j∈JN̂Yj(z)(yj). Hence, (π, z, t) ∈ S × Z × R+ and (yj) ∈ A(ω + te, z). Since∑
j∈J yj +ω+ te belongs to L(e)+ we get by Assumption SA, 0 < π(

∑
j∈J yj +

ω + te) = p(
∑
j∈J yj + ω + te) and the Lemma is proved.
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