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Abstract:  The relationship between public debt, growth and wvolatility is
investigated in a Barro-type (1990) endogenous growth model, with three main
features: we consider a small open economy, international borrowing is constrained
and households have taste for domestic public debt. Therefore, capital, public
debt and the international asset are not perfect substitutes and the economy is
characterized by an investment multiplier. Whatever the level of the debt-output
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ratio, the existing BGP features expectation-driven fluctuations. If the debt-output
ratio is low enough, there is also a second BGP with a lower growth rate. Hence,
a lower debt does not stabilize the economy with credit market imperfections.
However, a high enough taste for domestic public debt may rule out the BGP
with lower growth. This means that if the share of public debt hold by domestic
households is high enough, global indeterminacy does not occur.
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1 Introduction

Following the last financial crisis, debt levels have increased dramatically in
many advanced countries raising the problem of debt sustainability and of
possible bankruptcy. The control of the growth rate of public spending has
then become a major concern for economists and policy-makers, while the
average debt-to-GDP ratio has increased in one decade since the 2008 crisis
by more than 20 percentage points. Yet, the situation is quite heterogeneous
across countries. While Greece has faced huge solvency problems after its
debt-to-GDP ratio exceeded 150% in 2010, Japan does not seem to face
similar difficulties with a debt-to-GDP ratio that has recently reached 250%.
These various experiences illustrate the idea that debt sustainability is a
complex question.!

In this paper we address this complexity of public debt financing, re-
examining two main questions. On the one hand we study the relationship
between the level of debt and growth, and on the other hand we highlight
the link between macroeconomic stability and debt. In comparison to the
recent literature, we introduce three additional dimensions. First, while most
existing papers are concerned with closed economies (Chéron et al. (2019),
Futagami et al. (2008), Maebayashi et al. (2017), Minea and Villieu (2013)),
in this paper we consider instead a small open economy. Like us, Morimoto et
al. (2017) also addressed the case of a small open economy. However, these
authors assume that the different assets, productive capital and domestic and
external debt, are perfect substitutes. Therefore, in their work there is no
portfolio choice for the households and only the level of total asset holdings
plays a role.

Second, following empirical evidence (Chung and Turnovsky (2010),
Manova (2008)), we assume that borrowing on the international market is

LThis is highlighted in the paper by Collard et al. (2015), which provides a model
where the amount investors are willing to lend to a country’s government depends on
its expected primary surplus, the country level and volatility of growth, and the level
of debt they expect the government will be able to raise in the future with the purpose
of servicing the debt it seeks to raise today. Based on that, they propose a measure of
maximum sustainable government debt for advanced economies that strongly varies across
countries.



limited. The loans provided by the rest of the world are constrained and
collateralized by the capital invested in the home country.? As in Fahri and
Tirole (2012), Kiyotaki and Moore (1997) or Hirano and Yanagawa (2017),
such a credit constraint generates an investment multiplier, which will play
a key role inducing expectation-driven fluctuations.

Finally, empirical evidence also highlights that in the Euro area and in
the US around 50% of public debt is held by non-residents, while in Japan
and in the UK only 4% and 31% respectively of the national public debt
is held by non-residents. This means that almost the totality of Japanese
debt and the majority of the UK debt are held by domestic institutions.
Note that, such a characteristic could provide an explanation for the strong
sustainability of the Japanese debt. In order to take into account this variety
of configurations, we introduce domestic public bonds in the utility function
in order to be able to measure the degree of the taste for domestic public
bonds, and quantify its effects.

The aim of this paper is to introduce these three features into a
dynamic model with infinitely-lived households where, following Barro
(1990), endogenous growth is obtained through public expenditures that
improve production and are financed both by taxes on income and public
debt. Considering a small open economy, loans can be contracted from the
rest of the world. However, because of a credit constraint, where capital
plays the role of collateral, and of taste for domestic public debt, there is
non-substitutability between the different assets: productive capital, public
debt and an international asset. Finally, in accordance with Minea and
Villieu (2013) or Morimoto et al. (2017), we assume that public debt follows
a stability constraint.

We discuss the effect of public debt on growth and whether a lower debt-
output ratio may be stabilizing, by ruling out equilibria multiplicity. Our
results are quite different from those provided by the previous literature.
When the debt-output ratio is high enough, we show that there is a unique
BGP which is locally indeterminate. This striking conclusion is explained
by the possibility to borrow on the international market and the existence

2Such a borrowing constraint is especially relevant in a small open economy since it
allows to keep the economy sufficiently small with respect to the rest of the world.



of an investment multiplier. On the contrary, when the debt-output ratio
is low enough, two BGPs may coexist: there is also a BGP with a lower
growth rate which is saddle-point stable, implying global indeterminacy and
coordination problems. These BGPs can be both characterized by a primary
deficit, or the lower one can be characterized by a primary surplus. In this
last configuration, where the interest rate is above the growth rate, household
taste for domestic public debt plays a key role. When it is high enough, the
proportion of domestic public debt is too big to satisfy the household budget
constraint when growth is low, which rules out the existence of the BGP
with the lowest growth rate. However, taste for domestic public debt does
not modify the stability properties of the BGPs. This means that, while a
high share of public debt held by domestic households does not affect the local
indeterminacy of the BGP with the highest growth rate, it may eliminate the
multiplicity of BGPs, i.e. it rules out global indeterminacy.

Our results have also clear policy implications. A lower debt-output
ratio does not stabilize endogenous fluctuations. Indeed, the BGP with
the highest growth rate is locally indeterminate whatever the level of the
debt-output ratio, while a sufficiently low debt-output ratio may promote
the multiplicity of BGPs, i.e. may be a source of global indeterminacy. This
conclusion is completely different from the one obtained in a small open
economy with perfectly substitutable assets in which a sufficiently low public
debt stabilizes expectation-driven fluctuations (Morimoto ef al. (2017)). In
a closed economy with perfectly substitutable assets, and a log-linear utility
in consumption as in our paper, multiplicity of equilibria is also ruled out for
any level of the debt-output ratio (Minea and Villieu (2013)).3

The source of multiplicity of equilibria in our model is related to two key
features of our framework: (i) the inflow of international assets and (ii) the
existence of non substitutable assets due to a credit constraint with collateral.
Indeed, in a closed economy with perfectly substitutable assets, expectations
of higher public expenditures cannot be self-fulfilling. To finance higher
public expenditures, a larger debt emission is indeed required, which crowds

3In Chéron et al. (2019), it is however shown that, in a closed economy, local and global
indeterminacies may occur if the elasticity of intertemporal substitution is sufficiently
larger than 1.



out private investment having a negative impact on future income. It then
prevents the existence of expectation-driven fluctuations. In contrast, in our
framework, as a small open economy can import international funds, such a
crowding-out effect is no longer relevant. Therefore, a higher public spending
is now compatible with an increase of productive investment. The resulting
effect on growth is magnified by the collateral role of capital which generates
an investment multiplier. Higher investment and growth sustain an expected
increase of public spending, which is not possible when assets are perfectly
substitutable (Morimoto et al. (2017)).

Given our results on local and global indeterminacy, we finally provide
a simple numerical illustration in order to check whether the preference of
households for domestic bonds can explain the heterogeneity of experiences
across some OECD countries using specific calibrations based on empirical
evidence. We especially illustrate that while both Greece and Japan are
characterized by high debt-output ratios, they do not feature the same
dynamics. Indeed, Greece appears to be characterized by a preference for
domestic bonds which allows the multiplicity of BGPs, whereas it is not the
case for Japan. This may explain why Japanese debt is more stable than the
Greek one.

This paper is organized as follows. In Section 2, we present the model.
In Section 3, we analyze the existence and the multiplicity of BGPs. We
also discuss the features of these BGPs and analyze comparative statics.
In Section 4, we analyze the stability of BGPs. We provide a numerical
illustration of our results in Section 5. We conclude in Section 6, while most
technical details are relegated to an Appendix.

2 The model

We consider a continuous time small open economy with three types of
agents, a large number of identical competitive firms, a constant population
of identical infinitely lived households, and a government.



2.1 Production

We consider a perfectly competitive economy where the final output y is
produced using capital k£ and labor supplied in one unit. As in Barro (1990),
the production also benefits from an externality due to public spending G,
and is given by y = k*G175.

The rental rate of capital r(t) and the wage rate w(t) then satisfy:

re(t) = sa(t) (1)
wit) = (1 s)a(t) k() ©)

where © = G/k.

2.2 Households’ behavior

The infinitely-lived household derives utility from consumption ¢(t) and from
holding domestic public debt By, (t). Households can also save through capital
k(t) and can buy or sell the international asset d(t) from/to foreigners.
The two financial assets are freely traded on international markets, whereas

capital used in production is not mobile.
The intertemporal maximization program of a representative agent is

given by:
/W P Inc(t) + Bln By(t)] dt
OBURDAD Jimg e "

st. c(t) + k(t) +d(t) + Bu(t) = (1—7)(rk(t)k(t) +w(t)) +rd(t) +rBu(t) (3)
rd(t) = —0(1—7)ri(t)k(t) (4)

where p > 0 is the discount rate and § > 0 is a parameter that measures
the preference for domestic bonds of domestic residents. The tax rate on
income 7 € [0,1) and the international interest rate r > 0 are assumed to
be constant. As in Fahri and Tirole (2012) or Hirano and Yanagawa (2017),
the parameter 6 € (0, 1) is a measure of credit market imperfection when the
borrowing constraint (4) is binding. The larger 6 is, the less significant the
degree of this imperfection.

Our aim in this paper is to study portfolio decisions based on three assets,
i.e. domestic public debt, physical capital and foreign assets, that are not
perfectly substitutable. However, since there is only one dynamical equation
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corresponding to the budget constraint of the representative household, there
are not enough equations to solve the intertemporal optimization problem
using Hamiltonian techniques. We need to use instead the standard method
of calculus of variations based on the consideration of the Euler equation.
Let us then introduce the following Lagrangian:

c::ampn01—ﬂauwuﬂ+u@»+raw+mBMw—k@y—ﬂw—Bmo)

+5mBMw]+Mw@mw+eu—7ygauﬂ)

with A(t) > 0 the Lagrange multiplier associated to the borrowing constraint.
oL _ d oL

The first order conditions are derived from the Euler equation 5= = 2.5=,
w t Ow

with w = {k, d, By, }:

e (L —T)re(t) AQ)(L = 7)0ry(t) = ipt (p ! é(ti) ’
)
)

c(t)

N+ mm) = 0 ) ¢

Any solution needs also to satisfy the transversality conditions:

tliin e Pw(t)/c(t) =0, with w(t) = {k(t),d(t), Bn(t)} (8)
—+oo
Using (5) and (6), the Lagrange multiplier is given by:
— et ((A—Dm)—r
)\(t) 0 <r—9(1—1j’)rk(t)) (9)
and we obviously get A(t) > 0 if and only if:
(1 —=7)r(t) >r > 0(1 — 17)ri(t) (10)

In the following, we focus on configurations where the credit constraint (4)
is binding, i.e. condition (10) is satisfied. Substituting (9) in (5), we obtain
the consumption growth rate:

et (=m)r(H)(1-0)
@ = 100 @sr P (11)
If the different assets were perfect substitutes, the growth rate of

consumption would be r — p. In our model, as borrowing on the international
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market requires collateral and should be reimbursed, the expected return of
capital is (O (1-0) 12)
1=6(1—7)rk(t)/r

Indeed, the marginal benefit of investing one unit of capital becomes (1 —
T)re(t)(1 — ), whereas the expected cost of investing one unit of capital is
reduced to 1 — 6(1 — 7)rg(t)/r.

Using (5), (7) and (9), we define the arbitrage between capital and the
public asset that allows to determine the level of public debt held by residents:

Be®) _ (A=m)rpt)(1-0)
T+ B = 180 (13)

One of the key ingredients of our model is the coexistence of three assets
that, a priori, are not perfect substitutes. Foreigners are indifferent between
holding the international asset and domestic public debt because they have
the same international return r. However, for residents, this is not the case,
since borrowing on the international market requires collateral and residents
enjoy holding domestic public debt. Both mechanisms increase the marginal
utility of holding these assets.

2.3 Government

The government finances public spending G by income taxation 7(rpk + w)
and debt emission B. Debt is explicitly composed by public bonds held by
foreigners By and by residents By, i.e. B = By+ Bj,. The government budget
constraint writes:

B(t) = G(t) + rB(t) — 7(w(t) 4+ re(t)k(t)) (14)

Public debt also follows a stability constraint. Let b = B/y the ratio of
debt over GDP. According to Minea and Villieu (2013) or Morimoto at al.
(2017), the government aims to converge to a certain level of the ratio of debt
over GDP, namely b, which may be seen as a policy parameter. This means
that:

Zg_i):_(ﬁ(l—%),with¢>0 (15)

The parameter ¢ is obviously the adjustment coefficient of debt with respect

~

to the target. It is a policy parameter.



2.4 Intertemporal equilibrium

Using the equilibrium prices (1) and (2), the constraint on public debt (15)
and G/y = 2, equation (14) gives the growth rate of production:

() _ =(t)° T b
M=ag o (1) (16)
and the growth rate of consumption (11) can be rewritten:
_ ) (1-m)se(t)'~(1-6)
Pz(1) = o — 1-00-nszmi—sr P (17)

This equation shows that the growth rate strongly increases with .
Because of the binding credit constraint (4), capital also plays the role of
collateral, introducing a leverage effect that increases productive investment.
This creates an investment multiplier, which explains that the growth rate
strongly reacts to public spending over GDP, a measure of the productivity
of capital. It is also interesting to note that an increase of # which relaxes
the credit constraint, increases the net return of capital, which as expected,
fosters growth. Of course, a lower r has the same effect since it facilitates
borrowing on the international market.

A binding credit constraint (4) means that d = —6(1 — 7)sy/r. This also
implies that d/d = 3/y. Using the arbitrage condition (13), we obtain an
expression for the public debt held by residents:

c r—0(1—7)sz(t)1—s
Bh<t):ﬂ(t)< 6(1—7)sz(t) ) (18)

r (1—7)sz(t)l=s—r

Obviously, if 8 = 0, we observe that there is no domestic holding of the public
debt.* The assumption of preferences for domestic debt is therefore crucial
to consider a portfolio containing the three imperfectly substitutable assets
and to be in line with the fact that in most OECD countries a significant but
variable part of public debt is hold by residents. Note indeed that everything
else equal, By(t) is increasing with the parameter S measuring the preference
for domestic bonds. We get from (18):

Bu(t) _ ét) _ < r(1=0)(1—7)sa(t)}—* ) i(t)
By (t) c(t) [r—0(1—7)sz(t)1=s][(1—7)sz(t)1—s—r] | =(t

(19)

NI g

4 Actually, to prove such a result when 3 = 0, we need to introduce in the Lagrangian
an additional multiplier u(¢) associated to the positivity constraint Bp(t) > 0. Then we
easily show that when the credit constraint (4) is binding, we have A(¢)r = u(t) > 0 and
thus Bp(t) = 0. In such a case indeed domestic public bonds are always dominated by the
international asset d(t) through the credit constraint.



Using (3), we also derive the growth rate of capital:
k —s c 0(1—7)sz(t)l—5—r
1= (=)= s)a(t) e + 4 [ AR ]

By, (t) By (t) 0(1—7)s 1—sy(t)
Ko B T 20w

(20)

Let us introduce the variable v = ¢/y. Using (16) and (17), we easily get:

o) r(l—7)sz(t)!*(1-0) z(t)® T b
6= Nt ey a0 (1)

V(b(t), z(t))

(21)

Note that x = G/k = (y/k) . Using now (16), (17), (19) and (20), we
determine & /x as follows:

r—6(1—7)sxz(t)1 % z() | o 11— \]—(1— Cne 1—s
o (RO o (1- o) |- () a-0)a(0)

T)sz(t)l—s
“© ) TR ey

1—s ) (Br—6(-—r)se()l* 1 ra-9a-nsz@®)t=s 1
ro()x(t) {(r (1—7)sz(t)l=s—r ) {1 ( r—0(1—7)sz(t)1—s p)] r} (22)
(1—s) [1+Bv((p)1—s E=D0=D2e )

(eI =5 —7]
X(b(t),v(t), x(t))

Equations (15), (21) and (22) determine a three-dimensional dynamic
system involving the variables (b(t),v(t),z(t)) that governs the dynamics
of our model. We further note that only one variable, namely b(¢), is
predetermined while v(¢) and xz(t) are forward variables. Of course, any
equilibrium needs also to satisfy the transversality conditions (8).

3 Analysis of the balanced growth path (BGP)

A BGP is a steady state of the dynamic system (15), (21) and (22), i.e. is a
stationary solution (b,v,z) solving b(t) = 0, 0(t) = 0 and @(¢t) = 0. Such a
solution satisfies

ét) _ k() _ 9t) _ Ba(t)
ct) — k@O — y) B,,<>—F<)

By direct inspection of (8), the transversality conditions are always satisfied
along a BGP.




Using (15), we see that, along a BGP, we always have b = b. Then,
0(t) = 0 is satisfied for a value of = solving:

I'(z) = H(x) (23)

with:
e,
H(z) = %—i—r—% (25)

It is worth noticing that any solution = of equation (23) does not depend
on (. In fact, the only variables that react to 5 are v = ¢/y and b, = By/y.
Given the solution x, equation (22) with #(¢) = 0 gives a unique solution

v such that:
(1-7)(A—8)x' =S+ [r—0(1—7)sz'=5]p/r

e[ Y e ] (26)

T (1—7‘)311*5—7‘

v =

which depends on 5. An important property is that v > 0 for any 5 > 0
only if the solution z is such that 2°* — 7 > 0, while there exists a § > 0
such that when the solution z is characterized by z* — 7 < 0, v > 0 if and
only if 3 € (0,3). As we will discuss below, the sign of 2° — 7 depends on
whether x is characterized by a primary surplus or a primary deficit. This
will have some important consequences on the existence and multiplicity of

steady states.

3.1 Uniqueness versus multiplicity of BGP

Let us study the existence and uniqueness versus multiplicity of BGP. Recall
that the credit constraint (4) is binding. Using (1) and (10), this means that
T, < x < T,, with:

1 1

r 1—s o r 1—s
Ty = (m) and Ty = <(17T)S> (27)

We assume:

Assumption 1. r > p and 0 > s/(2 — s).
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The first part of Assumption 1 ensures that the growth rate is positive
whatever the value of 6 (see equation (17)) while the second part allows
to simplify the analysis, ensuring that I'(x) is a convex function.?

Beside the analysis of existence and uniqueness of the steady state, we
need also to determine whether the steady state is characterized by a primary
surplus or rather a primary deficit. A primary surplus (deficit) is obtained
if and only if 7y — G > (<)0. It is therefore immediate to derive that a
stationary solution x features a primary surplus if 25 —7 < 0, i.e. z < 7'/ =
Zo, and a primary deficit if x° —7 > 0, i.e. x > x(. For further references, z;
satisfies a primary deficit if and only if r > 7}, with:

=15 (1—1)s (28)
while z, satisfies a primary deficit if and only if » > r,, with

ry = T%(l —7)s8 = Ory (29)

In the following Proposition, we show that there is a unique BGP if the
debt-output ratio is sufficiently high, as illustrated in Figure 1, and that,
depending on the value of the interest rate r, it is characterized by a primary
deficit or surplus:

Proposition 1. Under Assumption 1, there exist f € (0,4+00) and ry €
(rq,73) such that if b > b, with

s
r

> ()T (30)

p

there is a unique stationary solution x € (xp,x,) of (23) in the following
Cases:

i) when r > ry and for any B > 0, with x characterized by a primary
deficit, i.e. such that x° — 1 > 0,

ii) when v < 1o and 3 € [0, 8), with x characterized by a primary surplus,
i.e. such that z° — 1 < 0.

Proof. See Appendix 7.1. O

5All our results on existence, uniqueness and multiplicity of steady states could be
obtained even under 6 < s/(2 — s) but at the cost of cumbersome technical details.

11
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Figure 1: Uniqueness of BGP

A sufficiently high interest rate r > ry pushes down growth. To sustain
the reimbursement of the high level of public debt, a sufficient high level of
growth is however needed, which means that public spending should be high
enough. This explains that there is a primary deficit. Of course, when r < r,
we have exactly the opposite situation. It is important to note that when
r <19 and B > B, there does not exist any admissible steady state since the
associated consumption level v becomes negative. As the amount of debt is
large, b > E, the return of debt r is larger than growth I', and, as households
have a strong taste for their domestic debt, they hold a too large amount of
domestic public assets Bj to be sustained by their budget constraint.

To understand why uniqueness occurs under a large debt-output ratio,’
we rewrite the government budget constraint (23) as I'(x)b = G/y — 7 + rb.
For a too low x, growth is not sufficient to allow the repayment of a high
level of debt. Hence, a large debt-output ratio is not compatible with the
government budget constraint and cannot be sustained, so that a too low
steady state cannot exist.

Let us focus now on the case where b is low enough, i.e. b < 3,7 depicted
in Figure 2. We can show that two BGPs may now coexist.

6As suggested by Figures 1 and 2, uniqueness corresponds to a configuration where
a unique “large” steady state x occurs while a lower one is outside of the admissible set
(zp, ) as it is unsustainable.

"Note that b > 0 requires r < 7.
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Proposition 2. Under Assumption 1, let ¥ = 7‘1%5(1 — 7')35 and
r )157_7

’5 = ((14)55

1-6
r=—¢__
0—6 P

For given (b,0,7), there emist 3 > 0, p > 0, = (0,1), r € (r,m) and
bmer < min{b, b} such that:

1. If p € (0,p) and b < b there are two stationary solutions x1,xs €
(xp, Ta) of (23) in the following cases:

i) when r € (r,rg) and for any B > 0, with (x¢ <)xy < 2 both
characterized by a primary deficit,

i) when r € (ro,m) and B € [0,/), with x1(< x0) characterized by a
primary surplus and xo(> o) characterized by a primary deficit.

2. If p € (0,p), b <™, 1 € (ro,1) and B > B, xo(> x0) is the unique
steady state and is characterized by a primary deficit.

Proof. See Appendix 7.2. n

+ + - X
Ty T1 i) Tq

Figure 2: Multiplicity of BGPs

From Propositions 1 and 2, we conclude that multiplicity of BGPs is only
possible if the debt-output ratio is sufficiently low and the interest rate is
sufficiently high, i.e. r € (r,7,). However, if the interest rate is in the upper
range of this interval, i.e. r € (rg,r), the multiplicity also requires a low

13



enough taste for domestic public debt, 8 € [0, 3). The lowest steady state
characterized by a primary surplus becomes indeed inadmissible when the
taste for domestic debt [ is too large. Of course, a primary surplus can only
occur at a low steady state under a relatively high interest rate to have a
growth rate I'(x) smaller than r. In this case, a primary surplus 7 > z° is
indeed required to sustain the government budget.

To understand now why multiplicity can occur under a low enough debt-
output ratio, consider again the government budget constraint (23) rewritten
as I'(z)b = G/y — 7 + rb. If the debt-output ratio is low enough, the
government budget constraint is sustainable even with a low growth rate,
which explains the existence of the low steady state (x1). In contrast, at
a high steady state (x2), the growth rate is high enough to sustain the
government budget whatever the level of debt. Given a sufficiently low level
of public debt, the multiplicity of BGPs is explained by the coexistence of two
key mechanisms: (i) the inflow of international assets and (ii) the existence
of an investment multiplier due to the credit constraint with collateral.

In a closed economy with perfectly substitutable assets (public debt and
capital), multiplicity of BGPs is ruled out under a log linear utility function
in consumption, as shown by Minea and Villieu (2013).® Indeed, if agents
expect an increase of public expenditures, this will induce a higher future
income. To finance this increase in public spending, a larger debt emission is
required, which crowds out private investment having a negative impact on
future income. Then, expectations may not be self-fulfilling, which explains
uniqueness.

In contrast, in our framework, as a small open economy can import
international funds, such a crowding out effect is no longer relevant.
Therefore, a higher public spending is now compatible with an increase of
productive investment. The resulting effect on growth is magnified by the
collateral role of capital which generates an investment multiplier. In this
case, an expected increase of public spending is self-fulfilling because of higher
future income and growth, which sustain a long run equilibrium with larger
public spending.

8As shown in Chéron et al. (2019), mulitplicity can be restored in a closed economy if
the elasticity of intertemporal substitution in consumption is sufficiently larger than one.
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Notice that Morimoto et al. (2017) also consider a small open economy
but obtain a unique BGP because, contrary to our formulation, all assets are
perfectly substitutable. Indeed, in their case, the growth rate I'(x) becomes
equal to the constant level » — p and there is a unique level of public spending
per GDP (z®) that sustains the government budget in the long run. There
is no longer any investment multiplier and, thus, any increase of productive
investment is not sufficient to sustain the increase of government spending.
Therefore, expectations cannot be self-fulfilling.

3.1.1 The effect of preferences for domestic public debt

The parameter § measuring the taste for domestic public debt is crucial
to ensure, in the portfolio of domestic households, the coexistence of three
assets that, a priori, are not perfect substitutes. Recalling that x, I, k/y,
d/y = —60(1—7)s/r and b are not affected by the preference parameter 3, we
easily derive from (18) and (26) that following an increase of /3, the holding
of public debt by residents by, increases, while consumption ¢/y increases
(decreases) if and only if the steady state under analysis is characterized by
a primary surplus (deficit). We can also compute the share of public debt

hold by residents as follows:
By _ pv <r79(17‘r)sx1_5)

B = 1 \ (—msal 1
with v as given by (26). When evaluated along a steady state = characterized
by a primary deficit, this ratio is an increasing function of .
To understand this effect on consumption over GDP, we look at the
household budget constraint at a BGP:

caT(E42)+ (T —r)by = (1= 1)+

where all the variables, with the exception of ¢/y and by, are invariant with
respect to 3. Therefore, following an increase of by, the ratio of consumption
over GDP increases if and only if the marginal benefit of holding more debt
r is larger than its marginal cost I', i.e. the associated steady state is
characterized by a primary surplus. However, when both [ is sufficiently
high and the return of debt r is larger than growth I', households would like
to hold a too high level of domestic debt b, = B}, /y to be sustained by their
budget constraint. This explains case 2 of Proposition 2 where the steady

15



state x; characterized by a primary surplus, i.e. » > I, no longer exists if 8
is too large.

This taste for domestic public debt also has some implications on the
welfare W evaluated at a BGP. As shown in Appendix 7.3, W is equal to:

W=23 (1480 () +p((1+8)e0) + B Bx)| (31
where
1-0U=msn ) (1) (1)t~
c(0) = k(0)< Yy (>) 5@ (32)

Blz) = B _8 <’r‘ 0(1—7)sz :)

c r \ (1—-7)szl—s

Considering that p is low enough, the dominant effect goes through the
growth rate I'(x). Since both consumption and domestic public debt raise
at this rate, a higher [ reinforces this growth rate effect. In addition, since
['(x) is increasing in z, the welfare will be larger with a higher level of z.
This means that when there is a multiplicity of steady states, they are Pareto
ranked, the welfare associated to x; being lower than the one associated to
T2, and any policy which raises the value of z is Pareto improving.

To complement our previous discussion, we also see that E(O) =
Br(0)/¢(0) increases with 3, while ¢(0) increases with [ if and only if
r > I'(z). In such a case, a higher taste for domestic public debt 8 means
more welfare, not only because it reinforces the effect of growth, but also
because it raises the initial values of consumption and domestic holding of
public debt.

3.1.2 The role of the international credit market

We finally briefly study how modifications of the credit market features affect
the long run BGPs. We focus on the configurations with two steady states,
as the comparative statics when there is one steady state are identical to
the ones obtained with the highest steady state. Note that from Figure 2,
we observe that ['(z)b < G/y — 7 + rb for all z between z; and x,. This
means that in this region, growth is not high enough to sustain the sum of
the primary deficit and debt reimbursement. Therefore, the question will
be to know whether this region enlarges or reduces when the credit market
features change.
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We study first the effects of relaxing the credit constraint through an
increase of 6 the degree of pledgeability. When 6 increases, the access to
external funds is facilitated, but it is still constrained by capital revenues.
Through the credit constraint (4), the collateral role of capital is reinforced,
amplifying the usual leverage effect that increases productive investment.
This mechanism strengthens the investment multiplier increasing growth.
For a given level of x, this ensures more public debt emission, i.e. the curve
['(x) moves upward in Figure 3.

bt it - T
Tp xlxll 95/2962 o

Figure 3: The impact of an increase of 6

This reduces the region where growth is not sufficient to sustain the sum of
the primary deficit and debt reimbursement. Therefore, x5 and its associated
growth rate I'(xy) decrease, and x; and the corresponding growth rate I'(x;)
increase.

We now analyze the effects of decreasing the cost of international funds
on steady state equilibria. Following a decrease of the international interest
rate r, the interest burden is reduced for any level of x, which shifts
the H(x) curve downward. At the same time, the growth rate increases.
Indeed, the cost of external debt becoming lower, we observe a higher
inflow of international funds which relaxes the credit constraint increasing
the collateral value of capital. Hence, residents invest more in productive
capital, which fosters growth, shifting the I'(x) curve upward. Consequently,
as shown in Figure 4, the region where growth is not enough to sustain the
sum of the primary deficit and debt reimbursement, i.e. I'(2)b < G /y—7+7b,
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is reduced. Thus, x5 and its associated growth rate I'(zs) decrease, and x;
and the corresponding growth rate I'(z1) increase in order to ensure that the
government budget constraint is satisfied at both BGPs.

—t — - T
THT 1z, zl T2 Tq

Figure 4: The impact of an increase of r

3.2 The effect of an increase of the targeted debt-output
ratio

To contribute to the debate initiated by Reinhart and Rogoff (2010) on the
relationship between growth and public debt, we now discuss the long run
effect of a variation of the debt-output ratio b. We have already shown
that the amount of debt has a strong impact on the uniqueness/multiplicity
properties of the steady state. Indeed, when b is large enough, i.e. larger
than a critical bound /b\, the steady state is unique, while two steady states
arise when debt is low enough, i.e. b < ™. This result immediately shows
that the impact of debt on growth is not as obvious as discussed in the
well-known contribution of Reinhart and Rogoff (2010) since the multiplicity
issue is not considered in their paper. We prove here that a large debt ensures
uniqueness while a low debt promotes multiplicity and thus potentially opens
room for global indeterminacy and large fluctuations. Moreover, the following
comparative statics results provide additional reasons to evaluate the impact
of debt on growth with caution.
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Proposition 3. Under Assumption 1, the following results hold:

1. If the steady state x is unique:

(a) when b >3, r <ryand B €10,3), dr/db > 0,
(b) when b >3, r>ry and B >0, dr/db < 0,
(c) when p € (0,p), b < 0™, r € (rg,13) and B> 3, dz/db < 0.

2. If there exist two steady states r1 < xo:

(a) when p € (0,p), b <™, r € (r,19) and B > 0, dx1/db > 0 and
de‘Q/d[_)< 0,

(b) when p € (0,p), b < b™*, r € (rg,m3) and B € [0, ), dry/db < 0
and dx,/db < 0.

Proof. See Appendix 7.4. n

Proposition 3 clearly shows that the impact of debt on growth strongly
depends on whether the steady state is unique or not, and on the properties
of the steady state in terms of primary deficit or surplus.

To understand this result, let us consider the simplest case where all
assets are perfect substitutes. In the absence of market imperfections, I'(x)
is no longer a function of x, but is given by r — p. There is a unique BGP as
depicted in the following Figure:
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Figure 5: Multiplicity of BGPs

19



When the steady state is characterized by a primary deficit, i.e. G/y > 7,
an increase of b generates a move from H to H. Indeed, the difference between
new debt emission and debt reimbursement increases. To ensure government
budget constraint, public spending over GDP has to increase. Similarly,
when the steady state is characterized by a primary surplus, i.e. G/y < T,
an increase of b generates a move from H to H, implying a decrease of public
spending over GDP.

Let us come back to our model with market imperfections and an
endogenous growth rate I'(z). In the case of multiple steady states, this
mechanism explains what happens at the low BGP x;, where the variations
of x are mainly determined by public spending over GDP. Therefore, when
there is a primary deficit with a low interest rate, the growth rate increases,
while it decreases when there is a primary surplus with a high interest rate.

The mechanism involved is quite different under uniqueness or at the
high BGP in case of multiplicity. In both these situations, the investment
multiplier plays a key role. Under multiplicity, as the higher steady state
is always characterized by a primary deficit, I' is larger than r in order to
satisfy the government budget. Following an increase in the debt-output
ratio b, the curve H shifts downwards, increasing the difference between new
debt emission and debt reimbursement for a given level of x. To satisfy
the government budget constraint, this excessive debt emission should be
reduced, which happens through a lower growth rate.

When there is a unique steady state characterized by a primary deficit
(cases 1.(b)-(c) of Proposition 3), the same mechanism as above holds.
However, a unique BGP may alternatively be characterized by a primary
surplus if the interest rate is low enough (case 1.(a) of Proposition 3). T is
lower than r in order to satisfy the government budget and the mechanism
is exactly the opposite. Following an increase in the debt-output ratio b, the
curve H shifts upward, decreasing the difference between new debt emission
and debt reimbursement for a given level of x. To satisfy the government
budget constraint, this reduced debt emission should be dampened by a
higher level of x increasing growth.

As a direct implication of these results, we derive that the effect of
debt on the growth rate depends on which equilibrium agents coordinate
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their expectations and on the properties of the equilibrium in terms of
primary deficit or surplus. As uniqueness is obtained under a large enough
debt/output ratio, the conclusions of Reinhart and Rogoff (2010) appear
to require more examinations. In addition, since two BGPs may coexist
under lower levels of debt, reducing public debt does not promote global
determinacy and coordination of expectations on a unique equilibrium. In
our open economy with borrowing constraint, we then obtain the opposite
conclusion as the one obtained for a closed economy (see for instance Chéron
et al. (2019)).

4 Local stability analysis

We study now the local stability properties of the BGPs to investigate if they
may be locally indeterminate and expectation-driven fluctuations may occur.
Let us consider the three-dimensional dynamic system as given by equations
(15), (21) and (22) and that can be written as follows

b(t) = —o(b(t) —b)
o(t) = V((t), z(t))v(t) (33)
p(t) = X(b(t),v(t), z(t))x(t)

The local stability properties of a given steady state are determined looking
at the sign of the eigenvalues associated to the Jacobian matrix of system
(33) evaluated at the steady state. The equation driving public debt being
linear, one eigenvalue is necessarily negative and given by A\; = —¢. As our
dynamical system is characterized by two forward variables, v(t) and x(t),
we conclude that if the two remaining eigenvalues Ay and A3 have a positive
real part, the steady state (b, v*, 2*) is saddle-point stable. On the contrary,
if one of these two eigenvalues has a negative real part, then the steady state
(b,v*, x*) is locally indeterminate.

From the bound /3 and the conditions provided by Propositions 1-2, we
prove:

Proposition 4. Under Assumption 1, let p € (0,p), and consider b™** < b
and r € (rq,1) as given in Proposition 2. Then the following results hold:
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1-whenb>bandr > 1 with B >0, orr < 1o with 8 € [0,3), the
unique stationary solution x € (xy,z,) is locally indeterminate;

2 - when p € (0,p), b < b™* and r € (r,r0) with B >0, orr € (ro,73)
with B € [0, 3), the highest steady state x% is locally indeterminate and the
lowest x7 is saddle-point stable;

3 - when p € (0,p), b < ™ and r € (ro,m) with 8 > 3, the unique
steady state x5 s locally indeterminate.

Proof. See Appendix 7.5. O

Proposition 4 shows first that when debt over GDP b is large enough, the
unique steady state is necessarily locally indeterminate. The intuition for
such a conclusion is quite simple. Starting from an equilibrium path, assume
that agents expect a future increase of government spending and thus a future
increase of output growth. Since a small open economy can import assets
from the international market, the standard crowding out effect associated
to an increase of public debt to finance government expenditure does not
occur. At the same time, the existence of the collateral constraint implying
imperfect substitutability among the three assets generates an investment
multiplier that allows an even larger increase of output growth. As a result
the large public debt can be sustained and the initial expectations are self-
fulfilling.

Proposition 4 also shows that when there are multiple steady states, the
larger one is always locally indeterminate while the lower one is always saddle-
point stable. The intuition regarding the local indeterminacy of the highest
steady state x, is identical to the one we just provide. Let us then focus on
the intuition associated with the lowest steady state x; when r € (r,1y).

Starting from an equilibrium path, assume again that agents expect a
future increase of government spending and thus a future increase of output
growth. Since the interest rate is quite large, the cost of external debt is large
and there are less asset inflows from abroad. Moreover, the credit constraint
tightens, alleviating the collateral role of capital. As a result, households
have less incentives to invest in productive capital, which limits the increase
of the growth rate. At the same time, since public debt is fixed at a low
level, it cannot be used to significantly increase government spending. It
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follows that the growth rate remains low and the initial expectations cannot
be self-fulfilling, leading to a unique equilibrium path.

It is important to mention here that while the local stability property of
each steady state is not strictly speaking affected by 3, the taste for domestic
public debt has a strong impact on the global indeterminacy properties of
the model. Indeed, if § is large enough, the lowest steady state is no longer
admissible and global indeterminacy no longer holds. A large enough holding
of public debt by domestic households therefore has a stabilizing impact
even though the remaining unique steady state is still locally indeterminate.
Large fluctuations of GDP associated to jumps between two steady states
are therefore ruled out.

5 A simple numerical illustration

As explained in the introduction, the issue of debt sustainability that
followed the last financial crisis appears to be quite heterogeneous across
countries. While Greece has faced huge solvency problems after its debt-to-
GDP exceeded 150% in 2010, Japan does not seem to face similar difficulties
with a debt-to-GDP ratio that has almost reached 250%. Although debt
sustainability is a complex question, particular empirical evidence provides
a basis to understand this heterogeneity. Indeed on average in the Euro area
and in the US, around 50% of public debt is held by non-residents, while in
Japan and in UK only 4% and 31% respectively of the national public debt
is held by non-residents. This means that most part of Japanese debt and
a significant proportion of the UK debt are held by domestic institutions.
Given our results on local and global indeterminacy, our aim is to provide
some simple numerical illustration in order to check whether the parameter
[ that measures the preference for domestic bonds of domestic residents can
explain the observed heterogeneity across countries using specific calibrations
based on empirical evidence.

The following table provides the fiscal pressure 7, the share of capital
income in GDP s, the share of gross debt in GDP b,”, the interest rate for

9The debt indicator is defined (in the Maastricht Treaty) as consolidated general
government gross debt at nominal (face) value, outstanding at the end of the year in
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international borrowing r and the share of debt held by residents B, /B in
2018 for Greece, Japan, the UK and the US.

Countries T s b r By/B
(% of GDP) (% of GDP) (% of GDP) (%) (%)
Greece 33.8 40 181.2 4.2 49
Japan 28.6 33 248.2 1.2 96
UK 35.2 30 85.2 1.1 69
US 24.3 36 105.5 1.7 52

Table 1: Main statistics (Source: IMF and OECD)

We consider for all countries the same discount rate p = 0.1 and the same
coefficient characterizing the borrowing constraint, namely 6 = 0.06.°

Plugging these values for each country in the equations determining the
steady states and the local stability properties allows to reach the following
results:

- The US and UK are both characterized by the possible existence of two
steady states with the lower one showing a primary surplus. The critical value
of B above which the lower steady state no longer exists for the US (UK)
is B ~ 0.79 (1.63) while the value of 3 giving a proportion Bj,/B = 0.52
(0.69) is 1.66 (4). It follows that for both countries, the lower steady state is
not admissible and they are characterized by a unique locally indeterminate
equilibria. While local fluctuations can occur, there is no risk of large jumps
between two BGPs. However, it is worthwhile to notice that, although close
to the Euro area average, the share of US public debt hold by US resident
is enough to prevent the existence of multiple equilibria. On the contrary, if
the share of public debt held by UK residents was also in the average of the
Euro area, the corresponding value of 5 would be 1.39 < § and would not
be enough to rule out the existence of the lower BGP.

- For Greece, we also find the possible existence of two steady states, the

the following categories of government liabilities (as defined in ESA 2010): currency
and deposits, debt securities and loans. The general government sector comprises the
subsectors: central government, state government, local government and social security

funds.
19Even though this value does not satisfy Assumption 1, all our results of Propositions

1 and 2 on existence, uniqueness and multiplicity of steady states still hold.
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lower one being characterized by a primary surplus. The critical value of
above which the lower steady state no longer exists is 5 ~ 20. Considering
that Greece is in the average of the Furo countries for the proportion of debt
hold by domestic residents, namely 49%, we can derive that the value of 3
leading to B,/B = 0.49 is 6.84. It follows that the two steady states are
admissible. Our model therefore suggests that Greece is characterized by
global indeterminacy with two steady states and thus the possible existence
of strong fluctuations. However, the lower saddle-point steady state appears
to be the focus of expectation coordination. Greece has indeed a primary
surplus since 2014. Moreover, the possible large fluctuations associated to
jumps between the two steady state questions the stability of the Greek debt.
At the same time, this illustration shows that more optimistic expectations
could coordinate on the higher steady state with larger growth, but at the
cost of more local fluctuations.

- For Japan, we again find the possible existence of two steady states
with the lower one characterized by a primary surplus. The critical value of 8
above which the lower steady state no longer exists is 5 ~ 1.295 and the value
of 8 giving a proportion Bj,/B = 0.96 is 2.17. It follows that, as for US and
UK, the lower steady state is not admissible and Japan is characterized by a
unique locally indeterminate equilibria. Contrary to Greece, the uniqueness
of the steady state in Japan explains why its debt level, while huge, still
appears as stable. As in the case of UK, the parameter § controlling the
proportion of public debt held by domestic residents is clearly a crucial
ingredient to explain this result. Indeed, if the proportion of public debt
held by Japanese residents was identical to the average of the Euro area, the
corresponding value of 3 would be 0.57 < /3 and would not be enough to rule
out the existence of the lower BGP.

This simple numerical illustration clearly shows that the existing cross-
country heterogeneity of debt stability could be at least partly explained by
differences in the share of public debt hold by domestic residents.
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6 Conclusion

We have considered a small open Barro-type economy where endogenous
growth is due to government spending externalities in production. We depart
from the previous literature, mainly from Morimoto et al. (2016), introducing
two original features: a credit constraint which limits international borrowing
and a taste for domestic public debt which, in our framework, enters the
utility function of households. These ingredients imply that, contrary to
Morimoto at al. (2016), productive capital, domestic public debt and the
international asset are not perfect substitutes. Moreover, the economy is
characterized by an investment multiplier. Also, with this framework we are
able to explain the observed cross country heterogeneity of the share of public
debt hold by domestic residents.

Our main conclusion is that whatever the level of the debt-output
ratio, there always exist a BGP featuring expectation-driven fluctuations.
Moreover, while uniqueness of the BGP is ensured when the debt-output
ratio is large enough, there is also a second BGP with a lower growth rate
if the debt-output ratio is low enough. Hence, contrary to previous results,
a lower debt does not stabilize this economy, characterized by credit market
imperfections. However, a high enough taste for domestic public debt may
rule out the BGP with lower growth. This result implies that if the share of
public debt hold by domestic households is high enough, global indeterminacy
does not occur.

7 Appendix

7.1 Proof of Proposition 1
Using (24) and (25), we have:

F/(I) = r (1[;_7)9?(11__:));;1;?2)x8 (34)

ZCS_I

H'(z) = s 3 (35)
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In addition, we have:

['(z,) =400 and I'(x) =7 —p >0

s

r 1:5 T r 1-s T
) = () +r - fand H) = (a5) 47—

We note that I'(z,) > H(z,) and I'(z;) < H(x) if and only if b > b, with b
as given by (30).

We have I(z) > 0 and H'(xz) > 0. We also easily see that H"(x) < 0,
while T"(z) has the same sign than (1 — 7)(2 — s)z'™* —r. Since = > x,

['(z) > 0 is ensured by Assumption 1. Considering that I'(z) is convex and
H(zx) is concave with I'(xz,) > H(x,), there is a unique solution = € (x, x,)
if D(z,) < H(xy), ie. b>D.

Recall finally that the existence of a steady state also requires v* > 0
which holds if and only if

Bt gty

r (1-7)sz*l=s—r b

Taking into account that z* does not depend on 3, we conclude that if z* is
characterized by a primary deficit, i.e. £*°*—7 > 0, then v* > 0 for any 5 > 0.
On the contrary, if 2* is characterized by a primary surplus, i.e. ™ —71 <0,
then v* > 0 if and only if

ﬁ < B = rb (1—7)5:1:*1’5—7‘

T—x*s r—0(1—7)sx*1 =5

Let us study now whether the steady state is a primary deficit or a primary
surplus. If » > r,, a steady state x > =z, satisfies x > x, > x¢ and is
characterized by a primary deficit. If » < r,, a steady state x < x, satisfies
r < x, < 7o and is characterized by a primary surplus.When r, < r < ry,
then zy € (zp, z,) and we need to analyze whether z; is larger or smaller than
the steady state value of x. It is smaller than the steady state if I'(zg) <

H(xzp). This last inequality is satisfied if and only if Z(r) > 0, with:
Z(r) =1 = (ry — p)r — pra (36)
We derive that Z(r,) < 0 whereas Z(r,) > 0. It follows that there exists a
unique _
ro = Ty —p+ (Tb;p) +4pfry € (1o, ) (37)
such that Z(r) > 0 if and ounly if r € (rg,r,) and Z(r) < 0 if and only

if r € (rq,70). All this implies that the steady state is characterized by a
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primary surplus for r < ry and a primary deficit for » > rq. The Proposition
immediately follows. ]

7.2 Proof of Proposition 2

If b < b we get [(xp) > H(xp). As I'(z,) > H(z,), it follows that there are
two steady states if there exists a T € (3, 2,) such that I'(z) < H(x). Let

us define )

~ r 1—s
= <(1—T)s§>

where 6 € (0,1) ensures that 7 can take any value between z, and z,. I'(Z) <

H(Z) is equivalent to:

s

T I=s 7 1-6
((1—7’)55) —7>b [Tm o p} (38)
Assume from now on that p < pg with
— 1=
Po=T5—,

so that the right-hand side (RHS) is positive. Note that the left-hand side
(LHS) is equal to 0 for r = 7. Then, it is easy to check that inequality (38) is
satisfied if 7 > 7 and b < b. Consider then from (24)-(25) that dT'(z)/dr < 0
and OH(z)/Or > 0. Using also the fact that for a given b < b, lim,_,7b = 0
and the condition b < b is necessarily violated as r is approaching r, we
conclude that there exists r € (7,r,) such that there are two stationary
solutions @1,y € (1, T4), with 2, < 25 if b < min{g,/l;} and r € (r,rp). It
is worth noting that if » = r, then there is a unique associated steady state
x1 = x93 = x since z is such that I'(z) = H(z) and I'(z) = H'(x).

Let us study now whether the steady states are characterized by a primary
deficit or a primary surplus. Using the proof of Proposition 1, I'(z¢) = H ()
if and only if there is a solution ry € (¥, 13) solving Z(rg) = 0. We know that
Z(ry) > 0. Using (36) and the fact that r, = 6r, and 7 = 07, we get:

Z(F) = —rorf(1 = 0) — p(6 — 6)]
which is negative for p such that

f— rbg(l—é)
P<P=-55
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This means that the expression (37) is such that ro € (7,rp) with T'(zg) <
H(x) if and only if r € (g, ) and I'(zg) > H(xg) if and only if r € (7, ro).
We need now to locate ry with respect to r. We know that r is such that
the associated steady state x satisfies I'(z) = H(z) and I"(z) = H'(z).
Considering from (34)-(35) that OI"(z)/0r < 0 and OH(z)'/or = 0, we
derive that if I"(xg) < H'(xp), we must have r < ro. I[V(z9) < H'(z) is
equivalent to:

r—rq\2 st
Ty — To < (T) 7b—(175) (39)
Note that r, = 6r,. Using (36), we derive that if p = 0, then ry = 7.
Substituting these expressions in (39) for r = ry, we obtain that this

inequality is satisfied if b < by, with:

By continuity, there exists po > 0 such that when p € (0, p2), there is a
bound b* close to by such that when b < b*, I'(z9) < H'(z) for r = ry and
thus r < ro. Let us then denote p = min{py, p1, p2}. Therefore, if p € (0, p)
and b < min{g,g, b*}, we conclude that for r € (rg,7), the steady state
xo(> m¢) is characterized by a primary deficit and x1(< z) by a primary
surplus while for r € (r, ), we have zy < x1 < x5 and the two steady states
are characterized by primary deficit. The results of the Proposition follow
imposing b™** = min{g, 6, b*}. 0

7.3 Welfare evaluated at a BGP

Using the utility function and equation (18), the welfare can be written:

W= [ :O et [(1 + B)Inc(t) + Blné(m(t))] dt (40)

with:

Bla(t)) = 240 _ g (T =61 = T>Sx(t>1_s) (41)

c(t) (1 —=7)sx(t)l=s —r

Using the consumption growth rate, (40) is equivalent to:
+OO t . . ~
W= / et [(1 +8)In (C(O)efo W@)dl) + mnB(g;(t))} dt (42)
t=0
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Along a BGP, this implies that:

W = /t+000 e [(1 + ) (Ine(0) + T'(x)t) + B1n é(x)} dt
= [—%e"’t} ::X) [(1 + £)Inc(0) + Sln E(m)] +T(x)(1+ pB) /t:ooo e Phdt

[(1 + B)Ine(0) + mné(g;)]

(- )

% [(1 + B)Inc(0) 4+ Sln E(x)] —T'(x) ! ;—26 {[Pe_ptt} (J)FOO + [e7""1] (J)FOO}

= [0 +9r@ 4o (148 ne(0) + 810 5a) | (13)

1
p

)1

_|_

To determine ¢(0), we use the budget constraint (3) and the binding
borrowing constraint (4) evaluated at a BGP to get:

c+ (@) =) By = (1 —7)w+ (1= 7)(1 = O)rpk —T(2)k (1 - 9—“7)%)

Using (1), (2), (24) and (41), we deduce that ¢(0) is given by (32), and
substituting it into (43), we get an expression of the welfare which depends
on the level of = at the BGP, the initial condition k£(0) > 0 and parameters.

7.4 Proof of Proposition 3

Since H(z) = I'(z) at a steady state and b only enters H(z), we have:

dx OH/0b
db — T(z)—H'(x)

Note that I"(z) < H'(xz) when z = 2y and I''(z) > H'(z) when = = .
Moreover, the sign of 9H /b is given by the sign of 7 —z°. Using Propositions

1 and 2, Proposition 3 immediately follows. =
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7.5 Proof of Proposition 4

Linearizing the dynamical system (33) around a steady state (b, v*,z*) gives
the following Jacobian matrix

—¢ 0 0
J = Vi(b, z*)v* 0 Va (b, x*)v*
X1(b,v*, 2%)2* Xo(b,v*, 2*)x*  X3(b,v*, x*)x*

We easily derive

D = ¢Xo(b,v*, 2*)Vo(b, x*)x*v*

T = —¢+ X3(b,v*, 2*)a*

S = —Xo(b,v*, x*)Va(b, x*)x*v* — ¢ X3(b,v*, 2*)a*
It follows that the eigenvalues of J are solution of the following polynomial

PA) = NM—=TXN+8\-D
= (A4 9¢) [N = AX3(b,v*, z")x* — Xa(b,v*, 2*)Va(b, 2*)z*v*]

We then get three eigenvalues (A1, Ay, A3) such that

)\1 — —¢
)\2+)\3 = Xg(g, ’U*,ilf*)l'*
M3 = —Xy(b,v*, 2*)Va(b, v¥)z*v*

Straightforward computations give

_ 7’!‘1}*(17*1_3{ (g T(IE(,.I);;—iii*sljj> {17 r(:*>] 7%}
* % _
XQ(b7 v 7=/L‘ ) — (1_3) |:1+BU*$*1*S (179)(177.>5I*17.si|

[(A—7)sz*1—5_5)2

with
* r(1—0)(1—7)sz*1—s
F($ ) = (7’—9()1(—7)5)30*1—3 -p

Note that at the steady state we get

(1= 7)(1 = fs)ari=s — (P00 p (g

B [ =y

We then get after simplifications

S =

j
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[(1—T)x*1*5(1—95)—r(x*)M}L*
Xg(b, ¥, x*) =

(1—5) [14fogr1—s U=O0=m)er® 7]

[(1—7)sz*1—5_7]2

Since 6 < 1, we get for any z*

(1—7)z*75(1 — 0s) — F(x*)—“es(lj)x*l_s = (1-7)(1—s)x*s
+ prfes(lfﬂ-)x*l_s >0
and
r(1—6) >0

[r—0(1—7)sz*1=s][(1—7)sz*1—5—7]
Recall finally that v* > 0 is ensured by 3 € (0, 3) with 3 = +oo0 if the steady
state is characterized by a primary surplus. It follows that X, (b, v*, z*) > 0
for any x*. Notice now that

Va(b,2*) = T'(z*) — H'(x*)

We have shown previously that if b > l;, there exists a unique steady state
that is necessarily such that I"(2*) — H'(z*) > 0. In such a case, we conclude
that Va(b,z*) > 0 and thus AoA3 < 0. It follows that Ay > 0 and A3 < 0.
Since \; = —¢ < 0, we conclude that two eigenvalues are negative and one
is positive implying that the steady state is locally indeterminate.

Let us finally consider the case with b < b where two steady states ] < a5
exist and are necessarily such that I"(z}) — H'(27) < 0 and I'(z3) — H'(x3) >
0. It follows that the highest steady state z3 satisfies Vo (b, 2%) > 0, and we
conclude again that two eigenvalues are negative and one is positive implying
local indeterminacy.

Let us consider now the lowest steady state z] which is such that
Va(b, 23) > 0 implying AsAs3 > 0. We need then to study the sign of Ay + A
and thus to compute Xs3(b,v*, 2*). Let us write X (b, v*, z*) as follows

X(b,v*,z%) = (")

— —r)sp*¥l—s
(1—s) [1+pura1-s =00=na® 2]

with ®(z) = A(x)B(z) — (1 — 7)(1 — 0s)x' =% — rvz'=*C(z), and
Alz) = =T +r+¢<1— %)

B(l’) _ 7'—05(1;7)m1_5

r—0(1—7)sxz!t—* T
Cr) = <§(13(T1)5%) [1 - F(7“)i| -
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Recall that at the steady state b = b. We obviously get

A @(a")
Xs(b,v*,2*) = T
3(b,v", %) (1=9) [1+furari— D00

which sign is given by the sign of ®'(z*) when 8 € (0, 3).
We have already shown above that C(z*) < 0. Considering that at the
steady state

1 - F(CE*) — x sl;—'r
We easily derive
Al(z*) = s > 0
* 0(1—s)s(l—7)x*—*
B/(Z‘):—( )(T ) <0 (45)
(1-0)(1—s)(1—7)sx*~*S [7:”*557 [7’—6(1—5)51’*1*5]—[(1—7)53:*1’5—7"]]
/ * _ b
C'(a") = 6 [(A—7)sz" 1= —r[r—0(1—s)sz"1—*]

From this we can compute
' (z*) = A(z*)B(z*)+ A(x*)B'(«*) — (1 —s)(1 — 7)(1 — Os)x**
— (1= s)rvz**C(z) — rvz*=5C'(z*)
At the steady state we get ®(z*) = 0 which implies when 3 € (0, 3)
—rv* 7 C(x*) = (1 — 7)(1 — Os)z* % — A(z*)B(z*) > 0
Substituting this into the previous expression yields
' (x*) = A(z")B(z*) + A(z*) | B (2*) — (135;5)8(95*) — roz*t=sC! (x¥)
Considering that

B/(l'*) . (1_8)B<£If*) _ _0A=s)sQ—r)z*—*  (1=s) r—0s(1—7)x*1—°
_ (-9
we get

(2*) = A@)B(x*) — T2 A(*) — roa=5C (a¥)
Recalling that for any steady state we have I'(x*) = A(x*), H'(z*) = A'(z*),

Fl(x*) - J:*[T—B((ll:i);a:*lfs} [F([E*) + p] (46)
and that =7 is necessarily such that I'V(z}) — H'(z}) < 0. We then derive

'(x3) > (lg—f)p—rvx*l*sC’(a:f)
1
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We immediately see from (45) that C'(z7) < 0 if and only if

IT:E_T [r—=0(1 = s)sai' ] = [(1 —7)sai' ™ —r] = g(a}) <0

To analyze the sign of g(z*) consider the steady-state equation (23) that can
be rewritten as follows
r(1—7)sz*1=5(1—0 s18—1
(7"—9()1—T)S£E£175) —pP=T ( ; b + 1)

T

or equivalently

ST:—B_T [r—0(1—7)sai') = (1 —7)sa}' ™ —r—L[r—0(1 —7)sz}' ]

It follows therefore that
g(z}) ==L —0(1—7)sz* 5] <0

and thus C'(z}) < 0. As a result, ®(2%) > 0 or equivalently X3(b, v¥, z%) > 0.
Since Va(b,x%) < 0, we conclude that one eigenvalue is negative and two
eigenvalues have a positive real part. It follows that =7 is saddle-point stable.

[
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