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ABSTRACT

The purpose of this contribution is to consider a discrete time formulation that would allow for
clarifying some salient features of a vintage based understanding of the capital stock. Three main lines
of conclusions are established on an analytical basis. First and for an elementary configuration with
linear uti]ity, itis proved that the rate of‘growth of investment is prone to andosci]]ating—convergent,
sustained or unstable—motions. Second and for an environment with a linear production technology
and a AK setup, the dynamics of investment is explicitly solved and it is established that the rate of
growth of investment may either converge to the steady growth solution in osci]]ating way, diverge
from that solution in a oscillating way, or even undergo permanent sustained oscillations with a
periodicity of two. Third, it is proved that no perennial fluctuations can emerge within a benchmark
environment with strictly concave utilities and produetion technologies. Ona methodological basis,
few restrictions are superimposed, the arguments remain fairly general and the proofs are elementary.

KEYWORDS: Vintage Capital. Optimal Growth. Discrete Time.
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I. INTRODUCTION

This article reconsiders the role of capital and machines in capital accumulation through a minimal
departure from the standard Ramsey-Cass-Koopmans for which the law of motion of the capital stock
builds not only from recent but also from old investment. This may be understood as a raw and ele-
mentary form of the vintage capital growth theory literature. Whilst vintage Capitai growth models
were core to growth theory by the glorious sixties, the technical complexity of their appraisal led to
their progressive abandonment. They however and quite unexpectedly recently gained some traction
that resulted in a flourishing literature: the development of optimal control techniques suited for
their analysis together with their support by numerical tools, noticeably in the economic demography
area, has even widened their relevance far beyond their carlier classical domains of capital theory. A
comprehensive and thorough appraisal of this literature and its ongoing developments is available in
Boucekkine, de La Croix & Licandro [13].

A limit to this literature however stems from the extreme sophistication of the entailed deiay—difference
equations structure and from the formally demanding nature of the tools that are involved. First, their
need for closed forms solutions commonly requires a set of strong parametrical restrictions on the fun-
damentals of the economy. Second, even though many of the underlying ideas ought to improve and
enrich the understanding of economic phenomena based upon complex aging and generations struc-
tures, the tools afforded by the modern vintage growth literature may at first not ease the direction
of their use. The first purpose of this contribution is then to illustrate how some of its most stringent
insights can be recovered through basic arguments and within a benchmark discrete time formula-
tion. This will noticeably allow for Clarifying some salient features of a vintage based understanding
of the capitai stock but also to gcncralize many of their conclusions bcyond the reliance to paramet-
ric forms, standard in the deiay—difference vintage capital theory literature. Finaily, and in order to
ensure tractability, this article specializes to a putty-putty acceptation of vintage capital that relates to

a non-constant depreciation of the capital stock and a time to build assumption.

The approach proceeds from an augmented law of accumulation that embodies a memory for past
investment. This introduction of a positive survival rate for past investments results in an augmented
form of the Euler equation with extra dcpcndcncics of current investment with respect to not only
delayed but also advanced investment. Having first completed some comparative statics on the en-
riched 1ong—run definition of the capital stock, three main lines of conclusions are then established on
an analytical basis. First and for an elementary configuration with linear utility, it is proved that the
rate of growth of investment is prone to andoscillating—convergent, sustained or unstable—motions.
This cycling dimension recovers one of the most striking features of vintage capital models that comes
at odds with the standard monotone motions that derive from classical investment acceptions. It is
further noticed that the capital stock being constant and the investment cyclical, the rate of depreci-
ation of the capitai stock is simiiarly Cyclicai. Second and for a configuration with a linear production
tcchnoiogy and a AK unbounded growth argument setup, , the dynarnics of investment is explicitly
solved and it is established that the rate of growth of investment may either converge to the stcady
growth solution in oscillating way, diverge from that solution in a Oscillating way, or even undergo
permanent sustained oscillations with a periodicity of two. Third, the consideration of a general util-
ity function and a strictly concave production technology clarifies the former results by allowing for

the occurrence of complex roots while unequivocally ruling out any scope for the occurrence of a



pair of imaginary roots and thus any area for self-sustained perennial fluctuations associated with the
emergence of a limit cycle. All these lines of arguments do illustrate the methodological relevance of
the current discrete approach to vintage capital growth theory: while few restrictions are superimposed,

the arguments remain fairly general Ell’ld the pl‘OOfS are elementary.

The basic environment and an early characterization of steady states are available in Section II. A
comprehensive analytical examination of echo effects will linear utility is detailed in Section III. A
reconsideration of the dynamics of vintage environments with linear technologies is contemplated in
Section IV. A generalised argument with strictly concave productions and technologies is considered

in Section V. Some formal proofs are gathered in a final appendix.

I[I. OPTIMAL ACCUMULATION WITH LONG-STANDING INVESTMENT

Time is discrete. Consider a capital stock, denoted as K; at period ¢ > o, that results from a finice
list of past investments along K¢ = v X' v*'I;. In its simplest form with current investment I; and

past investment I, this results in the following expression for the capital stock at date &
(1) Ker =1 (Ir + Ylt—l) )

for v €lo, 1] and y € o, 1/1] where vy corresponds to a survival rate for past investments. It is firstly
obvious that the configuration t = 1 and y = o is associated with the standard model with a unitary
depreciation for the capital stock. For vy € o, 1], the efficiency of past investment goods—old machin-
ery—decreases over time and until their eventual decay after two periods. In opposition to this, along
Arrow [3]-like learning by using ideas and for y €1, 1/ul, the efficiency of investment goods increases

between their actual installment and their eventual decay.

REMARK 1 The conﬁguration L =1and Y € lo, 1] pictures a vintage growth model with non constant
depreciation of the capital stock and was analysed by Benhabib & Rustichini [10] and Benhabib &
Rustichini [11] within a continuous time environment, these authors being the first to face mixed-type
differential equations. It is worth emphasizing that, while Benhabib & Rustichini [10] briefly consid-
ered a setup with a two periods delay for investment, the current work is the first to provide an explicit
solving of the model. On related concerns, it should be mentioned that, while Benhabib & Rustichini
[11] provided a detailed continuous time appraisal, their solution is not analytica]ly characterized, the

difficulc stability issue being only heuristically sketched.

REMARK 2 The conﬁguration with v €]o, 1] and Y >o relates to the extensive continuous time time-
to-build literature. While this finds its roots in the celebrated Arrow [3] exposition, its discrete-time
formal appraisal by Kydland & Prescott [23] led to numerous simulations in the Real Business Cyclc
literaure. While it was first invcstigated in a continuous time optimal growth environment by the
contribution of El-Hodiri, Lehman and Whinston [18], more recent contributions in this hard to solve
cotinuous time models include Asea & Zak [4], Bambi [5], Bambi, Gozzi and Fabbri [6] and d’Albis,
Augeraud-Veron & Hupkes [1].

Having assumed that population—the labour force—was constant and normalized to 1, the description

of the production process is complemented by the introduction of a function F (K, 1). Letting C;
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denote the aggregate consumption amount at period ¢ > o, a set of sequences (K, Ir).en will be

referred to as feasible from K, I_, and I, if it satisfies:

(ta) Ci+I, <F [L (Ir—r + YI[,Z) 7I] )
(1b) K=t (lr—1 + er—z) )
(tc) Ty +vyley = o0,F [L (IFI + YIE,Z) ,I] —I;zoforallt> o, (LI + YLZ) > o given.

REMARK 3 The depreciation rate 1, of this environment is endogenouly determined from the accumu-
lation law of the capital stock according to: Key = (1—-m¢) K¢ + U, whence, making use of (1), its
availability as: Ny =1-— LYI[,I/K[. In other words, the greater the survival rate ofpast investments LY

and the lower the deprcciation rate N, that furcher happens to parallcly decrease with the ratio I/K.

Consider then the following planning program over the set of feasible sequences:

(0]

max Z 8u [F (L (If,I + YIE,Z) ,I) - IE]

{If}[>o t=0
st =Yl < T S F (LT + Y1) 1)

d€lo1l, (LI + \{LZ) > o given,

where the following classical range of restrictions are superimposed on F(K, 1) and u(-):

ASSUMPTION T1 F : R, — R,, for F(-, 1) that is twice continuously differentiable. Its derivatives
satisfy Ff< (K,1) > oand F%K (K,1) < oforevery K € R,

ASSUMPTION T2 limk_s.00 Fk (K, 1) = o, limg_o Fk (K, 1) = +00 when F/} (K,1) < o for every K €
R*.

ASSUMPTION P1 u : R, — R, for u(-) that is twice continuously differentiable and whose derivatives satisfy
u (C) > oandu” (C) < oforany C € R

ASSUMPTION P2 limc—,, u’ (C) = +00 when u” (C) < oforany C € R}.

Henceforward focusing on interior solutions and from the strict increasingness assumption P2 onu(-),
the optimization problem Convenicntly reformulates as the optimal selection of current investment I,

for given past investments [;_; and I;_,. In reduced form, the optimization problcm then reformulates

to:
max Z 6“Pu,1“ (Ig—zy Lo, 1)
{L}r)() =0
S.t. I[ S F (15_27 Ir—I) 5
d€loal, (I +vl,) > o given,
for \Iju,r (Te—o, Temr, 1) = u [F (L (It—l + YIE—Z) ’ I) - If] and T (e, Te) = [_‘YI[_“ F(L(I[_l
+ 'er_z), I)]
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Under the above list of assumptions, it is a standard argument to prove that W, (Ir_s, Iy, ;) is
continuous with respect to the product topology on the compact set of feasible investment sequences
and for a given pair (I, ), that establishes the existence of an optimal solution for this optimization
program. Likewise, it is straightforwardly established that an optimal selection of current investment

I; would then be to satisfy:

(2a) —u' (Cp)+ 6L{F§< [L (l[ + ylf_l) ,I] U (Cpoy) + 6YF{< [L (lm + ‘ylf) ,1] W (Cr+2)} =0
(b)) Co+lp—F [t (Ims + YI) 1] = o5
(2¢) lin})o 8 (Cp) -1 ( I, + yl[_z) =o0,

—

Q

[t is noticeable that the introduction of a positive survival rate for past investments—y > o—results
in extra dependencies of current investment I, with respect to not only delayed investment I;—, but
also advanced investment Ip,,. This directly mimics the mixed type differential equations structure
analysed in Benhabib & Rustichini [11], Bambi [5] and d’Albis, Augeraud-Veron and Hupkes [1].

REMARK 4 While this article centrally focused on a centralized planning of the optimal growth prob-
lem, it is worthwhile mentioning that, for a competitive economy version, the inter temporal program
of the firm would state as the determination of (I, L)ieN sO as to maximise the discounted sum of
its profits Yoo [pF (K., L) —ple - wat] /HE:0 (1 + 1) subject to K; = L(I[,I + Ylf,z), for a given
Ko > o. The optimality condition relative to labour demand uncovers a standard acceptation with

welp = F’L (K¢, L) whilst the condition that relates to investment now satisfies:

I Y
F;( (Keors Leer) + —F;( (Kevz, Lewa) | = 0.

T+ T T+ Tt

-1+

It is worth emphasizing that the solving of such a program hence cannot come down to the one of a
static optimization problem where the rate of interest at date ¢ is defined by the capital stock at the

same date.

A steady state position lists as a 3-uple {K*, C*, I*} that is a solution to:

(3a) F;( (K*, 1) =1/81(1 + OY),
(3b) T" = K*/ur+v),
(30)  C"=F (K" 1) =K /u(r+ ).

Its main properties are gathcrcd in the fol]owing statement:
PROPOSITION IL.1.— Under Assumptions P.1-2, T.1-2

(i) the steady state exists and is unique;

(i) the steady state depicts an under-accumulation configuration with respect to the golden rule of accumu-
lation K deﬁnedfrom Fr(K, 1) = 1/u(1 + Y);

“Likewise, the consideration of a generalised form of (1) and of a sequence of parameters Yy, Vs, . .., ¥n that would
respectively single out the dependency of K with respect to Iy, I, . . ., I_n would have resulted in extra dependencies of
current investment I, with respect to a list of n advanced investments Ip.,, . . ., Teonsr-
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(iii) the greater the survival rate of past investments Y and the larger the steady state value of the capital stock;

(iv) Zetting OF and 1 respectively denote the elasticity of substitution and the share of proﬁts in the production
technology, the stationary value of investment I* increases (decreases) as a function of past investments
forop 21— orwhen1+ya > (1 —a)/d for a Cobb-Douglas production technology where o denotes
the constant elasticity of the production with respect to the capital stock.

While proposition L1 providcs some interesting insights about the quaiitativc properties of]ong—run
vintage investment, it remains to wonder in which ways this can be imbedded within a more gcncrai
picture involving the dynamics of investment. This issue will be tackled in the two subsequent sections
with a look for explicit solutions for investment : while the first will specialize the argument to a linear
utility function, the second will be interested in a homogeneous environment, popular in the vintage

literature, that will open the road for steady growth rates of investement.

I11. EcHO EFFECTS ON INVESTMENT

Relaxing for now the strict concavity assumption Pr on the utility function, it is noticed that the
retainment of a linear utility u (C) = C implies that the Euler equation (2a) simplifies to a simple
first-order equations along —r1 + t [Fi< (Kear, 1) + f)yFi< (Kisn, 1)] = 0. Its properties are then gathered

in the following statement:
PROPOSITION II1...— Consider equilibrium dynamics and the unique steady state for u(C) = C:

(1) for L=1 and Y =0, ajump of the investment onto the stationary solution takes place att =0 and

capital assumes stationary values starting from date t = 1;
(ii) for o <y < 1, the explicit dynamics of investment are given by:

1
[p = —— K"+ (™ I, —K*|].
¢ L(I+Y)[ +(y )[L(I+y) H
a/ foro <y < 1, the dynamics of the capital stock follows a divergent cycling motion and K* is locally

unstable and investment converges in a cyclical way to its stationary value;

b/ fory =1, investment follows a cyclical motion by the infinite;

(iii) for1 <y < 1/v, the dynamics of the capital stock follows a convergent cycling motion towards K*.

An interesting advance brought by this simple assessment of the linear utility case springs from the
possibiiity ofobtaining an expiicit exact solution for investment. This allows for completing a graphi—
cal dcpiction of investment over time on Figure 1 and providcs a tractable illustration of the so-called
echo eﬁects. More Cxplicitiy, and for a 1argc initial value of investment I_,, only a small investment I,
ie., lower than its stationary value, will be completed at date o. This will in its turn anew results in
a relatively large investment ,i.e., 1arger than its stationary value, at date 1 and as I,. This process will

converge according to the slope of the recurrence equation equation for investment in Proposition

(ii).
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It = It—l
K*
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b L I* 1, 1, Iy
I = K* o=yl

Figure 1 Oscillating convergence & echo effects

On Figurc 2, the comparative statics properties of investment are first analyzcd after a rise of & that
unsurprisingiy translates into a raise of the stationary value of investment K* but procccds through the
same above mentioned interesting echo effects with an initial over-investment at date o. The impacts
of a rise in v and ¥ on the stationary investment are also of interest in that, while they unequivocall Y
result in a higher value of K¥, they won't necessarily have the same class of impact on I* and may very
well translate in an immediate decrease in this latter value. The capital stock being constant and the
investment cyclical, the rate of depreciation of the capital stock is similarly cyclical (though in the

opposite sense).

REMARK 5 The upsurge of echo effects with linear utility was also assessed in Boucekkine, Germain
& Licandro [16] that similarly emphasized the role of initial over-investment or under-investment.
While the collection of results in Proposition (ii) compares closcly to the ones of the recent vintage
literature and more spccifically Benhabib & Rustichini [ro, 1], thcy are currcnt]y, as a result of the
discrete time formulation and the allowance for cxplicit exact dynamics for investment, easier to

derive in the current environment.

Interestingly, the retainment of an extra non-negativity constraint on investment brings some quali—

fications upon the above line of arguments:

COROLLARY IL1.— Consider equilibrium dynamics and the unique steady state for u (C) = C and further

assume that the investment is non negative:

(i) for K* < yul_y, the optimal solution states as 1, = o (that in turn implies K, = yu_,), I, = K*/u (that

implies K, = 1K*/v = K¥), followed by a cyclical convergence towards the stationary state at I* ;
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K**

K*

Ly

I = K*/u— vl

I = K™ /u—vyl._,

Figure 2: Adjustmem of I; after a rise in & and associated echo effects.

(ii) the exact solution for investment states, for any t > 1, as

¢
* [I B (_Y) ]
[[ =K' ———.
L(I + ’\{)
The non-negativity assumption on consumption is also to be taken into account, for it may delay the

date at which the steady state is reached by the capital stock.

IV. INVESTMENT GROWTH FLUCTUATIONS

Relaxing now the strict concavity of Assumption T2 on the production technology but also the lin-
carity assumption of Section III on the utility function, a configuration with F (K¢, 1) = AK; and
w(Cy) = (C)™Y9 )(x = 1/0), 6 €lo,1[ U], +0o| shall now be considered, noticeably because it had
become, with Boucekkine, de la Croix & Licandro [15] and subsequent developments, the benchmark
for numerous studies of the de]ay—difference vintage capital theory literature. The ressource constraint

reformulates to:

(42) C,=AK, -1,
(4b) =l + Al + Ay,

The main complieatedness of this new environment with nonlinear iso-elastic utilities results from the
involved formal comp]cxity of the Euler equations with Y # o, that was alrcady clear from equation
(2a). On the other hand, the 1inearity 0f(4a) and of the involved benchmark equation C; = AK - Ky
was key to the popularity of this AK framework in the literature. While its appraisal is currently
made more difficule by the retainment of ¥ # o in equation (4b), this paragraph will establish how

the tractability of this environment is preserved, as enriched as it may be from the vintage structure.

vii



For that purpose, the argument shall proceed through the consideration of a change of variables that

will allow for recovering a structure formally related to the benchmark environment. Let indeed:
(5)  Zp=Tr—ple,.

Replacing the entailed expression of I; in Equation (4b), it derives that:

(6)  Cr=—Zp+ (Av—p) Zey + [ (A=) + Avy] Ty

Now, in order for equation (6) to replicate the analytical tractabi]ity of the benchmark structure
C¢ = AK; = K¢y, one is to seek a value of p that will allow for rcformulating C; as a mere function of

7 and Z,_, in this last expression. It is thus to solve: —U* + UAL + ALY = o, its roots bcing available as:

A Y 1/2
n=—|1F — .
Wi N I I+AL

Selecting the largest root, the entailed expression of C; hence derives as:

Al
(7)) Cr=-Z¢+ - (1+8) Ze,

for T := (1 + 4Y/AL)1/2. Noticing that the value of Z, is unknown while the one of Z_; is taken as a

given, the optimisation problem formulates as:

(o)

(8) max &t
(zy2, = 1-1/o

A 1-1/0
e (s @)ZH] \Z_, given.

2

I

The inter-temporal optimality conditions are available as:

—1/o —1/o
A A A
(92) - [_z[ N ?L(I N c)z“} N 65(1 L0 [_zm N ?L(I L0z =o

[—+00 n

—1/0
(9b) lim & [—Z[ + ﬂ(1 + C)Z[—1:| - K; =o,

It is worth emphasizing that, from (7), while equation (93) will deliver the explicit rate of growth of
consumption, solely this largest root for t is admissible in this regard.” This inter-optimaility opti-
mality condition on Z also favorably compares to equation (2a): even though it allows for y # o, it also
provides the analysis with a much simpler structure that mimics the one of the benchmark AK model.

One thus eventually obtains an explicit solution for the constant rate of growth of consumption as:

o
(Io) I +gC = Cgﬂ = {6%(1 +t_,)} .
-t

It is worth emphasizing that, had the more complex Euler equation (2a) been considered, this would
have resulted in a dynamic formulation for the growth rate of consumption. While its constant formu-
lation would have assumed two solution candidates, only the one displayed in equation (10) would

have been admissible.

In order now to look for then entailed expression of investment, one is first to characterize the involved

structure of Z;. These are summarised in the following statement:

+ . . . . . . . o . ~ \—
Had he other candidate solution for p been retained, this optimality condition would have listed as —(C;) /o, SAL[1—
(1+ 4\//AL)‘/2](CM)"/°/2 = 0, i.e., an inconsistent solution as a result of the satisfaction of 1 — (1 + 4Y/AL)‘/Z <ofory>o.
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LEMMA IV Let F (K., 1) = AK,, u(Cp) = (Ct)I_I/(j /(1 = 1/0), 0 €lo,1[U]1,+00[, Z; = I, — uley, for
w = Al/2, and consider the homogenous optimization program (8). Then the optimal sequence of (Z)ezo

assumes the following properties:

(i) Its constant growth rate is available as:

7 Ze [ A °
I+g4 = Z[f =[6?L(I+C):| .

(ii) Its expression at date t reformulates to:

0(t+1)
L = |:6ﬁ(l + C):| [1—1 — %(1 + 2;)1—2:| .

2

This will in turn enable for the obtention of the first main result of this section, namely an explicit

expression for the optimal investment and the establishment of its oscillating motion:

PROPOSITION IV1 Let F (K, 1) = AK,, w(Cy) = (C)™° /(1 = 1/0), 0 € o, 1| U]r,+00, Z; = I; — wlp,
and consider the homogenous optimization program (8). Then the optimal value of 1, is available at any date

t = oas:

AN i A o(e+1-j) r
=1, [—L (i - c>] (6—L ( +c>) Ly

j=o J=o

J+1 o(e1-j)
- C)} (fﬁ (1 C))

where the scope for oscillations emerges from the satisfaction of T > 1, and thus of (1 — TY that alternatively

assumes negative and positive values.

This homogenous structure in the formulation of T; unravels the actual scope for the growth dynamics

of investment:

LEMMA IV2 Let F (K, 1) = AK,, u(C) = (Ct)H[/0 /(1 —=1/0), 6 €lo,1[U]1,+00[, Z; = 1, — ul,_, and

consider the homogenous optimization program (8).

(i) Letting 1+ g% i= Tt /1e, the dynamics of the growth rate for investment is available from:

A I ~ A
I+gl+1:[1—%(1—2;) 1}(I+g(’)+t—(l_t)~

I+g; 2

(ii) The unique admissible steady growth solution is such that:

a/ It is characterized by a constant ratio 1/Z and satisfies:

K

Al o
N Ty L 6—'“(”@)} .
2

b/ It corresponds to an interior steady growth solution for investment that ensures positive consumption,

ensures a bounded value for the objective and fulfills the transversality condition for:

5 < 2(1hg) < 0/010)

2
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With respect to the benchmark solution with vy

= o and € = 1, this hence differs in allowing for an
explicit dynamics for the growth rate of investment in place of the requisite for an immediate jump

on an unstable growth ray. Again and mimicking in this regard proposition IV.1, the satisfaction of
C > 1fory # o will result in lemma IV.2(i) in an oscillation motion for the growth rate of investment.

Its long run convergence properties are eventually gathered in the following statement:
PROPOSITION IV.2 The long-run steady growth rate of investment is such that:

() It is locally stable (unstable) if and only the following condition is satisfied:

Al

. 1/o
j(l +0) > (<)S[—% (1 —2;)] .

(i1) Assume chat none of the conditions of(i) is fulﬁlled. Then:

a/ For 6 < 1, there exists a unique critical value ¥ such that permanent sustained cycles occurs in its

neighbourhood.
b/ Foro =T,

C_ﬁ 1+80)\°
L | Py B

and permanent sustained cycles occur in its neighbourhood.

¢/ For 6 > 1, there does not exist permanent sustained cycles in its neighbourhood if 8% (A1)~ > 1.

I A
I+gt+1

1 I
\ [+ 8 =T+
\
\
A
\

I+g}

Figure 3: Convergent oscillating dynamics for the investment growth rate

As unsurprising at it may appear at first sight on Figure 3, the convergence result to the steady growth
ray is worth emphasising in three regards. First, and contrasting in this regard with the benchmark

environment with ¥ = 0 and € = 1 that is associated with an immediate jump to the long-run solution,



the achievement of a steady growth solution here proceeds from an explicit convergence process. Sec-
ond, this convergence is not monotonic but oscillatory and hence conveys the most stringent feature
of dynamics with vintage capital. Third, and this is presumably the most striking feature of this envi-
ronment, such a convergence process is conditional to the satisfaction of the condition in Proposition

Va(i).

[ts violation results either in a divergent motion, in which case solely the obtention of 1 + g(I) =1+
gI* would guarantee the obtention of a steady growth solution, or, more interestingly and as this is
emphasized in Proposition IV.2(ii) and pictured in figure 4, in an optimal sustained cycling motion
(1+ gll*, I+ glj) for the steady growth rate. It is worth emphasising that figure 4 pictures the so-called
supra-critical configuration where optimal 2-period cycles emerge in a right neighbourdhood of the
critical value YC, Le., a conﬁguration for which 1 + gl* is locally unstable while the Steady growth cyclc
is locally stable. To the best knowledge of the authors, this cycles configuration has hitherto only been

reached in benchmark optimal multi-sectoral environments or in suh—optimal models ofovcrlapping
generations with strong income effects.
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Figure 4: Stable sustained cycling dynamics for the investment growth rate

REMARK 6 The benchmark study of endogenous growth with a vintage capital formulation is due to
Bouccekine, Licandro, Puch & del Rio [14]. While these authors providc a new theoretical approach
to stabihty, in contradistinction with the current analysis, thcy are rcly upon numerical tcchniqucs in
order to appraise dynamics. Mention should also be made of Bambi [5] and Bambi, Gozzi & Fabbri [6]
who complcte a mcthodologically distinct approach of a time-to-build vintage environment. Finally,
and in the interesting contribution of Bambi, Gozzi & Licandro [7], fluctuations spring from the time

that is required after some innovation is order for the latter to get incorporated into the productive
system.
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V.  GENERALIZED UNDERSTANDINGS

V.1 A GENERALIZED INVESTMENT LAG STRUCTURE

Consider now a straightforwardly generalized vintage structure with a two periods 1ag:
2
Keor = I+ Ylemy + ¥ L.

The associated optimization problem formulates as:
o0

max Z d'u [F [L (I[_I +yle, + YZI[_3) ,1] - l[]

{L}[}() t=0
sce. el (Ir—h I, Ir—g) )

d€lo1l, (LI +yl, + YZL3) > o given,

forT'(I,_,, 1)) = [er_ﬁ, F (It_I + ¥, + ‘Yzl_g, I)]

The system of first-order conditions is available as:

(1) (C) + OFf (Kevp, )1 (Corr) # OYFY (Keva, D)0 (Cora) OB (K1) o (Coy) = o
() Cp+1p—F [L (I[_, Yl + YZII_,S) , 1] o

(ire)  lim 8%/ (Cy) - ( Loy +ylep + \{ZI[_»S) =o.

[—+00

Consider then the configuration where u(C) = CC, for € € R,. Letting T = 3 and x; := ?;613;((1([, 1), it

is immediate that equation (1ra) reformulates to:

T
_é + Z(f}y)s_lxm =o.

This features a T-order linear difference equation in the variable x, a related system having noticeably
recently been analyzed by Gauthier [19]. It is readily checked that the above equation assumes a pair
of complex values when T > 3, an extensive characterization of the case T > 3 being left for future

I'€S€RTC1'1.

V.2 GENERAL UTILITIES AND THE ABSENCE OF PERMANENT FLUCTUATIONS IN INVEST-
MENT GROWTH

For the unrestricted configuration with y # o and for u(+) that is strictly concave, the dynamical system
may be restated according to a fourth-order recurrence equation such as Z(Ir_z, Lo I Lars IM) =0,
that will 1oca11y lead to a fourth-order polynomial QM) = (X - 7\1) (X - XZ) (7» - }\.3) (7\ - 7\4) = 0 in
the neighborhood of the steady state. From the appendix, consider a steady state of the unrestricted

dynamical system with u(-) strictly concave, the eigenvalues associated with the unrestricted system
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in the neighbourhood of the steady state are A;, 1/0A;, Ay, 1/0M, . Letting @i = Aj + 1/0M;, it is furcher

shown that:

S =+ Uy
_ —1 Y 217317 C_*
=10 (_I+1+6’\{)+YL O'I:XC(K*)’
P =uu, - 2/9;
- 1 (1—-m)(C* i ) .
=—{6 L(I+6Y)+[6L(I+6)+ p— (K*)]6 L(I+6’Y )}—2/6,
i, Uy € R

where of denotes the elasticity of substitution in the production technology and . denotes the inter

temporal elasticity of substitution in consumption.

Pa

Figure 5: Stability and complexity for Paired Roots Systems with negative P

Following then the parallel approach of Drugeon [17], the consideration of the parameterized coef-
ficients P and D instead of the roots Ay, Ay, Ay, by will allow for a simple appraisal of the stability
properties of the 4th-dimensional dynamical system that is associated with a vintage environment

with a strictiy concave utility function. Consider indeed the Figure 5 that is drawn for negative values

of P.

The stability properties will organize upon the localization of the system with respect to the four points
Ay, Bg, Cg and Dg that correspond to the intercrossing of some critical lines over the plane (S, P). As
this is detailed in Drugeon [17], the triangular area above the point Ag and, more generally, the lines
(AgBg) and (AgDg), do correspond to the occurrence of two pairs of complex eigenvalues with moduli
that are greater than one, whence a compiex rooted unstable conﬁguration. In contradiction with this,
the area below the point Cg and, more gcnctaily, the lines (B@Cg,) and (Cg,Dg)), is associated with the
occurrence of four eigenvalues, of witch two assume an absolute value that is lower than one while the
two remaining ones assume an absolute value larger than one, whence a saddle-point configuration in
a system with two predetetmined variables. From another perspective, it is worth emphasizing that,
while a downward crossing of both of the lines (AgBg) and (AgDg) corresponds to a transition from

complex to real for a pair of eigenvalues, their modulus (absolute value) with respect to one being
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unchanged, a downward crossing of the lines (BgCg) and (CgDg) would correspond to the transition
from an unstable area towards a stable area for a unique real eigenvalue, the complex/real status of the

cigenvalues being unmodified.

Following now the classical approach inauguratcd by Grandmont, Pintus & de Vilder [21] that rcccntly
got extended by Barinci & Drugeon [8], and in parallel with che companion article by Drugeon [17],
this article will consider a family of parameterized economies that is described by a straight-line over
the plane (S, P) and sketch an elementary stability analysis based upon over the geometrical properties
of that straight-line. Letting indeed of vary between o and +oo allows for describing a straight-line

1Jop A in the space (S, P) that assumes the following equation:

L) SR iy (A | YA
P=- oy S-9 {L(I+6Y)+6[I+6y+t(l—I+6y)]t(1+6y)+z}.

A first remarkable property is that che straight—linc is south-cast orientated on the planc (S,P) and,
as Of € lo, +oo| spans its interval, the coefficient S bcing indeed increasing as a function ofOF while
Pisa dccrcasing one. It is also noticed that the locus of the origins of the straight—linc, defined for
of = o, depicts a concave decreasing line. The properties of this economy are illustrated on Figure 6

and for the conﬁgurations Y €lo, 1], V=1 and Y>1

P

I/GFAYG lo1l

Figure 6: Stability for vy € lo,1[, y =1and y > 1

While leaving unaffected its south-east orientation, the consideration of milder vintage effects y €
lo, 1] results in a straight-line 1o that is steeper than for the strong vintage effects configuration
Y > 1 A remarkable, though unsurprising, result is thus that, for the benchmark case of the vintage
capital theory literature, i.e., Y € lo, 1[, the straightlinc I/OA asyrnptotically locates within an area
where the Cigcnvalucs are real and the saddlcpoint property is satisfied. One is also to Cmphasizc that,
on Figurc 6, the consideration of a gcncral strictly concave utility function clarifies the former results
of this article by allowing for the occurrence of complex roots. However, and as a direct corollary
of the uniformly negative values for the coefficient P, the current setting rules out any scope for the
occurrence of a pair of imaginary roots and thus any area for self-sustained fluctuations associated

with the emergence of a limit cycle.
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VI. CONCLUDING COMMENTS

While the study of this environment has provided numerous clarification and new insights, it is to

be noticed that this simp]e putty-putty acception of vintage capital could be adapted to the more

gcncral putty—clay ones that got analyzcd by Phclps [1962] and Bliss [1968]. These structures are of

interest in providing a clear-cut formal account of embodied technical change and will be considered in

future WOI'l(.
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A. PROOFS FOR SECTION II

A1  PROOF OF PROPOSITION II.1

(i) The retainment of Inada and strict concavity restrictions on F(-, 1) through Assumption T1-2 is suf-
ficient for the existence and the uniqueness of a stationary state K¥, that in turn univocally determines

C*, T* and .

(ii) The stationary goldcn rule value of the Capital stock maximizing consumption, denoted as K, is

available from the following equation:

I

F% (K,I) = m

The steady-state value of the capital stock K* being however increasing as a function of 9, the station-
ary state is necessarily in an under-accumulation configuration with respect to the golden rule. (iii) It
hence does increase with both v and v : the weaker its depreciation rate, the greater the value of the capital

stock. (iv) The stationary value of investment relates to the survival rate according to:

o, Fi (K*,1) S .
dy F;{ (K*, DK*dur+y) wi+y)]|

The sign of this formulation remains indeterminate in its general acception. For a Cobb-Douglas
technology where the share of capital summarizes to a parameter a, it is however obtained that
dre I—0O

WZO@I*'YCLZ 5

This result mimics the one obtained through a constant depreciation rate for the capital stock. Q.E.D

B. PROOFS FOR SECTION III

B.1 PROOF OF PROPOSITION I11.1

(i) Within the configuration for which t = 1 and y = o, one recovers the standard discontinuous

solution.

(ii)-(iii) Within the Conﬁguration for which o < 1_ <, the dynamics of the capital stock follows a

divcrgcnt Cycling motion along

dKr+2 I
dK[H K 6Y
< -1,

that gives rise to instability for y < 1. For a given Ko, I, adjusts so that K; = K*, whence, rearranging,

I; = (K* - YLII—I) JuforI_; >0 given.
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Its solving gives the expression of the statement. Investment converges in a cyclical way to its station-

ary value but oppositely follows a cyclical motion by the infmite if y = 1.

(iv) In opposition to this and wichin the lmrning—by—using conﬁguration for which 1 < Y < /v, the
dynamics of the Capital stock follows a convergent cycling motion towards K* if 1 < v0. Q.E.D.

C. PROOFS FOR SECTION [V

C.1 PRrROOF or LEMMA V1

Taking advantage of the expression of C; as a function of Z; and Z,_, in Equation (7), it is obtained

{—zf RELT oz”} {—zm , %o . @)zt} _ {6%& . c)}

2

that:

that becomes:

Lo AL Al o AL Ly
_Z_[ + 7(1 + t_,) = {6:(1 + C)} {—I + ?(I + C) 7. }

This equation assumes two obvious candidate solutions:

Zt+1 AL °
Zt = {67(I+C)} B

Lo AL

Z[ = 7(1 + Z;)

Firstly considering the first root, the ensued solution of Z; is available as :

0([+1)
7, - {aﬁu . t;)} Z.,
2

o(c+1)
- {6?(I+C)} {II_ %(I_C)IZ}’

where the eventual line springs from the expression of Z; as a function of I; and I,_, in Equation (5)

C.2 PROOF OF PROPOSITION V.1

Reformulating this in terms of I; and I, and from Equation (5), this gives:

Al
I, =7+ 7(1 -0l

o(c+1)
_ {6?(1 . ;)} {11 . %(1 . C)IZ} . %(1 o,

It is noticed that, for vy = o, this last expression writes down as: I; = (ALY T Computing
then, and for the case y > o, the exact expression of I, from the above, its equation is to assume the

following form :

I[ _ BO([+I)C + DI[_I
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where B, C, D denote some constants. It derives:

I, = BSEVC 4 D [BOC + DI, |

- B C L DBOLC 4+ D2 [BO(H)C " DI[—}]

1-I
_C Z pipo(e=d) 4 il

j=0

3
-C Z DjBO(HFj) + DHII_I

j=o0
The actual expression of T, is consequently derived as:

¢ j o(e1—j)
L - [II - %I-@)IZ] > P( —;)] (6%@ +C))

j=0

+ [/lt([ —?;)] I,

2
or, restating:
I j A o(e+1) CTA FOOOA o(e+1—j)
=1,y H(l@] (65(“2;)) Ly [fu@] (6—L <1+f;>)
j=0

where oscillations emerge from the satisfaction of T > 1, and thus of (1 — T) that alternatively assumes

negative and positive values, whence the unambiguous emergence of oscillations.

As for the second candidate solution, it is first inferred that the Z; solution is, for every t = 0,1, 2, . . .:

o(e+1)
Li = (ﬂ(l + C)) Z_,

2
o(c+1)
= (2(1 + ?;)) [T_I - ﬂ(T - C)I—z]
2 2

and thus that
Al
I = Zt + 7(1 - C)It—I

o(t+1)
_ (ﬂ(l +z;)) [I_I Ay —z)l_z] Ao

2 2 2

Noticing that for v = o, this last expression reformulates to: I, = (AL)(”I) I_,. For the more general

case Y > o, the actual expression of investment is available as:
t+1 i o(t+1—j t j+1 o(t+1—j
AL N (e41) AL U AL (1)
I, =1, E —- —(1+ -1, E —- —(1+ .
r j=0 [ 2 ' C)} ( 2 " Z)) j=o [ 2 ' C)] ( 2 " E;))

The statement follows.
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C.3  PROOF OF PROPOSITION V.2

(i) As for the growth rate of investment, recall chat, having incorporated the solution value for w, the

investment states as:

LA
I, = Zt + j(l - C)It—r

Restating Z; as a function of Iy and I,

o [Ir e cnn] [1 ~=6- cnr]

or
[0}
[If _B z)lf_l] {65(1 , c>} EETA T
2 2 2

once integrated the expression of the growth rate Z,,/Z;. This rearranges to an expression that makes

explicit the dynamics of the growth rate of I:

| P _ [I _ E(I _ C)I[_I] {6&(1 " C)} + E(I _ C)]
2 1 2

I; ¢ 2

that restates as:

2) 1+g£”=[1—%“-@> 11]<1+g0>+ﬂ<1—c>-

L+8& 2

Now, when considered in the plane (1 + g}, I+ gLI), it is immediate that the RHS member describes a
decreasing convex function, or 1 —glﬂ = A/(I +gl) +B, where A > 0 and B < o, the stcady growth rate
I +g] =1 +gL bcing available as the obvious root of the above equation. Noticing, from the definition

of Z; and with the solution value for , that:

I Z: It Au Z Al
S g (S o WS (I o P
I[—I I[ I[—I 2 I 2 [+g

that expresses the constancy of the ratio Z/I along the steady growth solution where 1 + gl =1+ gé
share the same constant value. It is further noticed from the RHS of equation (12) leaves room for an

asymptote in the positive orthant for 1 +gl — 00 when

Finally, and as for its stability properties, they are obtained through the slope of the curve in the
neighbourhood of the steady growth rate:

d([ +g£+1)
d(r+g)

and thus assumes a negative sign.

LA I
=—0-0——=
2 (r +gc)

I C
1+g =1+4g

It Wlll filrther be locally Stable an(i gl‘eater th:ln —I f‘or
A o A
3 {6;%1 . @} > By
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I

t.1) plane and ensures that the decreasing

This condition can further be recovered in the (r + glv 1+g

curve (12) locally describes a stable configuration.

Summarizing the stability condition (13) plus the aforementioned positiveness of consumption do

jointly impose bounds for the growth rate of investment:

(14) —%h—@k{a%m@} <20L

2

where it is recalled chat an interior growth solution is also associated with a productivity requirement:

(5) %(H;) > 5

Interestingly, the conditions in equation (14) are to be paralleled with the condition that ensures the
finiteness of the objective function in the optimization problem (this also relates to the transversality

condition):

o} (I +gc)(171/0) <1

— 6[{6ﬂ(1 + C)}

2

O-1
<1

(16) = ﬂ(I +0) < 61/(1_1/0).

2

Intercstingly, the positiveness condition on consumption, that Corrcsponds to the satisfaction of the
second incquality in equation (14), hence happcns to be fufilled as as simplc Corollaty of the finite
objective condition (16). In opposition to this, the requesites for the stability of the steady growth

solution, that correspond to the first inequality in equation (16), are not necessarily satisfied.

(ii) The critical value ¥ is to implicitly defined as the solution of:

() b))
— i+ ]+ ==—— 1|1+ — )
2 AL ol =2 LA

Foro =1, itis straightforwardly derived as:

c_ﬁ 1+0)\°
L | Py i

For 0 # 1, restate the defining equation of ¥ as:

|
O— |1+ |1+ =—— |1—|1+— .
2 Al 2 LA

Making again use of the notation T, this boils down to the look after a value of T > 1 that solves:

Al

2

C:1+50( )_(1+§)0

or ®(C) = W(Q). First notice that, for T =1, ¥(1) > ®(1). Then notice that the derivative with respect

to € of the RHS component is available as:

Al

W(©) < 05° (—) g,
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Further remark that, while for € = 1, ¥/(1) = 68° (A%, for § — oo, that sums up to o for 0 < 1 but

to +00 for 0 > 1. Finally, the second-order derivative of the aforementioned RHS lists as

-1
Y’'({C)=0(0c-1)8° (ﬁ) (1+7)°"

2

and is hence ofncgativc sign for 0 < 1 but ofpositivc sign for o > 1. To sum up, and while, foro < 1,
there does exist a unique critical value ¥, for 0 > 1, there oppositely does not exist any critical ¥ as
soon as 60 (AL)%" > 1.

D. PROOFS FOR SECTION V

D.1 THE CHARACTERISTIC POLYNOMIAL

Consider a linearization of the degree four equation Z (I, I, I, ltsr, Irsn) = 0 in the neighbourhood
of a stationary value for I*:

{(—1)11'/62F%LY}A1H2 + {(71)6u"Ff<L + F%u” ZF%LZY + 14’62F/K/KL2'y}AI[+I

e {er0u” + Fru/8F 0 + u/ SF v + WyFiu”" 87 Fruy + u/ 81y Frp Ly FAL

+ {F%(—I)Lu” + 6L2YF;<LLHF;< + u’LznyéK}AIH + {LYF%(—I)u”}AIf_Z =0
where it is noticed that the coefficients associated with Al,_, and Al,,, both cancel out to zero for
either y = o or u(C) = C. In order to prove that the real and complex roots of the fourth-order
polynomial equation QA) = (A —A;) (A = 4,) (A - 7\3) (A= 2,) = o do actually correspond to the ones

of the statement, it suffices to establish that if A is a root of QM) = o, then 1/8\ is similarly a root of

QM) =o.

First assuming that Q(A) = o, a direct computation gives Q(1/0h) — Q(A) = o, that in turn implies

Q(1/6M) = o.
The roots of Q(A) = o thus exhibit a paired root structure along A, 1/8\;,1 = 1,2. Denoting W;: =
Ai +1/0;, QM) reformulates as
QM) = (A=) (A= 1/8h) (A = hy) (A — 1/8,)
= M- (MI + MZ)W + (2/6 + MIMZ)XZ - (MI + MZ)X/(S +1/0%,

for
S =y + Uy,
—1 ’ 2 F;(,K u,
=0 L[—1+wFK6] R 7
K
L (= mye (CF
:6IL[—I+ v ] +L2Ym(—)7
1+v0 Of K*
P =uu,
I Flow/
D F/ _KK ® 8112 5v? _0/§
e e ARl
. I (r—m)y. (C* i )
__{6 tr+v9) + [6L(I+6’\{) S (K*)]é o+ Oy ]}}—2/6.
Whence the occurrence of P > o, §* — 4P > o0 and thus of p;, u, € R. Q.ED
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D.2 CHARACTERISATION OF THE STRAIGHT-LINE /. A OVER THE PLANE (P, D)

For future reference, first remark that the coordinates ofA5 and Cg over the (S, P) plane list as:

(Sags Pag) = (0,-4/8),

(Scé, PC@) = (0,—(1 + 1/6)2).
A first remarkable property is then hat the straight-line is south-east orientated on the plane (S, P)
and as Of € |o, +0o[ spans its interval, the coefhicient S being indeed increasing as a function of op

while P is a decreasing one.

(i)-(ii) As a benchmark, firstly considering the occurrence of v = 1, the slope ofI/OFA becomes: ot A =
—(1 + 1/8), which is exactly the slope of Q(=1) = o or the locus B, in Appendix E. Remark then that
SI/OF:o,y:I =—1/(1+90) and Py opcoy=r = 7[(1 +1/0)%0 + 2] /8(1 +8) . Noticing further that, for S = o, it
is readily derived that P = —2/9, it is obtained that, for such a value, the straight-line Jof A is defined

in the area ;. No positive values for P being admissible, the details of the statement follow.

Consider now the configuration with vy # 1. The expression of the slope is modified to 1/GFA’ =

—(1 + 8y?)/0y. Compare then this slope with the one of the locus By, i.e., —(1 + 1/9). It derives that:

1/0 + v* i1 Y
- —(1+1/d) | =—=|=+V -y - =
oy Y )] v(é L 5)

e

Firstly considcring the case Y €lo, 1[, it thus derives that the negative slopc of the paramctcrizcd

line I/OFA is larger in absolute value than the one of the locus B, and thus of‘B3 . Fory > 1, three
configurations are conceivable that are respective]y depicted by Y €l 1/8[ , Y € 11/8, \/4/_6[ Y €
]m, +0o[. For v €]r,1/8[ , the slope ofI/GrA is lower in absolute value than the one of the locus B; .
For vy €]1/9, \/4%[ the slope OICI/GFA is lower in absolute value than the one of the locus B;. Finally,
and for y € ]‘/4%7 +00|, the slope ofI/OFA is lower in absolute value than the one of the locus B,.

Consider now the origin of the straight-line I/GFA . Its coordinates in the parameterized plane (S, P)

are given by:

S =l—1+ i
for=o = S\ T T oy )

I T 1+Y?
p B z .
1/0p=0 6(I+Y6+6(1+6))

Noticing that the first equation implies that y = —(SI/GF:0 + 1/6)/[6SI/GF:O —(1/8)(x - )], it is readily

checked that this allows for restating P1/0p:0 as a dccrcasing concave function ofSl/GF:0 that can be
located on the planc and where it is noticed that its origin is associated with an inﬁnitcly negative

slope for ¢ A and when y = o. QED

E. NOT 1O BE PUBLISHED: EIGENVALUES OCCURRENCES FOR PAIRED
ROOTS SYSTEMS OF DIMENSION 4 (DRUGEON [17])

LEMMA E.r Let & € o, 1] and consider the four unknowns A,, 1/0\;, Ay, 1/0h, defined by pw, = A, + 1/8M,,
Wy = Ay + 1/ON,, where Wy, 1, € R and satisfy W, + W, = S and W, = P, (S,P) € R? given. Consider then
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the following (S, P) boundaries graphed on Figure 1 for P < o:
Bie = {(5,P) e RxR [P =—(i41/0)* (v /0)s),
B,: = {(sy) € RXR_|P=—(1+1/0) i+ 1/6)8},
By: = {(S,P) € RXR_|P=—yaf5(S+ 4/6)},

B,: ={(S,P)€ RXR_|P=+/4/3(S- 4/6)},

Consider then the areas Wy, s, W5, ¥, W5, W pictured on Figure 1 for P < o. The g4-uple of unknowns
A, 1/OM, Ny, 1/8N, is then to be described in the areas where P < o according to:
(i) within ¥,: four complex solutions with a modulus greater than one ;

(ii) within W,: two real solutions with absolute values greater than one and two complex solutions with a

modulus greater than one ;
(iii) within Ws: four real solutions with absolute values greater than one ;

(iv) within ‘P4: three real solutions with a modulus greater than one and one real solution with a modulus

lower than one ;

(v) within ‘PS: two real solutions with absolute values greater than one and two real solutions with absolute

'UCIZUCS greater than one ;

(vi) within Wg: two complex solutions a modulus greater than one, one real solution with an absolute value

greater than one and one 1‘6[11 SOlLtCiOVl ‘bZ)lL']/l a modulus ZO‘UU@’ than one.

Figure 7: Stability and complcxity for Paired Roots Systems
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In order to establish the argument of the proof; first consider the formal definitions of the arcas

pictured through Figure 7 for P < o:

¥,: =B, NB,
s P e RXR|P> (/0[5 + (48] P > (4/0) 2[5 - (4f0) ]|,
v, - (BI+ NB, N B4+) U (BH A By N B4,)
_ {(s,P) € RXR|P>(1+1/07 —(1+1/0)S,
P < —(4/0)2[S + (4f8)].P > (4/0)2[S — (4/8)2] for S < o,
P> —(1+1/8)* + (1 +1/0)S,
P> (/)25 — (48)]. P < (4f0)* [ (4/0)*] for s > o},
¥,: =B, NB,.NB,_NB,_
s P e RXR P> i/ (14 1/0)5,
P> (14 1/8)7 + (1+1/8)8,P < —(4/8)2[S + (4/8)7%],
P < (/o) [s - (/]
¥, = (Bl_ NB,, N B4_) U (BH NB, N B%)
_ {(s,p) € RXR_|P < —(1+1/8) — (1+1/d)S,

P> —(1+1/8)* + (1 +1/8)S, P < (4/8)*[S = (4/8)*] for S < o,
P> (4 1)) — (141/0)S,
P < tfoF 4 (14 1/0)8, P < ~(4/0)*[S + (4f8)*] for s > o},
¥.: =B, NB,
_ {(s,p) € RXR|P<—(1+1/0)—(r+1/8)s,

P <1/ (1 1/0)S,P < ~(f0) %[5 + /0],

We: = (BB 0B U (B 0By 0B,
_ {(sw P e RXR|P<—(1+1/8)(r+1/0)S,

P < —(4/8)"*[S + (4/8)/2],P > (4/8)/*[S = (4/8)"*] for S < o,
P < —(r+1/8)% + (1 +1/8)S,

P> —(4/8)2[S+ (4/8) /2], P < (/&) [S = (4/8)2] for § > o}.

The properties of the real—in a rather weak sense since both w, and p, are real, though none of A, A,,
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Ay and A, may be real— shall be determined by the careful examination of three coefficients, namely

QU +1/8) = [(1+1/8) — ;] [ +1/8) - s ]
=(1+1/8)" = (1+ /) (W + o) + Wils 2 0
Q=1+ /)] = [+ 1/8) = i | [~(x + 1/8) — s ]
=(1+1/8) + (1+ 1/O) (W + o) + Wills 2 0
U, % (1+1/0).
Recall indeed that any of the Wi, i = 1,2, is defined as w; = A + 1/0M;, for w; a real coefficient. This
restates as a second-order equation in A; that is parameterised by w;, namely a pair of second-order

polynomials:

Qu, (M) = (M)” — ki +1/9,

whose critical values are given by:

Qul_(+l) =1—U+1/0,
QW(—I) =1+ +1/9,
Qui(o) =1/0

whose roots are real if and on]y ifAui = (Mi)z —4/0 % o and where it is remarked that

(1+1/8) = QM +1 QM; +1)/ M A,
Q[ (1+ 1/6) QM[ Quz />\' )\27

a/ ThC complex case

Facing then with the areas for which p, and , are real, e, P = pp, < $?/4 = (Ml + LL2)2/4 and
recalling that ; relates to A; according to Wi = A; + 1/8A;, it derives that both w; and A; are real
when Ay, = (Wi)* = 4/8 > o, ie, i < —(4/6)1/2 or W; > (4/6)1/2. In opposition to this, y; is real
whereas A; is complex when Ay, = (pu,-)2 —4/0 <o, ie, —(4/6)1/2 << (4/6)1/2.

(i) Consider then the area ¥, witho < P < 4/0 ando < S < 2(6/4)1/2, that gives o <, <
(6/4)1/2 ando <, < (6/4)1/2, that in turn imply Ay < o and Ay, < o, A, A, Ay and A,
being then complex. More precisely, note that

o—ifp I I
)\1 = i — A\, = - I
o+ ip ’ d(az+p2) Ola+if) O
g — - o +if _ I I

d(az+p?)  dla—ip) Ok,

But then remark that, in order for this to be associated with real values for p; = A; + 1/0M\,

i=1,2,0ne is to get

5 (1) - s(a

R

that can only hold for 1—1/8 (OL2 + [52) = o, that in turn gives 0* +8* = 1/8 > 1. Completing
the same line of argument for w,, A, and A, it derives that the area is associated with four

complex conjugate eigenvalues with more greater than one modulus.
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(i)

(iii)

Consider then the area W, restricted to o < P < 4/8 and 0 < S < 2(8/4)"/2. The holding
of P = (/)2 [S = (8/4)"] = (s - O/4)"*) (o — (8/4)"?) < o further indicates that,
egy W < (f)/4)1/2 and @, > (6/4)1/2. The same argument as above indicates that A; and
Xg = 1/8\; = A, are such that |7x1| > 1 and |)\3| > 1. Noticing that this implies Qu, (+1) > 0
and QMI (1) > o, the uniform holding of Q(1+1/8) > 0 and Q[-(1+1/8)] > o over the area
Y, then implies the one onMZ (+1) > oand QMz (1) > o. Recalling that QMz (0) =1/0 > 1,
it is obtained that the two remaining real roots A, and 7n4 are such that |X2| > 1 and
l)\4| > 1.

Finally consider then the area W¢ restricted to P > o and S > o. The holding of P —
(6/4)1/2[8 - (6/4)1/2] = (W - (5/4)1/2) (ma - (6/4)1/2) < o further indicates that, eg.,
w < (6/4)1/2 and w, > (6/4)1/2. The same argument as above indicates that A, and
?»3 = 1/8\; = A, are such that |7\I| > 1and |)»3| > 1. Noticing that this implies QM‘(+I) >0
and Qu, (=1) > o, the uniform holding of Q(1+1/8) < 0 and Q[-(1+1/0)] > o over the area
Y then irnplies the one OfQMz (+1) < o and Qplz (-1) > o, that in its turn reformulates as
W, > 1+ 1/0. Recalling again that QMz(O) =1/ > 1, it is obtained that the two remaining
real roots A, and A, are, eg., such that |7»2| < 1and l)»4| > I

b/ The real case

The consideration of the various conceivable configurations on the coefficients Qu, (-1), Qui(T),

QM{’ (-1) and QMi' (1) then deliver a Complete characterisation in the real case. Three distinct

areas are to be considered in their turn. More explicitly, ‘I’3 for which Q[—(i + 1/6)] > 0,
QG +1/8) > oand —(1+1/8)* < wpy < (1+1/8)?, ¥ for which Q[-(1+1/8)] < 0, Q1 +1/8) < o
and finally W, for which Q[-(1 + 1/8)]Q(1 +1/6) < o.

(i)

(iii)

Then consider the area W;. The holding of Q(1 + 1/8) > o implies Qui(i)QW(i) > o,
that can only be reconciled with —(1 + 1/8)* < wiuyr < (1 +1/0)* for Wi < 1+1/0, 7 <
1 +1/8 and thus for Qui(l) > o, Qui,(l) > o. The holding of Q[~(1 + 1/8)] > o implies
Qu (-1)Qy,, (=1) > o, that can only be reconciled with —(1 + 1/0)* < pwipyr < (1 +1/9)* for
Wi > —(1+1/0),u > —(1+1/8) and thus for Qy (~1) > o, Q. (~1) > o. The simultaneous
occurrences of Qu (NQy,(=1) > o and Q,, (I)Qui,(—I) > o eventually implies that, eg,
| > 1 hy| =[O0 > 1 M| > 1, Ny] = [1/00s] > 1.

Then consider the area ‘I’S. The holdings of Q(1+1/8)o < and Q[-(1+1/8)] < o rcspcctively
imply the ones onMi(i)Qui, (1) < oand Qu, (—1)QW (-1) < o. Consider, eg., a configura-
tion with 1+1/8 —p; > oand 1+1/8 -y < 0, or Q, (1) > 0,Qy, (1) < o. Though both
Qu(-1) > 0,Qy, (1) < o0 and Qy(-1) < 0,Qy,(-1) > o remain a priori conceivable,
it is readily noticed that this latter case implies pyy < —(1 + 1/8), a contradiction with
the retained configuration pyr + (1 + 8) > o retained for the holding of Q(1 +1/8) > o,
hence Qy,(=1) > 0,Qy,, (1) < o. The simultaneous occurrences of Q, (Qy, (1) < o and
Qui,(I)QMi,(—I) < o eventually imply that, eg., l)\1| > 1, |7»3| = |1/67\I| <1, |)\2l > 1.

Finally consider the area ‘I’4 and let, eg., Q@ +1/8) < o and Q[-( + 1/8)] > o, that
respectively imply QHI.(I)QMI,,(I) < o and Qui(_I)QW (1) > o. Let then, eg, Qui(l) <
o, Qui,(l) > 0. 'The required holding of Qui(—l) > o, QW(—I) > o then translates as
Qui(l)Qui(fl) > o and Qui'(l)QMf’ (-1) > o eventually implies that, eg, |7\1| > 1, l)v}l =
l1/67\1| < 1, |7\2| > 1, |}\,4| = |1/6}\2| > 1. The remaining configurations associated with
Q1 +1/0)Q[-(1 +1/8)] < o follow similar lines of arguments.
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QED
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