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Abstract

In this paper, we study the Solow model in open economy. For this purpose, we increase the traditional model with
the net capital inflows to-GDP-ratio. We end up with two main implications. First, the steady state net marginal
product of capital more correctly predicts the real interest rate than that obtained in traditional model. Second, the
golden rule of the savings rate tells us that a savings rate that is below (or above) the share of capital in GDP doesn't
necessarily mean that the savings rate is too low (or too high).
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1 Introduction

The Solow model[14] is based on the assumption of closed economy. For this purpose, it
predicted under certain conditions that each economy converges to a unique and stable balan-
ced growth situation. However, this convergence in the solow model is subject to controversies
about its nature : conditional or absolute? Also, one can add the criticism (Lucas|10], King
and Rebelo[8] ) regarding the predictions of the traditional model on the differences in the
rate of return of capital (between rich and poor countries) and the movements of capital. Man-
kiw and al.[11] changed the structure of production of the traditional model by adding human
capital. Even if the augmented model could not provide satisfactory response to criticism of
interest rate differentials and capital movements®, it gave a satisfactory answer to criticism of
a too high speed of convergence by adding the human capital in the Solow model. Also, we
note that this change in the production function by Mankiw and al.[11], avoids a problem of
omitted variable bias insofar as human capital can be correlated both with the explanatory
variables (savings rates and the rate of population growth) and the outcome variable (GDP per
capita). But in the Solow model, the two important equations are the production function and
the dynamic equation of capital accumulation which depends on the structure of demand. In
tests of the Solow model, the authors (Mankiw and al.[11], Caselli and al.[3], bond and al.|2])
use the investment rate rather than the savings rate that is present in the model. One of the
criticisms that one can therefore make is that these empirical studies do not fundamentally test
the traditional theory and this reflected the need to review the formulation of the demand in
Solow model by disregarding the assumption of closed economy. Another empirical fact that
can surprise today is that some countries as China, Singapore, Malaysia or South Korea have
sometimes a savings rate higher than one-third while the share of physical capital in produc-
tion is generally considered near to this value. In the standard neo-classical growth model, the
"golden rule" saving rate—the saving rate that maximizes steady state consumption—is equal
to the share of capital in GDP (Blanchard and Giavazzi [1]). It is therefore legitimate to ask
the question of a over-investment for these countries, as is the case of China (Blanchard and
Giavazzi [1], Lee and al.[9],Jha et al.[7]) and Singapore (Hopt [6]).

The aim of this paper is to study the Solow model in open economy by increasing the tra-
ditional model with the net capital inflows to-GDP-ratio.

The remainder of this paper is organized as follows. In section 2, the augmented model
with the net capital inflows to-GDP-ratio is presented. In sections 3, 4 and 5, we study the
implications of this change on golden rule saving rate, the interest rate differentials and the
speed of convergence. Concluding and remarks are presented in the last section.

2 Adding net capital inflows to GDP-ratio to the Solow
model

As in the Solow model, we assume that the economy produced just one homogeneous good,
with the difference that it is exchangeable, that we note Y. The supply of this goods is based
on a neoclassical production function linking the production of the goods (Y) to the stock of
capital (K) and labor (L) and technical progress incorporated into labor (E) and a factor of
efficiency of the productive combination (A)

Y = A.F(K,EL) (1)

1. The augmented model with the human capital and the traditional model predicts at the steady state the
same rate of return of physical capital.



with E(t) = E(0)e" and L(t) = L(0)e™. Thus, the number of effective units of labor, E(t)L(t),
grows at rate n + . Additionally, we assume that the production function exhibits constant
returns to scale.

In open economy and under the assumption of absence of State we have
I=5S+M-X (2)

Where I, S, M, and X are respectively the investment, savings, imports and exports. Noting that

for a given import rate m = —, an external deficit rate (relative difference between imports and

M-X
M

net capital inflows to-GDP-ratio, 7¢ =

exports , v = ) is proportional to the rate of deficit in resources relative to GDP (i.e a

Y
M-X M-X M
- x 5> 3)
Y M Y

) in accordance with the following equation ? :

Thus equation (2) becomes :
[=S+71. (4)

This equation (4) reflects that the investment [ is financed by domestic savings S and net
capital inflow 7¢Y, which is nothing else than a reflection of an external deficit M — X >0.

K
We denote respectively by k and y the stock of capital per effective unit of labor, k = oL

Y
and the level of GDP per effective unit of labor, y = oL Denote by 0 the depreciation rate of

capital. Assuming 7¢ is constant ® and using the common assumption of the traditional model,
the fundamental equation of capital per effective worker is given by

k(1) = [s + 77 y(k(1) — (n+ 8 +7)k(1) (5)

This equation shows that the accumulation of capital per effective worker k is equal invest-
ment? (s + 7¢) y(k) minus break-even investment (n+0+7)k. In the Solow model, the analysis
of the dynamic equation of capital accumulation reveals us that, in the short run, the economic
growth is based on the accumulation of capital which mainly depend of the savings rate. The
implication is that a low savings rate is a sign of a bad structure of capital accumulation leading
low economic growth rates in the short run and a low level GDP-per-capita in the long run.
But, even with a low savings rate, the accumulation of capital (and so economic growth) can be
financed by foreign savings as we see with the dynamic equation (5) of the augmented model.
Thus, a country with a low savings rate can have a good economic growth in the short run if it

records capital inflows. Equation (5) implies that k converges to a steady-state value k* defined
by

(s +7)y(k*) = (n+ 0+ y)k* (6)
A(s+ 71°) s

n—+d0+-y
steady-state capital-labor ratio is related positively to the rate of investment— which is defined

Using the Cobb-Douglas function, y(k) = Ak* we obtain k* = ( . Thus, the

2. inspired by the work of Combes j.-L and al [4]

3. Note that this assumption of constancy of the net capital inflow to-GDP-ratio is simplified to the extent
that it does not take into account the fact that net capital inflows may be determined by the differences in
interest rates. But it avoids an amplification of criticism of a high speed of convergence (see appendix (1) for
detail).

4. The investment rate equal i = s + 7°



as the sum of the savings rate and the net capital inflows to GDP-ratio— and negatively to the
rate of population growth. The adding of the constant net capital inflows to GDP-ratio to the
Solow model have implications about the golden rule of savings rate, the speed of convergence
and the capital movements.

3 The golden-rule of the savings rate
As in the Solow model, the issue of the golden rule of capital accumulation is given by

max c¢=(1—s)y

s.t: (7)
k=0

where c is the consumption per effective worker. Solving this problem, the savings rate which
corresponds to the golden rule is such that

n+4o0+y
14 7€

MPK = (8)

If we consider the Cobb-Douglas function, the steady-state marginal product of capital is
n+o0+-y

and the equation (8) becomes
s+ 7°

given by a X

§9°U — o — (1 — )¢ or 9" =a(l+71° (9)

with 90l = g90ld 4 e
This golden rule indicates that :

— with a net capital inflows to-GDP ratio zero (external balance), the rate of savings and in-
vestment rates are equal to the share of capital in GDP. This is the traditional golden rule.

— more the net capital inflows to-GDP-ratio is high, more the savings rate (respectively in-
vestment rate) required to maximize consumption per effective worker at the steady state
is low (respectively high) compared to the share of capital in GDP. Conversely, more an
economy registers net capital outflows—i.e a negative net capital inflows to-GDP-ratio—,
more the savings rate (respectively investment rate) required to maximize consumption
per effective worker at the steady state will be high (respectively low) compared to the
share of capital in GDP.

As in the Solow model, to assess the savings rate to see if it is roughly correct, insufficient
or excessive; we should compare the savings rate with its level dictated by the golden rule.
Because of the decrease in the productivity of capital per effective worker and the growing
relationship between capital per effective worker and the savings rate, the savings rate will be
considered :

J
lowifMPK>% or s<a—(1—a)t® or i<a(l+71°
Tc
J
rightifMPK:% or s=a—(1—-a)t® or i=a(l+71°
€

n+0+y

— excessive if MPK <
1+ 7€

or s>a—(1—a)t® or i>a(l+71°



Thus, the equation (9) tells us that a savings rate that is below (or above) the share of
capital in GDP doesn’t necessarily mean, as in the traditional model, that the savings rate is
too low (or too high). A country that has a savings rate higher (respectively less) than the
share of capital in GDP may be a net creditor (respectively a net debtor) of capital so as to
avoid over-investment (respectively under-investment).

4 Interest rate differentials and capital movements

In this section, we analyse interest rate differentials and the capital movements.

4.1 Interest rate differentials

Several economists, including Lucas|[10] and King and Rebelo[8] , argue that the Solow mo-
del fails to explain rate-of-return differences or international capital flows. This criticism comes
because in economics one considers that capital flows from the countries where the interest rate
is lower (generally the rich countries) to the countries where the interest rate is higher (generally
the poor countries). In the traditional model and the augmented model with human capital
(Mankiw and al.[11]), the steady-state marginal product of physical capital, net of depreciation
rate which is equal to interest rate is given by :

nt+ot+y
S

MPK* —§=a 5 (10)

Mankiw and al.[11]| explain that, because the cross-country differences in savings rate and
population growth rates are large, the differences in rates of return should also be large. These
authors, using (v,0) = (0.02,0.03) find the mean of the steady-state net marginal product
is 0.12 in the intermediate sample, and the standard deviation is 0.08. As noted by authors,
observed differentials in real interest rates appear smaller than the predicted differences in the
net marginal product of capital. The problem with the equation (10) is that one forget that
more capital through the net capital inflows can reduce the rate of return under the assumption
of diminishing marginal product. In the augmented model with the net capital inflows to-GDP-
ratio, the net marginal product is decreasing function of net capital inflows.

ntoty (11)
s+7°

Since rich countries generally have 7¢ < 0 , the augmented model predicts an interest rate
higher for rich countries compared to the solow model. Also, since poor countries generally
have 7¢ > 0, the augmented model predicts an interest rate lower for poor countries. Thus, the
equation (11) predict the small difference in return of capital between rich and poor countries
than equation (10).

MPK* -6 =«

To check whether or not the equation (11) correctly predicted the real interest rate, you can
proceed in two ways :

i) The first is similar to the approach in Mankiw and al.[11]. We can suppose o = & and
(v,6) = (0.02,0.03) and compute the steady-state net marginal product using the equation
(11). The results are given in the table (1). Using equation (11), the mean of the steady-state
net marginal product is 0.0556 (with a standard deviation of 0.016) in the rich countries and
0.1238 ( with a standard deviation of 0.037) in the poor countries. The mean of real interest
rate is 0.0480 (with a standard deviation 0.018) in rich countries and 0.1226 (with a standard
deviation 0.058 ) in poor countries.



Table 1-Net marginal product of capital and real interest rate

\ MPK* | Real interest rate ‘
poor 0.1238 0.1226
countries (a) | (0.037) (0.058)
rich 0.0556 0.0480
countries (b) | (0.016) (0.018)
Ratio (%) 2.23 2.55

(.) standard deviation
source : authors using the World Bank data on 1990 to 2014.

One can remark that the means of net marginal product are close to the means of real
interest rate using the equation (11).

i) Because « is considered near to one-third in more country in the world, another way to
make this comparison is to estimate the parameter « using the equation (11) with MPK =

1
d +r and (vy,0) = (0.02,0.03). The comparison of « statistically with 3 permit to evaluate

the consistency of the equation (11) with empiricals facts. Formally, we estimate « using the

following equation
n; + 0.05

S; +7f

7 +0.03 = +e , €~ N(0,0?) (12)

where 7;, n; , s; and 77 designate respectively the mean of real interest rate, the mean of
the population growth, the mean of the savings rate and the mean of the net capital inflows
to-GDP-ratio in country i. Ordinary least squares (OLS) is used to estimate (12). The results
of regressions are given in the table (2). For all countries of sample®, the estimation of this
equation gives & = 0.313 with a R? = 0.86. The confidence interval indicate that « is not
significantly different of % at 95 % level. Also, in the sub-sample of the poor countries and the
rich countries, & is respectively equal to &, = 0.318 (with R? = 0.85) and &, = 0.293 (with
R? = 0.92). The confidence interval indicate that o, and o, are not significantly different of 5
at 95 % level. These results also lead us to say that equation (11) correctly predicts the real
interest rate.

Table 2— Estimation of o
Dependent variable : r + 0.03

all poor rich
%07'85 0.313*** 0.318** 0.293**
(16.55) (11.35) (14.75)
95% Conf. Interval [0.2745;0.3506] [0.2600;0.3760] [0.2517;0.3346]
N 44 23 21
R? 0.8644 0.8542 0.9158
Fan-n 274.1 128.9 217.5

t statistics in parentheses
*p <0.05, * p<0.01, *** p <0.001
4.2 On the capital movements

Even if it isn’t with the great magnitude as predicted by the traditional model, we can
notice that there are differences in marginal product between rich and poor countries. But this

5. See the list of countries in the sample in appendix (2).



doesn’t mean that all capital would flow from rich countries to poor countries : the opposite
is possible. The rule is that capital flows from a country (poor or rich) where the interest rate
is lower to a country (poor or rich) where the interest rate is higher . Thus, when we take the
example of net capital inflows of the United States in recent years, it must come from countries
where the real interest rate and the rate of return are lower. But Prasad and al.[13] noting that
"the average income, relative to the United States, of capital-exporting countries has fallen well
below that of capital-importing countries" conclude that "capital has been flowing from poor
to rich countries". These authors also note that the "recent U.S. current account deficits and
Chinese current account surpluses are, of course, a big part of the reason why capital is flowing
uphill”. The problem is that if we consider that the capital must flow from a country where the
rate of return is lower to a country where the rate of return is higher, there is no paradox in this
flow. Indeed, both the real interest rate and net marginal product of capital are lower in China
than in the United States. The mean of the real interest rate over the period of 1990 to 2014
is 0.019 in China and 0.040 in the United States. If we assume a = % and (v,d) = (0.02,0.03),
the net marginal product of capital according to the augmented model is 0.018 in China and
0.064 in United States.

5 The speed of convergence and nature of convergence

In this section, we examine the nature of convergence on the one hand and the speed of
convergence on the other.

5.1 The nature of convergence

Another problem is the nature of convergence. Is it absolute or conditional 7 Mankiw and
al.[11] argue that the Solow model does not predict absolute convergence, but it predicts conver-
gence only after controlling for the determinants of the steady state, a phenomenon that might
be called conditional convergence. This conditional convergence can be considered as the most
likely case, but that does not exclude a possibility of absolute convergence. One can rewrite the
expressions ® of capital per capita and GDP per capita of steady-state :

A(s+7°) = A(s +7°) a
pr= | 22T oA | 28T 1
[n—l—é—l—’y} and Y [n+5+7 (13)

For example, a poor country that has identical characteristics (A, n,d,~) with a rich country
except in savings rate’ (s, < s,) and net capital inflow to-GDP-ratio ( 75 > 7¢) , can reach
the same steady-state than the rich countries if it has the same investment rate than the rich
country under the effect of the net capital inflow. Although our model doesn’t explicitly take
into account these aspects, it should be noted that there are at least two conditions for capital
inflows :

i) the net capital inflows increase the stock of debt and can lead to the problem of sustai-
nability of the debt. To avoid this problem of sustainability and a crisis of confidence among
lenders of capital, the poor countries will have to at least stabilize its debt to GDP ratio.
Choosing to stabilize the debt ratio to GDP at level d, the net capital inflows to GDP-ratio 7°
compatible with this stabilisation (given of interest rate r and economic growth rate g) is given

6. under the assumption of Cobb-Douglas production function
7. The subscripts p and r refers respectivelly poor country and rich country.



by® :7¢ = (g —r)d.

ii) also, since the net marginal product of capital M PK — ¢ will tend to move towards the
international interest rate r* during the process of accumulation of capital, the country should
develop policies to stimulate the domestic savings rate. Indeed, if the net marginal product
of capital becomes lower than interest rates r*, net capital inflows will also stop and domestic
savings should be developed in order to maintain the country to a high level of GDP per capita.

5.2 The speed of convergence

With the equation (5), the first-order Taylor-series approximation of k(k) around k = k*
conduce at the same? expression of the speed of convergence to that obtained in a traditional
model

A=(1—=ak")(n+d+7) (14)

However the value of the speed of convergence can be different to that obtained in the
model of Solow depending on whether oy (k*) dependent or not of k*. For example, if we take a
production function such as ay(k*) is independent of k£* (example of a Cobb-Douglas function,
ar(k*) = « ), then the value of the speed of convergence is identical to the one obtained
in the traditional model. If oy (k*) depends on k* (as in a CES production function'® with an
elasticity of substitution between capital and effective labor 0.5) | then the speed of convergence
A predicted by the augmented model is different to the one obtained in the solow model.

6 Concluding and remarks

The aim of this paper is to study the Solow model in open economy by increasing the tra-
ditional model with the net capital inflows to-GDP-ratio. The implications of this introduction
are :

First, the golden rule of the savings rate assessment tells us that a savings rate that
is below (or above) the share of capital in GDP doesn’t necessarily mean that the savings rate
is too low (or too high). A country that has a savings rate higher (respectively less) than the
share of capital in GDP may be a net creditor (respectively a net debtor) of capital so as to
avoid over-investment (respectively under-investment).

Second, the net marginal product of capital of steady-state is a decreasing function of

: d D Y
8. Noting by D the stock of debt and Y the GDP, one can write D = M — X 4+ r.D and DY with

D _
d= v At a constant debt-GDP ratio d , the change in debt as a percent of GDP is equal to the debt ratio

D Y
times the rate of growth of GDP : v = d? (see Howard[5] , Oliveira and Plihon [12] ) . We can draw from this

equation the 7¢ compatible with d, given g and r : 7¢ = (g — 7)d .

9. We recall that this is because we assume a constant net capital inflow to-GDP-ratio rather than assume
it is determined by the interest rate differential. As noted in Appendix appendix (1), this avoids to predict a
higher convergence speed than that predicted in the traditional model (with Cobb-Douglas function).

" Where 0 < ¢ <

o—1 o—1
o

10. A CES production function is written in the form of ¥ = A (K + + (EL)

+o0o and o # 1 represents the elasticity of substitution between capital and effective labor. Thus y(k) =

A (k%l + 1)ﬁ. As in the example if 0 = 0.5 then Y = A (K~' + (EL)*I)fl, y(k) = Ak ap(k*) = ==

N Tkt
A(s+71°) . . . : :
oy 1 is an increasing function of 7¢. If 7¢ > 0 (respectively 7¢ < 0 ), the speed of convergence
n v

A is more high (respectively more low) in the augmented model comparatively to the traditional model.

and k£* =



the net capital inflow to GDP-ratio. Because rich countries generally have negative net capital
inflow to GDP-ratio and poor countries have positive net capital inflow to GDP-ratio, the rate
of return and the interest rate are not supposed to be too different between rich and poor
countries.

Third, it is not excluded that a poor country that has a low savings rate to converge
towards a GDP per capita of a rich country because it can benefit the net capital inflows. It
must however avoid the problem of the sustainability of debt underlying to the net capital
inflows and stimulate its savings rate before its rate of return tend to equalize the rate of return
of net capital creditor.

If the change in the structure of production by Mankiw and al.[11] brings elements
of answers to criticism of a too high convergence speed in the traditional model, their model
have the same predictions on international differences in the rate-of-return of capital than the
traditional model at the steady state. Conversely, the augmented model with the net capital
inflow to-GDP-ratio brings elements of answers to criticism on the international differences in
rate-of-return of capital at the steady state without able to find an answer to the criticism of a
too high convergence speed. Thus, future work may be to make a synthesis of these two models
and see how to remove the hypothesis of exogenous net capital inflow to-GDP-ratio without
amplify criticism of a too high convergence speed.
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Appendix 1

e Steady-state

Assuming that 7¢ = p(r — r*) with r = f’(k) — ¢ and p > 0 , we obtain the following
differential equation :

k=[s+u(f' (k) =8 = )] f(k) = (n+ 8 + )k
The steady state is characterized by = 0. Then

[s +pu(f/ (k") =0 —r)] f(K*) = (n+0+ )k

e Speed of convergence

Under the assumption 7¢ = u(r — r*), we obtain :
k(t) — k* = 6—((1—%(k*))(n+5+v)—uf”(k*)f(k*))t(k(o) — k")
Thus the speed of convergence is given by :
Ao = (1= (k")) (n+0+7) — wf" (k) (k")
Because f”(k*) < 0 we have pf”(k*)f(k*) < 0. Then

Ao = (L= an(k™))(n+0+7) = uf" () f(K) > (1 —an(k"))(n+6+7) = A

S+ T°

(1 —a)(n+0+v) = A In the empiricals studies, « is considered near of one-third and
n+ 6+ v ~ 0.06. Then the standard convergence rate A would equal 0.04. This implies, in the
traditional model, that the economy moves halfway to steady state in 17 years. If we suppose
s+7¢=0.25, then A\, = 0.044-0.0128. This implies, in the augmented model, that the economy

2
Using the Cobb-Douglas function, we obtain A, = (1—a)(n+d+7)+pa(l—«) (n + 0+ 7) S



moves halfway to steady state in 13 years if 4 = 1. The majority of empirical studies conclude a
speed of convergence between 2 and 3 percent. Caselli and al.[3] are the main authors who find
the opposite (convergence rate equal 0.1). But Bond and al.|2] revisit this study and shows that
this result of Caselli and al.[3] is biased. Thus the consideration of the relationship between 7¢
and r — r* amplify this empirical contradiction.

e Golden-rule of the savings rate

With the assumption of 7¢ = p(r—r*) = p(f’(k)—d—r*) , the savings rate which corresponds
to the golden rule is such that :

n+0+v—pf" (k) f (k)

Pmk =
1+ 7¢

Appendix 2

Sample of poor countries :

Afghanistan ; Burkina Faso ; Burundi; Benin ; Central African Republic ; Congo, Dem. Rep. ;
Comoros ; Gambia; Guinea; Guinea Bissau; Haiti; Liberia; Madagascar; Malawi; Mali; Mo-
zambique ; Niger ; Rwanda; Sierra Leone; Senegal ; Togo; Uganda ; Nepal.

Sample of rich countries :

United States; Germany ; Argentina; Australia; Belgium ; Canada; China; France; India ;
Indonesia; Italy; Japan; Mexico; Netherlands; Poland ; Spain; R. Korea; United Kingdom ;
Russia ; Switzerland ; Sweden.
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