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Abstract
In this paper, we study the Solow model in open economy. For this purpose, we increase the traditional model with

the net capital inflows to-GDP-ratio. We end up with two main implications. First, the steady state net marginal

product of capital more correctly predicts the real interest rate than that obtained in traditional model. Second, the

golden rule of the savings rate tells us that a savings rate that is below (or above) the share of capital in GDP doesn't

necessarily mean that the savings rate is too low (or too high).
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❙♦❧♦✇ ♠♦❞❡❧❬✶✹❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❧♦s❡❞ ❡❝♦♥♦♠②✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✐t
♣r❡❞✐❝t❡❞ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s t❤❛t ❡❛❝❤ ❡❝♦♥♦♠② ❝♦♥✈❡r❣❡s t♦ ❛ ✉♥✐q✉❡ ❛♥❞ st❛❜❧❡ ❜❛❧❛♥✲
❝❡❞ ❣r♦✇t❤ s✐t✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ s♦❧♦✇ ♠♦❞❡❧ ✐s s✉❜❥❡❝t t♦ ❝♦♥tr♦✈❡rs✐❡s
❛❜♦✉t ✐ts ♥❛t✉r❡ ✿ ❝♦♥❞✐t✐♦♥❛❧ ♦r ❛❜s♦❧✉t❡ ❄ ❆❧s♦✱ ♦♥❡ ❝❛♥ ❛❞❞ t❤❡ ❝r✐t✐❝✐s♠ ✭▲✉❝❛s❬✶✵❪✱ ❑✐♥❣
❛♥❞ ❘❡❜❡❧♦❬✽❪ ✮ r❡❣❛r❞✐♥❣ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡
r❛t❡ ♦❢ r❡t✉r♥ ♦❢ ❝❛♣✐t❛❧ ✭❜❡t✇❡❡♥ r✐❝❤ ❛♥❞ ♣♦♦r ❝♦✉♥tr✐❡s✮ ❛♥❞ t❤❡ ♠♦✈❡♠❡♥ts ♦❢ ❝❛♣✐t❛❧✳ ▼❛♥✲
❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪ ❝❤❛♥❣❡❞ t❤❡ str✉❝t✉r❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ❜② ❛❞❞✐♥❣ ❤✉♠❛♥
❝❛♣✐t❛❧✳ ❊✈❡♥ ✐❢ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ❝♦✉❧❞ ♥♦t ♣r♦✈✐❞❡ s❛t✐s❢❛❝t♦r② r❡s♣♦♥s❡ t♦ ❝r✐t✐❝✐s♠ ♦❢
✐♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧s ❛♥❞ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts ✶✱ ✐t ❣❛✈❡ ❛ s❛t✐s❢❛❝t♦r② ❛♥s✇❡r t♦ ❝r✐t✐❝✐s♠ ♦❢
❛ t♦♦ ❤✐❣❤ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❜② ❛❞❞✐♥❣ t❤❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✳ ❆❧s♦✱ ✇❡
♥♦t❡ t❤❛t t❤✐s ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❜② ▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪✱ ❛✈♦✐❞s ❛ ♣r♦❜❧❡♠ ♦❢
♦♠✐tt❡❞ ✈❛r✐❛❜❧❡ ❜✐❛s ✐♥s♦❢❛r ❛s ❤✉♠❛♥ ❝❛♣✐t❛❧ ❝❛♥ ❜❡ ❝♦rr❡❧❛t❡❞ ❜♦t❤ ✇✐t❤ t❤❡ ❡①♣❧❛♥❛t♦r②
✈❛r✐❛❜❧❡s ✭s❛✈✐♥❣s r❛t❡s ❛♥❞ t❤❡ r❛t❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✮ ❛♥❞ t❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ✭●❉P ♣❡r
❝❛♣✐t❛✮✳ ❇✉t ✐♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ t❤❡ t✇♦ ✐♠♣♦rt❛♥t ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞
t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❞❡♠❛♥❞✳ ■♥
t❡sts ♦❢ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ t❤❡ ❛✉t❤♦rs ✭▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪✱ ❈❛s❡❧❧✐ ❛♥❞ ❛❧✳❬✸❪✱ ❜♦♥❞ ❛♥❞ ❛❧✳❬✷❪✮
✉s❡ t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ r❛t❤❡r t❤❛♥ t❤❡ s❛✈✐♥❣s r❛t❡ t❤❛t ✐s ♣r❡s❡♥t ✐♥ t❤❡ ♠♦❞❡❧✳ ❖♥❡ ♦❢ t❤❡
❝r✐t✐❝✐s♠s t❤❛t ♦♥❡ ❝❛♥ t❤❡r❡❢♦r❡ ♠❛❦❡ ✐s t❤❛t t❤❡s❡ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ❞♦ ♥♦t ❢✉♥❞❛♠❡♥t❛❧❧② t❡st
t❤❡ tr❛❞✐t✐♦♥❛❧ t❤❡♦r② ❛♥❞ t❤✐s r❡✢❡❝t❡❞ t❤❡ ♥❡❡❞ t♦ r❡✈✐❡✇ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❡♠❛♥❞ ✐♥
❙♦❧♦✇ ♠♦❞❡❧ ❜② ❞✐sr❡❣❛r❞✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❧♦s❡❞ ❡❝♦♥♦♠②✳ ❆♥♦t❤❡r ❡♠♣✐r✐❝❛❧ ❢❛❝t t❤❛t
❝❛♥ s✉r♣r✐s❡ t♦❞❛② ✐s t❤❛t s♦♠❡ ❝♦✉♥tr✐❡s ❛s ❈❤✐♥❛✱ ❙✐♥❣❛♣♦r❡✱ ▼❛❧❛②s✐❛ ♦r ❙♦✉t❤ ❑♦r❡❛ ❤❛✈❡
s♦♠❡t✐♠❡s ❛ s❛✈✐♥❣s r❛t❡ ❤✐❣❤❡r t❤❛♥ ♦♥❡✲t❤✐r❞ ✇❤✐❧❡ t❤❡ s❤❛r❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ♣r♦❞✉❝✲
t✐♦♥ ✐s ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞ ♥❡❛r t♦ t❤✐s ✈❛❧✉❡✳ ■♥ t❤❡ st❛♥❞❛r❞ ♥❡♦✲❝❧❛ss✐❝❛❧ ❣r♦✇t❤ ♠♦❞❡❧✱ t❤❡
✧❣♦❧❞❡♥ r✉❧❡✧ s❛✈✐♥❣ r❛t❡✖t❤❡ s❛✈✐♥❣ r❛t❡ t❤❛t ♠❛①✐♠✐③❡s st❡❛❞② st❛t❡ ❝♦♥s✉♠♣t✐♦♥✖✐s ❡q✉❛❧
t♦ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P ✭❇❧❛♥❝❤❛r❞ ❛♥❞ ●✐❛✈❛③③✐ ❬✶❪✮✳ ■t ✐s t❤❡r❡❢♦r❡ ❧❡❣✐t✐♠❛t❡ t♦ ❛s❦
t❤❡ q✉❡st✐♦♥ ♦❢ ❛ ♦✈❡r✲✐♥✈❡st♠❡♥t ❢♦r t❤❡s❡ ❝♦✉♥tr✐❡s✱ ❛s ✐s t❤❡ ❝❛s❡ ♦❢ ❈❤✐♥❛ ✭❇❧❛♥❝❤❛r❞ ❛♥❞
●✐❛✈❛③③✐ ❬✶❪✱ ▲❡❡ ❛♥❞ ❛❧✳❬✾❪✱❏❤❛ ❡t ❛❧✳❬✼❪✮ ❛♥❞ ❙✐♥❣❛♣♦r❡ ✭❍♦♣❢ ❬✻❪✮✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ st✉❞② t❤❡ ❙♦❧♦✇ ♠♦❞❡❧ ✐♥ ♦♣❡♥ ❡❝♦♥♦♠② ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ tr❛✲
❞✐t✐♦♥❛❧ ♠♦❞❡❧ ✇✐t❤ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧
✇✐t❤ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦ ✐s ♣r❡s❡♥t❡❞✳ ■♥ s❡❝t✐♦♥s ✸✱ ✹ ❛♥❞ ✺✱ ✇❡ st✉❞② t❤❡
✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❝❤❛♥❣❡ ♦♥ ❣♦❧❞❡♥ r✉❧❡ s❛✈✐♥❣ r❛t❡✱ t❤❡ ✐♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧s ❛♥❞ t❤❡
s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❈♦♥❝❧✉❞✐♥❣ ❛♥❞ r❡♠❛r❦s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✳

✷ ❆❞❞✐♥❣ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦ ●❉P✲r❛t✐♦ t♦ t❤❡ ❙♦❧♦✇

♠♦❞❡❧

❆s ✐♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡❝♦♥♦♠② ♣r♦❞✉❝❡❞ ❥✉st ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞✱
✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t ✐t ✐s ❡①❝❤❛♥❣❡❛❜❧❡✱ t❤❛t ✇❡ ♥♦t❡ ❨✳ ❚❤❡ s✉♣♣❧② ♦❢ t❤✐s ❣♦♦❞s ✐s ❜❛s❡❞
♦♥ ❛ ♥❡♦❝❧❛ss✐❝❛❧ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❧✐♥❦✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❣♦♦❞s ✭❨✮ t♦ t❤❡ st♦❝❦ ♦❢
❝❛♣✐t❛❧ ✭❑✮ ❛♥❞ ❧❛❜♦r ✭▲✮ ❛♥❞ t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ❧❛❜♦r ✭❊✮ ❛♥❞ ❛ ❢❛❝t♦r ♦❢
❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦❞✉❝t✐✈❡ ❝♦♠❜✐♥❛t✐♦♥ ✭❆✮

Y = A.F (K,EL) ✭✶✮

✶✳ ❚❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛♥❞ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ♣r❡❞✐❝ts ❛t t❤❡ st❡❛❞② st❛t❡ t❤❡
s❛♠❡ r❛t❡ ♦❢ r❡t✉r♥ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✳



✇✐t❤ E(t) = E(0)eγt ❛♥❞ L(t) = L(0)ent✳ ❚❤✉s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✛❡❝t✐✈❡ ✉♥✐ts ♦❢ ❧❛❜♦r✱ E(t)L(t)✱
❣r♦✇s ❛t r❛t❡ n + γ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❡①❤✐❜✐ts ❝♦♥st❛♥t
r❡t✉r♥s t♦ s❝❛❧❡✳

■♥ ♦♣❡♥ ❡❝♦♥♦♠② ❛♥❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛❜s❡♥❝❡ ♦❢ ❙t❛t❡ ✇❡ ❤❛✈❡

I = S +M −X ✭✷✮

❲❤❡r❡ ■✱ ❙✱ ▼✱ ❛♥❞ ❳ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥✈❡st♠❡♥t✱ s❛✈✐♥❣s✱ ✐♠♣♦rts ❛♥❞ ❡①♣♦rts✳ ◆♦t✐♥❣ t❤❛t

❢♦r ❛ ❣✐✈❡♥ ✐♠♣♦rt r❛t❡m =
M

Y
✱ ❛♥ ❡①t❡r♥❛❧ ❞❡✜❝✐t r❛t❡ ✭r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✐♠♣♦rts ❛♥❞

❡①♣♦rts ✱ v =
M −X

M
✮ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❛t❡ ♦❢ ❞❡✜❝✐t ✐♥ r❡s♦✉r❝❡s r❡❧❛t✐✈❡ t♦ ●❉P ✭ i.e ❛

♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦✱ τ c =
M −X

Y
✮ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✷ ✿

M −X

Y
=

M −X

M
×

M

Y
✭✸✮

❚❤✉s ❡q✉❛t✐♦♥ ✭✷✮ ❜❡❝♦♠❡s ✿
I = S + τ cY. ✭✹✮

❚❤✐s ❡q✉❛t✐♦♥ ✭✹✮ r❡✢❡❝ts t❤❛t t❤❡ ✐♥✈❡st♠❡♥t I ✐s ✜♥❛♥❝❡❞ ❜② ❞♦♠❡st✐❝ s❛✈✐♥❣s S ❛♥❞ ♥❡t
❝❛♣✐t❛❧ ✐♥✢♦✇ τ cY ✱ ✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ❡❧s❡ t❤❛♥ ❛ r❡✢❡❝t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ❞❡✜❝✐t M −X >✵✳

❲❡ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❜② k ❛♥❞ y t❤❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧ ♣❡r ❡✛❡❝t✐✈❡ ✉♥✐t ♦❢ ❧❛❜♦r✱ k =
K

EL
✱

❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ●❉P ♣❡r ❡✛❡❝t✐✈❡ ✉♥✐t ♦❢ ❧❛❜♦r✱ y =
Y

EL
✳ ❉❡♥♦t❡ ❜② δ t❤❡ ❞❡♣r❡❝✐❛t✐♦♥ r❛t❡ ♦❢

❝❛♣✐t❛❧✳ ❆ss✉♠✐♥❣ τ c ✐s ❝♦♥st❛♥t ✸ ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✱
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r ✐s ❣✐✈❡♥ ❜②

k̇(t) = [s+ τ c] y(k(t))− (n+ δ + γ)k(t) ✭✺✮

❚❤✐s ❡q✉❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r k̇ ✐s ❡q✉❛❧ ✐♥✈❡st✲
♠❡♥t ✹ (s+ τ c) y(k) ♠✐♥✉s ❜r❡❛❦✲❡✈❡♥ ✐♥✈❡st♠❡♥t (n+δ+γ)k✳ ■♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ t❤❡ ❛♥❛❧②s✐s
♦❢ t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ r❡✈❡❛❧s ✉s t❤❛t✱ ✐♥ t❤❡ s❤♦rt r✉♥✱ t❤❡ ❡❝♦♥♦♠✐❝
❣r♦✇t❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✇❤✐❝❤ ♠❛✐♥❧② ❞❡♣❡♥❞ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡✳ ❚❤❡
✐♠♣❧✐❝❛t✐♦♥ ✐s t❤❛t ❛ ❧♦✇ s❛✈✐♥❣s r❛t❡ ✐s ❛ s✐❣♥ ♦❢ ❛ ❜❛❞ str✉❝t✉r❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❧❡❛❞✐♥❣
❧♦✇ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ r❛t❡s ✐♥ t❤❡ s❤♦rt r✉♥ ❛♥❞ ❛ ❧♦✇ ❧❡✈❡❧ ●❉P✲♣❡r✲❝❛♣✐t❛ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳
❇✉t✱ ❡✈❡♥ ✇✐t❤ ❛ ❧♦✇ s❛✈✐♥❣s r❛t❡✱ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✭❛♥❞ s♦ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✮ ❝❛♥ ❜❡
✜♥❛♥❝❡❞ ❜② ❢♦r❡✐❣♥ s❛✈✐♥❣s ❛s ✇❡ s❡❡ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ✭✺✮ ♦❢ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧✳
❚❤✉s✱ ❛ ❝♦✉♥tr② ✇✐t❤ ❛ ❧♦✇ s❛✈✐♥❣s r❛t❡ ❝❛♥ ❤❛✈❡ ❛ ❣♦♦❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ✐♥ t❤❡ s❤♦rt r✉♥ ✐❢ ✐t
r❡❝♦r❞s ❝❛♣✐t❛❧ ✐♥✢♦✇s✳ ❊q✉❛t✐♦♥ ✭✺✮ ✐♠♣❧✐❡s t❤❛t k ❝♦♥✈❡r❣❡s t♦ ❛ st❡❛❞②✲st❛t❡ ✈❛❧✉❡ k∗ ❞❡✜♥❡❞
❜②

(s+ τ c)y(k∗) = (n+ δ + γ)k∗ ✭✻✮

❯s✐♥❣ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✱ y(k) = Akα ✇❡ ♦❜t❛✐♥ k∗ =

(

A(s+ τ c)

n+ δ + γ

)
1

1−α

✳ ❚❤✉s✱ t❤❡

st❡❛❞②✲st❛t❡ ❝❛♣✐t❛❧✲❧❛❜♦r r❛t✐♦ ✐s r❡❧❛t❡❞ ♣♦s✐t✐✈❡❧② t♦ t❤❡ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t✖ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞

✷✳ ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❈♦♠❜❡s ❥✳✲▲ ❛♥❞ ❛❧ ❬✹❪
✸✳ ◆♦t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥❝② ♦❢ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇ t♦✲●❉P✲r❛t✐♦ ✐s s✐♠♣❧✐✜❡❞ t♦ t❤❡ ❡①t❡♥t

t❤❛t ✐t ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s ♠❛② ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥
✐♥t❡r❡st r❛t❡s✳ ❇✉t ✐t ❛✈♦✐❞s ❛♥ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❝r✐t✐❝✐s♠ ♦❢ ❛ ❤✐❣❤ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✭s❡❡ ❛♣♣❡♥❞✐① ✭✶✮ ❢♦r
❞❡t❛✐❧✮✳

✹✳ ❚❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ❡q✉❛❧ i = s+ τ c



❛s t❤❡ s✉♠ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡ ❛♥❞ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦ ●❉P✲r❛t✐♦✖ ❛♥❞ ♥❡❣❛t✐✈❡❧② t♦ t❤❡
r❛t❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✳ ❚❤❡ ❛❞❞✐♥❣ ♦❢ t❤❡ ❝♦♥st❛♥t ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦ ●❉P✲r❛t✐♦ t♦ t❤❡
❙♦❧♦✇ ♠♦❞❡❧ ❤❛✈❡ ✐♠♣❧✐❝❛t✐♦♥s ❛❜♦✉t t❤❡ ❣♦❧❞❡♥ r✉❧❡ ♦❢ s❛✈✐♥❣s r❛t❡✱ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡
❛♥❞ t❤❡ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts✳

✸ ❚❤❡ ❣♦❧❞❡♥✲r✉❧❡ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡

❆s ✐♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ❣♦❧❞❡♥ r✉❧❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②











max
s

c = (1− s)y

s.t :

k̇ = 0

✭✼✮

✇❤❡r❡ c ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r✳ ❙♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ s❛✈✐♥❣s r❛t❡ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣♦❧❞❡♥ r✉❧❡ ✐s s✉❝❤ t❤❛t

MPK =
n+ δ + γ

1 + τ c
✭✽✮

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✱ t❤❡ st❡❛❞②✲st❛t❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ ✐s

❣✐✈❡♥ ❜② α×
n+ δ + γ

s+ τ c
❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✽✮ ❜❡❝♦♠❡s

sgold = α− (1− α)τ c or igold = α(1 + τ c) ✭✾✮

✇✐t❤ igold = sgold + τ c

❚❤✐s ❣♦❧❞❡♥ r✉❧❡ ✐♥❞✐❝❛t❡s t❤❛t ✿

✕ ✇✐t❤ ❛ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P r❛t✐♦ ③❡r♦ ✭❡①t❡r♥❛❧ ❜❛❧❛♥❝❡✮✱ t❤❡ r❛t❡ ♦❢ s❛✈✐♥❣s ❛♥❞ ✐♥✲
✈❡st♠❡♥t r❛t❡s ❛r❡ ❡q✉❛❧ t♦ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P✳ ❚❤✐s ✐s t❤❡ tr❛❞✐t✐♦♥❛❧ ❣♦❧❞❡♥ r✉❧❡✳

✕ ♠♦r❡ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦ ✐s ❤✐❣❤✱ ♠♦r❡ t❤❡ s❛✈✐♥❣s r❛t❡ ✭r❡s♣❡❝t✐✈❡❧② ✐♥✲
✈❡st♠❡♥t r❛t❡✮ r❡q✉✐r❡❞ t♦ ♠❛①✐♠✐③❡ ❝♦♥s✉♠♣t✐♦♥ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r ❛t t❤❡ st❡❛❞② st❛t❡
✐s ❧♦✇ ✭r❡s♣❡❝t✐✈❡❧② ❤✐❣❤✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P✳ ❈♦♥✈❡rs❡❧②✱ ♠♦r❡ ❛♥
❡❝♦♥♦♠② r❡❣✐st❡rs ♥❡t ❝❛♣✐t❛❧ ♦✉t✢♦✇s✖i.e ❛ ♥❡❣❛t✐✈❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦✖✱
♠♦r❡ t❤❡ s❛✈✐♥❣s r❛t❡ ✭r❡s♣❡❝t✐✈❡❧② ✐♥✈❡st♠❡♥t r❛t❡✮ r❡q✉✐r❡❞ t♦ ♠❛①✐♠✐③❡ ❝♦♥s✉♠♣t✐♦♥
♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r ❛t t❤❡ st❡❛❞② st❛t❡ ✇✐❧❧ ❜❡ ❤✐❣❤ ✭r❡s♣❡❝t✐✈❡❧② ❧♦✇✮ ❝♦♠♣❛r❡❞ t♦ t❤❡
s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P✳

❆s ✐♥ t❤❡ ❙♦❧♦✇ ♠♦❞❡❧✱ t♦ ❛ss❡ss t❤❡ s❛✈✐♥❣s r❛t❡ t♦ s❡❡ ✐❢ ✐t ✐s r♦✉❣❤❧② ❝♦rr❡❝t✱ ✐♥s✉✣❝✐❡♥t
♦r ❡①❝❡ss✐✈❡ ❀ ✇❡ s❤♦✉❧❞ ❝♦♠♣❛r❡ t❤❡ s❛✈✐♥❣s r❛t❡ ✇✐t❤ ✐ts ❧❡✈❡❧ ❞✐❝t❛t❡❞ ❜② t❤❡ ❣♦❧❞❡♥ r✉❧❡✳
❇❡❝❛✉s❡ ♦❢ t❤❡ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❝❛♣✐t❛❧ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r ❛♥❞ t❤❡ ❣r♦✇✐♥❣
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ♣❡r ❡✛❡❝t✐✈❡ ✇♦r❦❡r ❛♥❞ t❤❡ s❛✈✐♥❣s r❛t❡✱ t❤❡ s❛✈✐♥❣s r❛t❡ ✇✐❧❧ ❜❡
❝♦♥s✐❞❡r❡❞ ✿

✕ ❧♦✇ ✐❢ MPK >
n+ δ + γ

1 + τ c
or s < α− (1− α)τ c or i < α(1 + τ c)

✕ r✐❣❤t ✐❢ MPK =
n+ δ + γ

1 + τ c
or s = α− (1− α)τ c or i = α(1 + τ c)

✕ ❡①❝❡ss✐✈❡ ✐❢ MPK <
n+ δ + γ

1 + τ c
or s > α− (1− α)τ c or i > α(1 + τ c)



❚❤✉s✱ t❤❡ ❡q✉❛t✐♦♥ ✭✾✮ t❡❧❧s ✉s t❤❛t ❛ s❛✈✐♥❣s r❛t❡ t❤❛t ✐s ❜❡❧♦✇ ✭♦r ❛❜♦✈❡✮ t❤❡ s❤❛r❡ ♦❢
❝❛♣✐t❛❧ ✐♥ ●❉P ❞♦❡s♥✬t ♥❡❝❡ss❛r✐❧② ♠❡❛♥✱ ❛s ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✱ t❤❛t t❤❡ s❛✈✐♥❣s r❛t❡ ✐s
t♦♦ ❧♦✇ ✭♦r t♦♦ ❤✐❣❤✮✳ ❆ ❝♦✉♥tr② t❤❛t ❤❛s ❛ s❛✈✐♥❣s r❛t❡ ❤✐❣❤❡r ✭r❡s♣❡❝t✐✈❡❧② ❧❡ss✮ t❤❛♥ t❤❡
s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P ♠❛② ❜❡ ❛ ♥❡t ❝r❡❞✐t♦r ✭r❡s♣❡❝t✐✈❡❧② ❛ ♥❡t ❞❡❜t♦r✮ ♦❢ ❝❛♣✐t❛❧ s♦ ❛s t♦
❛✈♦✐❞ ♦✈❡r✲✐♥✈❡st♠❡♥t ✭r❡s♣❡❝t✐✈❡❧② ✉♥❞❡r✲✐♥✈❡st♠❡♥t✮✳

✹ ■♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧s ❛♥❞ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②s❡ ✐♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧s ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts✳

✹✳✶ ■♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧s

❙❡✈❡r❛❧ ❡❝♦♥♦♠✐sts✱ ✐♥❝❧✉❞✐♥❣ ▲✉❝❛s❬✶✵❪ ❛♥❞ ❑✐♥❣ ❛♥❞ ❘❡❜❡❧♦❬✽❪ ✱ ❛r❣✉❡ t❤❛t t❤❡ ❙♦❧♦✇ ♠♦✲
❞❡❧ ❢❛✐❧s t♦ ❡①♣❧❛✐♥ r❛t❡✲♦❢✲r❡t✉r♥ ❞✐✛❡r❡♥❝❡s ♦r ✐♥t❡r♥❛t✐♦♥❛❧ ❝❛♣✐t❛❧ ✢♦✇s✳ ❚❤✐s ❝r✐t✐❝✐s♠ ❝♦♠❡s
❜❡❝❛✉s❡ ✐♥ ❡❝♦♥♦♠✐❝s ♦♥❡ ❝♦♥s✐❞❡rs t❤❛t ❝❛♣✐t❛❧ ✢♦✇s ❢r♦♠ t❤❡ ❝♦✉♥tr✐❡s ✇❤❡r❡ t❤❡ ✐♥t❡r❡st r❛t❡
✐s ❧♦✇❡r ✭❣❡♥❡r❛❧❧② t❤❡ r✐❝❤ ❝♦✉♥tr✐❡s✮ t♦ t❤❡ ❝♦✉♥tr✐❡s ✇❤❡r❡ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❤✐❣❤❡r ✭❣❡♥❡r❛❧❧②
t❤❡ ♣♦♦r ❝♦✉♥tr✐❡s✮✳ ■♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✇✐t❤ ❤✉♠❛♥ ❝❛♣✐t❛❧
✭▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪✮✱ t❤❡ st❡❛❞②✲st❛t❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ♥❡t ♦❢ ❞❡♣r❡❝✐❛t✐♦♥
r❛t❡ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ✐♥t❡r❡st r❛t❡ ✐s ❣✐✈❡♥ ❜② ✿

MPK∗ − δ = α
n+ δ + γ

s
− δ ✭✶✵✮

▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪ ❡①♣❧❛✐♥ t❤❛t✱ ❜❡❝❛✉s❡ t❤❡ ❝r♦ss✲❝♦✉♥tr② ❞✐✛❡r❡♥❝❡s ✐♥ s❛✈✐♥❣s r❛t❡ ❛♥❞
♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ r❛t❡s ❛r❡ ❧❛r❣❡✱ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ r❛t❡s ♦❢ r❡t✉r♥ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❧❛r❣❡✳ ❚❤❡s❡
❛✉t❤♦rs✱ ✉s✐♥❣ (γ, δ) = (0.02, 0.03) ✜♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ st❡❛❞②✲st❛t❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t
✐s ✵✳✶✷ ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ s❛♠♣❧❡✱ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s ✵✳✵✽✳ ❆s ♥♦t❡❞ ❜② ❛✉t❤♦rs✱
♦❜s❡r✈❡❞ ❞✐✛❡r❡♥t✐❛❧s ✐♥ r❡❛❧ ✐♥t❡r❡st r❛t❡s ❛♣♣❡❛r s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r❡❞✐❝t❡❞ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡
♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧✳ ❚❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ ✭✶✵✮ ✐s t❤❛t ♦♥❡ ❢♦r❣❡t t❤❛t
♠♦r❡ ❝❛♣✐t❛❧ t❤r♦✉❣❤ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s ❝❛♥ r❡❞✉❝❡ t❤❡ r❛t❡ ♦❢ r❡t✉r♥ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
♦❢ ❞✐♠✐♥✐s❤✐♥❣ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✳ ■♥ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✇✐t❤ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲
r❛t✐♦✱ t❤❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ✐s ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s✳

MPK∗ − δ = α
n+ δ + γ

s+ τ c
− δ ✭✶✶✮

❙✐♥❝❡ r✐❝❤ ❝♦✉♥tr✐❡s ❣❡♥❡r❛❧❧② ❤❛✈❡ τ c < 0 ✱ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ♣r❡❞✐❝ts ❛♥ ✐♥t❡r❡st r❛t❡
❤✐❣❤❡r ❢♦r r✐❝❤ ❝♦✉♥tr✐❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ s♦❧♦✇ ♠♦❞❡❧✳ ❆❧s♦✱ s✐♥❝❡ ♣♦♦r ❝♦✉♥tr✐❡s ❣❡♥❡r❛❧❧②
❤❛✈❡ τ c > 0✱ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ♣r❡❞✐❝ts ❛♥ ✐♥t❡r❡st r❛t❡ ❧♦✇❡r ❢♦r ♣♦♦r ❝♦✉♥tr✐❡s✳ ❚❤✉s✱ t❤❡
❡q✉❛t✐♦♥ ✭✶✶✮ ♣r❡❞✐❝t t❤❡ s♠❛❧❧ ❞✐✛❡r❡♥❝❡ ✐♥ r❡t✉r♥ ♦❢ ❝❛♣✐t❛❧ ❜❡t✇❡❡♥ r✐❝❤ ❛♥❞ ♣♦♦r ❝♦✉♥tr✐❡s
t❤❛♥ ❡q✉❛t✐♦♥ ✭✶✵✮✳

❚♦ ❝❤❡❝❦ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ❡q✉❛t✐♦♥ ✭✶✶✮ ❝♦rr❡❝t❧② ♣r❡❞✐❝t❡❞ t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡✱ ②♦✉ ❝❛♥
♣r♦❝❡❡❞ ✐♥ t✇♦ ✇❛②s ✿

✐✮ ❚❤❡ ✜rst ✐s s✐♠✐❧❛r t♦ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪✳ ❲❡ ❝❛♥ s✉♣♣♦s❡ α = 1
3
❛♥❞

(γ, δ) = (0.02, 0.03) ❛♥❞ ❝♦♠♣✉t❡ t❤❡ st❡❛❞②✲st❛t❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥
✭✶✶✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ✭✶✮✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✶✶✮✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ st❡❛❞②✲st❛t❡
♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ✐s ✵✳✵✺✺✻ ✭✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✵✳✵✶✻✮ ✐♥ t❤❡ r✐❝❤ ❝♦✉♥tr✐❡s ❛♥❞
✵✳✶✷✸✽ ✭ ✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✵✳✵✸✼✮ ✐♥ t❤❡ ♣♦♦r ❝♦✉♥tr✐❡s✳ ❚❤❡ ♠❡❛♥ ♦❢ r❡❛❧ ✐♥t❡r❡st
r❛t❡ ✐s ✵✳✵✹✽✵ ✭✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✵✳✵✶✽✮ ✐♥ r✐❝❤ ❝♦✉♥tr✐❡s ❛♥❞ ✵✳✶✷✷✻ ✭✇✐t❤ ❛ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ✵✳✵✺✽ ✮ ✐♥ ♣♦♦r ❝♦✉♥tr✐❡s✳



❚❛❜❧❡ ✶✕◆❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ ❛♥❞ r❡❛❧ ✐♥t❡r❡st r❛t❡

MPK∗ ❘❡❛❧ ✐♥t❡r❡st r❛t❡

♣♦♦r ✵✳✶✷✸✽ ✵✳✶✷✷✻
❝♦✉♥tr✐❡s ✭❛✮ ✭✵✳✵✸✼✮ ✭✵✳✵✺✽✮

r✐❝❤ ✵✳✵✺✺✻ ✵✳✵✹✽✵
❝♦✉♥tr✐❡s ✭❜✮ ✭✵✳✵✶✻✮ ✭✵✳✵✶✽✮
❘❛t✐♦

(

a
b

)

✷✳✷✸ ✷✳✺✺
✭✳✮ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
s♦✉r❝❡ ✿ ❛✉t❤♦rs ✉s✐♥❣ t❤❡ ❲♦r❧❞ ❇❛♥❦ ❞❛t❛ ♦♥ ✶✾✾✵ t♦ ✷✵✶✹✳

❖♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t t❤❡ ♠❡❛♥s ♦❢ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♠❡❛♥s ♦❢ r❡❛❧
✐♥t❡r❡st r❛t❡ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✶✶✮✳

✐✐✮ ❇❡❝❛✉s❡ α ✐s ❝♦♥s✐❞❡r❡❞ ♥❡❛r t♦ ♦♥❡✲t❤✐r❞ ✐♥ ♠♦r❡ ❝♦✉♥tr② ✐♥ t❤❡ ✇♦r❧❞✱ ❛♥♦t❤❡r ✇❛② t♦
♠❛❦❡ t❤✐s ❝♦♠♣❛r✐s♦♥ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡r α ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✶✶✮ ✇✐t❤ MPK =

δ + r ❛♥❞ (γ, δ) = (0.02, 0.03)✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ α st❛t✐st✐❝❛❧❧② ✇✐t❤
1

3
♣❡r♠✐t t♦ ❡✈❛❧✉❛t❡

t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✶✶✮ ✇✐t❤ ❡♠♣✐r✐❝❛❧s ❢❛❝ts✳ ❋♦r♠❛❧❧②✱ ✇❡ ❡st✐♠❛t❡ α ✉s✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

ri + 0.03 = α
ni + 0.05

si + τ ci
+ ǫi , ǫi  N (0, σ2

ǫ ) ✭✶✷✮

✇❤❡r❡ ri✱ ni ✱ si ❛♥❞ τ ci ❞❡s✐❣♥❛t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♠❡❛♥ ♦❢ r❡❛❧ ✐♥t❡r❡st r❛t❡✱ t❤❡ ♠❡❛♥ ♦❢
t❤❡ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s
t♦✲●❉P✲r❛t✐♦ ✐♥ ❝♦✉♥tr② i✳ ❖r❞✐♥❛r② ❧❡❛st sq✉❛r❡s ✭❖▲❙✮ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ ✭✶✷✮✳ ❚❤❡ r❡s✉❧ts
♦❢ r❡❣r❡ss✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ✭✷✮✳ ❋♦r ❛❧❧ ❝♦✉♥tr✐❡s ♦❢ s❛♠♣❧❡ ✺✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤✐s
❡q✉❛t✐♦♥ ❣✐✈❡s α̂ = 0.313 ✇✐t❤ ❛ R2 = 0.86✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐♥❞✐❝❛t❡ t❤❛t α ✐s ♥♦t
s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ♦❢ 1

3
❛t ✾✺ ✪ ❧❡✈❡❧✳ ❆❧s♦✱ ✐♥ t❤❡ s✉❜✲s❛♠♣❧❡ ♦❢ t❤❡ ♣♦♦r ❝♦✉♥tr✐❡s ❛♥❞ t❤❡

r✐❝❤ ❝♦✉♥tr✐❡s✱ α̂ ✐s r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ α̂p = 0.318 ✭✇✐t❤ R2 = 0.85✮ ❛♥❞ α̂r = 0.293 ✭✇✐t❤
R2 = 0.92✮✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐♥❞✐❝❛t❡ t❤❛t αp ❛♥❞ αr ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ♦❢ 1

3

❛t ✾✺ ✪ ❧❡✈❡❧✳ ❚❤❡s❡ r❡s✉❧ts ❛❧s♦ ❧❡❛❞ ✉s t♦ s❛② t❤❛t ❡q✉❛t✐♦♥ ✭✶✶✮ ❝♦rr❡❝t❧② ♣r❡❞✐❝ts t❤❡ r❡❛❧
✐♥t❡r❡st r❛t❡✳

❚❛❜❧❡ ✷✕ ❊st✐♠❛t✐♦♥ ♦❢ α

❉❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✿ r + 0.03
❛❧❧ ♣♦♦r r✐❝❤

n+0.05
s+τc

✵✳✸✶✸∗∗∗ ✵✳✸✶✽∗∗∗ ✵✳✷✾✸∗∗∗

✭✶✻✳✺✺✮ ✭✶✶✳✸✺✮ ✭✶✹✳✼✺✮

✾✺✪ ❈♦♥❢✳ ■♥t❡r✈❛❧ [0.2745; 0.3506] [0.2600; 0.3760] [0.2517; 0.3346]

◆ ✹✹ ✷✸ ✷✶
R2 ✵✳✽✻✹✹ ✵✳✽✺✹✷ ✵✳✾✶✺✽
F(1,N−1) ✷✼✹✳✶ ✶✷✽✳✾ ✷✶✼✳✺

t st❛t✐st✐❝s ✐♥ ♣❛r❡♥t❤❡s❡s
∗ p < 0.05✱ ∗∗ p < 0.01✱ ∗∗∗ p < 0.001

✹✳✷ ❖♥ t❤❡ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts

❊✈❡♥ ✐❢ ✐t ✐s♥✬t ✇✐t❤ t❤❡ ❣r❡❛t ♠❛❣♥✐t✉❞❡ ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✱ ✇❡ ❝❛♥
♥♦t✐❝❡ t❤❛t t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥❝❡s ✐♥ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ❜❡t✇❡❡♥ r✐❝❤ ❛♥❞ ♣♦♦r ❝♦✉♥tr✐❡s✳ ❇✉t t❤✐s

✺✳ ❙❡❡ t❤❡ ❧✐st ♦❢ ❝♦✉♥tr✐❡s ✐♥ t❤❡ s❛♠♣❧❡ ✐♥ ❛♣♣❡♥❞✐① ✭✷✮✳



❞♦❡s♥✬t ♠❡❛♥ t❤❛t ❛❧❧ ❝❛♣✐t❛❧ ✇♦✉❧❞ ✢♦✇ ❢r♦♠ r✐❝❤ ❝♦✉♥tr✐❡s t♦ ♣♦♦r ❝♦✉♥tr✐❡s ✿ t❤❡ ♦♣♣♦s✐t❡
✐s ♣♦ss✐❜❧❡✳ ❚❤❡ r✉❧❡ ✐s t❤❛t ❝❛♣✐t❛❧ ✢♦✇s ❢r♦♠ ❛ ❝♦✉♥tr② ✭♣♦♦r ♦r r✐❝❤✮ ✇❤❡r❡ t❤❡ ✐♥t❡r❡st r❛t❡
✐s ❧♦✇❡r t♦ ❛ ❝♦✉♥tr② ✭♣♦♦r ♦r r✐❝❤✮ ✇❤❡r❡ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❤✐❣❤❡r ✳ ❚❤✉s✱ ✇❤❡♥ ✇❡ t❛❦❡ t❤❡
❡①❛♠♣❧❡ ♦❢ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s ♦❢ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✐♥ r❡❝❡♥t ②❡❛rs✱ ✐t ♠✉st ❝♦♠❡ ❢r♦♠ ❝♦✉♥tr✐❡s
✇❤❡r❡ t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡ ❛♥❞ t❤❡ r❛t❡ ♦❢ r❡t✉r♥ ❛r❡ ❧♦✇❡r✳ ❇✉t Pr❛s❛❞ ❛♥❞ ❛❧✳❬✶✸❪ ♥♦t✐♥❣ t❤❛t
✧t❤❡ ❛✈❡r❛❣❡ ✐♥❝♦♠❡✱ r❡❧❛t✐✈❡ t♦ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ♦❢ ❝❛♣✐t❛❧✲❡①♣♦rt✐♥❣ ❝♦✉♥tr✐❡s ❤❛s ❢❛❧❧❡♥ ✇❡❧❧
❜❡❧♦✇ t❤❛t ♦❢ ❝❛♣✐t❛❧✲✐♠♣♦rt✐♥❣ ❝♦✉♥tr✐❡s✧ ❝♦♥❝❧✉❞❡ t❤❛t ✧❝❛♣✐t❛❧ ❤❛s ❜❡❡♥ ✢♦✇✐♥❣ ❢r♦♠ ♣♦♦r
t♦ r✐❝❤ ❝♦✉♥tr✐❡s✧✳ ❚❤❡s❡ ❛✉t❤♦rs ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✧r❡❝❡♥t ❯✳❙✳ ❝✉rr❡♥t ❛❝❝♦✉♥t ❞❡✜❝✐ts ❛♥❞
❈❤✐♥❡s❡ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s❡s ❛r❡✱ ♦❢ ❝♦✉rs❡✱ ❛ ❜✐❣ ♣❛rt ♦❢ t❤❡ r❡❛s♦♥ ✇❤② ❝❛♣✐t❛❧ ✐s ✢♦✇✐♥❣
✉♣❤✐❧❧✧✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝❛♣✐t❛❧ ♠✉st ✢♦✇ ❢r♦♠ ❛ ❝♦✉♥tr② ✇❤❡r❡ t❤❡
r❛t❡ ♦❢ r❡t✉r♥ ✐s ❧♦✇❡r t♦ ❛ ❝♦✉♥tr② ✇❤❡r❡ t❤❡ r❛t❡ ♦❢ r❡t✉r♥ ✐s ❤✐❣❤❡r✱ t❤❡r❡ ✐s ♥♦ ♣❛r❛❞♦① ✐♥ t❤✐s
✢♦✇✳ ■♥❞❡❡❞✱ ❜♦t❤ t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡ ❛♥❞ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ ❛r❡ ❧♦✇❡r ✐♥ ❈❤✐♥❛
t❤❛♥ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✳ ❚❤❡ ♠❡❛♥ ♦❢ t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡ ♦✈❡r t❤❡ ♣❡r✐♦❞ ♦❢ ✶✾✾✵ t♦ ✷✵✶✹
✐s ✵✳✵✶✾ ✐♥ ❈❤✐♥❛ ❛♥❞ ✵✳✵✹✵ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✳ ■❢ ✇❡ ❛ss✉♠❡ α = 1

3
❛♥❞ (γ, δ) = (0.02, 0.03)✱

t❤❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✐s ✵✳✵✶✽ ✐♥ ❈❤✐♥❛ ❛♥❞
✵✳✵✻✹ ✐♥ ❯♥✐t❡❞ ❙t❛t❡s✳

✺ ❚❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♥❛t✉r❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ♥❛t✉r❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ t❤❡ s♣❡❡❞ ♦❢
❝♦♥✈❡r❣❡♥❝❡ ♦♥ t❤❡ ♦t❤❡r✳

✺✳✶ ❚❤❡ ♥❛t✉r❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❆♥♦t❤❡r ♣r♦❜❧❡♠ ✐s t❤❡ ♥❛t✉r❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ■s ✐t ❛❜s♦❧✉t❡ ♦r ❝♦♥❞✐t✐♦♥❛❧ ❄ ▼❛♥❦✐✇ ❛♥❞
❛❧✳❬✶✶❪ ❛r❣✉❡ t❤❛t t❤❡ ❙♦❧♦✇ ♠♦❞❡❧ ❞♦❡s ♥♦t ♣r❡❞✐❝t ❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❜✉t ✐t ♣r❡❞✐❝ts ❝♦♥✈❡r✲
❣❡♥❝❡ ♦♥❧② ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ st❡❛❞② st❛t❡✱ ❛ ♣❤❡♥♦♠❡♥♦♥ t❤❛t ♠✐❣❤t
❜❡ ❝❛❧❧❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠♦st
❧✐❦❡❧② ❝❛s❡✱ ❜✉t t❤❛t ❞♦❡s ♥♦t ❡①❝❧✉❞❡ ❛ ♣♦ss✐❜✐❧✐t② ♦❢ ❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❖♥❡ ❝❛♥ r❡✇r✐t❡ t❤❡
❡①♣r❡ss✐♦♥s ✻ ♦❢ ❝❛♣✐t❛❧ ♣❡r ❝❛♣✐t❛ ❛♥❞ ●❉P ♣❡r ❝❛♣✐t❛ ♦❢ st❡❛❞②✲st❛t❡ ✿

k∗ =

[

A(s+ τ c)

n+ δ + γ

]
1

1−α

and y∗ = A

[

A(s+ τ c)

n+ δ + γ

]
α

1−α

✭✶✸✮

❋♦r ❡①❛♠♣❧❡✱ ❛ ♣♦♦r ❝♦✉♥tr② t❤❛t ❤❛s ✐❞❡♥t✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s (A, n, δ, γ) ✇✐t❤ ❛ r✐❝❤ ❝♦✉♥tr②
❡①❝❡♣t ✐♥ s❛✈✐♥❣s r❛t❡ ✼ (sp < sr) ❛♥❞ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇ t♦✲●❉P✲r❛t✐♦ ✭ τ cp > τ cr ✮ ✱ ❝❛♥ r❡❛❝❤
t❤❡ s❛♠❡ st❡❛❞②✲st❛t❡ t❤❛♥ t❤❡ r✐❝❤ ❝♦✉♥tr✐❡s ✐❢ ✐t ❤❛s t❤❡ s❛♠❡ ✐♥✈❡st♠❡♥t r❛t❡ t❤❛♥ t❤❡ r✐❝❤
❝♦✉♥tr② ✉♥❞❡r t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇✳ ❆❧t❤♦✉❣❤ ♦✉r ♠♦❞❡❧ ❞♦❡s♥✬t ❡①♣❧✐❝✐t❧② t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ ❛s♣❡❝ts✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ❝♦♥❞✐t✐♦♥s ❢♦r ❝❛♣✐t❛❧
✐♥✢♦✇s ✿

✐✮ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s ✐♥❝r❡❛s❡ t❤❡ st♦❝❦ ♦❢ ❞❡❜t ❛♥❞ ❝❛♥ ❧❡❛❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ s✉st❛✐✲
♥❛❜✐❧✐t② ♦❢ t❤❡ ❞❡❜t✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠ ♦❢ s✉st❛✐♥❛❜✐❧✐t② ❛♥❞ ❛ ❝r✐s✐s ♦❢ ❝♦♥✜❞❡♥❝❡ ❛♠♦♥❣
❧❡♥❞❡rs ♦❢ ❝❛♣✐t❛❧✱ t❤❡ ♣♦♦r ❝♦✉♥tr✐❡s ✇✐❧❧ ❤❛✈❡ t♦ ❛t ❧❡❛st st❛❜✐❧✐③❡ ✐ts ❞❡❜t t♦ ●❉P r❛t✐♦✳
❈❤♦♦s✐♥❣ t♦ st❛❜✐❧✐③❡ t❤❡ ❞❡❜t r❛t✐♦ t♦ ●❉P ❛t ❧❡✈❡❧ d✱ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦ ●❉P✲r❛t✐♦ τ c

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤✐s st❛❜✐❧✐s❛t✐♦♥ ✭❣✐✈❡♥ ♦❢ ✐♥t❡r❡st r❛t❡ r ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ r❛t❡ g✮ ✐s ❣✐✈❡♥

✻✳ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❈♦❜❜✲❉♦✉❣❧❛s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥
✼✳ ❚❤❡ s✉❜s❝r✐♣ts p ❛♥❞ r r❡❢❡rs r❡s♣❡❝t✐✈❡❧❧② ♣♦♦r ❝♦✉♥tr② ❛♥❞ r✐❝❤ ❝♦✉♥tr②✳



❜② ✽ ✿ τ c = (g − r)d✳

✐✐✮ ❛❧s♦✱ s✐♥❝❡ t❤❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ MPK − δ ✇✐❧❧ t❡♥❞ t♦ ♠♦✈❡ t♦✇❛r❞s t❤❡
✐♥t❡r♥❛t✐♦♥❛❧ ✐♥t❡r❡st r❛t❡ r∗ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ♦❢ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧✱ t❤❡ ❝♦✉♥tr② s❤♦✉❧❞
❞❡✈❡❧♦♣ ♣♦❧✐❝✐❡s t♦ st✐♠✉❧❛t❡ t❤❡ ❞♦♠❡st✐❝ s❛✈✐♥❣s r❛t❡✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t
♦❢ ❝❛♣✐t❛❧ ❜❡❝♦♠❡s ❧♦✇❡r t❤❛♥ ✐♥t❡r❡st r❛t❡s r∗✱ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s ✇✐❧❧ ❛❧s♦ st♦♣ ❛♥❞ ❞♦♠❡st✐❝
s❛✈✐♥❣s s❤♦✉❧❞ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ t❤❡ ❝♦✉♥tr② t♦ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ●❉P ♣❡r ❝❛♣✐t❛✳

✺✳✷ ❚❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❲✐t❤ t❤❡ ❡q✉❛t✐♦♥ ✭✺✮✱ t❤❡ ✜rst✲♦r❞❡r ❚❛②❧♦r✲s❡r✐❡s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ k̇(k) ❛r♦✉♥❞ k = k∗

❝♦♥❞✉❝❡ ❛t t❤❡ s❛♠❡ ✾ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❛t ♦❜t❛✐♥❡❞ ✐♥ ❛ tr❛❞✐t✐♦♥❛❧
♠♦❞❡❧

λ = (1− α(k∗))(n+ δ + γ) ✭✶✹✮

❍♦✇❡✈❡r t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t t♦ t❤❛t ♦❜t❛✐♥❡❞ ✐♥ t❤❡
♠♦❞❡❧ ♦❢ ❙♦❧♦✇ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r αk(k

∗) ❞❡♣❡♥❞❡♥t ♦r ♥♦t ♦❢ k∗✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ t❛❦❡ ❛
♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ s✉❝❤ ❛s αk(k

∗) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ k∗ ✭❡①❛♠♣❧❡ ♦❢ ❛ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✱
αk(k

∗) = α ✮✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞
✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✳ ■❢ αk(k

∗) ❞❡♣❡♥❞s ♦♥ k∗ ✭❛s ✐♥ ❛ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✶✵ ✇✐t❤ ❛♥
❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛♥❞ ❡✛❡❝t✐✈❡ ❧❛❜♦r ✵✳✺✮ ✱ t❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡
λ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✐s ❞✐✛❡r❡♥t t♦ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s♦❧♦✇ ♠♦❞❡❧✳

✻ ❈♦♥❝❧✉❞✐♥❣ ❛♥❞ r❡♠❛r❦s

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ st✉❞② t❤❡ ❙♦❧♦✇ ♠♦❞❡❧ ✐♥ ♦♣❡♥ ❡❝♦♥♦♠② ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ tr❛✲
❞✐t✐♦♥❛❧ ♠♦❞❡❧ ✇✐t❤ t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s t♦✲●❉P✲r❛t✐♦✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ✐♥tr♦❞✉❝t✐♦♥
❛r❡ ✿

❋✐rst✱ t❤❡ ❣♦❧❞❡♥ r✉❧❡ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡ ❛ss❡ss♠❡♥t t❡❧❧s ✉s t❤❛t ❛ s❛✈✐♥❣s r❛t❡ t❤❛t
✐s ❜❡❧♦✇ ✭♦r ❛❜♦✈❡✮ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P ❞♦❡s♥✬t ♥❡❝❡ss❛r✐❧② ♠❡❛♥ t❤❛t t❤❡ s❛✈✐♥❣s r❛t❡
✐s t♦♦ ❧♦✇ ✭♦r t♦♦ ❤✐❣❤✮✳ ❆ ❝♦✉♥tr② t❤❛t ❤❛s ❛ s❛✈✐♥❣s r❛t❡ ❤✐❣❤❡r ✭r❡s♣❡❝t✐✈❡❧② ❧❡ss✮ t❤❛♥ t❤❡
s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ●❉P ♠❛② ❜❡ ❛ ♥❡t ❝r❡❞✐t♦r ✭r❡s♣❡❝t✐✈❡❧② ❛ ♥❡t ❞❡❜t♦r✮ ♦❢ ❝❛♣✐t❛❧ s♦ ❛s t♦
❛✈♦✐❞ ♦✈❡r✲✐♥✈❡st♠❡♥t ✭r❡s♣❡❝t✐✈❡❧② ✉♥❞❡r✲✐♥✈❡st♠❡♥t✮✳

❙❡❝♦♥❞✱ t❤❡ ♥❡t ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❝❛♣✐t❛❧ ♦❢ st❡❛❞②✲st❛t❡ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢

✽✳ ◆♦t✐♥❣ ❜② D t❤❡ st♦❝❦ ♦❢ ❞❡❜t ❛♥❞ ❨ t❤❡ ●❉P✱ ♦♥❡ ❝❛♥ ✇r✐t❡ Ḋ = M −X + r.D ❛♥❞
ḋ

d
=

Ḋ

D
−

Ẏ

Y
✇✐t❤

d =
D

Y
✳ ❆t ❛ ❝♦♥st❛♥t ❞❡❜t✲●❉P r❛t✐♦ d ✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t ❛s ❛ ♣❡r❝❡♥t ♦❢ ●❉P ✐s ❡q✉❛❧ t♦ t❤❡ ❞❡❜t r❛t✐♦

t✐♠❡s t❤❡ r❛t❡ ♦❢ ❣r♦✇t❤ ♦❢ ●❉P ✿
Ḋ

Y
= d

Ẏ

Y
✭s❡❡ ❍♦✇❛r❞❬✺❪ ✱ ❖❧✐✈❡✐r❛ ❛♥❞ P❧✐❤♦♥ ❬✶✷❪ ✮ ✳ ❲❡ ❝❛♥ ❞r❛✇ ❢r♦♠ t❤✐s

❡q✉❛t✐♦♥ t❤❡ τ c ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ d✱ ❣✐✈❡♥ g ❛♥❞ r ✿ τ c = (g − r)d ✳
✾✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ ❛ss✉♠❡ ❛ ❝♦♥st❛♥t ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇ t♦✲●❉P✲r❛t✐♦ r❛t❤❡r t❤❛♥ ❛ss✉♠❡

✐t ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥t❡r❡st r❛t❡ ❞✐✛❡r❡♥t✐❛❧✳ ❆s ♥♦t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❛♣♣❡♥❞✐① ✭✶✮✱ t❤✐s ❛✈♦✐❞s t♦ ♣r❡❞✐❝t ❛
❤✐❣❤❡r ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ t❤❛♥ t❤❛t ♣r❡❞✐❝t❡❞ ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ✭✇✐t❤ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✮✳

✶✵✳ ❆ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ Y = A
(

K
σ−1

σ + (EL)
σ−1

σ

)
σ

σ−1

✇❤❡r❡ 0 < σ <

+∞ ❛♥❞ σ 6= 1 r❡♣r❡s❡♥ts t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛♥❞ ❡✛❡❝t✐✈❡ ❧❛❜♦r✳ ❚❤✉s y(k) =

A
(

k
σ−1

σ + 1
)

σ

σ−1

✳ ❆s ✐♥ t❤❡ ❡①❛♠♣❧❡ ✐❢ σ = 0.5 t❤❡♥ Y = A
(

K−1 + (EL)−1
)

−1
✱ y(k) =

Ak

k + 1
✱ αk(k

∗) = 1

k∗+1

❛♥❞ k∗ =
A(s+ τ c)

n+ δ + γ
−1 ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ τ c✳ ■❢ τ c > 0 ✭r❡s♣❡❝t✐✈❡❧② τ c < 0 ✮✱ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

λ ✐s ♠♦r❡ ❤✐❣❤ ✭r❡s♣❡❝t✐✈❡❧② ♠♦r❡ ❧♦✇✮ ✐♥ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ❝♦♠♣❛r❛t✐✈❡❧② t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✳



t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇ t♦ ●❉P✲r❛t✐♦✳ ❇❡❝❛✉s❡ r✐❝❤ ❝♦✉♥tr✐❡s ❣❡♥❡r❛❧❧② ❤❛✈❡ ♥❡❣❛t✐✈❡ ♥❡t ❝❛♣✐t❛❧
✐♥✢♦✇ t♦ ●❉P✲r❛t✐♦ ❛♥❞ ♣♦♦r ❝♦✉♥tr✐❡s ❤❛✈❡ ♣♦s✐t✐✈❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇ t♦ ●❉P✲r❛t✐♦✱ t❤❡ r❛t❡
♦❢ r❡t✉r♥ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ❛r❡ ♥♦t s✉♣♣♦s❡❞ t♦ ❜❡ t♦♦ ❞✐✛❡r❡♥t ❜❡t✇❡❡♥ r✐❝❤ ❛♥❞ ♣♦♦r
❝♦✉♥tr✐❡s✳

❚❤✐r❞✱ ✐t ✐s ♥♦t ❡①❝❧✉❞❡❞ t❤❛t ❛ ♣♦♦r ❝♦✉♥tr② t❤❛t ❤❛s ❛ ❧♦✇ s❛✈✐♥❣s r❛t❡ t♦ ❝♦♥✈❡r❣❡
t♦✇❛r❞s ❛ ●❉P ♣❡r ❝❛♣✐t❛ ♦❢ ❛ r✐❝❤ ❝♦✉♥tr② ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡♥❡✜t t❤❡ ♥❡t ❝❛♣✐t❛❧ ✐♥✢♦✇s✳ ■t
♠✉st ❤♦✇❡✈❡r ❛✈♦✐❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ s✉st❛✐♥❛❜✐❧✐t② ♦❢ ❞❡❜t ✉♥❞❡r❧②✐♥❣ t♦ t❤❡ ♥❡t ❝❛♣✐t❛❧
✐♥✢♦✇s ❛♥❞ st✐♠✉❧❛t❡ ✐ts s❛✈✐♥❣s r❛t❡ ❜❡❢♦r❡ ✐ts r❛t❡ ♦❢ r❡t✉r♥ t❡♥❞ t♦ ❡q✉❛❧✐③❡ t❤❡ r❛t❡ ♦❢ r❡t✉r♥
♦❢ ♥❡t ❝❛♣✐t❛❧ ❝r❡❞✐t♦r✳

■❢ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ str✉❝t✉r❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ❜② ▼❛♥❦✐✇ ❛♥❞ ❛❧✳❬✶✶❪ ❜r✐♥❣s ❡❧❡♠❡♥ts
♦❢ ❛♥s✇❡rs t♦ ❝r✐t✐❝✐s♠ ♦❢ ❛ t♦♦ ❤✐❣❤ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✱ t❤❡✐r ♠♦❞❡❧
❤❛✈❡ t❤❡ s❛♠❡ ♣r❡❞✐❝t✐♦♥s ♦♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ r❛t❡✲♦❢✲r❡t✉r♥ ♦❢ ❝❛♣✐t❛❧ t❤❛♥ t❤❡
tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧ ❛t t❤❡ st❡❛❞② st❛t❡✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧ ✇✐t❤ t❤❡ ♥❡t ❝❛♣✐t❛❧
✐♥✢♦✇ t♦✲●❉P✲r❛t✐♦ ❜r✐♥❣s ❡❧❡♠❡♥ts ♦❢ ❛♥s✇❡rs t♦ ❝r✐t✐❝✐s♠ ♦♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❞✐✛❡r❡♥❝❡s ✐♥
r❛t❡✲♦❢✲r❡t✉r♥ ♦❢ ❝❛♣✐t❛❧ ❛t t❤❡ st❡❛❞② st❛t❡ ✇✐t❤♦✉t ❛❜❧❡ t♦ ✜♥❞ ❛♥ ❛♥s✇❡r t♦ t❤❡ ❝r✐t✐❝✐s♠ ♦❢ ❛
t♦♦ ❤✐❣❤ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞✳ ❚❤✉s✱ ❢✉t✉r❡ ✇♦r❦ ♠❛② ❜❡ t♦ ♠❛❦❡ ❛ s②♥t❤❡s✐s ♦❢ t❤❡s❡ t✇♦ ♠♦❞❡❧s
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❉❡✈❡❧♦♣♠❡♥t✱ ■▼❋✳♣♣✳ ✶✵✲✶✸✳

❬✶✹❪ ❙♦❧♦✇ ❘✳ ✭✶✾✺✻✮✳✧❆ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❚❤❡♦r② ♦❢ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✧✱ ◗✉❛rt❡r❧② ❏♦✉r✲
♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✈♦❧✳✼✵✱ ♣♣✳ ✻✺✲✾✹✳

❆♣♣❡♥❞✐① ✶

• ❙t❡❛❞②✲st❛t❡

❆ss✉♠✐♥❣ t❤❛t τ c = µ(r − r∗) ✇✐t❤ r = f ′(k) − δ ❛♥❞ µ > 0 ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✿

k̇ = [s+ µ(f ′(k)− δ − r∗)] f(k)− (n+ δ + γ)k

❚❤❡ st❡❛❞② st❛t❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② k̇ = 0✳ ❚❤❡♥

[s+ µ(f ′(k∗)− δ − r∗)] f(k∗) = (n+ δ + γ)k∗

• ❙♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ τ c = µ(r − r∗)✱ ✇❡ ♦❜t❛✐♥ ✿

k(t)− k∗ = e−((1−αk(k
∗))(n+δ+γ)−µf ′′(k∗)f(k∗))t(k(0)− k∗)

❚❤✉s t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❣✐✈❡♥ ❜② ✿

λo = (1− αk(k
∗))(n+ δ + γ)− µf ′′(k∗)f(k∗)

❇❡❝❛✉s❡ f ′′(k∗) < 0 ✇❡ ❤❛✈❡ µf ′′(k∗)f(k∗) < 0 ✳ ❚❤❡♥

λo = (1− αk(k
∗))(n+ δ + γ)− µf ′′(k∗)f(k∗) > (1− αk(k

∗))(n+ δ + γ) = λ

❯s✐♥❣ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ λo = (1−α)(n+δ+γ)+µα(1−α)

(

n+ δ + γ

s+ τ c

)2

>

(1 − α)(n + δ + γ) = λ✳ ■♥ t❤❡ ❡♠♣✐r✐❝❛❧s st✉❞✐❡s✱ α ✐s ❝♦♥s✐❞❡r❡❞ ♥❡❛r ♦❢ ♦♥❡✲t❤✐r❞ ❛♥❞
n+ δ + γ ≈ 0.06✳ ❚❤❡♥ t❤❡ st❛♥❞❛r❞ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ λ ✇♦✉❧❞ ❡q✉❛❧ ✵✳✵✹✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ t❤❡
tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧✱ t❤❛t t❤❡ ❡❝♦♥♦♠② ♠♦✈❡s ❤❛❧❢✇❛② t♦ st❡❛❞② st❛t❡ ✐♥ ✶✼ ②❡❛rs✳ ■❢ ✇❡ s✉♣♣♦s❡
s+τ c = 0.25✱ t❤❡♥ λo = 0.04+0.0128µ✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ t❤❡ ❛✉❣♠❡♥t❡❞ ♠♦❞❡❧✱ t❤❛t t❤❡ ❡❝♦♥♦♠②



♠♦✈❡s ❤❛❧❢✇❛② t♦ st❡❛❞② st❛t❡ ✐♥ ✶✸ ②❡❛rs ✐❢ µ = 1✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ❝♦♥❝❧✉❞❡ ❛
s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ ✷ ❛♥❞ ✸ ♣❡r❝❡♥t✳ ❈❛s❡❧❧✐ ❛♥❞ ❛❧✳❬✸❪ ❛r❡ t❤❡ ♠❛✐♥ ❛✉t❤♦rs ✇❤♦ ✜♥❞
t❤❡ ♦♣♣♦s✐t❡ ✭❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❡q✉❛❧ 0.1✮✳ ❇✉t ❇♦♥❞ ❛♥❞ ❛❧✳❬✷❪ r❡✈✐s✐t t❤✐s st✉❞② ❛♥❞ s❤♦✇s t❤❛t
t❤✐s r❡s✉❧t ♦❢ ❈❛s❡❧❧✐ ❛♥❞ ❛❧✳❬✸❪ ✐s ❜✐❛s❡❞✳ ❚❤✉s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ τ c

❛♥❞ r − r∗ ❛♠♣❧✐❢② t❤✐s ❡♠♣✐r✐❝❛❧ ❝♦♥tr❛❞✐❝t✐♦♥✳

• ●♦❧❞❡♥✲r✉❧❡ ♦❢ t❤❡ s❛✈✐♥❣s r❛t❡

❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ τ c = µ(r−r∗) = µ(f ′(k)−δ−r∗) ✱ t❤❡ s❛✈✐♥❣s r❛t❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❣♦❧❞❡♥ r✉❧❡ ✐s s✉❝❤ t❤❛t ✿

Pmk =
n+ δ + γ − µf ′′(k∗)f(k∗)

1 + τ c

❆♣♣❡♥❞✐① ✷

❙❛♠♣❧❡ ♦❢ ♣♦♦r ❝♦✉♥tr✐❡s ✿

❆❢❣❤❛♥✐st❛♥ ❀ ❇✉r❦✐♥❛ ❋❛s♦ ❀ ❇✉r✉♥❞✐ ❀ ❇❡♥✐♥ ❀ ❈❡♥tr❛❧ ❆❢r✐❝❛♥ ❘❡♣✉❜❧✐❝ ❀ ❈♦♥❣♦✱ ❉❡♠✳ ❘❡♣✳ ❀
❈♦♠♦r♦s ❀ ●❛♠❜✐❛ ❀ ●✉✐♥❡❛ ❀ ●✉✐♥❡❛ ❇✐ss❛✉ ❀ ❍❛✐t✐ ❀ ▲✐❜❡r✐❛ ❀ ▼❛❞❛❣❛s❝❛r ❀ ▼❛❧❛✇✐ ❀ ▼❛❧✐ ❀ ▼♦✲
③❛♠❜✐q✉❡ ❀ ◆✐❣❡r ❀ ❘✇❛♥❞❛ ❀ ❙✐❡rr❛ ▲❡♦♥❡ ❀ ❙❡♥❡❣❛❧ ❀ ❚♦❣♦ ❀ ❯❣❛♥❞❛ ❀ ◆❡♣❛❧✳

❙❛♠♣❧❡ ♦❢ r✐❝❤ ❝♦✉♥tr✐❡s ✿

❯♥✐t❡❞ ❙t❛t❡s ❀ ●❡r♠❛♥② ❀ ❆r❣❡♥t✐♥❛ ❀ ❆✉str❛❧✐❛ ❀ ❇❡❧❣✐✉♠ ❀ ❈❛♥❛❞❛ ❀ ❈❤✐♥❛ ❀ ❋r❛♥❝❡ ❀ ■♥❞✐❛ ❀
■♥❞♦♥❡s✐❛ ❀ ■t❛❧② ❀ ❏❛♣❛♥ ❀ ▼❡①✐❝♦ ❀ ◆❡t❤❡r❧❛♥❞s ❀ P♦❧❛♥❞ ❀ ❙♣❛✐♥ ❀ ❘✳ ❑♦r❡❛ ❀ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ❀
❘✉ss✐❛ ❀ ❙✇✐t③❡r❧❛♥❞ ❀ ❙✇❡❞❡♥✳
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