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Abstract 

This paper investigates the relations between multiple measures of investor sentiment 
and the returns, volatility, trading volume, and liquidity. Using both data outside and 
inside market, we find that the Bullishness from socio-finance model are significant 
related to future realized volatility and trading volume, similar to Tweet, which is thought 
to capture information of well-informed investors in Bitcoin market. 

1. Introduction

In recent finance literature, Bitcoin, as the most popular cryptocurrency, has attracted 
increasing attention since it first introduced by Nakamoto in 2008. Bitcoin is considered 
as being lack of fundamental value, and the Bitcoin market is related with weak 
regulation, plenty of arbitrage opportunities, and high participation of retail investors, 
which give us an ideal place to investigate how investor sentiment influences asset pricing. 
As Baker and Wurgler (2007) state, the investigation of the effect of sentiment on assets 
is built on two broader and more irrefutable assumptions, which are sentiment and the 
situation of arbitrage. In order to capture the situation of investor sentiment and 
incorporate the influence of the trading characteristics on the situation of investor 
sentiment, we focus on multiple measures of investor sentiments, which is aim to find 
robust evidence of how investor sentiment influence Bitcoin pricing. 

Having received such plenty of attentions, Bitcoin is therefore susceptible to 
attracting noise traders. As Qiu and Welch (2006) claim, under the conditions that assets 
held predominantly by noise traders and transaction costs are high enough to prevent 
systematic arbitrage, noise trader sentiment can persist and influence price in financial 
markets. The habitat of retail investors which are highly coincident with noise traders 
affects the relation between sentiment and return (Kumar and Lee, 2006; Baker and 
Wurgler, 2006; Li and Yeh, 2011). To capture the retail investor sentiment, scholars focus 
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on the behaviors of retail investors, including opening accounts number (Huang et al. 
2009; Ni et al. 2015) and internet information (Joseph et al. 2011; Kim and Kim, 2014). 
Combing with the security and anonymity, Bitcoin is also traded as an alternative to the 
traditional assets. 

The use of internet data to evaluate investor trading behavior of Bitcoin has 
become an important source of academic research. The findings based on internet data 
does not however generate consistent results. However, on balance the results seem to 
suggest that internet data regarding Bitcoin performance contain predictive information 
about returns. For instance, using Google trend data, Eom et al. (2019) claim that 
investor sentiment regarding Bitcoin has a significant information value for explaining 
changes in Bitcoin volatility for future periods. However, by decomposing Bitcoin price 
into efficient and noise components, Ibikunle et al. (2020) find that high levels of 
attention are linked with an increase in uninformed trading activity in the market for 
bitcoin, while informed trading activity is driven by arbitrage rather than attention. Using 
social media data, Shen et al. (2019) find that find that the number of tweets is a 
significant driver of next day trading volume and realized volatility. Choi (2020) employs 
high-frequency data and find that tweets predict liquidity in the next five to ten minutes. 
However, Guégan and Renault (2020) find that the significant relationship between 
investor sentiment, measured by StockTwits, and returns of Bitcoin is disappears for 
lower frequencies.  

In this paper, we combine outside twitter data and inside trading data to measure 
the investor sentiment and investigate the relation between investor sentiment and 
Bitcoin characteristics. This paper uses daily number of tweets about “Bitcoin” as outside 
data to measure the investor sentiment on one hand, on the other hand, we employ 
socio-finance model from Anderson et al. (2014) which incorporates trading data as a 
proxy for investor sentiment. In particular, we investigate the suitability of the Tweets as 
a proxy for firm-level investor sentiment, since this data source may provide additional 
information regarding investors’ views on Bitcoin (Shen et al., 2019). Moreover, the 
socio-finance model serves a new view to measure the investor sentiment in Bitcoin. We 
focus on the Bitcoin market for several reasons. First, as the most successful virtual 
currency, Bitcoin was originally a monetary asset without underlying assets that its 
objective evaluation is difficult to determine, which makes it a speculative asset with very 
high volatility and attracting plenty of retail investors. This suggests that the sway of 
opinions will likely bring about a high level of consensus in retail investor views, 
regarding the valuation of Bitcoin. Second, unlike the traditional financial assets, Bitcoin 
has the benefits of security and anonymity for investors because banks, governments, or 
organizations do not issue it. Bitcoin market is characterized by continuous trading 
mechanism. These factors, make the Bitcoin market a market with lots of noise trades, 
which means that socio-finance model based on investors communications could capture 
investor sentiment from the trading data. 

Our results can be summarized as follows. First, we find that our new investor 
sentiment proxy, Bullishness, predict future realized volatility and trading volume. 
Second, our results show that the number of tweets on Bitcoin can predict liquidity, 
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realized volatility and trading volume, but google trend index is caused by realized 
volatility and trading volume, which are consistent with previous literature (Urquhart, 
2018; Shen et al., 2019). Third, as Shen et al. (2019) argue, the searching data from 
Google search engine is a good measure of attention from uninformed individuals who 
want to find out more information about Bitcoin, however, well-informed investors, who 
have knowledge of the cryptocurrency, will prefer tweet about the Bitcoin. Our new 
measure derived from inside market data is consistent with the twitter measure and 
proves that informed investor sentiment are associated with lower future realized 
volatility and trading volumes.  

Our results contribute to prior results in the following ways. First, our results 
introduce a new measure of informed investors sentiment in Bitcoin. Second, we prove 
that the Bullishness is positive related the realized volatility and trading volume, which is 
also consistent with the relation between Tweet and Bitcoin dynamics.  

The rest of this paper is structured as follows. Section 2 describes the data used in 
the study. Section 3 presents the empirical findings and section 4 summarizes and 
concludes the paper. 

2. Literature review 

2.1 Retail investors and investor sentiment in traditional financial assets 

The behavioral and cognitive biases of investors, especially retail investors, are 
summarized to study the financial markets. Barber and Odean (2008) find that individual 
investors are more likely to be net buyers of attention-grabbing stocks indicated by daily 
abnormal trading volume, daily returns and daily news, than are institutional investors. 
Baber et al. (2009) also documents individual investors herd and small trade order 
imbalance reliably predicts returns in the opposite direction. 

It has widely proven in different markets and different assets that investor 
sentiment has significant influence on assets pricing. Qiu and Welch (2004) compare 
investor sentiment measures based on consumer confidence surveys with measures 
extracted from the closed-end fund discount (CEFD) and find that sentiment plays a role 
in financial markets, but that the CEFD may be the wrong measure of sentiment. Ryu et 
al. (2016) find that investor sentiment generally plays a more important role in explaining 
stock market returns than investor trading behavior in Korean market. Gao and Yang 
(2017) find that high investor sentiment strengthens the positive relation between 
sentiment-returns in China future market. Ni et al. (2015) employ the panel quantile 
regression model and find the nonlinear (asymmetric and reversal) effect of investor 
sentiment on monthly stock returns in China stock market. Kumar and Lee (2006) find 
that systematic retail trading explains return movements for stocks with high retail 
concentration, especially if these stocks are also costly to arbitrage. Huang et al. (2009) 
build an investor sentiment index for China stock market using principal component 
employ a theoretical analysis about the relationship between investor sentiment and spot 
return.  

2.2 Media information serves as investor sentiment proxy 
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The measurements of the investor sentiment of most literature are market wide (See e.g. 
Baker and Wurgler, 2006; Huang et al., 2009). In addition to the investor behaviors, 
scholars try to measure investor sentiment by media information.  

One strain of the literature built the sentiment measurement on internet search. Da 
et al. (2011) measure investor attention using search frequency in Google (Search 
Volume Index (SVI)) and find an increase in SVI predicts higher stock prices in the next 
2 weeks and an eventual price reversal within the year. Joseph et al. (2011) employ online 
ticker searches as a valid proxy investor sentiment and find its predictive ability of 
abnormal returns and trading volume in a weekly horizon for S&P 500 firms during 
2005-2008. Dimpfl and Jank (2016) find bi-directional Granger causality of high searches 
measuring retail investor attention and high stock market volatility. Da et al. (2015) use 
daily internet search volume constructing an index to measure market-level sentiment.  

Besides search information, traditional and social medias are another important 
source in measuring investor sentiment. Solomon (2012) finds that more media coverage 
increases announcement returns. Hillert et al. (2014) rely on 2.2 million articles from 45 
US newspapers and find that firms particularly covered by the media exhibit, ceteris 
paribus, significantly stronger momentum. Zhang et al. (2016) find that the stock news 
on financial website have significantly relations with positive abnormal return and 
excessive trading volume on the event date. Social media sentiment is find to be 
associated with abnormal returns and trading volume (See e.g. Bollen et al., 2011; 
Sprenger and Welpe, 2014; Siganos et al., 2014). 

Compared with internet search, traditional and social media, stock message boards 
attract mostly investors and document their sentiment timely. Wysocki (1998) use the 
sample on Yahoo! Message boards and find that cumulative posting volume is highest 
for firms with extreme past returns and accounting performance, high market 
capitalization, high price-earnings and market-to-book ratios, high volatility and trading 
volume, high analyst following and low institutional holdings. Other scholars also find 
that the investor sentiment proxy relying on internet postings have predictability on 
abnormal returns and trading volumes (See e.g. Tumarkin and Whitelaw, 2001; Antweiler 
and Frank, 2004; Leung and Ton, 2015). Furthermore, to increase the predictive accuracy, 
Zhang et al. (2012) contrast text classifiers to stock message board data to construct 
sentiment proxy. Li et al. (2018) find that Chinese internet stock message boards convey 
firm-specific information, which is represented by idiosyncratic volatility. By analyzing 
Chinese stock message boards, Huang et al. (2016) find that individual investors pay 
more attention to stocks of local companies than to those of nonlocal companies. 

The literature provides conclusions that media information could be used as 
investor sentiment proxy. To explain the trading behaviors which cause the high volatility 
and trading volume in Bitcoin markets, scholars mainly measure investor sentiment and 
investor attention by different resource of outside internet data, which includes Google 
trend, twitter, and StockTwits. By deriving the information from Twitter and Google 
Trends, Philippas et al. (2019) find that Bitcoin prices are partially driven by a 
momentum on media attention. Shen et al. (2019) find that Tweets predict Bitcoin 
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returns, trading volume, and realized volatility. What’s more, Ibikunle et al. (2020) argue 
that Google Trends drives the noise element of Bitcoin pricing. However, using 
messages on StockTwits, measuring investor sentiment, Guégan and Renault (2020) find 
that the significant relation between investor sentiment and Bitcoin returns disappears 
for lower frequencies of trading data. 

2.3 Capturing investor sentiment from trading data 

In addition to media information, literature has documented that New York Stock 
Exchange (NYSE) share turnover, the close-end mutual fund discount, the degree of 
underpricing in initial public offerings, and the aggregate level of corporate investment 
(Baker and Wurgler, 2006; Qui and Welch, 2004; Yu and Yuan, 2011). Also, daily trading 
data is used to proxy investor sentiment. Aboody et al. (2018) find that overnight returns 
could be used as firm-specific investor sentiment, but Xiong et al. (2020) argue that 
overnight return fails to serve as a proxy of firm-specific investor sentiment outside the 
U.S. stock market. By deriving from the interaction between financial market participants, 
Andersen et al. (2014) introduce a socio-financial model which capture the sentiment 
from the transition probabilities to change opinions (bullishness and bearishness) of the 
participants. 

Both the inside markets data or the social-financial model employ different 
information resource to study investor sentiment in stock markets, which gives another 
method to investigate the influence of investor sentiment on Bitcoin pricing. The 
multiple methods of measuring investor sentiment in Bitcoin market help the research to 
have a more complete view. 

 

3. Data and methodology 

3.1 Data 

Two sources of data are used in this paper. Firstly, Bitcoin data from Bitstamp1, the most 
popular and liquid bitcoin exchange in the US. We study the period from April 4th, 2014 
to August 31, 2020. Secondly, we obtain investor sentiment data as Twitter data from 
https://bitinfocharts.com/, which captures the number of times the term ‘Bitcoin’ has 
been tweeted. 

3.2 Methodology 

To investigate the dynamics between investor sentiment, returns, realized volatility, 
trading volume, and liquidity, we estimate vector autoregressive (VAR) models. The 
variables selected in this paper are presented as follows: 

1. Log-return: 𝑅! = log(𝑃! 𝑃!!!), where 𝑃! is the daily close price of the Bitcoin 
series. 

2. ILLIQ: Following Amihud (2002) and Choi (2020), the illiquidity is calculated as 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  
1	   We	  download	  Bitstamp	  exchange	  tick	  data	  from	  www.bitcoincharts.com.	   	  

 
Documents de travail du Centre d'Economie de la Sorbonne - 2020.31



𝑅! 𝑉𝑜𝑙𝑢𝑚𝑒!, where 𝑉𝑜𝑙𝑢𝑚𝑒! is the daily trading volume. the intuition is that 
price changes should be associated with large amounts of trading volumes to be 
liquid. 

3. RV: Following Urquhart (2018), we calculate the daily realized volatility aggregating 

the data to the 5-min, which is 𝑅𝑉! = 𝑟!,!!!
!!! , where 𝑟!,!!  is the squared intraday 

5-min interval log-returns and n is the number of the intervals. 

4. Volume: Volume is the nature log of daily trading volume of the Bitcoin. 

5. Bullishness: We use the socio-finance model to calculate the bullishness of the 
investors in Bitcoin, and a higher value of B indicates higher sentiment. 

6. Tweet: Tweet is the nature log of the daily number of times the term “Bitcoin” has 
been tweeted. 

7. GT: GT is the Google trend index of the term “Bitcoin”. 

The VAR model estimated in this paper is as follows: 

𝜒! = 𝑐 + 𝛽!𝜒!!!
!

!!!
+ 𝜀! 

where 𝜒! is a vector that contains the variables of interest; 𝑐 is a vector of constants; 
𝜀! is a vector of independent white noise innovations. The lag length is determined by 
the Schwarz Bayesian information criterion and we estimate four separate models for 
each investor sentiment proxy to investigate whether the different investor sentiment can 
predict Bitcoin returns, liquidity, realized volatility and trading volume. Model 1 
investigates the dynamics between Bitcoin returns and investor sentiment proxy, while 
Model 2 examine the relation between liquidity and investor sentiment proxy. Model 3 is 
used to capture the dynamics between realized volatility and investor sentiment proxy, 
and Model 4 for trading volume and investor sentiment proxy. We also employ Granger 
causality test for these models. 

3.3 Simulation of the socio-finance model 

To assess the performance of the inferential method based on MLE, we conduct a 
simulation study concerning the proposed socio-finance model. We set the sample size as 
2000 (𝑇 = 2000), and with four different parameter vectors. Different starting values of 
the model parameters are used to ensure that the maximization/minimization algorithm 
converges to the true simulated parameters. We simulate time series from the 
socio-finance model and estimate the parameters under the normality assumption. 

Table 1 shows the first simulation with 𝑇 = 2000, and using 𝜆 = 1.1, 𝜎! = 0.01, 
𝛽 = 0.001, and 𝛼 = 400 as the ‘true’ parameters. Column 1 of Table 1 shows the ‘true’ 
parameter vector 𝜽 = (𝜆,𝜎!,𝛽,𝛼)! used to simulate the data, while column 2 shows 
the ‘true’ transformed parameter vector 𝜽∗ = (𝜆∗,𝜎!∗,𝛽∗,𝛼∗)!. In column 3 we show 
the mean value of the 1000 starting-value vectors randomly generated. The maximum 
likelihood estimates (MLEs) 𝜽∗  of the transformed parameters 𝜽∗  and the 
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corresponding standard errors are presented in column 4 and 5. Column 6 shows the 
value of the gradient of the lo-likelihood function evaluated at the parameter estimates 
𝜽∗. In the last column we show the estimated parameter vector 𝜽. We simulate 10 
time-series in the first simulation, and estimate each of the time-series relying on 100 

groups of starting values. Table 1 shows that mean value of 𝜆∗ (0.9421) deviates from 

its ‘true’ initial transformed value (0.0953) and is close to the mean value of the staring 

value (0.8664). 𝜎!∗,𝛽∗,𝛼∗  (-9.1343, -6.5993, 6.0610) are close to the ‘true’ initial 

transformed values (-9.2103, -6.9078, 5.9915), and independent from the starting values. 
The estimations of the first simulation give the evidence that the MLE is accurate for 3 
of the 4 parameters of the socio-finance model. To further investigate the MLE, we have 
another 3 simulations with 𝑇 = 2000. 

<Insert Table 1 Here> 

Table 2 shows the three simulations using three different ‘true’ initial parameter 
vectors, which are [2.8,0.02, 0.04, 2.65] , [4.2,0.025, 0.05, 200] , and 
[12, 0.045, 0.07, 800]. We simulate 10 time-series using each of the three ‘true’ initial 
parameter vectors, and we estimate each of the time-series relying on 10 groups of 
starting values. For these three simulations, the transformed MLEs are close to the ‘true’ 
transformed initial values, and independent from the starting values. The four 
simulations and estimations give the evidence that the MLE method is suitable for 
estimating the parameters of the socio-finance model, that will be used in the empirical 
analysis in section 4 on the Bitcoin. 

<Insert Table 2 Here> 

The sample period of the Bitcoin data is from April 9, 2014 to August 31, 2020, 
2337 trading days. We estimate the parameters using four different groups of staring 
values, and each group contains 10 different starting values vectors. To investigate the 
stability of the MLEs, we estimate the first period, second period, and the whole period 
respectively. The results in Table 3 shows that the estimates are stable across the period, 
which supports us to use the socio-finance model to capture the information of investor 
sentiment in Bitcoin market. 

<Insert Table 3 Here> 

 

4. Empirical results 

Table 4 shows the descriptive statistics for the logarithmic daily return (R), liquidity 
(ILLIQ), daily realized volatility (RV), the logarithmic daily trading volume (Volume), as 
well as the three different investor sentiment proxies, which are Bullishness (B), the 
logarithmic daily tweets (Tweet), and Google trend index (GT). The mean of the R is 
0.0016 with the standard deviation being 0.0377 which are far larger, indicating that the 
daily return of Bitcoin is violate. The values of the 25th and 75th provide the same 
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evidence. However, the daily realized volatility from the 5 min intervals data is relative 
stable with mean equaling 0.0374 and standard deviation 0.0264. We also find that the 
trading volume and liquidity are stable across the trading days in our sample. The 
statistics in our sample is similar to previous literature. The means of B, Tweet, and GT 
are -0.0079, 10.2269, and 32.3897. The B which is firstly introduced to measure Bitcoin 
investor sentiment shows that investors averagely hold bearish opinions. 

<Insert Table 4 Here> 

Table 5 shows the pairwise correlation coefficients of the variables in this paper. We 
find that the Bullishness is negative related to realized volatility and trading volume, and 
positive related to Tweet. The Tweet is positive related to the returns of Bitcoin. The 
G-trend is positive related to liquidity, realized volatility, and trading volume. 

< Insert Table 5 Here > 

Table 6 shows the results of the four VAR models where the estimated coefficients 
are showed in Panel A, and the results of Granger causality test are shown in Panel B. 
The results of Model 1 show that the autoregressive parameters for the Bullishness are 
significant for lag1. The results also indicate that past Bullishness have no significant 
impacts on future returns. Model 2 shows that the liquidity has significant autoregressive 
terms for lags 1, 2, 3, 4, 5 while Bullishness shows significant autoregressive terms for lag 
3. The results also reveal that liquidity have significant influence on future Bullishness, 
which also supported by the Granger causality test. Being similar with Model 1 and 2, 
Model 3 shows that Bullishness have significant autoregressive terms. Moreover, 
Bullishness has significant influence on future realized volatility. This suggests that higher 
Bullishness is related to higher realized volatility in the future. This is also proven by the 
Granger causality test in Panel B. Model 4 investigates the interaction of trading volume 
and Bullishness and we find that the autoregressive Bullishness terms is significant at lags 
1, 2, and 4. The Granger causality test also provides evidence that Bullishness Granger 
causes trading volume, which means higher Bullishness predicts higher future trading 
volume. Shen el al. (2019) employ twitter data to capture the information of 
well-informed investors and find that the tweets predict future realized volatility and 
trading volume, but not returns. Our Bullishness shows similar predictability as Shen et al. 
(2019), while we also prove that higher liquidity is related to lower future Bullishness. 

< Insert Table 6 Here > 

Table 7 shows the results of the four VAR models where the coefficients are 
presented in Panel A, and the Granger causality results are displayed in Panel B. In 
Model 1, we find that Tweet has significant autoregressive terms for lags 1, 4, 5, 6, and 7. 
The evidence also shows that the Bitcoin returns have significant impacts on future 
Tweet, which is not found in previous literature probably as we have longer sample. But 
from the perspective of Bullishness, that higher returns predict higher investor sentiment 
and attention is also proven by the results for Tweet. In model 2, liquidity shows 
significant autoregressive terms for lags 1 to 7 while Tweet also shows significant 
autoregressive terms for lags 1, 2, and 4 to 7. The results also indicate that higher levels 
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of tweets are associated with lower ILLIQ, which mean higher liquidity. Model 3 displays 
that significant autoregressive terms for both realized volatility (lags 1, 3, 4, 5) and Tweet 
(lags 1, 2, 4, 5, 6, 7). Moreover, we find that Tweet provides significant information 
about future realized volatility. Consistent with Shen et al. (2019), we also find significant 
autoregressive terms for both trading volume (lags 1, 3, 4, 6, 7, 8) and Tweet (lags 1, 2, 4, 
5, 6, 7). Using a longer sample, we also find Tweet can predict future trading volume, 
saying more tweets more trades. The relations between Bitcoin return, liquidity, realized 
volatility, trading volume and Tweet investigated in Panel A are also proven in Panel B 
by Granger causality tests. 

< Insert Table 7 Here > 

As one of the most important two investor information sources of Bitcoin, Google 
trend is also investigated in this paper. Table 8 shows the analyses of the relation between 
Bitcoin return, liquidity, realized volatility, trading volume and Google trend. Model 1 
shows that Google trend has significant autoregressive terms for lags 1, 2, and 4 to 7. No 
significant results indicate predictability between Bitcoin return and Google trend. In 
Model 2, we find significant estimates of the autoregressive parameters for the liquidity 
for lags 1, 3, and 5 to 8 while Google trend also show significant autoregressive terms for 
lags 1, 2, 4, 5, 6, and 8. Combining the Granger causality test in Panel B, we find higher 
Google trend index indicates higher future liquidity. Model 3 reports the interaction 
between realized volatility and Google trend. The realized volatility has significant 
autoregressive terms for lags 1, 3, 4, and 6 while the Google trend has significant 
autoregressive terms for 1, 2, 4, and 7. We also find realized volatility capture significant 
information of future Google trend, which is consistent with Urquhart (2018) and 
proven by Granger causality test. Model 4 shows significant autoregressive terms for 
trading volume (lags 1 to 4 and 6 to 8) and Google trend (lags 1, 2, 4, 8). Different from 
Urquhart (2018), we find Google trend could predict future trading volume, which 
means higher search queries will cause more trades of Bitcoin. The Granger causality test 
supports the relation.  

< Insert Table 8 Here > 

5. Conclusion 

By introducing a new investor sentiment proxy in Bitcoin, which is Bullishness, we find 
that Bullishness capture information of informed investors. Similar to Tweet, Bullishness 
is significant related to future realized volatility and trading volume. Different from 
Google trend, which is thought to measure uninformed individuals, Bitcoin returns have 
significant influence on future Bullishness and Tweet. We also find that only tweet has 
significant impacts on liquidity.  

Relying on our longer sample, we find that Google trend has significant influence 
on future trading volume, which means that the investors in Bitcoin are becoming more 
informed to some extent. Thus, the evidence supports that Bullishness can serve as a 
well-informed investor sentiment proxy.  
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Appendix. Inference of the socio-finance model 

A1. the socio-finance model 

Relying on the diffusion and influence between investors’ opinions (bullishness or 
bearishness) on the assets, Andersen et al. (2014) define the socio-finance model by a 
quantitative manner to exactly describe the market-wide opinions on a certain asset. 
Figure A1 shows the changing bullishness in a population via communications in 
subgroups. 

<Insert Figure A1 Here> 

The participants in the market are shown schematically as circles in Figure A1A. 
Following the Galam model (Galam, 2005; Galam, 2012; Biondi et al., 2012), we proceed 
the opinion formation by simplicity imagine that people have just two mutually exclusive 
opinions on the asset, which are characterized as either ‘bullish’ (black circles) or ‘bearish’ 
(white circles) in Figure A1. Figure A1A presents the opinions of the participants in the 
market at the beginning of a given day. We assume that the participants meet in 
subgroups of different sizes, which are illustrated by the different boxes in Figure A1B, 
to update their opinions the asset. For example, there are six persons in the leftmost box 
in Figure A1B with two bullish and four bearish, whom can be imagined as sitting at a 
table, or having an online conference, discussing their opinion on the latest market 
developments. Figure A1C illustrates the outcome of the discussions for the different 
groups. After one round communication, Figure A1D shows the population bullishness. 
We introduce majority principle to the opinion formation in each subgroup. The majority 
opinion in a given group manages to polarize the opinion of the group by changing the 
opinion of minority. If we take the afore mentioned group of six persons we can see that 
after discussing, because of the majority principle, they have all become bearish. 
Considering more realistically, we instead assume that is a certain probability for a 
majority opinion to prevail, and that even under certain conditions a minority could 
persuade a part of the majority to change their opinions. 

To quantitative describe the bullishness opinion formation progress, we define that 
a given group of size k with j agents having a bullish opinion and k- j a bearish opinion 
and let 𝑚!,! denotes the transition probability for all the k agents to adopt the bullish 
opinion after the meeting. After one update taking into account communications in all 
groups of size k with j bullish agents, the updated probability of finding an agent with a 
bullish opinion in the population can therefore be written as following: 

𝐵 𝑡 + 1 = 𝑚!,! 𝑡 𝐶!
!𝐵 𝑡 ![1− 𝐵(𝑡)]!!! (1) 

𝐶!
! ≡

𝑘!
𝑗! 𝑘 − 𝑗 ! 

 

where B is the proportion of the population holding bullishness opinions. 𝐶!
! is the 

binomial coefficients that indicates the arrangement of the group with size k has j agents 

 
Documents de travail du Centre d'Economie de la Sorbonne - 2020.31



holding bullishness opinions. 𝑚!,! represents the transition probability that an agent 
changing his/her bullishness opinion to bearish. We assume that the transition 
probability 𝑚!,! changes as the market performance changes, depending on time. 

Taking the sum over different groups of different sizes and different composition 
of bullishness within each group, we obtain the general B(t+ 1), for the bullishness in a 
population at time t+1 due to the outcome of meetings at time t: 

𝐵 𝑡 + 1 = 𝑎! 𝑚!,! 𝑡 𝐶!!𝐵(𝑡)! 1− 𝐵 𝑡 !!!
!

!!!

!

!!!

 (2) 

𝑎!

!

!!!

= 1,𝑎! ≡
1
𝐿  

with L denoting the size of the largest group and 𝑎! denoting the weight of the group 
of size k. The link between communication and its impact on the markets can be taken 
into account by assuming that the return series r changes whenever there is a change in 
the bullishness. The idea is that the bullishness itself is not the relevant factor 
determining how prices will change. Investors feeling bullish would naturally already hold 
long positions on the asset. Rather, when people change their opinion, say becoming 
more negative about the market, or less bullish, this will increase their tendency to sell. 
The absolute sentiment can act as a contrarian indicator for future asset returns. We 
assume the return to be proportional to the percentage change in bullishness, RB(t), as 
well as the economic news , 𝜂 𝑡 , the return r is given by: 

𝑟 𝑡 =
1
𝜆 𝑅𝐵 𝑡 + 𝜂 𝑡 , 𝜆 > 0 (3) 

where 𝑅𝐵 𝑡 = ! ! !!(!!!)
!(!!!)

 is the change of the bullishness. 𝜆 is the parameter that 

connects the change of the bullishness and returns. The 𝜂 𝑡  is assumed to be either 
Gaussian or Student-t distributed with mean zero and a standard deviation that varies as 
a function of time depending on the changes in sentiment. We assume that the market 
react to fundamental economic news represented by 𝜂 but that the amplitude of the 
reaction depends on changes in the sentiment 𝑅𝐵: 

𝜎 𝑡 = 𝜎! 𝑒𝑥𝑝
1
𝛽 𝑅𝐵 𝑡 ,𝜎! > 0,𝛽 > 0 (4) 

where the 𝜎  is the deviation of the 𝜂 ; 𝜎!  is the parameter represent the initial 
deviation of the 𝜂; 𝛽 is the parameter that represents how the 𝑅𝐵 influences the 𝜎. 

The influence of the financial market performance on decision-making can now be 
included in a natural way by letting the strength of persuasion depend on how the market 
has performed since the last meeting of the market participants. For example, if the 
market had a dramatic downturn at the close yesterday, then in the meetings the next 
morning, investors with a bearish opinion will be more likely to convince others even in 
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a bullish majority group. We take into account the transition probability of the opinions 
which depends on the market return over the last period: 

𝑚!,! 𝑡 = 𝑚!,! 𝑡 − 1 exp
1
𝛼 𝑟 𝑡 ;   𝑚!,! 𝑡 = 0 ≡ 𝑗

𝑘 ,𝛼 > 0 (5) 

where α defines the scale for which a given return r impacts the transition probabilities. 
The condition 𝑚!,!(𝑡 = 0) ≡ 𝑗 𝑘 describes the initially unbiased case where in average 
no market participant changes opinion. 

A2. Estimation of the socio-finance model 

We present the inferential method adopted to estimate the parameters of the 
socio-finance model. The method on which estimation will be based is maximum likelihood. 
Let 𝜽 denotes the parameter vector to be estimated and 𝑟 = (𝑟 1 , 𝑟 2 ,… , 𝑟(𝑇)) is 
the return sample with size T. We calculate the joint probability density: 

𝑓! ! ,! ! ,…,! ! (𝑟 1 , 𝑟 2 ,… , 𝑟(𝑇)|𝜽) (6) 

which can be viewed as the probability of having observed this particular sample2. The 
maximum likelihood estimate of 𝜽 is the vector 𝜽 that maximizes eq. (7). To find 
maximum likelihood estimates, we firstly calculate the likelihood function and to find 
values of 𝜽 that maximize the function. 

Under the assumption of a normal and a Student-t distribution for the error process 
𝜂(𝑡), we calculate the likelihood function, and maximize the function based on numerical 
optimization algorithms. The likelihood function i.e. the joint probability density of the 
return sample 𝑟 = (𝑟 1 , 𝑟 2 ,… , 𝑟(𝑇)) for the proposed socio-finance model is: 

𝑓 𝑟 𝐵 0 ,𝑚!,! 0 ,𝜽

= 𝑓 𝑟 𝑇 𝑟 1 ,… 𝑟 𝑇 − 1 ,𝐵 0 ,𝑚!,! 0 ,𝜽

⋅ 𝑓 𝑟 1 ,… , 𝑟 𝑇 − 1 𝐵 0 ,𝑚!,! 0 ,𝜽

= 𝑓 𝑟 𝑇 𝑟 1 ,… 𝑟 𝑇 − 1 ,𝐵 0 ,𝑚!,! 0 ,𝜽

⋅ 𝑓 𝑟 𝑇 − 1 𝑟 1 ,… 𝑟 𝑇 − 2 ,𝐵 0 ,𝑚!,! 0 ,𝜽

⋅ 𝑓 𝑟 1 ,… , 𝑟 𝑇 − 2 𝐵 0 ,𝑚!,! 0 ,𝜽 = ⋯

= 𝑓 𝑟 1 𝐵 0 ,𝑚!,! 0 ,𝜽 ⋅ 𝑓 𝑟 𝑡 Φ(𝑡 − 1),𝐵 0 ,𝑚!,! 0 ,𝜽
!

!!!

 

(7) 

where 𝛷(𝑡 − 1) is the information set up to time 𝑡 − 1. 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  
2	   With capital letters, 𝑅(𝑡), we denote the random variable of the return at time t, while with small letters, 𝑟(𝑡), we 
denote a particular value that the random variable takes at time t.	  
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Based on this property, that the joint probability can be written as a product of 
conditional probabilities, we calculate the likelihood function as follows. First, we 
consider the probability distribution of 𝑟(1) under the normality assumption for the 
error process 𝜂(𝑡) . 𝑟(1)  is Gaussian and the density, conditional on 𝐵(0)  and 

𝑚!,! 0 = 𝑗
𝑘, taking the form: 

𝑓 𝑟(1) 𝐵 0 ,𝑚!,! 0 ,𝜽𝑵 =
1

2𝜋 𝜎(1)!
𝑒𝑥𝑝 −

1
2𝜎(1)! 𝑟 1 −

1
𝜆 𝑅𝐵(1)

!

 

where 𝜽𝑵 = (𝜆,𝜎!,𝛽,𝛼)!  denotes the parameter vector to be estimated under the 
normality assumption.  

Conditioning on 𝑟(1), the density of the second observation 𝑟(2) is: 

𝑓 𝑟(2) 𝑟 1 ,𝐵 0 ,𝑚!,! 0 ,𝜽𝑵 =
1

2𝜋 𝜎(2)!
𝑒𝑥𝑝 −

1
2𝜎(2)! 𝑟 2 −

1
𝜆 𝑅𝐵(2)

!

 

Proceeding in this fashion, the conditional density of the 𝑡 − 𝑡ℎ observation can be 
calculated as: 

𝑓 𝑟(𝑡) 𝑟 𝑡 − 1 ,… , 𝑟 1 ,𝐵 0 ,𝑚!,! 0 ,𝜽𝑵

=
1

2𝜋 𝜎(𝑡)!
𝑒𝑥𝑝 −

1
2𝜎(𝑡)! 𝑟 1 −

1
𝜆 𝑅𝐵(𝑡)

!

 
(8) 

Therefore, the likelihood of the complete sample is: 

𝑓 𝑟 𝐵 0 ,𝑚!,! 0 ,𝜽𝑵

= (2𝜋)!
!
! [𝜎(𝑡)!]!! !𝑒𝑥𝑝 −

1
2

1
𝜎(𝑡)! 𝑟 𝑡 −

1
𝜆 𝑅𝐵(𝑡)

!!

!!!

!

!!!

 
(9) 

The log-likelihood function, denoted 𝐿!(𝑟|𝜽𝑵), is: 

𝐿! 𝑟 𝜽𝑵 = −
𝑇
2 𝐼𝑛 2𝜋 −

1
2 𝐼𝑛𝜎 𝑡 !

!

!!!

−
1
2

1
𝜎(𝑡)! 𝑟 𝑡 −

1
𝜆 𝑅𝐵(𝑡)

!!

!!!

 (10) 

The vector of 𝜽𝑵 that maximizes the conditional likelihood function (8) is identical to 
the vector that maximizes the conditional log-likelihood function (9). 

Although the normal distribution is the most commonly used in applications, there 
is empirical evidence that the distribution of financial time series has usually fat tails, 
even after taking into account the volatility clustering phenomenon. In other words, the 
normality assumption of standardized residuals of estimated financial models is usually 
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rejected in most financial applications. A solution to this problem is to specify a 
distribution that accounts for fat tails and deviations from normality such as the 
Student-t (Bollerslev, 1987) or a Generalized Error distribution (Nelson, 1991). Under 
the Student-t distribution with 𝑣 degrees of freedom for the error process 𝜂(𝑡), the 
likelihood for the socio-finance model for the complete sample can be written as: 

𝑓!" 𝑟 𝐵 0 ,𝑚!,! 0 ,𝜽!"

= Γ
𝑣 + 1
2

!

Γ
𝑣
2

!!
𝜋 𝑣 − 2 !! ! [𝜎(𝑡)!]!! !

!

!!!

[1
!

!!!

+
(𝑟 𝑡 − !

!
𝑅𝐵 𝑡 )!

(𝑣 − 2)𝜎(𝑡)! ]!(!!!) ! 

(11) 

where Γ(⋅) is the gamma function. The log-likelihood function is: 

𝐿!" 𝑟 𝜽!"

= 𝑇𝐼𝑛Γ
𝑣 + 1
2 − 𝑇𝐼𝑛Γ

𝑣
2 −

𝑇
2 𝐼𝑛 𝜋 𝑣 − 2

−
1
2 𝐼𝑛𝜎 𝑡 ! −

𝑣 + 1
2

!

!!!

𝐼𝑛[1+
(𝑟 𝑡 − !

!
𝑅𝐵(𝑡)!

(𝑣 − 2)𝜎(𝑡)! ]
!

!!!

 

(12) 

where 𝜽!" = (𝜆,𝜎!,𝛽,𝛼, 𝑣)! denotes the parameter vector to be estimated under the 
Student-t distribution. 

To avoid the positivity restrictions for the parameters, 𝜆 > 0, σ! > 0, 𝛽 > 0, and 
𝛼 > 0, we use the logarithmic transformation, so that 𝜆∗ = 𝐼𝑛(𝜆), 𝜎!∗ = 𝐼𝑛(𝜎!!), 
𝛽∗ = 𝐼𝑛(𝛽), and 𝛼∗ = 𝐼𝑛(𝛼). For the degrees of freedom parameter 𝑣, we use the 
transformation 𝑣∗ = 𝐼𝑛(𝑣 − 2) . The parameter vector to estimate is 𝜽!∗ =
(𝜆∗,𝜎!∗,𝛽∗,𝛼∗)! under conditional normality, and 𝜽!"∗ = (𝜆∗,𝜎!∗,𝛽∗,𝛼∗, 𝑣∗)! under 
the Student-t error distribution. We reparametrize the parameters to ensure that a 
numerical optimization algorithm always provides parameter values within certain 
specified boundaries. The maximum likelihood solution is invariant under transformation 
of parameters to log-likelihood. We use numerical optimization algorithms to maximize 
the conditional log-likelihood function, to deal with the highly non-linear nature of the 
proposed socio-finance model. In this paper, we maximize the log-likelihood function by 
applying the optimization function ‘fminunc’ of Matlab. 
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