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Abstract

Productivity is a key concept in economics and crucial for economic growth.
By using different theoretical models, we show the role of several kinds of pro-
ductivity, including total factor productivity (TFP) and labor productivity.
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1 Introduction

Productivity is a key concept in economics. It is crucial for economic growth. Since
the total output, generally measured by gross domestic product (GDP), is produced
by different inputs (such as capital, labor, land, raw materials, ...), there are different
ways to measure productivity. We can use capital productivity which is defined as
output per unit of capital used in the production process during a given time reference
period.

Capital Productivity ≡ Output

Capital input use
(1)

or labor productivity defined as output per unit of labor (measured in terms of the
number of workers or hours worked):

Labor Productivity ≡ Output

Labor input use
(2)
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There is another measure of productivity: the total factor productivity (TFP)
which is the portion of growth not explained by growth in inputs used in the production
process. The TFP measures the efficiency with which factor inputs are combined and
is often used to proxy technological progress.

Estimating contribution to growth of different factors is not an easy task.1 Look-
ing back to history, Solow (1957) estimated that TFP growth accounted for 87.5% of
growth in output per worker of the US over the period 1909-1949.2 Zhu (2012) esti-
mated that the contribution of TFP growth to economic growth is 78% percent of the
growth in GDP per capita of China during 1978-2007.

The goal of this chapter is to explore the role of different kinds of productivity on
economic growth from a theoretical point of view. We will focus on TFP and labor
productivity.

2 Total factor productivity

2.1 TFP and economic growth

Let us start our exposition by investigating the relationship between TFP and economic
growth. Solow (1957), using the data of the US economy of the 50 beginning years of
the 20th century, ran a regression

∆ ln(Yt) = B + α∆ ln(Kt) + β∆ ln(Nt) (3)

where Yt, Kt, Nt are respectively the GDP, physical capital and number of workers.
Solow (1957) found that TFP growth accounted for 87.5% of growth in output per
worker over that period.

This regression is derived from a production function (Cobb-Douglas function)

Yt = AtK
α
t N

β
t (4)

Obviously, B = ∆ ln(At) in the regression. B is called Solow residual while At is called
technical progress or Total Factor Productivity (TFP). TFP is the portion of growth in
output not explained by growth in traditionally measured inputs of labor and capital
used in production. TFP is measured as the ratio of aggregate output (e.g., GDP) to
aggregate inputs (here, this is the quantity kαNβ when β = 1− α). The rate of TFP
growth is calculated by subtracting average growth rates of labor and capital inputs
from the growth rate of output

In the following, we explore the role of TFP by using different growth models. Let
us start with the Harrod model. Consider an infinite horizon closed economy starting

1See Hulten (2009) for a great treatment of growth accounting.
2Solow was awarded the Nobel Memorial Prize in Economic Sciences in 1987 for his contributions

to the theory of economic growth. The paper Solow (1957) is an important part of these contributions.
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with an initial capital stock k0 > 0:

Harrod Model: ct + St = Yt

It = St

kt+1 = kt(1− δ) + It

St = sYt

Yt = Atkt

where ct, St, It are consumption, saving, investment at date t (t = 0, 1, . . . ,+∞), s ∈
(0, 1) is the exogenous saving rate, kt is the physical capital at date t (k0 > 0 is given),
δ ∈ [0, 1] is the capital depreciation rate, Yt is the output.

The production function in this model (Yt = Atkt) can be interpreted in several
ways: (i) It is a special case of the general form of Cobb-Douglas function with β = 0,
(2) the labor Nt has an exogenous rate of growth Nt = N0(1 + n)t. In this case the
TFP becomes AtN

β
0 (1 + n)βt, (3) if β = 1− α, the function can be written as:

Yt
Nt

= At

(
kt
Nt

)α
i.e., we consider the output per capita as function of capital per capita.

From the above system, we obtain that, for any t ≥ 0,

Yt = At((1− δ)kt−1 + sYt−1)

and
∆Yt
Yt

= At+1

At
(1− δ) + sAt+1 − 1

where ∆Yt ≡ Yt+1 − Yt
. Therefore, we have the following result.

Proposition 1. Consider the above Harrod model. Suppose At → A > 0 when t tends
to infinity. We have that:

• ∆Yt
Yt
→ sA− δ

• If sA− δ > 0 then Yt → +∞

• If sA− δ < 0 then Yt → 0

According to this result, the economy may grow or collapse, depending to the TFP
A: if A is high enough (A > δ/s), then we have economic growth without bounds.

We now consider a model à la Solow. This model is quite similar to the Harrod
Model, excepted the production function,

Solow Model: ct + St = Yt

It = St

kt+1 = kt(1− δ) + It

St = sYt

Yt = Atk
α
t L

1−α
t , α ∈ (0, 1)

At = a(1 + γ)t

Lt = L0(1 + n)t

3



Here γ > −1 is the rate of growth of the TFP At, n > −1 is the rate of growth of the
labor force. Both of them are assumed to be exogenous.

From the above system, we obtain that, for any t ≥ 0,

Yt = a(1 + γ)tkαt L
1−α
t

Yt+1

Yt
= (1 + γ)(1 + n)1−α

(kt+1

kt

)α
kt+1 = kt(1− δ) + sa(1 + γ)tkαt L

1−α
t

Therefore, we obtain the following result:

Proposition 2. Consider the above Solow model. We have that: ∆Yt
Yt
→ g where g

satisfies

1 + g = (1 + n)(1 + γ)
1

1−α

The long-term rate of growth g of the output depends strongly on the rate of growth
of the TFP At. The higher A, the higher the rate of growth g.

Although the Harrod and Solow models help us to explain the role of TFP, they
have two limits: (1) the rate of saving is exogenous and (2) the rate of growth of the
output is also exogenous. With the Ramsey model, we can endogenize the rate of
saving but we do not resolve the question of the exogeneity of the rate of growth of
the output. This question will be resolved with endogenous growth models.

We now present a Ramsey model. We assume there exists a representative consumer
who lives for an infinite number of periods. She/he maximizes her/his intertemporal
utility under sequential constraints

Ramsey model: max
(ct,kt,It)

+∞∑
t=0

βtu(ct)

subject to: ct + It ≤ Ft(kt)

kt+1 = kt(1− δ) + It

where k0 > 0 is given, β ∈ (0, 1) represents the rate of time preference, u is the utility
function. u is strictly increasing, strictly concave, differentiable, u′(0) = +∞. The
production function Ft is concave, strictly increasing, differentiable, and Ft(0) = 0.
Note that this function is time-dependent.3

Remark 1. As in the Harrod Model, in the Ramsey Model, implicitly, either we con-
sider the number of workers is exogenous and has an exogenous rate of growth, or we
consider in fact output per capita and capital per capita.

As usual, if (c∗t , k
∗
t+1, I

∗
t )t≥0 is the list of the optimal solutions of the above Ramsey

problem, the optimal rates of saving are s∗t =
I∗t

Ft(k∗t )
and we have Euler equations:

u′(c∗t ) = βu′(c∗t+1)
(
1− δ + F ′t+1(kt+1)

)
. (5)

In general, finding solutions of the Ramsey problem is not easy. To explore the im-
portance of the TFP, we consider two examples where we can explicitly compute the
optimal paths and rate of growth.

3See Le Van and Dana (2003) for a detailed presentation of optimal growth models.
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Example 1 (AK model). Suppose u(c) = ln(c), Ft(k) = Atk. Let us denote A′t =
At + 1− δ. We can prove that the optimal path (kt) is given by kt+1 = β(1− δ +At)kt
∀t. Then the optimal output Y ∗t satisfies

Y ∗t = βt(A′0A
′
1 . . . A

′
t)Y0

with Y0 = A′0k0. The optimal rate of saving is

s∗t =
βAt + (1− δ)(β − 1)

At
≤ β < 1

which is increasing in At. If At ≤ At+1 then s∗t ≤ s∗t+1.

We can also compute the rate of growth by
Y ∗
t+1

Y ∗
t

= β(At + 1− δ).

Now suppose At → A > 0 as t → +∞. In this case
Y ∗
t+1

Y ∗
t
→ β(A + 1 − δ) and

s∗t → s = βA+(1−δ)(β−1)
A

. Let us look at two cases:

• If β(A+ 1− δ) > 1⇔ sA− δ > 0 then
Y ∗
t+1

Y ∗
t
→ +∞

• If β(A+ 1− δ) < 1⇔ sA− δ < 0 then
Y ∗
t+1

Y ∗
t
→ 0

We get the same results as in the Harrod model: the TFP plays a crucial role on the
economic growth.

Example 2. Assume that u(c) = ln(c), Ft(k) = Akα, α ∈ (0, 1), and δ = 1. In this
case, we can prove that the optimal path is given by kt+1 = βαAkαt ∀t ≥ 0, and the
saving rate is αβ. Therefore, the optimal output is

y∗t+1 = A
1−αt+2

1−α (αβ)
α−αt+2

1−α kα
t+2

0

When t goes to infinity, the output y∗t+1 converges to a steady state

ys = A
1

1−α (αβ)
α

1−α

There is no growth. It is due to the fact the production function is of strictly decreasing
returns to scale. However, observe when A increases, the steady state becomes higher.

2.2 How to increase TFP and obtain economic growth?

So far the TFP At seems to be a blackbox in a production function of the type

yt = Atk
α
t N

β
t

where kt, Nt are the number of machines and the number of workers. In this modeling,
we do not take into account the quality of the machines, nor the skill of the workers.
Actually, the production function should be written as

yt = amt(Kt)α(Nt)β

5



where mt is the quality of the management, the macroeconomic environment (stability,
law rule), Kt is the effective capital stock, Nt is the effective labor. Let ζt denote the
technology embedded in the machines, θt denote the working time, ht the human capital
(education, training, health) of the workers. We then have

Kt = ζtkt and Nt = θthtNt.

The production function now is yt = Atk
α
t N

β
t where the TFP is At ≡

[
amtζ

α
t (θtht)

β
]
.

If we assume θt depends positively on wages or bonus (incentive mechanism) then

yt = Atk
α
t N

β
t (6)

where the TFP At =
[
amtζ

α
t (θ(wt)ht)

β
]

(7)

The TFP is not anymore a black box. If we invest in the quality of management,4 in
technology, in training, education, health and if the salaries of the workers are suffi-
ciently incentive, we will have a high TFP. Using endogenous growth models (Lucas,
1988; Romer, 1990), we can prove that there may be economic growth even with strictly
decreasing returns to scale production function.

In the following, we present a simple endogenous growth model. The representa-
tive household maximizes her intertemporal utility

∑∞
t=0 β

tu(ct) subject to sequential
constraints: ct + St+1 = GtF (kt) ∀t ≥ 0, where ct, St+1 are consumption, saving.

We now assume that the saving St+1 is shared in investment in physical capital
kt+1 and in investment Tt+1 in TFP, i.e., kt+1 + Tt+1 = St+1. Gt+1 is a function of Tt+1

and we write G(Tt+1). We rewrite the model as follows

max
∞∑
t=0

βtu(ct)

for t ≥ 1 ct + St+1 = H(St) ≡ max{G(Tt)F (kt) : Tt + kt = St, and Tt, kt ≥ 0}
where kt+1 + Tt+1 = St+1.

For the sake of tractability, we assume that F (k) = kα, α ∈ (0, 1), G(T ) = (λT +
1)ξ, ξ > 0, and λ > 0.5 The parameter ξ measures the quality of the TFP investment
technology. The higher ξ the more efficient the TPF investment. The parameter λ
measures the utilization of Tt. For instance λ is small because of diversion of Tt.

We firstly look at the static problem and the properties of the function H. Under
our specifications, we have H(St) ≡ max{(λTt + 1)ξkαt : Tt + kt = St, and Tt, kt ≥ 0}.
Solving this problem is equivalent to solving the following problem whose objective
function is strictly concave

max{ξln(λTt + 1) + αln(kt) : Tt + kt = St, and Tt, kt ≥ 0}
4Bloom et al. (2013) ran a management field experiment on large Indian textile firms and provided

free consulting on management practices to randomly chosen treating plants. By comparing the
performance of these plants to a set of control plants, they found that adopting these management
practices raised the TFP by 17% in the first year.

5Here, we implicitly assume that u is continuously differentiable, strictly increasing, concave,
u′(0) =∞ and

∑∞
t=0 β

tu(Dt) <∞ where the sequence (Dt) is defined by D0 = H(S0), Dt+1 = H(Dt).
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(Tt, kt) is an optimum point if and only if there are non-negative values µ1, µ2 such
that

α

kt
= µ1, ξ

λ

λTt + 1
+ µ2 = µ1, µ2Tt = 0

If Tt = 0 at optimal, then we have λξ = µ1 − µ2 ≤ µ1 = α/kt = α/St. Thus, we
have St ≤ α/(λξ).

If Tt > 0 at optimal, the FOC implies that α
kt

= ξ λ
λTt+1

, i.e., (λTt + 1)α = ξλkt =
ξλ(St − Tt). So, we can compute that

Tt =
ξλSt − α
λ(α + ξ)

, kt =
α(λSt + 1)

λ(α + ξ)

H(St) =
(ξ(λSt + 1)

α + ξ

)ξ(α(λSt + 1)

λ(α + ξ)

)α
=

ξξαα

(α + ξ)α+ξ

(λSt + 1)α+ξ

λα

Of course, Tt > 0 is equivalent to ξλSt − α > 0.
Summing up, we obtain the following result:

Lemma 1. • If St ≤ α
ξλ

then Tt = 0. It is not optimal to invest in TFP, when St
is small. In this case St = kt and H(St) = Sαt .

• If St >
α
ξλ

then Tt > 0. (If St is high enough then it is worthwhile to invest in

TFP.) In this case

H(St) = ah
(λSt + 1)α+ξ

λα

where ah ≡ ξξαα

(α+ξ)α+ξ
depending on (α, ξ).

The function H is increasing in λ when S > α
ξλ

. The lower the level of diversion,
the higher the total output.

Notice that the function H(S) is increasing return to scale and convex for any
S > α/(ξλ). This is one way to introduce increasing return to scale technology is
growth models (see Romer (1986) for more detailed discussions).

We now show the dynamics of the optimal path. It is easy to see that the optimal
path (St) is monotonic. We then have the convergence of optimal paths.6

Proposition 3. Assume that βααξ1−αλ1−α > 1 and α + ξ ≥ 1. Then any optimal
sequence {S∗t }t, and hence any optimal sequence of outputs {y∗t = H(S∗t )} converge to
infinity.7 By consequence, there is a date τ such that the country invests in TFP from
date τ on (i.e., Tt > 0 ∀t ≥ τ).

6We do not provide a full analysis in this paper. However, more dynamic properties may be
obtained by adopting the method in Kamihigashi and Roy (2007), Bruno et al. (2009).

7Proof: If S < α
ξλ , then we have H ′(S) = αSα−1 > α

(
α
ξλ

)α−1
= ααξ1−αλ1−α.

If S > α
ξλ , then we have

H ′(S) = ah(α+ ξ)λ
(λSt + 1)α+ξ−1

λα
> ah(α+ ξ)λ

(λ α
ξλ + 1)α+ξ−1

λα
= ααξ1−αλ1−α. (8)

Since βααξ1−αλ1−α > 1, by applying Proposition 4.6. in Kamihigashi and Roy (2007), we have that
every optimal path increasingly converges to infinity.
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According to our result, if the utilization of investment in technology (parameter
λ) and the quality of the TFP investment technology (parameter ξ) are high, and we
have increasing return to scale (α+ ξ ≥ 1) technology, we get growth without bounds.

The rate of growth (
y∗t+1

y∗t
− 1) is now endogenous. It is obtained by an optimal

share between investing in physical capital and investing in HC, Technology, Manage-
ment Quality, incentive mechanisms. For that reason, we call these types of models
Endogenous Growth Models.

The above results (Lemma 1 and Proposition 3) above deserve some comments.

• The country will wait until some date τ , when the optimal output generates
enough saving Sτ >

α
ξλ

, before investing in TFP.

• If the diversion of the Tt is high (i.e. λ is low), the country may never invest in
TFP and will not have growth.

• If λ is lower (the diversion exists), the date τ becomes larger. The country has
to wait longer before starting to invest in TFP.

2.3 TFP and Competitiveness

2.3.1 Competition between physical capital and financial asset

The financial market has been considered as one of the main causes of recession or/and
fluctuation. But does the financial market always cause an recession in the productive
sector? To address this question, let us consider a two-period economy with one
consumer, one producer. In period 0, the consumer has a revenue R0 and consumes
c0 and saves s0. She wants to invest k1 in capital stock, ξ0 in financial asset. We
suppose the numeraire is the consumption good. Let r1 denote of the return of asset
in period 1. The consumer wants to maximize the revenue R1 in period 1. We have
R1 = Akα1 + r1ξ0, α ∈ (0, 1). She solves the problem

max
k1≥0,ξ0∈R

{Akα1 + r1ξ0 : k1 + ξ0 = s0}

The optimal value ξ∗0 solves the equation

Aα(s0 − ξ∗0)α−1 = r1

It is easy to see that ξ∗0 is a decreasing function of the TFP A (crowding out effect).
In particular, when A is very small, the optimal value k∗1 is also very small.

If the consumer anticipates a high value of asset return r1 (speculation), then she
invests in the financial asset (ξ∗0 is close to s0) and reduces the physical capital (k∗1
is small). Whether people invest more in physical capital or financial assets strongly
depends on the TFP of the production sector and the asset return. See Le Van and
Pham (2016) for the interaction between the financial market and the production
section in an infinite-horizon general equilibrium model.
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2.3.2 Competition between two countries

We now investigate the role of TFP in the context of globalization. Assume we have
two countries a, b. Country a has the production function Aak

α and its saving in period
0 is s0. Country b has the production function Abk

α and its saving in period 0 is s0.
Each country maximizes its revenue in period 1: Aak

α
a,1 + r1ξa,0, Abk

α
b,1 + r1ξb,0.

The two countries exchange consumption good and financial assets. We investigate
the equilibrium, i.e., a list of allocations and price (k∗a,1, ξ

∗
a,0, k

∗
b,1, ξ

∗
b,0, r

∗
1) such that

1. For each i = a, b, given r∗1, the pair (k∗i,1, ξ
∗
i,0) solves the following problem

max
k1≥0,ξ0∈R

{Aikα1 + r∗1ξ0 : k1 + ξ0 = s0}

2. The financial market clears: ξ∗a,0 + ξ∗b,0 = 0.

We then obtain the equilibrium return r∗1 from these equilibrium relations. The
following result shows the impact of TFP on the equilibrium outcomes.

Proposition 4. If the TFP Aa of country a is smaller than the one of country b, Ab,
then at equilibrium we have

• ξ∗a,0 > 0 (Country a buys financial asset), ξ∗b,0 = −ξ∗a,0 < 0 (Country b sells
financial asset)

• k∗a,1 < k∗b,1

• c∗a,1 = Aa(k
∗
a,1)α+r∗1ξ

∗
a,0 < c∗b,1 = Ab(k

∗
b,1)α+r∗1ξ

∗
b,0, i.e. the consumption of country

a is lower than the consumption of country b.

Our result suggests that the TFP matters in the context of globalization: The
higher the TFP, the higher the input quantity used for production and hence the
higher the income of the country.

3 Labor Productivity

We consider the following definition of labor productivity:

πL ≡ y

N

where y is the output and N is the number of workers.
In general, the number of workers can be calculated as follows

N = (1− u)rpwaP (9)

where P is the total population, wa is the proportion of the working-age population
(often defined as 15-64 year old) to the total population, rp is the participation rate (in
other words, 1− rp is the fraction of the working age population does not participate
in the labor market), and u is the unemployment rate.
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We have the following relationship between labor productivity and per capita GDP

y

P︸︷︷︸
GDP per capita

= (1− u)rpwa
y

N︸︷︷︸
Labor productivity

(10)

If wa, rp, u are unchanged, then, by definition, increasing labor productivity is
equivalent to increasing GDP per capita. In reality, however, all factors, including
labor productivity and per capita GDP are inter-dependent. Hence, the very issue is
to understand determinants of labor productivity and GDP as well as TFP. To do so,
go back to relations (6), (7) with β = 1− α. We obtain

yt = Atk
α
t N

1−α
t (11)

where the TFP is At =
[
amtζ

α
t (θ(wt)ht)

1−α] (12)

From these relations we obtain

πLt =
yt
Nt

=
[
amtζ

α
t (θ(wt)ht)

1−α]( kt
Nt

)α
(13)

According to this expression, the labor productivity depends on (1) physical capital
per worker kt/Nt, (2) quality of machines ζt, (3) human capital (education, training,
health) ht of workers, (3) quality of management mt and (4) incentive mechanism
(wages, bonus, for instance).

This observation is consistent with that in Baumol et al. (1989): ”Historically, labor
productivity growth has been driven by innovation, better education, and investment in
physical capital. Innovation and investment by private sector require a growth-friendly
environment, with supportive institutions and policies, including policies that promote
macroeconomic stability and the rule of law”. Here, we contribute by mentioning the
role of incentive mechanisms (w) for the short term.

We now look at the connection between labor productivity and economic growth by
using a supply side view. Assume that the total output is produced by a Cobb-Douglas
production function: yt = Atk

α
t N

β
t where 0 < α, β < 1. We then obtain

y1−β
t = Atk

α
t

(
Nt

yt

)β
= Atk

α
t

(
πLt
)−β

Hence (
yt+1

yt

)1−β

=
At+1

At

(
kt+1

kt

)α(πLt+1

πLt

)−β
.

This equation leads to an interesting observation: If the TFP and physical capital
remain unchanged (At+1 = At, kt+1 = kt), an increasing of labor productivity (πLt+1 >
πLt ) does decrease the GDP (yt+1 < yt). Therefore, we should focus not only on labor
productivity but also on TFP and physical capital.

4 Conclusion

We have presented several models showing how productivity matters for economic
growth. However, economic growth is not an outcome of a single factor but several
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factors. Moreover, many factors, for instance, TFP and labor productivity, are not
separable. Focusing only on one indicator may be misleading. It is important to
find an optimal share between the purchases of machines with new technology, the
expenditures for training, education, and the wage policy (in the labor market). In
this regard, we cannot say that labor productivity (respectively, capital productivity)
is crucial for growth. A good combination of both of them is crucial for economic
growth.
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