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ABSTRACT. — The Nouvelles annales de mathématiques were a French mathemat-
ical journal, published between 1842 and 1927, intended for teachers and stu-
dents. In this paper, I rely on a systematic analysis in the NAM of number theory
content—a mathematical field that was virtually absent from French education
programs during the period under consideration here. By articulating quan-
titative and qualitative approaches, my goal is twofold: to study what specific
forms number theory takes through this specific media on the one hand; and to
question the specific character of the functioning of a journal like the NAM in
the case of number theory on the other. For this, I take into account the actors
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RisuME (Une étude de cas sur les journaux mathématiques pour enseignants et
éléves : la théorie des nombres dans les Nouvelles annales de mathématiques (1842—
1927))

La revue Nouvelles annales de mathématiques était un journal mathématique
francais, publié entre 1842 et 1927 a destination des enseignants et des éléves.
Cet article repose sur I’analyse systématique dans les NAM des contenus
de théorie des nombres — domaine quasiment absent des programmes
d’enseignement francais pendant la période considérée. En articulant
approches quantitative et qualitative, mon objectif est double : étudier quelles
formes spécifiques prend la théorie des nombres a travers ce media spécifique
d’une part; interroger la spécificité du fonctionnement d’un journal comme
les NAM dans le cas de la théorie des nombres d’autre part. Pour cela, je
m’appuie sur les acteurs impliqués (rédacteurs, auteurs, lecteurs), la diversité
des formes éditoriales en jeu, les thématiques étudiées ainsi que les pratiques
arithmétiques et les discours mobilisés.

1. INTRODUCTION—WHY STUDY NUMBER THEORY IN THE
NOUVELLES ANNALES DE MATHEMATIQUES?

The growth of periodicals containing mathematics since the 18th cen-
tury has participated to the «restructuring of the mathematical commu-
nication system » [Gispert etal. 2014]. ! Since the 1840s, the rapid develop-
ment of an «intermediate press » [Ortiz 1994], i.e., journals for teachers
and students, contributed to this restructuration. These journals offered
mathematical content that was related to education or that was considered
as « elementary », and therefore accessible to the target readership. They
contained multiple editorial forms, from original articles to reviews of text-
books, descriptions of the contents of the curricula of teaching institutions,
and mathematical questions intended for the training of the candidates.
These intermediate journals were used by various authors. For example,
after the Comptes rendus hebdomadaires de Uacadémie des sciences (CRAS), the
intermediate journal Nouvelles annales de mathématiques was the principal

1 Since the 1990’s, several works on history of mathematics have been devoted to the
study of journals or have taken into account the specific form of mathematical journ-
alsin the analysis of a mathematical topic. For example, the scientific project Cirmath,
funded by the Agence nationale de recherche between 2014 and 2019 and led by Héléne
Gispert, Philippe Nabonnand and Jeanne Peiffer, studies the circulation of mathem-
atics, especially through journals, over a long period of time (1700-1950). Two them-
atic volumes were recently published in this context: « Echanges et circulations ma-
thématique. Etudes de cas (18¢-20¢ siécles) », Philosophia scientie (19(2), 2015) and
« Interplay Between Mathematical Journals on Various Scales, 1850-1950 », Historia
Mathematica 45(4), 2018.
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journal where the members of the Société mathématique de France (SMF) pub-
lished mathematics [Gispert 2015].

The aim of this paper is to study a mathematical domain—number
theory—through the systematic analysis of a journal of mathematics for
teachers and students—the Nouvelles annales de mathématiques (NAM)—in
order to identify the various forms taken by number theory in this specific
context.? The NAM is here used as a valuable observation point in order
to study the means of circulation of number theory in a miliex linked a
priori to mathematical teaching, by articulating quantitative et qualitative
approaches. Reciprocally, the results will be used to question if a teaching
mathematical journal such as the NAM operates in a specific way through
the number-theoretic lens.

The NAM was published between 1842 and 1927, in 84 volumes with ap-
proximately 11370 contributions by 1860 identified authors. 3 It thus con-
stitutes a relevant way to analyse mathematical content for a so-called inter-
mediate public over a relatively long time. Its explicit target readership was
students who were preparing for the admission examination of the Ecole
polytechnique and the Ecole normale supérieure (ENS). From 1888, students
studying for licence and agrégation were also mentioned as expected reader-
ship in the journal. * The NAM had a unique position in the French pub-
lishing landscape for the first 25 years of its existence. However, from 1877,
the growth of the number of students spurred the creation of other peri-
odicals with the same aims, in France and abroad. With the multiple evolu-
tions of mathematical, institutional and editorial contexts, the mathemat-
ical content, the authorship and readership of the NAM, and the associated
dynamic of circulations changed sensibly during its publishing period. The

2 All the NAM volumes are digitised and available at the following address: http:
//www.numdam.org/journals/NAM/

3 By identified authors, I mean authors who signed their texts even if I could not
identify their profession or their birth date for example.

4 The Licence is one of the degrees awarded by the Université in France and the agrég-
ation is the competitive examination by which French teachers were recruited. Itis dif-
ficult to estimate the number of potential student readers of a journal like the NAM
over the entire period considered, but some quantitative data are nevertheless avail-
able in the secondary literature. The number of students in preparatory classes in-
creased throughout the 19th century [Nabonnand & Rollet 2013, 1] and Bruno Bel-
hoste estimated that there were atleast 700 students in mathématiques spéciales in public
preparatory education in 1843 [Belhoste 2001]. In addition, between 1875 and 1913,
the number of students was just over 500 per year at the Ecole polytechnique, between
500 and 800 at the Fcole centrale, between 40 and 70 at the ENS and between 120 and
5800 (following major university reforms: see below) in the science faculties [Lund-
green 1980, 328-329].
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choice of the NAM is also based on the existence of a collective research
work engaged in a global study of the NAM and led by Hélene Gispert, Phil-
ippe Nabonnand and Laurent Rollet, which permits us to put the results
obtained for a specific domain in perspective. ®

Number theory represents an interesting case study for several reasons.
First, number theory had a marginal position in the mathematical literat-
ure during the period considered here: as an example, between 1870 and
1914, the average proportion of pages on number theory in the German
reviewing journal Jahrbuch tiber die Fortschritte der Mathematik was between
3.5 and 4% [Goldstein 1999, p. 196]. In a certain way, this marginality al-
lows us to develop a systematic study of every occurrence of number the-
ory because the corresponding corpus is of a reasonable size. Secondly,
and related to the previous point, number theory had an even more mar-
ginal position in French curricula during the period. As the content of
the NAM is known not to be limited to the curricula for mathematics in
French schools, it is interesting to see how a field like number theory was
treated in this type of medium. Thirdly, if number theory was mostly absent
from the curricula, the borderline between number theory and algebra,
which was useful for students, was often blurred. Furthermore, number-
theoretical statements could be elementary and thus met the requirements
of the NAM editors, namely to publish elementary content, « at the scope,
at the level of the students ». % This specificity of number theory was also
commented upon by one of the editors of the NAM in 1900, Raoul Bricard.
In his review of a treatise on number theory, he recalled that « number
theory frequently has statements of striking simplicity, intelligible almost
without mathematical initiation, even when their demonstration has re-
quired the efforts of the most subtle invention » and that « the newcomer,
bringing together the conditions of knowing how to read, having a math-
ematical mind and a taste for the pleasures of the abstract, can approach
number theory and take part, after a few days, in the highest speculations
of the human mind » [Bricard 1900, p. 477].7

5 One result of this group research project is a database http://
nouvelles-annales-poincare.univ-lorraine.fr/ containing the number of entries
published by every author and for each year, and a collective work on the NAM is
currently being written. I will specify the methods and content of this database below.
6  «ala portée, et a la couleur des éléves ». This quote is issued from a letter from
Terquem to Eugeéne Catalan dated August 31, 1849, and reproduced in [Verdier 2009,
p- 252]. Unless otherwise indicated, all the translations are mine.

7 «[...] les propositions de théorie des nombres ont fréquemment des énoncés
d’une simplicité frappante, intelligibles presque sans initiation mathématique, méme
quand leur démonstration a exigé les efforts de I'invention la plus subtile [...] Le pre-
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In this paper, I focus on the multiple mathematical circulations, among
authors, journals, articles, methods, and results, that emerge from the
analysis of the number-theoretical content of the NAM, between authors,
journals, articles, methods, results. I mainly rely on a corpus obtained
from a systematic analysis, page by page, of the NAM during the period of
its existence and on the recent historiography on number theory, math-
ematical teaching and mathematical periodicals. I will occasionally sketch
out comparisons between two types of mathematical journals: French
intermediate journals created from the end of the 1870s and German
journals whose target audience was quite similar. ®

2. WHAT WAS NUMBER THEORY?
SOME PICTURES BETWEEN 1800 AND 1930

Before considering number theory in the NAM, it is important to
question what the term “number theory” referred to over the period
considered, particularly in France. This puts into context the results ob-
tained for the NAM. Furthermore, the definitions of number theory were
multiple according to the period and the mathematical communities
involved. The consideration of these different definitions was the basis for
the construction of the database used here.

Around 1800, two books dedicated to number theory were published,
proposing two very different definitions of number theory. Adrien-Marie
Legendre’s Essai sur la théorie des nombres [Legendre 1798] was a synthesis
of results conjectured and/or proved by Pierre de Fermat, Leonhard
Euler or Joseph-Louis Lagrange and is focused on indeterminate analysis,
identified by Legendre with number theory. In Carl Friedrich Gauss’
Disquisitiones arithmeticae [ Gauss 1801], number theory was defined as the
study of the domain of integers. The book was organised according to two
main arithmetical objects: congruences and forms. In the first quarter of
the nineteenth century, mainly the algebraic content of Gauss’ work—the
algebraic solution of binomial equations x" = 1—was considered; thus its
influence touched mostly algebraic texts. Between 1825 and the 1860’s,
a research domain, entitled Arithmetic Algebraic Analysis in [Goldstein &
Schappacher 2007a], was developed by an international network of schol-

mier venu, réunissant les conditions de savoir lire, d’avoir I’esprit mathématique et de
gotter les jouissances abstraites, peut aborder la théorie des nombres et prendre part,
apres quelques jours, aux spéculations les plus élevées de I’esprit humain. »

8 The various journals consulted and their abbreviations are listed in the appendix:
see page 64.
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ars. It linked questions in number theory, algebraic equations and analysis
by developing some of Gauss’ results. Its objects of research were varied,
including congruences, ideal numbers, series, forms, elliptic functions,
etc. Most French arithmetic publications were also characterised by a
connection between algebraic equations on the one hand and indeterm-
inate equations and congruences on the other hand (without being in
contradiction with arithmetic algebraic analysis). However, original discip-
linary configurations also existed, for instance the approach introduced
in Louis Poinsot’s work [Poinsot 1845] linking number theory, algebra
and geometry [Boucard 2015]. From the 1860s onwards and until the end
of the century, number theory can be seen as organised in several clusters
of articles, identified by analysing explicit and implicit mutual references
in [Goldstein & Schappacher 2007b, 71-75]: the three main ones dealt
respectively with questions studied at the beginning of the 19th century
such as primitive roots or prime numbers, with number theory results
according to a complex analytical approach (Dirichlet series and arith-
metic functions for example) and with modular equations and arithmetic
theory of forms. To a lesser extent, other networks of texts also included
research on ideal theory and the theory of algebraic numbers, particularly
in Gottingen. In France, several authors such as Edouard Lucas or Charles-
Ange Laisant also developed an elementary number theory, embedded in
combinatorics, geometrical visualisations and mathematical recreations,
especially in the context of the SMF and the Association francaise pour
lavancement des sciences (AFAS) [Décaillot 2007; Goldstein 1999; Goldstein
& Schappacher 2007b]. In the 1910s, French number theory was charac-
terised by an hermitian tradition focused on theory of forms, diophantine
approximation and complex analysis—a tradition that largely broke with
the war—while German publications increasingly focused on algebraic
number theory [Goldstein 2009].

When analysing the content of an intermediate journal, it is also useful
to consider the number theoretic content that was taught to the potential
readers of the NAM. This question is particularly complex, as it is always dif-
ficult to know the content of actual teaching from the reading of curricula
or course titles. In France, secondary education had the particular prop-
erty of being centralised and, in the case of mathematics, concentrated in
the classes of mathématiques élémentaires and mathématiques spéciales.® While

9 The classes of mathématiques élémentaires prepared students for entrance examin-
ations to certain institutions such as the military Ecole de Saint-Cyr; classes of math-
ématiques spéciales were intended for the candidates to the examinations of the Ecole
polytechnique, the ENS, the Ecole centrale and the Ecole navale.
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French secondary teaching was deeply reformed between 1843 to 1925,
the number theoretic content of the various curricula was very stable, re-
duced to a few elementary subjects: prime numbers, properties of divisibil-
ity, decimal fractions and periodic decimal fractions for the mathématiques
élémentaires and continued fractions, resolution of indeterminate equations
of the first degree and some algebraic equations such as the binomial equa-
tion for mathématiques spéciales [Belhoste 1995]. The situation was quite sim-
ilar for the program of the agrégation of mathematics, with elementary no-
tions about prime numbers and divisibility (in 1895, Fermat’s and Wilson’s
theorems had to be known by the candidates) and themes within algebra
and number theory (in 1895, binomial equations and primitive roots still
were part of the subjects of the lessons). By way of comparison, the situ-
ation in Germany was different since teaching was not centralised or fo-
cused on preparing national examinations. It seems that, very occasion-
ally, several number theory courses had been offered in various secondary
teaching institutions, including themes as congruences, diophantine equa-
tions, quadratic forms, quadratic and cubic residues [Schubring 1986].
In both France and Germany, the situation in higher teaching has to
be explored locally. As is known, lessons on number theory were given
regularly in several German universities (at least in Berlin and Konigs-
berg) from the 1830s [Goldstein et al. 2007]. In France, Victor-Amédée
Lebesgue taught lessons on Gauss’s Disquisitiones arithmeticae at the Science
Faculty in Bordeaux in the 1860s. Number theory courses were also regu-
larly given at the Collége de France: Joseph Liouville devoted several lectures
in his course on definite integrals to recent research in number the-
ory [Belhoste & Liitzen 1984]. Between 1842 and 1870, more than fifteen
semesters of mathematics courses in the College de France were announced
as dealing with number theory by Guglielmo Libri, Charles Hermite—the
lecture given by Hermite in 1849 is reported by Olry Terquem in the
NAM the same year—and especially Liouville. 1° It is nevertheless difficult
to know the effective content of this teaching and who attended these
courses. At the end of the nineteenth century and the beginning of the
twentieth century, some courses in number theory were also locally taught
in faculties or at the ENS, with Jules Tannery, Eugéne Cahen or Albert
Chatelet in Paris [Goldstein 2009]. But number theory was not systematic-
ally taught to all students, even if geometers such as Poinsot, for example,
promoted its integration into secondary education [Poinsot 1845].

10 Archives nationales, 2006/0682/030-83, Programmes de cours du Collége de
France, from 1841 to 1870.
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3. DATABASE ON THE NUMBER-THEORETICAL CONTENT
IN THE NAM: CONSTRUCTION AND GLOBAL ANALYSIS

3.1. Identifying Number Theory Data in the NAM

The goal was to identify all traces of number theory in the NAM. The
construction of the database is thus based on a systematic page by page
analysis of the journal from 1842 to 1927. As suggested above, identifying
what falls into « number theory » is problematic, especially in the long
term. From 1842, each volume of the NAM ended with a table of con-
tents organised by mathematical field. But the classification used varied
over time and the way the items in it were organised also evolved. !! To
obtain a relevant and coherent corpus, I chose to make extensive use of
the main mathematical catalogues available during the period: the Cata-
logue of Scientific Papers (for the nineteenth century), the Jahrbuch diber die
Fortschritte der Mathematik (from 1868) and the Répertoire Bibliographique des
Sciences Mathématiques (1894-1912, including older works). Because the as-
sociated classifications were also unstable [Goldstein 1999, pp. 194-199]
and because these works were far from being systematic in their inclu-
sion of intermediate journals, I took into account all the entries in the
NAM dealing with a subject classified in an arithmetic category at a given
time in one of these media. Another question was that of distinguishing
between number theory and elementary arithmetic: I included the items
dealing with divisibility but left out those dealing with elementary arith-
metic operations, such as division and root extraction. These difficulties
show in an interesting way the porosity of the mathematical domains of
the time, especially between algebra and number theory. The page by
page analysis also allowed me to select texts where number theory was
mentioned without being the main theme: these texts show interactions

11 The categories used for algebra and arithmetic in the NAM were as follows: from
1842 to 1849, « Arithmetic » (« Arithmetic and arithmology » in 1849), « elementary
algebra », « higher algebra »; from 1850 to 1862, « algebraic analysis » and « indeterm-
inate analysis; arithmology and arithmetic »; from 1863 to 1867, « analysis »; from 1869
to 1891, « algebra » and «arithmetic » or « arithmetic and number theory » or « num-
ber theory » according to the years; from 1892 to 1927, the classification adopted by
the international congress of mathematical bibliography held in 1889 [Nabonnand
& Rollet 2002] was adopted. The same object could be placed in different categor-
ies: indeterminate equations were listed in « elementary algebra » before 1850 then
in « indeterminate analysis; arithmology and arithmetic » until 1862. Then they could
appear either in « algebra » or « arithmetic ». The word « Arithmology » was used by
Terquem, according to Ampére, and meant number theory.
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mainly between number theory and algebra, geometry or recreational
mathematics.

In the end, I identified 977 number-theoretic entries by 254 publishing
contributors. In addition, 123 answers (solutions to problems) sent to the
journal but not published were included and 43 new actors were found.
I classified each entry according to its editorial form: article, reprint or
translation, excerpt from correspondence, question, published or not
published answer, bibliographic review, bibliographic entry without re-
view, past examination questions and answers. !2 It should be noted that
many entries were not signed. It was sometimes easy to identify the author,
who was one of the editors, but some texts stayed anonymous. In addition,
notes from the editors regularly supplement the articles: in this case, only
the author of the article is indicated in the database. It was also difficult
to know whether the authors mentioned had initiated the publication
of their question in the NAM: this is the case, for example, of questions
associated with Carl Gustav Jacob Jacobi and Ernst Eduard Kummer in
1848.

To compare number theory with the overall profile of the journal,
I used the database dedicated to the NAM above-mentioned. For each
year, it counts the number of entries per author, classified by category
(articles, questions, etc.) and provides information on the authors (pro-
fession, education, place of practice, etc.).!® Compared to my database,
the search was not carried out in a completely homogeneous way. '* The
general database does not include the bibliographic lists or the authors of
unpublished responses. The comparative statistics obtained are therefore
only indicative and do not consider this two types of entries. In order to
sketch a comparison with other mathematical journals and to identify
mathematical circulations, I also used Dickson’s History of the Theory of
Numbers [Dickson 1919-1923], the online database of the Jahrbuch, 15 and

12 This categorisation has its limits, of course: articles are sometimes sets of answers,
such as [Moret-Blanc 1881].

13 Unless otherwise stated, the biographical information of the authors
given in this article is taken from the database of the NAM project. The
additional information concerning teachers in mathématiques spéciales was
also taken from the Dictionnaire des professeurs de mathématiques spéciales
by Rolland Brasseur (https://sites.google.com/site/rolandbrasseur/
5---dictionnaire-des-professeurs-de-mathematiques-speciales).

14 The analysis was done page by page from 1860 to 1895 and from the tables of con-
tents otherwise.

15 https://www.emis.de/MATH/JFM/JFM.html
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occasionally analysed the mathematical content of other intermediate
journals, mainly from their tables of contents.

3.2. Global Analysis: First Results

3.2.1. Periodisation

Over the entire period, number theory represents about 8% of entries,
but in a very heterogeneous way. Taking into account the editorial history
of the NAM [Nabonnand & Rollet 2011] and the quantitative data on num-
ber theory entries (see mainly tables 1, 2 and 3), I constructed a three-part
periodisation. This periodisation partly overlaps with the educational and
editorial contexts in France and has proved relevant for the qualitative ana-
lysis of my corpus.

The first period (1842-1862) is characterised by the fundamental role
played by Olry Terquem as editor of the NAM and by Lebesgue for his
number-theoretic research. More than half of the texts were articles,
original or not, and book reviews were more numerous than for the
other two periods. The figures also show the timid implementation of
the question-and-answer section (Q-A section)—particularly for number
theory (this domain represented 2.7% of the answers against 9.7% of
the questions)—whose functioning became optimal during the second
period.

From 1863 to 1888, the number of arithmetical entries increased
sharply, both absolutely (19 per year in average compared to 13 for the
first period) and relatively (10.7% of the total number of entries com-
pared to 6.8% for the first period). This was mainly due to the importance
of the Q-A section. It was largely during this period that several answers
were often mentioned for one question (almost 90% of the unpublished
answers mentioned were during this period), suggesting an energetic
involvement of the journal’s readers. In general, it was also during this
period that the journal seemed to best achieve its goals, in terms of both
mathematical content and readership [Nabonnand & Rollet 2011; 2013].
We will see, however, that this must be put into perspective in the case of
number theory.

From 1889 onwards, the number and proportion of number theory
texts declined significantly. Several factors may explain this: fewer authors
whose main research was number theory published in the NAM, the evol-
ution of the editorial landscape—with the creation of journals such as
the Intermédiaire des mathématiciens (IM) that contained a lot of number
theory—or the 1902 secondary education reform that gave more import-
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ance to analysis and valued practical applications [Belhoste 1991; Gispert
2007]. Moreover, after 1896, the NAM editors favoured higher-level con-
tent to adapt the journal to the increase in university enrolments following
the reforms of the late nineteenth century: number theory themes dealt
with in the NAM texts also evolved substantially.

TaBLE 1. Number of entries by type and period

Type of texts Art T/R  Corr Q A Rev Bib Ex Total NPA
128 27 3 46 27 40 4 9 284 4
184271862 45 8% 58% 1,1% 162% 95% 141% 14%  3.2%
1863-1888 138 5 24 131 100 9 57 24 489 109
28,2% 1% 4,9% 26,8% 20,4% 1,8% 11,7% 4,9%
69 4 7 36 40 11 20 16 204 10
1889-1927  ga80 9%  34% 17.6% 19.6% 54%  98%  7.8%
337 34 34 213 167 60 81 49 977 123
Total

345% 35% 35% 21,8% 171% 6,1% 8,3% 5%

Art = articles; T/R = translations & reprints; Corr = excerpts from correspondence;
Q = questions; A = Answers; Rev = bibliographic reviews; Bib = bibliographic entry without
review; Ex = past examination questions and answers, academic prizes;
NPA = non published answers.

TaBLE 2. Percentage of number theory in the NAM for articles
(including reprints and translations), questions and answers

Type of texts  Articles Questions Answers  Total

1842-1862 8,2% 9,7% 2,7% 6,8%

1863-1888 9% 14% 10,1% 10,7%

1889-1927 4% 3,9% 4% 4%
Total 7% 9,2% 5,7% 71%

3.2.2. Authorship

Figure 1 (p. 65) shows that over the entire period of publication of the
NAM, the journal reached its target audience: teachers and students. Com-
pared to the overall content, number theory had a much higher propor-
tion of teachers among authors, as Table 3 shows for the first period. The
domination of teachers persisted over the following two periods, although
a little less strongly. The contrast is particularly interesting on the answers
given to the questions, especially in the second period: 58% of the authors
of the questions were teachers while 15% were students (against 34.5 and
35% respectively for the whole journal). From this perspective, number
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theory seemed to involve teachers to a much greater extent and exchanges
around questions and answers were mostly between peers. We will see in
section 5.3 that during the second period, the Q-A section was indeed in-
vested by a few geometers to study indeterminate equations or properties
of Bernoulli numbers for example. The other categories represented are
mainly engineers and military, which are much lower (between 2 and 10%
for engineers and 5 and 11% for military), and quite similar to the global
situation.

TaBLE 3. Participation of teachers and students in the NAM for
the first period (1842-1862). For each case, the first percentage
corresponds to teachers and the second to students.

Authors Articles Questions Answers
Number Theory 59% / 20% 77% /8% 54% / 0% 89% / 35%
Total 37% / 37% 41.5%/17% 52% / 5.5% 27.5% / 45.5%

Among the 254 contributors, 15 authors published more than ten times
in the NAM and seven authors less than ten times but at least four art-
icles (see Table 4). Only four of them were not teachers at some point of
their career. Beyond these quantitative data, their status in relation to num-
ber theoryin NAM was very different. 5 were editors of the NAM: Terquem,
Camille Gerono, Laisant, Eugéne Prouhet and Bricard. Their activity in
number theory in the NAM was not significantly above average. However,
their role as editors may have been important, as in the case of Terquem.
Others, such as Claude Moret-Blanc or Georges Fontené, were very reg-
ular authors of the NAM and published in number theory as well as in
other mathematical fields. Finally, the important arithmetic production of
some authors in the NAM—more than 25% of their published entries—
reflected the general orientation of their work: this was the case, for ex-
ample, of Savino Realis, Lebesgue and Lucas. 16

3.2.3. Number-theoretical texts in the NAM

Number theory in the NAM was multiple: subjects included in the cur-
riculum, such as elementary questions of divisibility, periodic decimal frac-
tions or indeterminate analysis of the first degree; higher arithmetic, such
as the theory of quadratic residues, algebraic integers or geometry of num-
bers; and mathematical recreations for example. If indeterminate analysis

16 The case of Eugéne Lionnet is unusual: of the 42 published entries, 28 were ques-
tions of which at least ten from his Traité d’algebre élémentaire (1868).
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constituted the dominant topic studied during the whole period, it repres-
ented nearly half of the published entries during the second period, espe-
cially because of the increasing number of questions and answers. On the
contrary, subjects as congruences, cyclotomy or algebraic number theory,
have a more important place in the journal during the first and third peri-
ods.

Different types of articles can be identified. Some of them were expli-
citly intended for the preparation of the examinations, recalling a tradi-
tional process or introducing an interesting method, i.e. original, simple or
efficient in terms of calculation. Others proposed generalisations of topics
on the curricula. !” The last ones proposed a popularised version (to some
extent) of statements or theories to complement the mathematical edu-
cation of readers. As we will see from examples, the notion of elementary
had varying meanings in the NAM for number theory: some texts may have
been elementary in the sense that they dealt with concepts taught in classes
of mathématiques élémentaires and spéciales and were therefore supposed to
be known to students; others were elementary because they could be un-
derstood by a student of mathématiques spéciales without being part of the
curriculum; some were elementary because they were based on (relatively)
elementary results of number theory but required arithmetic knowledge
outside the text and curriculum.

Translations and reprints of texts already published elsewhere were spe-
cific to the NAM. This editorial practice, often at the initiative of the edit-
ors, was part of a more general movement of mathematical translations in
the nineteenth century [Chatzis et al. 2017]. In the case of number theory
in the NAM, Iidentified 37 reprints and translations, listed in the Table 8.3
(p. 67).18 A large majority of these texts (27 of 36) were published dur-
ing the first period, between 1842 and 1862. This represents about 20% of
the number theory articles published then and the translations from Ger-
man correspond to about 9% of the articles, which corresponds to the gen-
eral case for the NAM [Chatzis et al. 2017, p. 16]. After 1863, very few texts

17 This overlaps with the conclusions for a set of European intermediate journals
given in [Ehrhardt 20?7?].

18 Here, I consider the reprints and translations of articles or answers explicitly
mentioned—by the mention « After » in the title or by the indication of the name of
a translator—and resulting from a previous publication. By translations, I mean com-
plete, but also partial translations, reformulations or even summaries. For example, I
did not consider as « translation » the articles by the Japanese mathematician Tsurui-
chi Hayashi that are original but translated from English or one of Charles Hermite’s
solutions published in the Quarterly Journal of Pure and Applied Mathematics in 1857 that
Terquem summarised following another solution.
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were announced as taken from other journals or treatises. The temporalit-
ies involved were also very different between the first period—on average
about fifteen years between the original publication and publication in the
NAM—and the next two—a maximum of one year. This difference reflects
different goals from the editors or the translators: to train the readership
in theories and methods already known but not in the curricula or to keep
the readership informed of a certain mathematical topicality, in order to
foster exchanges within the NAM or to enrich its mathematical culture.
As for the articles, questions concerned a wide range of subjects. They
were considered as an important part for the training of students since one
of the important skills expected for competitions was problem-solving. !9
More generally, exercise solution was seen as the best possible training for
a mathematics student [Laisant & Antomari 1896]. They could also allow
a form of competition between students, or even between certain institu-
tions [Ehrhardt 207?]: for example, three students explicitly identified as
being in Charles Briot’s class at the Lycée Saint-Louis answered arithmetical
questions between 1862 and 1865.2° The questions about indeterminate
equations or divisibility for example could be interpreted as training for
students as they were on topics that were part of their formation or else
their solution implied the use of algebraic tools. Questions could be dir-
ectly linked to the content of the curricula or not. Questions could also
be linked to previously published articles. For example, Fontené wrote an
article on algebraic numbers in 1903, and one of his questions published
in 1910 concerned the same theme. Some questions were also unsolved
problems, such as Catalan’s conjecture 2! in 1842. Regarding the level of
questions asked in the NAM, Lebesgue wrote to Jules Houél in 1869 to in-
dicate his disagreement with Justin Bourget, then editor of the NAM, who
wished to see in his journal only questions in accordance with curricula of
the class of mathématiques spéciales:
« I told Mr. Gerono who communicated my letter to Mr. Bourget that many
of the questions were not intelligible to the candidates and even to some pro-

fessors. I don’t think Mr. B. should stick to Math. Special, many questions are
put in for young professors who have time to work. »

19 The practice of problem-solving was far from being specific to France: see [Des-
peaux 2014].

20 At least three other students of the same high school also answered arithmetical
questions in the NAM and were probably in Briot’s class.

21 Two consecutive integers, except 8 and 9, cannot be exact powers.

22 «J’ai dit 2 Mr Gerono qui a communiqué ma lettre 3 Mr Bourget que bien des
questions n’étaient pas intelligibles par les candidats et méme pour certains pro-
fesseurs. Je ne crois pas que Mr B. doive s’en tenir aux Maths. Spéciales, beaucoup
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At the same time, Lebesgue regularly asked questions in the NAM about
cubic or biquadratic indeterminate equations, a priori more intended for
his fellow arithmeticians than for high school students. A significant
proportion of questions were not original, but how much is difficult to
quantify. This was the case, for example, of Lionnet’s ten questions pub-
lished in 1868 explicitly from his Traité d’algebre élémentaire published the
same year. Some questions could be taken from foreign publications and
translated: for example, a question on primitive roots originally published
in the Russian treatise of Pafnuti Cebysev on congruences in 1849 was
translated for the NAM in 1856. Questions or answers from other journals
were also reproduced, as with the Educational Times (ET), from which
several questions, well adapted to the readership of the NAM, were repro-
duced in the NAM, particularly in the 1870s. Another type of question,
particularly designed for students, was derived from the examinations,
reproduced in the NAM often along with a suggested correction. In the
case of number theory, however, they were few in number, mainly from
the entrance examinations to the Ecole de Saint-Cyr and the Ecole navale
on the curriculum of mathématiques élémentaires, then to the agrégation and
the concours général from the 1870s onwards. These arithmetical questions
could probably destabilise the candidates: in 1858, Gerono indicated
that at least two questions asked for admission to the Ecole navale made it
possible to test the candidates’ « spontaneity » (I, 17, 353, 396).

The bibliographical section of the NAM informed readers of recent
publications, including research articles and textbooks. Between 1870
and 1890, it consisted mainly of bibliographic lists without any comments,
summarizing in particular the content of several research journals such
as the Mathematische Annalen, the Proceedings of the London Mathematical
Society or the American Journal of Mathematics. Two main types of books were
reviewed in relation to number theory: on the one hand, during the first
period, those that analysed the content of arithmetic or algebra treatises
and commented on the presence or absence of number theory elements;
and on the other hand, during the third period, those that concerned
recent number theory books. This echoed the scarcity of French number
theory books in the second half of the nineteenth century.

de questions sont mises pour les jeunes professeurs qui ont le temps de travailler. »
Archives de I’Académie des sciences de Paris, Dossier V.-A. Lebesgue, Letter from Le-
besgue to Houél, February 3, 1869. I thank Norbert Verdier for sending me the tran-
script of this letter.
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4. PROMOTION AND DIFFUSION OF NUMBER THEORY
FOR STUDENTS AND TEACHERS IN THE NAM, 1842-1862:
THE ERA OF TERQUEM AND LEBESGUE

Among the seven authors publishing more than five entries in the
NAM between 1842 and 1862, Terquem and Lebesgue largely dominated
arithmetic publications. They both were previously regular authors and
translators for the Journal de mathématiques pures et appliquées (JMPA). How-
ever, their profiles as authors in the NAM were very different as suggested
by the distribution of their types of intervention. Editor of the NAM, 3
Terquem was a frequent contributor to his journal, especially via reviews,
translations and reprints, as well as notes and additions of references to
texts by other authors. While not specific to number theory, his multiple
interventions provide information on the objectives of integrating num-
ber theory into the NAM. His references and notes allowed readers to
make links between arithmetic publications, within the NAM but also with
external publications. He also introduced a new symbol p to designate
any multiple of an integer p which replaced the notation = of Gauss
congruences, for scientific and typographical reasons [Boucard 2015].
This symbol was used in a majority of arithmetical articles until Terquem’s
death, and still on an occasional basis during the following period. For all
these reasons, the number theory in the NAM can then be considered to
be Terquem-coloured.

Lebesgue was one of the few authors of the NAM who specialised in
number theory. Number theory dominated his whole research production,
published in various journals as the CRAS or the J[MPA [Abria & Houél
1876]. In the 1830s and 1840s, the themes he addressed were original
compared to French arithmetic publications. Lebesgue was recognised as
an arithmetician by his peers and became an associate correspondent of
the Academy of Sciences thanks to his number theoretical work [Boucard
2015, pp. 530-531]. His role for number theory in NAM went beyond his
own publications. He regularly exchanged with Terquem [Verdier 2009,
pp- 206-207], who described him as a distinguished « arithmologist »
[Finck & Deladéréere 1844, p. 41] and he answered Gerono’s arithmetical
questions very regularly in their correspondence. Thus, in a letter dated
February 1, 1869, Gerono confided to him: «I think we would do well to

23 It should be noted that Gerono, as the second editor of the NAM, was also in-
volved in the dissemination of number theory in the journal, to a lesser extent. His
interventions were more numerous at the end of the period, while those of Terquem
had almost disappeared.
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consult you about the articles we publish on numbers; you know more
than we do on the subject ». %4

4.1. The Interest of Number Theory for Forming the Mind and Simplifying
Theories

In the 1840s, Terquem and some others pointed out the value of intro-
ducing number theory into education. This field had been described on
several occasions as having a specific role in the training of students, par-
ticularly in the context of comments on books. In Fournier’s review of Elé-
ments d’arithmétique et d’algebre, Terquem indicated, for example, that the
most appropriate field for exercising intellectual faculties was number the-
ory [Terquem 1844, p. 140]. Specific to intelligence training and « true dy-
namometer of genius » [Terquem 1847, p. 133], number theory could also
be used to select the best candidates:

Euler believes that number theory particularly is more able even than the
geometry to give rectitude to the judgment and intensity to the meditative
faculty. If we introduced the main propositions of this theory into classical
education, examiners would acquire an excellent criterion for classifying
intelligences. [Terquem 1846, p. 78] 2°

Lebesgue also stressed the importance of including higher algebra and
number theory in university teaching, even if this field might seem useless
at first sight: « the curiosities of science quite often one day become neces-
sities » [Lebesgue 1852, p. 420]. 26

This critical position towards educational programs was a recurring
one for Terquem. He regularly protested against excessive utilitarianism
and the growing importance of industrial applications in education. He
became particularly virulent in 1850 when new programs for the Ecole poly-
technique were established, more practice-oriented [Verdier 2009, p. 169].
Terquem explained in particular the absence of number theory in teach-
ing by the abstract and non-applied nature of this field, in a commentary
on Kummer’s recent arithmetical memoirs:

24 Archives de la Bibliothéque de I'Institut de France, MS 2031 (Bertrand), Corres-
pondance de Gerono a Lebesgue.

25 « Euler croit que la théorie des nombres en particulier est plus propre encore
que la géométrie a donner de la rectitude au jugement et de l'intensité a la fac-
ulté méditative. Si I’on introduisait les principales propositions de cette théorie dans
I’enseignement classique, les examinateurs acquerraient un excellent criterium pour
classer les intelligences. »

26 «[...] les curiosités de la science en deviennent assez souvent un jour des néces-
sités. »
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Note. The theory of numbers is very little practised and often even scorned
in France and for good reason. This theory doesn’t help to turn wheels, to open
floodgates, it condenses neither gas nor vapor, and, what is worse, is useless for
examinations; therefore, calculating minds, who are everywhere the majority,
are entitled to ask why study a theory that is profitless. My limited intelligence
has no reply to such questions. [Terquem 1850, pp. 391-392] 27

In addition to these general considerations on number theory, some
arithmetic results were seen as important for students: Fermat’s and
Wilson’s theorems [Catalan 1842; Terquem 1842; 1844] or residue the-
ory [Prouhet 1846] and congruences [Midy 1845] for example. On the
one hand, this would have simplified and generalised the presentation
of concepts in the program, such as divisibility or periodic fractions. Ter-
quem repeatedly insisted on the interest of residue theory in approaching
periodic decimal fractions [Terquem 1848, p. 114] or divisibility more
generally, quickly and simply [Terquem 1848, p. 112]. These statements
were therefore not used to obtain new results but to provide a more appro-
priate presentation of concepts taught in class. Catalan also used this type
of argument to justify his article on periodic fractions, based on Fermat’s
theorem [Catalan 1842, p. 457]. In this article, Catalan also indicated that
he was partially reproducing a work on periodic fractions published by
Etienne Midy in 1835 that was very difficult to access [Midy 1835]. He
also published several articles in the NAM in the 1840s. In the one on the
indeterminate analysis of the first degree, Midy stressed the importance
of solving the equation ax + by = =£¢ for « young mathematicians », « by
the many applications that can be made of it and the calculation tricks it
is likely to use » [Midy 1845, 146]. 28 This justified the different methods
set out in the treatises on algebra on this subject. The method proposed
here by Midy is seen as « easier and quicker » to investigate [Midy 1845,
p- 147129 and will make it possible to « familiarise students with principles
whose application, still not widespread, can be very useful, and whose
judicious use is very specific to exercising their sagacity » [Midy 1845,

27 « Note. La théorie des nombres est peu cultivée, et communément méme
dédaignée en France, et pour de bonnes raisons. Cette théorie ne fait pas tourner
des roues, ne fait pas ouvrir des vannes, ne fait condenser ni gaz ni vapeur, et, ce qui
est encore pis, ne sert pas aux examens ; dés lors les esprits calculateurs, partout en
majorité, sont en droit de demander a quoi bon étudier une théorie qui ne rapporte
rien. Mon intelligence bornée ne me fournit aucune réponse a de semblables ques-
tions. » Quote from [Alfonsi 2012].

28  «[...] parles nombreuses applications qu’on peut en faire et les artifices de calcul
dont elle est susceptible »

29 «[...] plus facile et plus prompte »
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p. 1471.3% Terquem noted that he published this article in the NAM to
« propagate » the method of the « congruences of M. Gauss » [Midy 1845,
p- 147]. The student readership of the journal was thus explicitly targeted
in these arithmetic papers.

On the other hand, Prouhet, in a paper on residue theory, justified his
work by its usefulness to « young readers », not only to present tradition-
ally isolated theorems «in a uniform manner » but also to « facilitate [...]
access to number theory, a difficult and as yet uncultivated part of math-
ematics, on which the future of science today seems to rest. » [Prouhet
1846, p. 178]. 31 With Prouhet, number theory was the main focus of the
paper, not a method for setting out curriculum statements. His goal was to
present in a coherent way a set of arithmetical results, already known but
scattered in older and outdated treatises, difficult for students to access,
such as Legendre’s Théorie des nombres. This echoed other comments pub-
lished in the NAM, suggesting the difficulty of introducing number theory
to students. In his treatises on arithmetic and algebra, Terquem regularly
deplored the absence of number theory results and the use of inadequate
methods or, on the contrary, pointed out the presence of a particular
statement. Terquem was for example laudatory about Joseph Bertrand’s
Traité d’arithmétique [Bertrand 1849], because « Arithmology finally enters
the fundamentals. This is progress. » [Terquem 1849a, p. 315] 2 The ab-
sence of a recent French treatise on number theory was regretted several
times in the pages of the NAM. The material and financial difficulties
inherent in such an editorial project were highlighted by Terquem when
he announced the project of a « methodical and complete treatise on
indeterminate analysis » by the « deep arithmologist of Bordeaux » Le-
besgue [Lebesgue 1847, p. 431]. In the following years, regular references
to the publication of Lebesgue’s books on number theory and associated
financial obstacles were published in the NAM. 33

30 «Elle aura d’ailleurs ’avantage de familiariser les éléves avec des principes dont
I’application encore peu répandue, peut étre fort utile, et dont I’emploi judicieux est
trés propre a exercer leur sagacité. »

31 Les théorémes que nous démontrerons ne sont pas nouveaux; a quelques
développements prés, ils se trouvent dans ’ouvrage de Legendre, mais séparés et dé-
duits de théories différentes. Nous avons cru utile de les réunir et de les déduire les
uns des autres d’une maniére uniforme. Ce travail aura en outre I’avantage de faciliter
aux jeunes lecteurs de ce journal, I’accés de la théorie des nombres, partie difficile
et encore peu cultivée des mathématiques, et sur laquelle parait aujourd’hui reposer
I’avenir de la science.

32 «L’arithmologie pénétre enfin dans les elements. C’est un progres. »

33 Lebesgue did indeed encounter great difficulties in order to be able to publish
his books [Verdier 2009, pp. 123-124] and in particular called on the academicians
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The importance of number theory for the readership of NAM was
therefore supported by several arguments. First, given its limited place
in secondary school curricula, this field also occupied a marginal place
in most algebra and arithmetic textbooks. The number theory treatises
of the early part of the century were more difficult to access and did not
reflect more recent work. Also, several authors argued in favour of a more
substantial introduction of number theory in these programs for several
reasons: it made it possible to simplify and generalise several theories; it
was particularly suitable for training minds and therefore for selecting
the best candidates. Finally, number theory was fundamental to mathem-
atics and therefore useful for the mathematical culture of readers. As a
little cultivated and abstract field, number theory also served Terquem’s
critics against the practical and industrial orientations sought in recent
Polytechnique programs. For all these reasons, several authors published
in the NAM texts allowing readers to easily access—from an intellectual
and material point of view—elementary statements of number theory. It
was during this first period that we found the largest number of translated
texts related to number theory « to the students’ colour ».

4.2. Mathematics For Examinations and Beyond: the Case of Number The-
ory

Several groups of texts dealt directly with curricula: these were, for math-
ématiques élémentaires, criteria of divisibility, determination of prime num-
bers with the Sieve of Eratosthenes and variants or periodic decimal frac-
tions; continued fractions and indeterminate first-degree analysis for math-
ématiques spéciales. These texts are mostly published by high school teach-
ers, but also by a few students. As mentioned above, they sometimes aim
to simplify already known results—such as Catalan on periodic fractions—
and sometimes propose original methods. The solution of the indeterm-
inate equation ax + by = ¢ was the subject of several articles, based on dif-
ferent methods: use of the largest common divisor [Chevillard 1843; Dieu
1850], use of tables [Catalan 1844] and residues [Midy 1845]. In each case,
the methods were illustrated with non-trivial numerical examples. A ques-
tion, published in 1858 and attributed to Hermite, focused on the equa-

to plead his case to the Minister of Public Instruction. Lebesgue and Gerono also ex-
changed on this point in their correspondence (Bibliothéque de I'Institut de France,
MS 2031, Correspondance de Gerono a Lebesgue) and Lebesgue’s career file con-
tains several documents testifying to these complications, such as a letter by Academi-
cians adressed to the minister to advocate Lebesgue’s case (Archives nationales, F/17
/3175, Dossier Lebesgue).
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tion of the first degree but from a different perspective: the question was
to determine the number of whole and positive solutions of the equation
ax+by = n,with n given. A student at Lycée Saini-Louis used a method based
on algebraic manipulations from Bertrand’s Traité d algebre élémentaire [ Ber-
trand 1851, pp. 206-207] to propose an answer, published the same year.
This was supplemented by Terquem with a method, due to Hermite, based
on manipulations of formulae on integer parts, published in 1857 in the
Quarterly Journal of Pure and Applied Mathematics. It was therefore likely that
Terquem had inserted this question in his journal in order to be able to
publish an elementary solution that was different from those of classical
algebra textbooks.

The previous notions were also the subject of articles proposing devel-
opments going beyond curricula. This was the case for about ten articles
on the number of steps of the Fuclidean algorithm, published in the NAM
between 1842 and 1851. These texts resonated directly with notes pub-
lished in the CRAS and /MPA at the same time [Verdier 2009, pp. 251-252].
Similarly, the distribution of prime numbers was addressed through texts
on the theorem of arithmetic progression. 3* Honoré Adolphe Desboves
recalled Legendre’s incomplete demonstration and quoted Johann Peter
Gustav Lejeune Dirichlet’s memoir containing a complete proof based on
infinite series [Dirichlet 1839]. Desboves also proposed a generalisation
of the CebyEeV theorem, 3° which he considered to be a « useful exercise
to recommend to young readers of the Nouvelles Annales » [Desboves 1855,
p- 293]. On the same theme, Lebesgue also relied on recent memoirs
by Dirichlet and Serret which contained elementary proofs of particular
cases of the theorem of arithmetic progression [Lebesgue 1856]. Des-
boves and Lebesgue, while knowing and quoting Dirichlet’s work based
on an analytical approach, proposed content on the same subject—the
distribution of prime numbers—adapted to the NAM readership.

The links between number theory and other fields were also regularly
highlighted, particularly by Terquem. In an article by A. Vachette on poly-
gons, Terquem insisted, for example, on the links between geometry and
number theory via the « géométrie de situation », a theme he revisited in
1849 when he summarised Poinsot’s work on polygons and polyhedra [Bou-

34  This theorem, already stated by Legendre in the 18th century, reads as follows:
For any non-zero integer n and any integer m relatively prime to n, there is an infinite
number of primes of the form kn + m.

35 This theorem, conjectured by Bertrand in 1845 and proved by Cebyéev in 1850,
also concerns the distribution of prime numbers: for any integer n greater than 2,
there is a prime number p strictly between 7 and its double.
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card 2017, pp. 88-90]. Terquem also drew attention to the links between
algebra and number theory in several memoirs on the algebraic theory of
equations via binomial equations (and in particular, cyclotomy) and the
search for whole roots for algebraic equations of degree greater than 2, in
the program of mathématiques spéciales. This led to the introduction of objects
from number theory—primitive roots of prime numbers, congruences, Fer-
mat’s theorem—and results on complexintegers a+ bV —1. Terquem noted
for example the link with congruence theoryin a paper published by Realis,
then astudentin Paris [Catalan 1886], on the elementary algebraic solution
of the equation ¥ — 1 = 0 (p prime). Still on the theme of the cyclotomic
equation, Lebesgue relied on results contained in his earlier memoirs and
Gauss’ Disquisitiones arithmeticae and explicitly positioned his paper between
algebra and number theory with an application to congruences and quad-
ratic residues [Lebesgue 1852].

Othermemoirs dealtdirectlywith number theoryforits own sake and out-
side the curricula. Again, Terquem acted as a facilitator and regularly added
internal references to NAM and other publications. This made it possible to
ensure consistency between the various texts and located them in relation
to past or current publications outside the NAM. As previously reported,
recent elementary sources on number theory were missing and several ori-
ginal texts explicitly aimed to fill this gap for residue theory (Prouhet in
1846, Lebesgue in 1852), Wilson’s theorem (Lionnet in 1842, Terquem
in 1843, Prouhet in 1845), congruences (Terquem in 1844, Lebesgue and
Prouhet in 1850, Lebesgue in 1852). The whole constitutes an original re-
ception of the elementary number theory publications of the first half of the
19th century for the readers of the NAM, i. e. by proposing an elementary
contentin the sense of Terquem [Boucard 2015; Boucard & Verdier 2015].
Special mathematical tools could also be used to demonstrate number the-
ory results: Hermite thus proposed a demonstration of the theorem of the
two squares ¢ based on continued fractions in 1853, already published in
the JMPAin 1848. Arithmetical conjectures were also published in the NAM.
The Catalan conjecture has already been mentioned. As part of a set of texts
on the decomposition of numbers into a sum of similar powers, Terquem
recalled in 1856 Waring’s conjecture on the possibility of decomposing any
number into a sum of 19 biquadratics (possibly including zero) and the re-
cent numerical verification work commissioned by Jacobi and carried out

36 A prime number of the form 4n + 1 is always the sum of two squares. This theorem,
already demonstrated by Eulerin the 18th century, was the subjectof numerous demon-
strations in the NAM.
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by Carl Anton Bretschneider up to 4100, published in the Journal fiir die reine
und angewandte Mathematik (JRAM) in 1853.

4.3. Transcribing Mathematics for Teachers and Students

The analysis of the 27 translations and reprints published in the NAM un-
derthe direction of Terquem (and Gerono) reveals three major characterist-
ics.

First of all, Terquem played a central role in this respect: in most cases
where the name of the translator was not mentioned, Terquem seemed to
be at the origin of the translation, given his German skills. Similarly, he was
certainly at the origin of the various partial reprints. Many of these texts were
part of the strategy developed by Terquem in his journal, to feed ongoing
arithmetic exchanges or to presentnumber theory results to readers.

Second, the number of years between the translation in the NAM and the
initial publication was extremely variable. This echoed Terquem’s desire
to make classical arithmetic results and demonstrations by Euler, Gauss,
Dirichlet or Jacobi, for example, accessible to the readers of his journal.
Articles translated or reproduced more quickly most often made it possible
to complete other publications of the NAM and to offer the reader recent
arithmetic results adapted to the readership. This was the case, for example,
with Leopold Kronecker’s paper on the irreducibility of the cyclotomic
equation [ Terquem 1849c¢]: Terquem summarised the proof of awell known
result and demonstrated earlier by Gauss and Legendre among others: the
interest of Kronecker’s version was that it « [seemed] simpler » [Terquem
1849c, p. 421]. Terquem also referred to this translation in anote on aarticle
by Prouhet on the same subject the following year.

Finally, we find the different forms of translation identified in [Chatzis
etal. 2017, pp. 21-22]: the notion of « transcription » which is introduced
and understood in the sense of a textual arrangement for adaptation to a
specific readership is particularly well adapted for this period. There were
four literal translations of a complete text and only one was inserted in the
NAM without any comment, the paper of Gotthold Eisenstein on algebraic
equations translated by Lebesgue. Emile Coupy introduced his translation
of Euler’s paper on the Konigsberg bridge problem with a note, referring
in particular to a paper by Poinsot and its summary published in the NAM
two years earlier. The others were all embellished with notes added by Ter-
quem. Edmond Laguerre’s translation of Jacobi’s 1837 memoir published
in 1856 [Jacobi 1856] illustrated this particularly well: the initial text was
enriched with three successive series of notes, by Jacobi, Laguerre and finally
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Terquem, which informed the reader about recent and particularly French
publications related to the memoir [Boucard & Verdier 2015, pp. 68-69].
Finally, many of these translations or reprints were in fact more or less im-
portant reformulations, selections of extracts or even summaries produced
by Terquem. This was the case, for example, of the text on polygons and
polyhedra written by Terquem « according to Mr. Poinsot », which did not
quote and did not even reproduce the organisation of the original text.

The objects of these translations could be relatively high level number
theory papers: for example, Jacobi’s aforementioned memoir contained
fundamental results on Gauss and Jacobi sums, as well as applications to
the law of cubic reciprocity and quadratic forms. They could also comple-
ment exchanges on regularly discussed topics such as continued fractions.
Following sometimes heated exchanges on continued fractions between
Guilmin and Catalan in 1845 and 1846, Terquem included translations of
three articles by Thomas Clausen, Eisenstein and Carl Wilhelm Borchardt
on thesame subject. In hissummary of Clausen’s 1846 paper, Terquem draws
conclusions on the relationship between properties of continuousfractions,
greatest common divisors, recurrentseries and indeterminate analysis high-
lighted by an Euler algorithm. On this subject, he referred to one of his own
articles published in the JMPA [Terquem 1839] and planned to publish
an amended version for the NAM, a project that does not appear to have
been pursued. Conversely, when he summarised Borchardt’s 1854 note,
Terquem explicitly called on Liouville to publish in his Journal. We thus find
the well-known exchanges between the two editors about their respective
journals [Verdier 2009, pp. 266-268].

4.4. Two Examples of Arithmetical Circulations in the NAM and Elsewhere:
Complex Numbers in Number Theory and Products of Consecutive In-
tegers

4.4.1. Complex Numbers and Number Theory

Three themes dealt with in the NAM were the occasion for an introduc-
tion to the questions on the use of certain classes of complex numbers in
number theory and on the arithmetic properties associated with them. As
early as 1843, in a memoir on the roots of equations, Terquem introduced
Gauss’ notion of « complex integer root » via a final note [Thibault 1843,
527]. In 1844 he merged two memoirs on the complex roots of equations
into one article which he introduced with a long note on the notion of com-
plex root with references to Gauss’ and Dirichlet’s number theoretic papers.
The article then began with five paragraphs devoted to the arithmetic of
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complex integers a + bV/—1 before focusing on algebraic equations. In the
same volume, Lebesgue published ashortnote on the same topic [ Lebesgue
1844] in which he announced that he would develop Dirichlet’s results
on complex integers to determine the complex integer roots of algebraic
equations in a manner similar to the real roots. Thus, Lebesgue planned to
select and reformulate an extract from a number theory paper by Dirichlet
of which « the main proposals are completely outside the scope of the An-
nales » [Lebesgue 1844, p. 146] in order to transpose a valid method for real
roots to imaginary roots. Moreover, from these memoirs on the algebraic
theory of equations, Terquem and Lebesgue thus introduced the readers
of NAM to the arithmetic of complex integers. Terquem returned to these
arithmetical objects in his three-part number theory article published the
same year [ Terquem 1844, p. 340].

Complex integers were also mobilised in the early 1850s, but this time
as part of research on indeterminate analysis: Lebesgue, in 1850, demon-
strated a particular case of the Catalan conjecture, with the impossibility of
the equation ¥ = y? + 1 and used Gaussian integers to do so by returning
thereaderto Terquem [1844]. Similarly,in 1853 and 1854, Angelo Genocchi
published two notes on the number of possible decompositions of anumber
into two squares using complex integers, following Gauss [Genocchi 1853;
1854].In the memoir translated in the NAM in 1856, Jacobi also worked with
the sums of Gauss and Jacobi, which are linear expressions in the powers
of the roots of the binomial equation. He presented fundamental results
on Gauss and Jacobi sums, and applications to the law of cubic reciprocity
considering in particular numbers of the form x + yV/—3 and quadratic
forms.

Finally, Terquem recounted several times the mathematical topicality of
Fermat’s last theorem between 1847 and 1850 [Verdier 2009, pp. 292-293]
andrecalled that the currentleads were based on the question of the unique-
ness of the composition in prime factors of certain complex numbers [Ter-
quem 1849b, p. 364]. Similarly, Lebesgue reviewed the methods of solving
the Fermat equation, distinguishing between the particular cases that could
sometimes be solved using the infinite descent method or a method he
called « non-congruence », and the general case, which required a study of
the imaginary « expressions, formed with roots of the unit and called com-
plex numbers » [Lebesgue 1847, pp. 430-431]. In 1850, Terquem returned
to Kummer’s work on these same complex numbers, whose arithmetic de-
pends on divisibility properties involving Bernoulli numbers.

These few texts echoed to some extent the arithmetic research carried
outsince the 1830s by Jacobi, Dirichlet and Kummer in particular, involving
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reflections on new classes of numbers, complex integers and cyclotomic
integers. The readership of NAM was thus familiarised with currentissuesin
number theory, based on memoirs published in the NAM and references to
writings published in other periodicals.

4.4.2. A Question and its Transformations

The second example focused on an arithmetic question asked in the
1857 naval school entrance examination: « The product of four consecutive
integers cannotbeasquare » (I,16,393-394). This exampleisinteresting be-
cause itshows howaquestion and itsvariants could generate awide variety of
answers, from the point of view of actors and methods. A series of questions,
answers and articles were published on the subject between 1857 and 1862.
It contains variants of the initial question related to the number of consecut-
ive integers considered: the polytechnicien and military man Henri Faure had
proposedafewmonthsearlier question 386—« The productof three consec-
utive integers cannot be neither a square nor twice asquare » (I, 16, 183)—;
an anonymous question concerned the product of five or six consecutive
integers (Q416, 1, 17, 31); Gerono dealt with the case of seven integers in
1860 and Pierre-Adolphe Guibert (then examiner at the Naval School) the
cases of eight to eleven integers in 1862. These variants would also concern
the type of sequence involved—statements by Victor Berton (Department of
the Navy) in 1859 and Guibert (then an examiner at the Naval Academy) in
1862 concerned products of consecutive terms in an arithmetic sequence—
or the form of the product—Lebesgue showed in 1860 that the product of
five consecutive numbers could not be a cube. Finally, Terquem and Emile
Mathieu, then a student at the Sorbonne, proposed the general statement
on the impossibility thata product of consecutive integers could be a perfect
power, the firstin anote of Faure’s statementand the second as a question in
1858 (Q441,1,17,187).

The methods used to prove these different statements were also diverse.
Three answers were published in 1857 and 1858 on the cases of three and
four consecutive numbers: Adolphine D. proposed a solution for the case
of three integers, Gerono and P. A. G. (perhaps Guibert, who could be at
the origin of the question asked in the naval school entrance exam) for the
case of four integers. All three solutions were based on algebraic manipula-
tions and elementary considerations of divisibility. In 1859, Berton used the
same type of algebraic identities to show that the product of four integers in
arithmetic progression was not a fourth power. Mathieu answered his own
question the same year, using the Cebysev theorem mentioned earlier, and
referred toamore general note by Liouville published in the JMPA [Liouville
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1857]. Two years later, Gerono and Lebesgue proposed solutions based on
the study of an associated indeterminate equation and on the consideration
of the properties of decomposition into prime factors of perfect power re-
spectively. The various authors did not position themselves in relation to the
other methods proposed, butitis likely that Lebesgue and Gerono wanted
to propose an elementary method for dealing with particular cases, more
likely to be asked of candidates, and not based on the Cebysev theorem. This
question was again the subject of two texts some ten years later in the NAM:
Désiré André published a thesis in 1871 on the impossibility of the equation
x(x+1)(x+2)--- (x+n—1) =y" (n> 0) instrictly positive integer num-
bers [André 1871] based on considerations of divisibility. Moreau reacted in
1872 by recalling the solution of the problem proposed by Mathieu in 1858
based on the theorem of Cebysev.

During this first period, the NAM offered readers various kinds of
number theory content, ranging from simple methods for solving classic
examination questions to original memoirs on topics discussed simul-
taneously at the Academy or in other journals such as JMPA. Terquem
regularly published summaries and notes that allowed readers to get to
know a certain topicality of number theory, even if it was not always ele-
mentary: this is the case, for example, of Kummer’s research on Fermat’s
last theorem. Nevertheless, entire parts of number theory remain invisible
through the NAM: the analytical number theory or the dozens of articles
published by Liouville in his Journal from 1856 on the representation of in-
teger numbers by particular quadratic forms [Verdier 2009, pp. 322-338].
As a very partial comparison, let us turn to another intermediate journal
created in 1841 by Johann August Grunert, the Archiv der Mathematik und
Physik, whose target readership was a priori similar to that of the NAM. 37
The functioning of this journal was quite similar to that of the NAM. If I
did not identify any appropriation of the content of the JRAM for number
theory as could be the case of the NAM with the JMPA, 38 contents of the
JMPA and NAM were very regularly included: Poinsot’s work on polygons
summarised by Terquem or arithmetic questions published on the NAM
were for example the source of articles in the Archiv by J. Dienger in 1849
and 1851, respectively. On the contrary, I did not find any references to
the Archiv in the number theoretic entries published in the NAM. Like

37 The Zeitschrift fiir Mathematik und Physik, created in 1856 by Oskar Schlémilch, was
also an intermediate journal, but containing only a very small number of arithmetical
articles during the early years.

38 This could be explained by a strong enmity between Griinert and Crelle [Verdier
2009].
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Terquem, Grunert seemed to play an important role in disseminating
external publications to his readers: for example, in 1846, he summar-
ised several arithmetical memoirs by Louis-Augustin Cauchy and Poinsot.
Themes similar to NAM were addressed in a recurrent manner: divisibility,
periodic decimal fractions, Fermat and Wilson theorems or indeterminate
equations. Like Lebesgue for the NAM, some authors stood out for their
arithmetic production: this was the case of Friedrich Arndt who published
about ten memoirs on the theory of quadratic and cubic forms, a theme
virtually absent in the NAM. These few elements suggest that there would
be great interest in conducting a more exhaustive comparative study
between these two mathematical journals.

For the NAM, this period ended with Terquem’s death and this was the
end of an original editorial practice for number theory in the journal. Le-
besgue also published a series of three articles in arithmology to echo Ter-
quem’s words in praise of his colleague:

My excellent and very unfortunate friend Mr. Terquem liked the words arith-
mologist, arithmology: that’s what decided me to give this article and others that
will follow it, the title it bears and which would have been clearer in these terms:
Elementary research on integers. [Lebesgue 1862, pp. 219] 39

5. NAM BETWEEN 1863 AND 1888:
A JOURNAL FOR INDETERMINATE EQUATIONS

5.1. A Transformed Educational, Institutional and Editorial Context

In the 1860s, science was considered increasingly fundamental in
French society, where industry and positivism were developing rapidly.
The debates on the place of science in education (recurrent through-
out the century), and the low budgets devoted to higher education and
research, echoed a declinist vision of French science, as opposed to a
flourishing German science built on a model of higher education seen as
extremely efficient. ** This situation was exacerbated by France’s defeat
against Prussia in 1870. It was in this context that the Association francaise
pour Uavancement des sciences and the Sociélé mathématique de France were

39« Mon excellent et bien regrettable ami M. Terquem affectionnait les mots arith-
mologue, arithmologie : c’est ce qui m’a décidé a donner a cet article et a d’autres qui
le suivront, le titre qu’il porte et qui aurait été plus clair en ces termes : Recherches élé-
mentaires sur les nombres entiers. »

40 This vision of a declining French science has been widely relayed by the actors
and by historiography. Since the 1970s, several studies have put this situation into per-
spective: see [Weisz 1977] among others.
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created in 1872; they quickly brought together in a differentiated and
non-exclusive way the French and foreign mathematicians [Gispert 2015;
2002]. Each of these societies set up its own publication organ: the annual
reports of the congresses for the AFAS and the Bulletin for the SMF.

While the curricula of mathématiques élémentaires and spéciales remained
stable, the reforms of Minister Duruy and the Third Republic substan-
tially transformed secondary education—with the development of special
education and the establishment of secondary education for girls in
particular—and higher education—with an increase in the number of
teachers and students in the faculties, and the creation of licence and
agrégation scholarships. Alongside Paris, higher education also developed
in provincial faculties such as Bordeaux, Toulouse and Lille. This had
consequences for the structure of the readership of the NAM. It was in
1888 that candidates for the licence and agrégation were explicitly targeted.
Nevertheless, content intended for this type of readership had already
been published for several years: the subjects of the agrégation since 1844
and articles related to the licence examinations since the 1860s [Ehrhardt
207?; Nabonnand & Rollet 2013].

The editorial landscape evolved accordingly, with the creation of new in-
termediate journals in France and abroad, such as in Germany or Belgium
(see p. 64).*1 The multiplication of intermediate journals, and more gen-
erally the rise of the mathematical press, led to a fragmentation of the edit-
orial landscape but also to the potential for new mathematical circulations,
whether through articles, questions and answers or even bibliographic sec-
tions, as we will see through a few examples.

5.2. Changes in Content and Form For NAM Headings

Quantitatively, the number of entries and authors is significantly higher
than in the first period, and the QA-section had acquired a dominant
position. Two new author profiles were associated with the dynamism
of this section: authors specialised in questions—such as Catalan and
Lionnet *>—or in answers—the high school teachers Moret-Blanc and
Elie Fauquembergue, the artillery captain Charles Moreau or Auguste
Morel, répétiteur in Sainte-Barbe. These four cases were quite different:
Moret-Blanc answered many questions on various topics. Fauquembergue

41 As early as 1869-1870, high school journals were also created locally and had an
ephemeral lifespan [Delcourt 2019].

42 As mentioned earlier, the case of Lionnet should nevertheless be taken with cau-
tion.
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and Moreau were interested in questions of indeterminate analysis. The
former participated in exchanges on cubic and biquadratic equations
while the latter dealt with various questions with a good knowledge of Le-
gendre’s arithmetic statements for example. Morel, for his part, addressed
questions typical of competitions, on divisibility and decimal fractions.

The proportion of students was also higher for this period, especially
for published and especially unpublished answers (about thirty). Indeed,
the answers of only seven students, five of whom were in higher education,
were published. Responses by foreign students were also published: Hem-
ming in 1865 in Zirich or Victor Schlegel, E. Kruschwitz and Eugen Otto
Netto in Berlin between 1869 and 1871. This participation of Berlin stu-
dents in the NAM, in the political context of the time, may come as a sur-
prise; it is possible that Kummer or another professor from the University
of Berlin encouraged them in this direction. Students could also publish
articles, such as Fritz Hofmann in 1886, who was a student in Munich.

Compared to the first period, the number of reviews on arithmetic pub-
lications was much lower (6 over the period, including 3 on textbooks and
3 on Gauss’ Werke and Lebesgue’s treatises): the heading Bibliography was
then mainly composed of lists of recent publications. These bibliographic
lists informed readers of the publication of recent works but especially of
the latest developments in the mathematical press. French and foreign
research journals were predominant, while French intermediate journals
such as /JME or JMS were almost absent. The contents of the NCM were,
however, announced, at least at the beginning. *3 A significant proportion
of the authors of the referenced articles published in the NAM. ** Unlike
the previous period, no comments on the interest of number theory were
developed.

Between 1863 and 1888, the examination reports published in the NAM
showed that number theory was present in the agrégation program, with the
same content as for mathématiques élémentaires and spéciales. The other arith-

43 Note that this is consistent with the results obtained by Héléne Gispert in the
case of the Bulletin bibliographique of the journal L’Enseignement mathématique: only one-
third of the journals listed therein are related to teaching [Gispert 2018].

44 For example, for the year 1881, two articles were taken from AFAS reports (Des-
boves and Henry), one from the NCM (Realis) and two from the Proceedings of the
Royal Society of London (Roberts), these four mathematicians also having published
in the NAM. For the year 1886, of the twelve bibliographic entries, five were Cesaro’s
memoirs published in the Annali di Matematica, the Rendiconti, the Annales de UEcole
normale, the Jornal de Sciencias maths. .. and the Giornale de Matematiche and a note pub-
lished in the CRAS by Jonquiéres. Several of Kronecker’s memoirs published at the
Berlin Academy were also listed.
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metic exam subjects were from the Naval and Forestry School entry exam-
inations, on divisibility questions and periodic fractions. *® The subjects of
the Concours général cited in the NAM included number theory questions
atleast eight times, mainly for the class of Troisieme on divisibility. However,
no arithmetic content was mentioned in the texts related to the certificates
for the licence.

However, there were fewer articles on mathématiques spéciales and élé-
mentaires. For example, only three articles were published on periodic
fractions: two memoirs by Laisant and Etienne Beaujeux in 1868 and 1870
and one by Gustave de Coninck in 1874. Periodic fractions otherwise
appeared in questions from Lionnet’s treatise on elementary algebra and
the associated answers. By way of comparison, the arithmetic content
published in the Journal de mathématiques élémentaires (JME) and Journal de
mathématiques spéciales (JMS) were closer to the mathématiques élémentaires
and spéciales respectively, with articles and questions on divisibility, peri-
odic and continued fractions. There were also more textbook reviews.
This does not mean, however, that these journals were limited to content
anchored in the curricula but the authors seemed to be more concerned
about presenting mathematics adapted to the students.*® In the NAM,
the largely dominant mathematical theme of this period was indeterm-
inate analysis, in a new way: the cubic and biquadratic indeterminate
equations then had the main role, both in the articles and in the Q-A
section (see part 5.3). A few other arithmetical themes were occasion-
ally published. Some arithmetic articles were based on combinatorial
theory. For example, Désiré André proposed an arithmetic formula in
1874 useful in number theory and combinatorics, particularly for students
of mathématiques spéciales [André 1874, p. 188]. A second combinatorial
example is the original demonstration of the quadratic reciprocity law
proposed in 1872 by Egor Ivanovi¢ Zolotarev, Privatdocent at the University
of Saint-Petersburg [Boucard 2017, pp. 81-84]. This article was also one of

45 For example, in 1883, several elementary questions were asked in the Forestry
School examination, such as: « Prove that the square of a prime number minus one
unit is always divisible by 12 (except for the numbers 2 and 3) ».

46 Realis published, for example, a paper on the divisibility of arithmetic forms
in 1885 in the /MS whose objective was the « popularisation of the principles of
indeterminate analysis and number theory » to make them « within the reach of
students ». These principles, although « excluded from the curriculum », belong
to « the most elementary part of science » and can be useful «in different ana-
lytical questions » (« vulgarisation des principes de I’analyse indéterminée et de
la théorie des nombres [...] a la portée des éléves [...] exclus des programmes
d’enseignement [...] la partie la plus élémentaire de la science [...] en différentes
questions d’analyse ») [Realis 1885].
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the only ones to be directly related to statements by Gauss and Legendre
(excluding indeterminate equations), which is a significant difference
from the first period. The case of the NCM was different from this point
of view: articles on the theorems of Fermat and Wilson for example were
regularly published there, as well as papers on indeterminate equations
by Cauchy and Libri from the 1830s and 1840s. Similarly, little was written
about the use of complex numbers in number theory during this period.
Finally, several entries dealt with mathematical questions circulating in
several mathematical journals: the graphical approach to number theory
(see part 5.4) as well as sums of similar powers and Bernoulli numbers. On
this last point, Cesaro and Lucas in particular published several original
memoirs in the NAM during the 1870s and 1880s. These works were part
of a set of texts published in the CRAS and the NCM and assumed that the
reader had knowledge of current research and methods such as symbolic
calculation (see [Lucas 1877] for example). 47

Compared to the first period, the role of the editors was much more dis-
creet. Prouhet until 1867 and Gerono until 1887 were nevertheless more
or less regular contributors to number theory texts in the NAM. The signi-
ficant decrease in the number of arithmetic entries in the late 1880s can
be explained by the death of several of the dominant authors (Lionnet in
1884, Realis and Moret-Blanc in 1886, Desboves in 1888, Genocchi in 1889,
Gerono and Lucas in 1891) and by the fact that many turned away from the
NAM to publish their works in other periodicals (Pépin in 1875, André in
1877 except for a question in the 1890s, de Jonquiéres in 1878, Lucas in
1881, Genocchi in 1885, Catalan and Desboves in 1886). One possible ex-
planation is that the editors of the time, Brisse and Rouché, did not seem
to have a particular affinity for number theory, unlike Terquem or Gerono
for example.

5.3. Research on Indeterminate Equations

During this period, the indeterminate analysis of the first degree was
only processed from questions on the number of solutions of given equa-
tions, as with Hermite in 1868 on the equation x + y + z = N. Catalan,
Cesaro, then a pupil of the first in Lieége, and Nicolas Goffart, a teacher in
Paris, exchanged in the form of two questions and answers on the number
of solutions of a set of indeterminate equations of the first degree between

47  On arithmetic research around Bernoulli’s numbers between 1850 and 1910, see
[Destephen 2016]. Lucas’ work on Bernoulli numbers and symbolic computation is
also studied in [Décaillot 1999].
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1882 and 1884 in the NAM. These two questions were in fact included in a
broader set of texts on the same subject published between 1882 and 1890
in Mathesis, the JME and the Mémoires of the Société des sciences de Liege [ Dick-
son 1919-1923, vol. II, pp. 66-68].

5.3.1. The Indeterminate Equation k= y2

A large part of the indeterminate analysis, however, concerned mainly
cubic and biquadratic equations. 8 T do not propose here an exhaustive
study on the corresponding works but prefer to focus on an example, that
of the equations of the form k= y2. Seven articles related to this class
of equations were published in the NAM between 1869 and 1885. This case
is interesting to highlight some characteristics of the research of indeterm-
inate analysis published in the NAM.

In 1869, Lebesgue published an article on the impossibility of three
indeterminate equations. Lebesgue proposed a method based on appro-
priate transformations of the said equations. For example, he treated the
equation x> = 3% 4+ 7 by dissociating two cases according to the parity
of y: if y is even, the equation becomes x> = 8¢ + 7 then, as x is odd,
8u + 1 = 80 + 7, which is impossible; if y is odd, the equation becomes
X +1=(+2)[0—13%+3], where (y — 1)? + 3 is the form 4k + 3
and therefore accepts a first divisor of the form 46+ 3. Lebesgue deduced
from this that the equation is impossible by implicitly using the properties
of the divisors of the sums of two squares. *° Lebesgue concluded his note
with a question: « Can we demonstrate other special cases by the same
method, without introducing imaginary numbers formed with the roots
of the unit? » [Lebesgue 1869, p. 454] Then followed epistolary exchanges
with Gerono who did not understand on which arithmetic property Le-
besgue relied to conclude. ?* This exchange is interesting because it shows
the complexity of the exchanges around the indeterminate equations. Le-
besgue’s demonstration was elementary, in the sense that it was based on
results that a student could understand. However, it presupposed a certain
arithmetic culture, particularly with regard to the properties of quadratic

48 Alain Larroche (Institut de Mathématiques de Jussieu—Paris Rive Gauche, Uni-
versité Pierre et Marie Curie) is currently working for his Phd thesis on the history of
biquadratic Diophantine equations between 1875 and 1890.

49 Lebesgue used another method for his third example: the method of « non-
congruence », already mentioned in 1847, which consisted in establishing the im-
possibility of an indeterminate equation from the impossibility of the corresponding
congruence.

50  Archives de la Bibliothéque de I'Institut de France, MS 2031 (Bertrand), Corres-
pondence from Gerono to Lebesgue.
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divisors. The implicit use of these properties was not easy to grasp, even
for Gerono who had been manipulating indeterminate analysis for several
years and had been in regular epistolary contact with Lebesgue since at
least 1864. Moreover, Lebesgue’s final remark also informs us about the
methods that seemed relevant to him for these indeterminate equations at
the time: while he and other authors proposed reflections, albeit concise,
on the use of complex numbers for number theory in the 1840s and 1850s,
he was now looking for cases of indeterminate equations to solve without
these same imaginary numbers.

On this link between complex numbers and indeterminate analysis, the
case of Pépin is also interesting. In 1875 he published a paper in the JMPA
in which he proposed a study of classes of complex integers of the form
a + by/—c (a, b and ¢ integer) with an application to indeterminate ana-
lysis. He relied in particular on the theory of forms and Kummer’s work
on complex factors. He processed several sets of indeterminate equations
including x* + <n®* = 2% for particular values of ¢ and thus obtained the
solutions of % + > = 2% for a = 7,9,11. Pépin published several times
in the NAM at the same time but made no reference to his method or the
equations x® 4+ k = y2.

Between 1876 and 1877, Brocard and Gerono published respectively in
the NCM on the equation 417 = y2 (which admits the solution x = 2,
y = 5) and in the NAM on the equation x® = y? 4 17 already discussed by
Lebesgue. In 1878, a memoir by de Jonquiéres also appeared in the NAM,
where he chose a more general approach. De Jonquiéeres noted that only
special cases were in the case of the equation x> 4+ a = y? and that they did
not seem « to be connected to each other by any simple law » [Jonquiéeres
1878, p. 374]. He therefore proposed a study of the same kind as Pépin’s,
namely a study on different values of « [Jonquiéres 1878, p. 376]. To do
this, he developed a method similar to Lebesgue’s, based on the shapes of
the square sum divisors, without any comparison with Pépin’s approach.

Realis, in 1883, published a paper on the equation x* + k = y? intro-
duced by a bibliographical review of the articles published in the NAM on
the subject. Realis noted that, with the exception of Pépin’s memoir, these
various works always dealt with cases of impossibility. On the contrary, his
goal was to give examples of equations admitting solutions and to deduce
additional arithmetic properties from them [Realis 1883, p. 289]. To do
this, he relied on algebraic identity manipulations. For example, from the
identity (a® — 2b)® + b?(8b — 34®) = (a® — 3ab)?, he obtained a solution
for the case k = 0%(£8b — 34?). Thus, 2% — 4 = 22 or —3% + 52 = 52,
Moreover, with b = 1, we have (a® +2)® — (84> £ 8) = (a® + 34)? which
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allowed him to deduce that « any number of one of the forms 3a® + 8 is
the difference between a cube and a square » [Realis 1883, p. 290]. In the
same volume, he asked a question on the same equation with other condi-
tions on k, a question solved by algebraic manipulation by Fauquembergue
in 1885, then by Brocard in 1891, again in the NAM. It seems to be the
last time this class of equations was published in the NAM before 1916,
when Hayashi proved the impossibility of y*> + 1 = 2% for y non-zero and
y2 —1 = 2% for y? £ 0,1,9 in one of his memoirs on indeterminate equa-
tions.

However, this same class of equations was the subject of a series of art-
icles in the 1890s, published in periodicals other than the NAM. Pépin pro-
posed the resolution of a set of special cases of the equation in the Memorie
della Accademia Pontifica dei Nuovi Lince: in 1892 and then in three notes
published in the CRAS between 1894 and 1895. Fauquembergue gave in-
complete evidence of the impossibility of x® + 2 = y* in Mathesis in 1896
and about ten articles concerned other particular cases in the /M between
1895 and 1904, including one by Jonquiéres in 1899 [Dickson 1919-1923,
II, pp. 535-536]. Thus, if the NAM seemed to be the playground par excel-
lence for this equation until the late 1880s, authors such as Pépin and Jon-
quiéres who published in the NAM turned to other periodicals.

5.3.2. Some Characteristics of Work on Indeterminate Equations in the NAM

First, the authors mentioned above dominated all publications on cu-
bic and biquadratic equations in the NAM: Lebesgue, Jonquieéres, Realis
and, to a lesser extent, Gerono and Pépin. Lucas and Desboves were also
regular authors on this theme. Three approaches were distinguished: the
treatment of a particular case of equation like X3 +17 = yQ, methods to
show the impossibility of a set of equations [Lebesgue 1869] or on the con-
trary to solve a set of equations [Realis 1883].

The methods used were mainly elementary based on algebraic ma-
nipulations and well-known properties of quadratic divisors. For ex-
ample, Pépin’s thesis was known to several authors, but the tools used
in it—theory of forms, integers and complex factors—had not been re-
invested in the NAM. Globally, complex form and integer theory were
absent from this work. However, several authors proposed different meth-
ods from those mentioned above: Lebesgue with his method of « non-
congruence », Hermite with third order surface properties to solve the
equation x>+ yS = 2% + 4% [Hermite 1872] and Desboves with a Cauchy
method using partial derivatives to treat homogeneous cubic equations
with three unknowns of which at least one solution is known [Desboves
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1886]. Forms of circulation appear via the questions or sets of texts, in
the sense that the same equations were studied with explicit reference to
previous publications. However, reappropriation of methods within the
NAM seemed uncommon. For example, Lucas used Sylvester’s residue
method for the equation x> +y3 = A23 but it was then not repeated by any
author in the NAM. Sylvester, on the other hand, reproduced this memoir
by Lucas in 1879 in the American Journal of Mathematics, created in 1878
and of which he was the editor, and then discussed it in an article inserted
in the same volume [Sylvester 1879].

Compared to the first period, the links to research journals were of a dif-
ferent nature. The topicality of the indeterminate analysis of the third and
fourth degree was published in the NAM—but also in the NCM or Mathesis
for example—and in academic journals in Brussels, Liege, Paris or Roma.
Some authors could react in the NAM on academic publications such as
Prouhetin 1866 on a paper by Jordan published in the CRAS the same year
to indicate that one of his results had already been obtained by Lebesgue
in the 1830s. There were more authors who published both in the NAM
and in research journals: in addition to Lebesgue and Catalan, Desboves,
Pépin or Lucas for example.

More generally, a consultation of [Dickson 1919-1923, II] for cubic and
biquadratic equations reveals that the journals most used by the authors
in this context were NAM and NCM, then Mathesis, ET, then, at the end of
the century, IM. Moreover, the disappearance of the NAM in the circula-
tion space of the papers on the equation x* + k = y? was more general:
from 1888 onwards, there were only very occasional entries of indetermin-
ate analysis (seven entries between 1893 and 1914). It should also be noted
that there was almost no German journals, either intermediate or research
journals, on this subject. Finally, these texts of the NAM remained refer-
ences on the equation x> + k = 22. For example, Louis Joel Mordell in
his 1914 memoir on the x® + k = y? equation cited the work of Lebesgue,
Gerono, Jonquiéres, Realis and Pépin [Mordell 1914, p. 60]. 5!

5.4. Mixture of Arithmetic and Geometry in the NAM: « Discrete Mathem-
atics » that is rather Discreet

Between 1860 and 1890, indeterminate analysis of the first degree was
no longer the subject of articles in the NAM. However, some related papers
were published in other media. For example, Camille de Polignac presen-

51 T would like to thank Francois Lé who has drawn my attention to Mordell’s paper,
see also Gauthier & Lé [2019].
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ted to the SMF in 1877 a graphical method for solving and determining
the number of integer and positive roots of the equation ax 4 by = ¢. This
method was based on the consideration of an orthogonal lattice or «indef-
inite chessboard » [Polignac 1878, p. 158], and was reworked by Laquiére
the following year, again at SMF. These papers were following other papers
on chessboards by Laisant and Lucas presented to the SMF in 1877 and
1878. Following Lucas, these different authors defined their approach as a
« géométrie des quinconces » which constituted the « graphic painting of
number theory » [Laquiére 1879, p. 85].

Together with d’Ocagne and Catalan, these authors were part of a « dis-
crete mathematics community » [Auvinet 2011, p. 299] identifiable from
the 1870s onwards, and whose characteristic was to favour graphic visualisa-
tions to solve number theory problems in particular. 52 Lattices and chess-
boards were considered both as objects of study and tools to obtain and
demonstrate arithmetic results. The SMF and then the AFAS were the priv-
ileged places for the diffusion of these original mathematics, and this, in
a differentiated way. While the work on the « géométrie des quinconces »
was presented in both societies, the AFAS congresses were an opportunity
to present papers on mathematical recreation and, in Lucas’ case, prac-
tical applications to textile issues with the « géométrie des tissus ». In his
Théorie des nombres, Lucas also grouped these different researches under the
name « géométrie de situation », a unifying domain for set of various prob-
lems linked to combinatorics, number theory, mathematical recreations
and based on graphic methods [Lucas 1891].

In the NAM, on the other hand, the articles relating to graphic arith-
metic were very few. In 1870 Lucas published a graphical method based on
a chessboard to determine sums of similar powers from the first integers,
that provoked an article on the same subject with the same method from
high school teacher Edouard Amigues the following year. Laisant’s only
paper related to graphic arithmetic was in fact a reaction to a question
asked by d’Ocagne in 1883 on the positions of a clock and which he had
already asked in the JME [Auvinet 2011, p. 302]. However, at the 1887 AFAS
congress he submitted a memoir entitled « Quelques applications arith-
métiques de la géométrie des quinconces », in which he showed how to
use this geometry to solve indeterminate equations of the first degree and
to obtain properties on periodic fractions [Auvinet 2011, pp. 350-352].
The subject of the Concours général published in 1887 linked arithmetic and

52 On discrete mathematics, and especially Laisant, see the work of Jéré6me Auvinet,
including [Auvinet 2011; 2017]. Concerning Lucas, see Anne-Marie Décaillot’s writ-
ings, including [Décaillot 1999; 2002].
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geometry by studying the plane shared by an infinite number of squares
numbered by integer coordinates. D’Ocagne gave a solution the following
year but no article on graphic arithmetic followed. Only one very short
note on the géométrie des quinconces was inserted by Lucas in the NAM in
1878 on the properties of the vertices of a chessboard, without any link with
the curricula. Several authors of graphic arithmetic therefore published in
the NAM, but mainly on other topics. However, this type of number theory
was a priori adapted to the readers of the NAM by proposing an original
approach with applications on subjects of the curricula.

Moreover, this kind of mathematics was not excluded from the interme-
diate mathematical press. In 1883 and 1888, Lucas asked questions about
chessboards in the /MS and in 1883, the editor Gaston Albert Gohierre
de Longchamps inserted there « Varieties » on Lucas’ mathematical recre-
ations. In 1882, the mathematics teacher Siegmund Gunther published a
paper entitled « Operative Arithmetik und Geometrie der Gittersysteme »
in the Zeitschrift fiir mathematischen und naturwissenschafilichen Unterricht, a
journal to exchange ideas about the teaching of exact sciences in second-
ary schools. Gunther had already published texts on mathematics and his-
tory of mathematics on themes linked to geometry of situation such as star
polygons and polyhedra and magic squares. In his article, Ginther sum-
marised the work of French scholars in the field of « géométrie des quin-
conces », indicated their textile applications and compared them with the
work of Gauss and Eisenstein on the use of geometric representations in
number theory.

Mathematical recreations also had a limited place in the NAM, with only
two articles on classic chess problems and a few announcements in the bib-
liographic section. The first article, by Bourget, contained a solution of
the problem of the eight queens as an application of his earlier work on
permutation theory [Bourget 1881, pp. 76-77]. The second article, by the
previously mentioned student Hofmann, dealt with the knight’s tour. He
introduced complex integer coordinates to define the eight possible move-
ments of the knight from a square and translated the condition of a closed
tour into the nullity of the sum of directions of all movements [Hofmann
1886]. This graphic method developed by Hofmann resonated to some ex-
tent with his article on congruences published in 1882 in the Mathematische
Annalen and based on graphic considerations relating to polygons with ref-
erence to Poinsot’s work of 1845 mentioned above [Hofmann 1882]. %3

53 The fact that Giinther had begun teaching in Munich in the same year was per-
haps not unrelated to this arithmetic publication in the NAM.
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Authors such as Laisant or Lucas did not publish their writings on math-
ematical recreation in the NAM. Lucas’ example is particularly significant.
During this same period, Lucas presented recreational problems to SMF
and AFAS. He published articles on this subject in the NCM and inserted
a series of seven « Scientific recreations on arithmetic and geometry of
situation » between 1879 and 1881 in the Revue scientifique de la France et de
Uétranger. In the 1880s, Lucas also published several books and several dozen
articles on mathematical recreation in a wide variety of journals: La Nature,
the Bulletin des sciences mathématiques et astronomiques, the Tablettes du chercheur
but also in the intermediate journals Mathesis, [MS and JME. Again, Lucas
seemed to consider that mathematical recreation was an appropriate topic
for intermediate journals, but none of his articles appeared in the NAM.

The previous analysis shows a number-theoretic content less adapted to
the target readership than for the first period and a fragmentation of the
elementary among different mathematical journals. Themes were present
in all intermediate journals—periodic fractions, divisibility for example—
but in different quantities and forms. On this point, the NAM contained
very few articles and a few questions. With regard to graphic arithmetic, the
actors seemed to favour publications associated with the SMF and then the
AFAS even if some articles, dealing with indeterminate analysis or periodic
fractions, responded a priori to the readership of the NAM. By contrast,
many texts on quadratic, cubic and biquadratic equations appeared in the
NAM. The methods presented were elementary, the examples treated al-
lowed readers to practice particular forms of algebraic manipulation and
reasoning on quadratic form divisors. However, they also assumed arith-
metic knowledge that is not part of the mathematical background of the
student reader of the NAM. To some extent, the arithmetic contents of
the NAM seem less adapted to the objectives stated by the journal for this
period: the number of textbook reviews was lower, the interest of num-
ber theory in mathematical training was no longer discussed and the ma-
jority of topics covered in the NAM were relatively far from the curricula.
Between 1863 and 1888, the NAM was therefore a place of publication for
original number theory research, whose themes differed in part from the
number theory of the Academy of Sciences, the SMF or the AFAS [Décail-
lot 2007]: Bernoulli numbers were a common theme, but graphic arith-
metic or work on the decomposition of numbers into prime factors (which
was regularly presented to AFAS) was almost absent from the NAM.
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6. 1895-1927: THE NAM, HIGHER EDUCATION AND NUMBER THEORY

The period5* began with the reform of 1896, which changed the
structure of higher education with the creation of provincial universities.
These universities included the faculties as well as newly created technical
institutes and laboratories. The undergraduate programmes were also
transformed, and in particular adapted to students who had not necessar-
ily passed through the classes of mathématiques spéciales, and new courses,
sometimes more technical and practical, were introduced [Nabonnand
2006; Nabonnand & Rollet 2011]. At the same time, the editorial landscape
was partially reconfigured: if the /ME and JMS were then in their final days,
new intermediate journals were created with the Bulletin de mathématiques
élémentaires (BME), the Bulletin de mathématiques spéciales (BMS) and the
Revue de mathématiques spéciales (RMS). With the internationalisation of
mathematics at the end of the century [Parshall & Rice 2002], Laisant and
Henri Fehr, of Geneva, created LEnseignement mathématique, an interna-
tional journal to promote collaboration between primary and secondary
education stakeholders [Auvinet 2011; Gispert 2018]. In addition, new
journals focused on question and answer exchanges also captured some
of the potential readership of the NAM: IM, created by Lemoine and Lais-
ant, %® and the Tablettes du cherchewr, journal des jeux d’esprit et de combinaisons
(1890-1905), which contained a substantial amount of number theory.

For the NAM, this last period was characterised by a much smaller
quantity and proportion of arithmetic articles. From 1896, the team of
editors of the NAM was renewed and Laisant was part of it until his death
in 1920 but, although he was at the head of several mathematical journals,
he published only a few texts [Auvinet 2011]. Among the eight editors of
the NAM during the period, only Raoul Bricard also published number
theory texts. The two authors publishing more than ten entries, Bricard
and Fontené, were not specialised in number theory. Nevertheless, other
authors played a significant role in the circulation of number theory via
the NAM, in different ways. For example, Cahen published several books
on number theory, taught it at the Facullé des sciences in Paris for six years
and was the author, with Karl Theodor Vahlen, of the chapter « The arith-
metic theory of forms » in the Encyclopédie des sciences mathématiques pures

54 Between 1889 and 1894, very few number theory entries were published in the
NAM: 5 articles, 2 questions, 1 answer, as well as 3 elementary number theory topics
for agrégation and Concours général and some announcements of recent publications.
55 Number theory was among the most represented fields in M with geometry and
the history of mathematics [Pineau 2006].
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et appliquées, a major editorial project at the turn of the twentieth cen-
tury [Gauthier 2007]. He regularly exchanged with Fontené—they both
taught at College Rollin at the beginning of the century before Fontené be-
came an academic inspector—and thus fostered arithmetical discussions
in the NAM, especially on complex integers. André Gérardin, a bachelor
of science and former student of the Faculty of Science of Nancy and the
Sorbonne, published numerous articles on elementary number theory
in intermediate journals at the beginning of the century, following in
the footsteps of Lucas et al. He quickly took over the reins of the journal
Sphinx-Edipe (SO), created in 1906 and whose content became exclusively
arithmetic from 1908. Gérardin used the NAM to feed his review and
questions initially asked in the NAM and solved in SO were republished in
the NAM.

6.1. New Editorial Orientations for the NAM at the Turn of the Century

For this period as for the previous one, few articles concerned element-
ary number theory adapted for high school students. 56 In addition, no au-
thor was identified as a secondary school student. Next to the NAM, the
BMS and the RMS contained almost no arithmetic text. On the other hand,
the BME regularly published arithmetical articles and questions related to
its supposed readership, and therefore dealing with elementary proper-
ties of divisibility and prime numbers, periodic decimal fractions and some
articles on themes outside curricula such as Wilson’s theorem and Pell’s
equation. Laisant and Fontené at least published in both the NAM and the
BME, obviously adapting the contents of their articles to the profile of both
journals: Fontené did publish on divisors and periodic fractions in BME
and algebraic integers in NAM. Similar themes could be treated in a dif-
ferent way in both journals: for example, Albert Lévy published an article
on prime numbers in 1910 in the BME, indicating that he was dealing only
with a special case of a result he had intended for the NAM.

This situation refers to a change in editorial policy intended by the
new editors of the NAM in 1896 in connection with the above-mentioned
university reforms: content for undergraduate and graduate students
would be promoted, in order to « create a close link between Higher
Education and the Nouvelles Annales » [Laisant & Antomari 1896, p. vi]

56 For example, around the turn of the century, they consisted essentially of an art-
icle by Lognon on Wilson’s theorem, one by Bickmore on periodic decimal fractions
in 1896, and a note by Bricard on a graphic demonstration of Fermat’s theorem in
1903.



44 J. BOUCARD

and more importance would be given to the previously neglected Q-A sec-
tion in order to best serve the readers. Several arithmetic themes treated
during this period were in this direction: arithmetic of specific complex
number classes ([Autonne 1907; Pasquier 1918] for example), geometric
approaches to number theory (p. 46) indeterminate equations of degree
greater than 2 (p. 48). In addition, the analysis of the corpus highlights
the multiplicity of relationships between the arithmetic content of NAM
and higher education.

6.2. New References on Number Theory

First, new literature in number theory was published at the turn of
the century, sometimes in connection with courses taught in higher
education institutions in Paris: Tannery at the Ecole normale supérieure in
1891-1892, Cahen at the Faculté des sciences between 1909 and 1914 thanks
to an anonymous grant, or Chatelet at the College de France in 1911 at
least [Goldstein 2009]. In the reviews, comments were regularly made
about the importance of number theory and its applications in other
mathematical fields and on France’s backwardness in this field. As in
the 1850s and 1860s, the absence of recent treatises on number theory
in French was highlighted: for example, Cahen’s Eléments de théorie des
nombres (1900) was welcomed with relief because it filled « in the French
mathematical literature of our time, a regrettable gap from two points
of view » since the other French treatise devoted to number theory—the
Théorie des nombres by Legendre—« has grown old in many ways and no
longer meets current requirements » [Bricard 1900, p. 476]. For Bricard,
Cahen’s book was useful for two kinds of readers:

The book of Mr. Cahen perfectly fulfills this double program: on one hand,
to expose parts of arithmetic that are essential for the full understanding of
other theories; on the other, to be accessible to the most unprepared readers,
not using any notion previously acquired. [Bricard 1900, pp. 477-478] %7

Algebraic number theory was regularly cited as an important part of
number theory and almost absent from French publications as suggested
by Bricard’s commentary on Cahen’s Théorie des nombres: « We look forward
to the part devoted to algebraic numbers and ideals with particular anticip-
ation. » [Bricard 1913a, pp. 470-471] In addition to general comments,

57 .« Le livre de M. Cahen remplit parfaitement ce double programme : d’une part,
exposer les parties de I’Arithmétique qui sont essentielles pour I'intelligence com-
pléte d’autres théories ; de I'autre, étre accessible aux lecteurs les plus dénués de pré-
paration, en ne faisant appel a aucune notion antérieurement acquise. »
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the reviewers briefly described the content of the books and indicated
original methods and results that might be of interest to the readers of
the NAM. Bricard indicated, for example, the interest of the geometric
demonstrations given by Cahen in his Théorie des nombres [Bricard 1913a].

The number theoretic books identified constituted new references for
the authors and readers of the NAM and were at the origin of arithmetic
exchanges. Bricard referred, for example, to Tannery’s lectures in his art-
icle on the quadratic nature of 3 [Bricard 1897]. Cahen’s Eléments were also
quoted several times, by Fontené and Cahen himself at least, during their
exchanges on certain classes of complex integers and the associated arith-
metic [Cahen 1903; Fontené 1903].

6.3. The NAM and Higher Education

From 1896 onwards, higher education appeared in different forms
in the NAM. In addition to the above-mentioned reviews, collaborations
between editors and university professors allowed the publication of lists of
licence certificates or courses given: in 1898, the University of Montpellier
offered a certificate in higher algebra, with a course on field and Galois
theory; in 1902, titles of American university courses were published, such
as a course by Fite on group and number theory at Cornell University. The
academic orientation of the NAM was reaffirmed at the end of the war.
The examination for the agrégation and suggested answers were included
in the last volumes of the NAM. Diophantine analysis seemed to have a
less elementary place: a geometry problem concluded by an introduction
to Diophantine equations in 1923 (V, 2, 107-120) and the properties of
order cycles n in 1925 (VI, 1, 366). 58 Elie Cartan, then a professor at the
Faculty of Sciences in Paris, proposed a general solution to the problem
in 1927, for a general numbering system [Cartan 1927].

Then, of the twelve students publishing in the NAM over this period,
none were identified as high school or college students: they studied at
the ENS, Polytechnique, Centrale or Paris’ science faculty. In addition to
answers, they also published articles on number theory topics that were
more advanced than previously. For example, Paul was still at the ENS
when he published his article on imaginary integers and their geometric
representation in 1906. Foreign students were also well represented, re-
flecting a more general situation: Michel Petrovitch, Trajan Lalesco and

58 A cycle of order n of anumber N is the set of n-digit numbers obtained by rotating
circularly, in all possible ways, the digits of N, even if it means adding zeros if n > k.
For example: the cycle of order 3 of 58 is the set: 058, 580, 805.



46 J. BOUCARD

Georges Tzitzeica completed their theses in Paris before obtaining an
academic position in their home country (in Belgrade for Petrovitch and
Bucharest for Lalesco and Tzitzeica) [Gispert 2015, pp. 139-143]. They
could publish in the NAM during their Parisian studies—Lalesco on quad-
ratic forms [Lalesco 1907] before his thesis in 1908—or after—Petrovitch,
doctor since 1894, published in the NAM from 1896, including an art-
icle on the geometric distribution of prime numbers in 1913 [Petrovitch
1913]. Students also published from abroad: Michael Bauer of Budapest
on finite group theory in algebra and congruences in number theory
between 1900 and 1902, René Goormaghtigh of Belgium, on indetermin-
ate equations, between 1913 and 1918 [Bauer 1900; 1902; Goormaghtigh
1916].

Finally, among the authors of the 14 theses defended in Paris between
1900 and 1914 [Leloup 2009, p. 54], some published in the NAM, such
as Gaston Cotty or Léon Pomey. Cotty, with a 1912 doctorate, published
a paper on arithmetic geometry in the NAM which was close to his thesis,
and related to properties of abelian functions and quadratic forms. Cotty
recalled on this occasion the interest of geometric approaches in various
fields of mathematics:

The correspondences between algebraic and geometric beings abound in all
branches of mathematics; even if they do not constitute a means of discovery,
they are nevertheless very useful in making a whole set of results more often
than not intuitive, quite difficult to establish analytically and in allowing certain
proposals to be linked to each other, whose relationships did not appear other-
wise. [Cotty 1913, p. 206] 59

6.4. A Variety of Geometric Approaches to Number Theory

This quote from Cotty is interesting because it characterises several
papers published in the NAM based on a geometric approach to num-
ber theory. As we have seen previously, Laisant was precisely one of the
promoters of graphic arithmetic and repeatedly stressed the importance
of visualisation processes in mathematics education. For example, he
included a chapter on géométrie de situation in his collection of problems
for mathématiques spéciales, including questions on chessboards and magic

59« Les correspondances entre étres algébriques et étres géométriques abondent
dans toutes les branches des mathématiques ; lors méme qu’elles ne constituent pas
un moyen de découverte, elles sont cependant fort utiles en rendant le plus souvent
intuitifs tout un ensemble de résultats assez difficiles a établir analytiquement et en
permettant de rattacher les unes aux autres certaines propositions dont les rapports
n’apparaissaient pas autrement. »
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squares [Laisant 1893]. At the beginning of the century, he also particip-
ated in many debates on the place of science in secondary education. In
this context, the importance of visualisation and intuition in mathematics
was emphasised by Laisant and Poincaré, in particular [Auvinet 2011;
Gispert 2007]. As before, however, the editorial niche for chessboards and
mathematical recreation was elsewhere: against eight entries in the NAM
over the entire period, magic squares, graphic arithmetic and elementary
number theory were at least the subject of about forty articles and reviews
in the EM, also edited by Laisant, between 1899 and 1911. In the NAM
were mainly published four articles by Gaston Tarry ° and two by Bricard.
The latter used, for example, a chessboard to study the properties of
the residues of multiples of an integer, and introduced the notion of a
quadratic chessboard, which allows visualisation of quadratic residues for
a given modulus.

Another geometric treatment of number theory was introduced at the
end of the century via several translations by Léonce Laugel. Former
embassy representative, Laugel translated many mathematical texts from
German at the turn of the century. ®! Klein’s and Minkowski’s translated
papers dealt respectively with a geometric approach to continued frac-
tions and the geometry of numbers. Minkowski’s text [Minkowski 1896]
was the result of a lecture presented at the Chicago Congress in 1893 and
was therefore intended for an audience of mathematicians but not ne-
cessarily specialists in number theory: it was therefore an introduction to
Minkowski’s work in which geometric representations were central to the
contexts of mathematical discovery and communication [Gauthier 2007].
These translations provoked reactions in the NAM: the engineer Georges
Husquin of Rhéville published on continued fractions in 1897 following
Klein [Husquin de Rhéville 1898]; and Bricard and Cahen returned to
Minkowski’s geometry of numbers for a demonstration of the theorem
of two squares for example [Bricard 1913b]. As in the work on graphical
arithmetic, visualisation in number theory was considered fundamental
here, but at a higher mathematical level.

60  Tarry’s research is more generally in line with the themes addressed by Laisant or
Lucas for example: see [Barbin 2017].

61 The database of Jahrbuch lists about twenty translations by Laugel, mainly pub-
lished in the NAM. He was also the author of translations for /JMPA and of Riemann’s
Werke [ Chatzis etal. 2017, p. 30]. An article by Sébastien Gauthier and Catherine Gold-
stein on Laugel is in preparation.
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6.5. Indeterminate Equations Between 1915 and 1918

The texts on indeterminate equations published before 1915 were
for the most part continuous with work done in the previous period:
Gérardin and Pépin for example relied on elementary methods by refer-
ring to previous publications. One exception was Dmitry Mirimanoff, who
published two articles in 1903: in the first, he quoted Hermite’s geometric
method [Hermite 1872] applied to the equation x® + 3% +y% 4+ 2% = 13
to give a more direct one [Mirimanoff 1903a]; in the second, he used the
theory of elliptic functions for the equation (x + 1)/ —x/ — 1 = 0.52 To
some extent, this inaugurated the use of non-elementary methods for in-
determinate analysis in the NAM, echoing its more academic orientation.

Over the period 1915-1918 in France, publications on indeterminate
equations were mainly concentrated in the NAM, IM and SO. Gérardin,
Raymond Alezais, Laisant and Joseph Joffroy published articles in these
three journals on indeterminate equations, based on elementary meth-
ods. In 1918, Emile Turriére noted that a geometry problem treated by
Gérardin in terms of indeterminate equations could be solved through
geometric applications of elliptic functions. Two other authors published
papers on indeterminate equations over this period, using non-elementary
geometric methods. In his three memoirs published between 1910 and
1918 [Hayashi 1910; 1916; 1918], Hayashi took up old problems treated
in the NAM in the second period such as the properties of consecutive
integers or the equation x> — 1 = y2. Quoting the work of Gerono, Le-
besgue and others from the 1860s to 1880s, he nevertheless adopted an
approach in terms of integer and rational coordinates of cubic curves. The
second author was Edmond Maillet, professor of analysis at the Ecole des
Ponts-et-Chaussées, and a specialist in number theory. Since the late nine-
teenth century, his work had included indeterminate equations, among
them Fermat’s last theorem, and was based on several methods, including
recurrent series and ideals [Dickson 1919-1923; Goldstein 1999]. His
two memoirs published in the NAM in 1916 and 1918 were based on
the work of the Norwegian Axel Thue on approximations of algebraic
numbers and its applications to Diophantine analysis published in the
JRAM in 1909 [Goldstein 2015]. Here Maillet studied certain classes of
indeterminate equations admitting a finite number of solutions geomet-

62 Born in Russia, Mirimanoff stayed in Paris at the end of the 19th century where he
attended Hermite’s and Poincaré’s classes, among others before obtaining the rank of
doctor in 1900 and becoming Privatdozent in Geneva in 1901 [de Rham 1980]. From
1907, next to research journals such as the CRAS or the JRAM, he used the EM to dis-
seminate his research on indeterminate analysis.
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rically, and proposed a « really practical way of obtaining an upper bound
for the modulus of these solutions » [Maillet 1918, p. 281] 63 to obtain a
complete solution of these equations by a finite number of tests. These
two examples illustrate the contrast with the previous period, in solving
similar problems.

Between 1919 and 1927, only twelve arithmetic entries were published
in the NAM. In general, the journal was experiencing editorial difficulties
and was struggling to find a formula adapted to its readership. The war was
particularly deadly for scientific elites. Between 1914 and 1925, the num-
ber of mathematical publications listed in the Jahrbuch fell significantly,
suggesting a general decrease in mathematical publications [Aubin &
Goldstein 2014]. Number theory, with algebra, was probably neglected all
the more in the 1920s, particularly because young and promising number
theorists had died—such as Cotty and Lambert for example—and because
others directed their work towards new, more applied research themes.
One can also observe a virtual absence of number theory in the CRAS and
the /[MPA [Goldstein 2009].

7. CONCLUSION

This analysis shows that number theory appears as both multiple and
variable within the NAM. The three periods studied each have their own
characteristics. Until 1862, the NAM, under the zgis of Terquem and
Lebesgue, appeared as a place to initiate and promote number theory.
This field was presented as ideal for training minds and selecting the best
students. In practice, arithmetic concepts were introduced to simplify and
give more general, direct methods on teaching subjects. Objects and arith-
metic statements were studied for their own interest in order to initiate
readers, while no French and current treatises on number theory were
available. Between 1863 and 1888, many publications dealt with current
and original research on cubic and biquadratic indeterminate equations
based on elementary methods. These exchanges were led by regular au-
thors of the NAM who also invested in other journals, intermediate or not.
This was the case, for example, for Lucas, Realis or Catalan. The mentions
of teaching were in contrast rare. Finally, after 1895, the general academic
orientation decided on by the editors of the NAM was very strongly felt in
the case of number theory, both in terms of content and authorship.

63 < moyen réellement pratique d’avoir une limite supérieure du module de ces so-
lutions ».
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Over the entire period of existence of the NAM, indeterminate analysis
remained the main theme. It was regularly investigated «in the students’
colour », either in the form of indeterminate equations of the first degree,
or because the equation to be solved or the decomposition to be obtained
was based on simple algebraic manipulations. In this sense, it responded
to the target audience of the NAM. In addition, in most cases, the meth-
ods used were in the lineage of Euler, Lagrange and Legendre. Thus, if de-
compositions into sums of squares or cubes were studied, Gauss’ theory of
quadratic forms remained completely absent from the NAM. This echoed
to some extent some of the French arithmetical work of the first part of the
nineteenth century, valuing an approach to number theory through equa-
tions. It was only during the third period that different types of methods—
algebraic, geometric, analytical to a lesser extent—coexisted, thus indu-
cing a separation between elementary and non-elementary content.

Through the NAM, some authors insisted on the existence of links
between different domains. On the one hand, mainly during the first
period, these links existed between algebra and number theory with cir-
culation of methods between algebraic theory of equations and indeterm-
inate equations or congruences. Authors such as Terquem and Lebesgue
regularly stressed the interest of number theory in algebraic questions.
They also discussed the use and properties of complex number classes, in
analogy with the complex roots of algebraic equations, or in the context
of number theory theorems, such as the two square theorem or Fermat’s
last theorem. These objects were again at the heart of several articles in
the third period, when algebraic number theory was in full expansion:
the questions then consisted in determining the arithmetic properties of
these number classes. Another original disciplinary configuration mixed
number theory, with geometry and eventually algebra. Terquem intro-
duced it via Poinsot’s work and then some graphic arithmetic work was
inserted into the review in the second period. It was especially from the
20th century onwards that multiple geometric approaches were presented
in the NAM, certainly in relation to the educational and epistemological
context of the time. On the other hand, analysis remained practically ab-
sent throughout the period in arithmetic publications, with the exception
of a few references to the theory of elliptic functions.

With number theory, we find aspects already known about NAM, such
as the specific role of some publishers as Terquem, and the fact that pub-
lished content often went beyond curricula or the optimal functioning of
the Q-A section during the second period. However, there are a few char-
acteristics that should be highlighted. First of all, for number theory, the
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proportion of teachers and of their publications is much higher than for
the contents of NAM as a whole. This field therefore seems to draw a spe-
cific structure for the authorship. Further, the second period appears to
have been unique in relation to the other two. Some themes such as the
use of complex numbers in number theory or geometric approaches were
absent or very much in the minority compared to other journals during the
second period. Finally, the articles on cubic and biquadratic indeterminate
equations published in NAM seem to partially contradict the idea that the
second period would have been the one most consistent with the goals of
the journal. Indeed, the students participated very little in these exchanges
which, on the one hand, were foreign to the classes of mathématiques spé-
ciales and on the other hand, often required elementary but uncommon
arithmetic background. A precise study of the exchanges around Bernoulli
numbers, involving some of the same authors, would probably lead to the
same conclusion.

Based on NAM and number theory, some (non) circulations in the ed-
itorial space have also been highlighted. During the first period, we found
well-known circulations between French and German journals: the editors
of the NAM (and JMPA) include in their respective journals translations of
memoirs from JRAM or Berlin academic memoirs. However, I didn’t find
any trace of the Archivin the NAM. On the other hand, articles published in
the JMPA or the NAM were regularly summarised by Griinert, the editor of
the Archiv and some authors of this journal reacted quickly to the content
of the NAM. During the second period, German journals were practically
absent in the exchanges on indeterminate analysis, except for the biblio-
graphic sections. Arithmetic research circulated between French and Bel-
gian journals and, to a lesser extent, Italian and British ones, reflecting the
international structure of the mathematical community of the AFAS [Gis-
pert 2002]. During this same period, there was a fragmentation of the so-
called elementary number theory contents within the editorial landscape:
graphic arithmetic or number factorisation had a very limited place in the
NAM whereas these themes were well represented in the AFAS in particu-
lar. While NAM was one of the main journals in which to publish on inde-
terminate analysis until the 1880s, the authors stopped using this journal to
publish on this topic from the 1890s onwards, in favour of Belgian journals
and the IM in particular. Finally, the content directly related to curricula
decreased from the second period onwards, probably in favour of JME and
JMS at first, then IM and EM afterwards. These few elements encourage us
to clarify these comparisons, which are certainly instructive.
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8. APPENDICES

8.1. List of Mathematical Journals Used in this Paper

8.1.1. Journal for Teachers and Students

— Belgium %
— Nouvelle correspondance mathématique (1875-1880): NCM
— Mathesis (1881-1965)
— France
— Journal de mathématiques élémentaires (1877-1879 then 1882-
1901): JME
— Journal de mathématiques élémentaires et spéciales (1880-1881):
JME
— Journal de mathématiques spéciales (1882-1897): JMS
— Bulletin de mathématiques élémentaires (1895-1910): BME
— Bulletin de mathématiques spéciales (1894-1900): BMS
— Revue de mathématiques spéciales (1890-1998): RMS
— LEnseignement mathématique (1899-...): EM
— Germany
— Archiv der Mathematik und Physik (1841-1920): Archiv
— Zeitschrift fiir Mathematik und Physik (1856-1917)
— Zeitschrift fiir Mathematischen und Naturwissenschaftlichen Unter-
richt aller Schulgattungen (1870-...)

8.1.2. Other Mathematical Journals

— Bulletin de la Société mathématique de France (1872-...): BSMF

— Compte-rendus de U’Académie des sciences de Paris (1835-...): CRAS

— Compte-rendus de UAssociation francaise pour lavancement des sciences
(1873-1914) : AFAS

— Intermédiaire des mathématiciens (1894-1926): IM

— Journal de mathématiques pures et appliquées (1836-1934): [MPA

— Journal fiir die reine und angewandte Mathematik (1826-...): JRAM

Sphinx-Edipe (1906-192?): SO

64 Pauline Romera-Lebret is currently conducting research on Belgian mathemat-
ical journals. Some of her results were presented in 2015 [Romera-Lebret 2015].
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8.2. Professional Categories of Authors

The authors of unpublished responses are included. For the counts,
when an author occupied several professions during the period under
consideration, the one that appeared most often was chosen. For the
other items, the number of entries is indicated.
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TasLE 4. Number of entries from authors who have published
more than ten times or more than four articles related to number
theory in the NAM in the form of ¢ (a, ¢, r) where ¢ represents the
total number of entries, a the number of articles, ¢ the number
of questions and r the number of answers. The occupations indic-
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ated correspond to those held during the publication period(s).

Name Profession 1842-1862 1863-1888 1889-1927 Total % NT
Terquem, O. Teacher & 48 (13/0/0) 48 13,3%
Librarian at the
central repository
of artillery
Realis, S. Student (Paris, 1(1/0/0) 42 (18/16/5) 44 50%
1843) then
engineer (Torino)
Lionnet, E. Highschool teacher 5(4/1/0) 37 (5/28/3) 42 61,8%
Lebesgue, V.-A.  University teacher 24 (21/2/1) 12 (2/6/3) 36 46,8 %
(Bordeaux)
Catalan, E. Repeater at the 11 (7/3/0) 24 (2/12/3) 35 31,5%
Ecole polytechnique
then university
teacher (Liege)
Lucas, E. Military (1870) 32 (23/8/1) 32 57,1%
then highschool
teacher
Moret-Blanc, C. Highschool teacher 29 (5/1/20) 1(0/0/1) 30 19%
(Le Havre)
Cesaro, E. Student then 28 (7/19/2) 28  28%
university teacher
(Liege)
Gerono, C. Highschool teacher 7(4/0/1) 10 (7/1/1) 17 11,6%
Laisant, C.-A. Military (Brest), 10 (4/4/1) 8(1/2/3) 17 19,4%
politician then
Repeater at the
Ecole polytechnique
Prouhet, E. Repeater at the 8 (5/1/2) 6 (0/0/0) 14 6,2%
Polytechnic School
Bricard, R. Teacher at Ecole 13 (4/8/1) 13 7,7%
centrale
Fontené, G. Highschool teacher 12 (6/0/5) 12 6,6%
then academic
inspector
André, D. Highschool teacher 11 (7/1/3) 11 44%
Brocard, H. Military 6 (1/3/2) 5(0/0/5) 11 8,5%
Desboves, H. Highschool teacher 1(1/0/0) 8 (4/2/0) 9 33,3%
Genocchi, A. Attorney then 6 (4/0/2) 3(1/0/0) 9 20,5%
university teacher
Weill, 1.-M. Highschool teacher 3(3/0/0) 4(3/1/0) 7 16,3%
de Jonquiéres, E. Military 6 (4/0/0) 7 11,9%
Guibert, M.-P.-A. Examiner at the 4(4/0/0) 4 80%
Naval School
Henry, C. Librarian 4(4/0/0) 4  100%
Tarry, G. Contribution 4(4/0/0) 4 36,4%

controller (Alger)
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