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. We derive the complexity analysis for algorithms with large-update primal-dual interior point methods. We show that by choosing a specific parameter, the algorithm based on our kernel function enjoy the currently best known iteration bound. This result is the first to reach this goal with a hyperbolic barrier term. Furthermore, we prove the practical efficiency of the new algorithm by presenting numerical results.

Introduction

Based on a new parametric kernel function (KF), this paper presents a primal-dual interior-point algorithm for solving the linear optimization problem in it's standard form (P )

   min c T x Ax = b, x ≥ 0,
where A ∈ R m×n , c ∈ R n and b ∈ R m are given, rank(A) = m ≤ n and x ∈ R n is the vector of variables.
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The dual problem associated with (P ) is:

(D)    max b T y A T y + s = c, s ≥ 0,
where y ∈ R m and s ∈ R n are the vectors of variables.

First, we assume without loss of generality that both the primal problem (P ) and its dual (D) satisfy the interior point condition (IPC), i.e., there exists (x 0 , y 0 , s 0 ) such that Ax 0 = b, x 0 > 0, A T y 0 + s 0 = c, s 0 > 0.

The IPC ensures the existence of optimal solutions x and (s, y) solutions of (P ) and (D) such that c T x -b T y = xs = 0. Therefore, applying the Karush-Kuhn-Tucker conditions to (P ) and (D) we arrive at the system

   Ax = b, x > 0, A T y + s = c, s > 0, xs = 0. (1) 
Next, we replace the last equation in [START_REF] Karmarkar | A new polynomial-time algorithm for linear programming[END_REF], by the parameterized equation xs = µe, with parameter µ > 0 and e denotes the all-one vector, to obtain the following system    Ax = b, x > 0, A T y + s = c, s > 0, xs = µe, µ > 0.

(2)

This system has a unique solution denoted by (x µ , y µ , s µ ), for each µ > 0, thanks to the fact that A is full ranked. The solution is called the µ-center of (P ) and (D). Moreover, when µ → 0, the limit of the central path exists and yields optimal solutions for (P ) and (D). Now, we would like to compute an approximate solution of [START_REF] Keraghel | Etude adaptative et comparative des principales variantes dans l'algorithme de karmarkar[END_REF]. A direct application of Newton's method for a fixed µ > 0 produces the following system for the search direction (∆x, ∆y, ∆s)    A∆x = 0, A T ∆y + ∆s = 0, s∆x + x∆s = µe -xs.

(3)

The new point (x + , y + , s + ) is then computed according to:

x + = x + α∆x, y + = y + α∆y, s + = s + α∆s,

where the step size α is chosen such that 0 < α ≤ 1 and (x + , s + ) > 0.

For convenience, we introduce the following scaled vector v and scaled search directions

d x and d s v = xs µ , d x = v∆x x , d s = v∆s s . (5) 
Using these notations, system (3) can be rewritten as follows    Ad x = 0, A T ∆y + d s = 0,

d x + d s = v -1 -v, (6) 
where A = 1 µ AV -1 X, V = diag(v) and X = diag(x). The third equation in ( 6) is called the scaled centering equation. Moreover, one has

d x = d s = 0 ⇔ v -v -1 = 0 ⇔ x = x µ , s = s µ .
It has been observed that the right-hand side in the scaled centering equation is equal to minus gradient of the classical logarithmic scaled barrier function

Ψ(v) = n i=1 ψ c (v i ),
where

ψ c (t) = t 2 -1 2 -log t,
is the so-called KF of the barrier function Ψ(v).

The main idea of primal-dual Interior-Point Methods (IPMs) is to replace ψ c (t) by any strictly convex function ψ(t) : ]0, +∞[→ [0, +∞[ which is minimal at t = 1 with ψ(1) = 0. The IPM based on the logarithmic barrier function [START_REF] Roos | Theory and algorithms for linear optimization[END_REF] has a complexity of O(n log n ), for large-update methods, where n is the size of the problem and is the accuracy parameter. In 2001, Peng et al. [START_REF] Peng | A new and efficient large-update interior point method for linear optimization[END_REF] presented a new primal-dual IPM based on the so-called Self-Regular functions. They obtained O( √ n log n ) and O( √ n log n log n ) for small-and large-update methods which are the currently best iterations bounds.

Since then, many KFs were introduced and analyzed. These functions can be classified chronologically according to the type of their barrier term into: simple algebraic, exponential, trigonometric and the recently introduced hyperbolic KF [START_REF] Touil | Primal-dual interior point methods for semidefinite programming based on a new type of kernel functions[END_REF]. Apart from these four types, there are several KFs with a barrier term that combines two different existing barrier terms. See for example [START_REF] Achache | Complexity analysis and numerical implementation of large-update interior-point methods for SDLCP based on a new parametric barrier kernel function[END_REF], [START_REF] Hafshejani | Primal-dual interior-point method for linear optimization based on a kernel function with trigonometric growth term[END_REF], [START_REF] Touil | A primal-dual interior-point method for the semidefinite programming problem based on a new kernel function[END_REF] and [START_REF] Boudjellal | A primal-dual interior point algorithm for convex quadratic programming based on a new parametric kernel function[END_REF] for recent KFs.

An interesting note is that all KFs that achieved the currently best iteration bound for large-update methods namely O( √ n log n log n ) depend on a parameter (Table 1 gathers some of these functions). In fact, the mentioned iteration bound accurs by choosing a certain value of the parameter. This motivates us to propose the following parametric KF

ψ (t) = t 2 -1 2 + a p coth p (t) - sinh 2 (1) p coth(1), ∀t > 0, (7) 
where a = sinh 2 (1) coth p-1 [START_REF] Karmarkar | A new polynomial-time algorithm for linear programming[END_REF] and p ≥ 2. The parameter p is called the barrier degree. The new KF is a generalization, up to a multiplicative constant, of the newly introduced KF [START_REF] Touil | Novel kernel function with a hyperbolic barrier term to primaldual interior point algorithm for SDP problems[END_REF] 

ψ(t) = t 2 -1 2 sinh 2 (1) + coth(t) -coth(1), ∀t > 0.
This adds a new KF to the hyperbolic type. We prove that the iteration complexity depend on the parameter p which enables us to derive the best iteration bound by a special choice of this parameter.

We present some notations used throughout the paper. • denotes the Euclidean norm of a vector. R n + and R n ++ denote the nonnegative and the positive orthants respectively. For given vectors x, s ∈ R n , X = diag(x) denotes the n × n diagonal matrix whose diagonal entries are the components of x, and the vector xs indicate the component-wise product of x and s. Finally, if f (x) ≥ 0 is a real valued function of a real nonnegative variable, the notation f (x) = O(g(x)) means that f (x) ≤ Cg(x) for some positive constant C and f

(x) = Θ(g(x)) means that C 1 g(x) ≤ f (x) ≤ C 2 g(x)
for two positive constants C 1 and C 2 .

The remainder of this paper is organized as follows : In the next section we present some of the key features of the new proposed KF including eligibility. The complexity have been analyzed in Section 3. Numerical experiments have been shown in Section 4. Finally, we give the conclusion in the last section.

The new parameterized kernel function and its properties

In this section, we first give some properties of the new KF which are essential to our complexity analysis. Then, we showcase it's eligibility. Finally, we study the effect of updating the barrier parameter µ on the value of the proximity function and proximity measure based on our KF.

Recall that the new proposed KF ψ is defined in 7.

Some technical lemmas

For convenience purposes, we give the first three derivatives of ψ

ψ (t) = t -a coth p-1 (t) sinh 2 (t) , (8) 
ψ (t) =1 + a 2 coth p (t) sinh 2 (t) + (p -1) coth p-2 (t) sinh 4 (t) ≥ 1, (9) 
and

ψ (t) = -a 4 coth p+1 (t) sinh 2 (t) + (6p -4) coth p-1 (t) sinh 4 (t) + (p -1)(p -2) coth p-3 (t) sinh 6 (t) (10) 
where

coth(t) > 1, ∀t > 0.
ψ is definitly a KF as it satisfies the following conditions :

ψ (1) = ψ (1) = 0, ψ (t) > 0, ∀t > 0 and lim t→0 + ψ (t) = lim t→+∞ ψ (t) = +∞.
In addition, we are able to define the following reversible functions : : [0, +∞) -→ [1, +∞) the inverse function of ψ (t) for t ≥ 1, and ρ : [0, +∞) -→ (0, 1] the inverse function of -1 2 ψ (t) for 0 < t ≤ 1, due to the fact that ψ and ψ are both monotonically increasing from [1, +∞[ to [0, +∞[ and from ]0, 1] to ] -∞, 0] respectively.

The following lemma provide an important feature of the hyperbolic cotangent function that enable us to prove the e-convexity of the new KF.

Lemma 2.1 ([21]

). Let ψ be the function defined in [START_REF] Wang | Primal-dual interior-point algorithms for semidefinite optimization based on a simple kernel function[END_REF]. Then, we have

2t coth(t) -1 > 0, ∀t > 0. ( 11 
)
As in [START_REF] Bai | A comparative study of kernel functions for primaldual interior-point algorithms in linear optimization[END_REF], we can write ψ(t) as

ψ(t) = t 2 -1 2 + ψ B (t)
where t 2 -1 2 is the growth term and ψ B (t) is the barrier term of our KF. Furthermore, ψ (t) ≥ 1 for all t > 0. Thus, we can take advantage of Lemma 2.1 in [START_REF] Bai | A new efficient large-update primal-dual interior-point method based on a finite barrier[END_REF] and Lemma 6.2 in [START_REF] Bai | A comparative study of kernel functions for primaldual interior-point algorithms in linear optimization[END_REF].

Lemma 2.2. One has

1 2 (t -1) 2 ≤ ψ (t) ≤ 1 2 (ψ (t)) 2 , ∀t > 0.
Lemma 2.3. One has

√ 1 + 2s ≤ (s) ≤ 1 + √ 2s, ∀s ∈ [0, +∞).
In the next lemma, we give an implicit lower bound for ρ (s) .

Lemma 2.4. For all (z, t) ∈ [0, +∞) × (0, 1] such that z = -1 2 ψ (t) , we have coth(t) ≤ coth(1) [2z + 1] 1 p+1 . Proof. let z ≥ 0 and t ∈ (0, 1] such that z = -1 2 ψ (t) , then ρ (z) = t. Using (8), we have 2z = -ψ (t) = -t + a coth p-1 (t) sinh 2 (t) , = -t + a coth p-1 (t)[coth 2 (t) -1]. Moreover, since 1 < cosh(t) ≤ cosh(1), ∀t ∈ (0, 1] and coth 2 (t) -1 = coth 2 (t) cosh 2 (t) , we obtain coth 2 (t) -1 ≥ 1 cosh 2 (1) coth 2 (t), ∀t ∈ (0, 1] coth 2 (t) ≤ 2z + 1 + 1 sinh 2 (1) , ∀t ∈ (0, 1]. This implies that 2z ≥ -t + sinh 2 (1) coth p-1 (1) cosh 2 (1) coth p+1 (t) = -t + 1 coth p+1 (1) coth p+1 (t).
which completes the proof.

Eligibility of the new kernel function

The following lemma confirm the e-convexity and the eligibility of our KF.

Lemma 2.5. Let ψ be our new KF,defined by (7) then we have

(i) tψ (t) -ψ (t) > 0, ∀t > 0. (ii) tψ (t) + ψ (t) > 0, ∀t > 0, i.e. ψ(t) is exponentially convex for t > 0. (iii) ψ (t) is monotonically decreasing, ∀t > 0. (iv) 2ψ (t) 2 -ψ (t) ψ (t) > 0, ∀t < 1.
Proof. From ( 8) and ( 9) , it follows that

tψ (t) -ψ (t) = a (p -1)t coth p-2 (t) sinh 4 (t) + coth p-1 (t) sinh 2 (t) (2t coth(t) + 1) , and 
tψ (t) + ψ (t) = 2t + a (p -1)t coth p-2 (t) sinh 4 (t) + coth p-1 (t) sinh 2 (t) (2t coth(t) -1) .
The first item is obviously stricly positive for all t > 0. As for the second item, it's obtained using (11) of Lemma 2.1. Using [START_REF] Choi | On complexity analysis of the primal-dual interior-point method for semidefinite optimization problem based on a new proximity function[END_REF], we have ψ (t) < 0, ∀t > 0, then ψ (t) decreases monotonically. Thus, the third item is verified. Lastly, using ( 8), ( 9) and ( 10), simple calculation leads to

2ψ (t) -ψ (t)ψ (t) = 2+at + 4a(p -1) coth p-2 (t) sinh 4 (t) + 8a coth p (t) sinh 2 (t) + a 2 p(p -1) coth 2p-4 (t) sinh 8 (t) + 4a 2 coth 2p (t) sinh 4 (t) + 2a 2 (p -2) coth 2p-2 (t) sinh 6 (t) > 0,
since a > 0 and p ≥ 2, which concludes the proof.

It is worth noting that any KF that satisfies the four conditions of Lemma 2.5 is an eligible function according to [6, p.109]. Thus, our KF is eligible.

Properties of Ψ (v) and σ(v)

We start by studying the effect of updating the barrier parameter µ on the value of function Ψ (v) .

Theorem 2.6. ( [START_REF] Wang | Primal-dual interior-point algorithms for semidefinite optimization based on a simple kernel function[END_REF]) For any v > and β > 1, we have

Ψ (βv) ≤ nψ β Ψ (v) n .
Assuming that Ψ (v) ≤ τ just before the µ-update to (1 -θ)µ, we get the following upper bound

Ψ (v + ) ≤ nψ   τ n √ 1 -θ   , (12) 
where

v + = v √ 1 -θ and 0 ≤ θ < 1.
As a consequence, using (12), Lemma 2.3 and Lemma 2.6 we can prove exactly as in [START_REF] El Ghami | Interior point methods for linear optimization based on a kernel function with a trigonometric barrier term[END_REF] that

Corollary 2.7. Let 0 ≤ θ < 1, v + = v √ 1-θ . If Ψ(v) ≤ τ, then we have Ψ(v + ) ≤ θn + 2τ + 2 √ 2τ n 2(1 -θ) := Ψ 0 .
Ψ 0 is an upper bound for Ψ(v + ) during the process of the algorithm.

For the analysis of our algorithm, we define the norm-based proximity measure σ(v), as below

σ(v) = 1 2 d x + d s = 1 2 ∇Ψ (v) . (13) 
Then, we give a lower bound of σ(v) in terms of the proximity function Ψ (v).

Lemma 2.8. Let σ(v) be defined by [START_REF] Anane | Méthodes de points intérieurs pour la programmation linéaire basées sur les fonctions noyaux[END_REF]. Then, for any v > 0, we have

σ(v) ≥ Ψ (v) 2 .
Proof. The resulat is directly obtained using Lemma 2.2 and the fact that ψ (t) ≥ 1 for all t > 0.

Remark 1. Throught the paper we assume that τ ≥ 1. Using lemma 2.8 and the assumpation that Ψ(v) ≥ τ , we have

σ(v) ≥ 1 2 .
We end this section by providing a brief description of the algorithm corresponding to the primal-dual IPM based on our KF summarized in Algorithm 1. Given a strictly feasible point (x 0 , y 0 , s 0 ) situated in a τ -neighborhood of the given µ-center, we decrease µ to µ + := (1 -θ)µ for some fixed 0 < θ < 1, and then compute the search directions (∆x, ∆y, ∆s). By choosing an appropriate step size α, the positivity of the new iterate is guaranteed. This procedure is repeated until we find a new iterate (x + , y + , s + ) that again belongs to the τ -neighborhood of the current µ-center. Then, we update the parameter µ to µ + and we let (x, y, s) = (x + , y + , s + ). This process is repeated until µ is small enough, more precisely until nµ < for a certain accuracy parameter , at this stage we have found an -optimal solution of (P ) and (D).

Algorithm 1 : Generic Interior Point Algorithm for LO

Input a threshold parameter τ ≥ 1; an accuracy parameter > 0; a fixed barrier update parameter θ ∈]0, 1[; (x 0 , y 0 , s 0 ) satisfy the IPC and µ 0 = 1 such that Φ x 0 , s 0 ; µ 0 := Ψ(v 0 ) ≤ τ. begin x : = x 0 ; s : = s 0 ; µ : = µ 0 ; while nµ ≥ do begin (outer iteration) µ : = (1 -θ)µ; while Φ(x, s; µ) := Ψ(v) > τ do begin (inner iteration)

x := x + α∆x; y := y + α∆y; s := s + α∆s; v := xs µ ; end while (inner iteration) end while (outer iteration)

Complexity analysis

Computation of displacement step

In this section, we compute a default step size α such that (x + , y + , s + ) defined in (4) are feasible and the proximity function decreases sufficiently. Due to [START_REF] Bai | A new efficient large-update primal-dual interior-point method based on a finite barrier[END_REF] for fixed µ, we may write

x + = x v (v + αd x ), s + = s v (v + αd s ).
This leads to

v + = x + s + µ = (v + αd x )(v + αd s ).
Now, we define the difference of proximities between a new iterate and a current iterate for a fixed µ as below

f (α) = Ψ (v + ) -Ψ (v) .
Throughout the paper we assume that the step size α satisfies v + αd x > 0 and v + αd s > 0.

Then, we have

Ψ (v + ) ≤ 1 2 (Ψ(v + αd x ) + Ψ(v + αd s )) ,
due to the e convexity of ψ(t).

To facilate the notation, we put σ(v) := σ.

Recall that our KF is eligible. Thus, we can proceed as in [START_REF] Bai | A comparative study of kernel functions for primaldual interior-point algorithms in linear optimization[END_REF] to obtain the following results

Theorem 3.1. The largest possible value of the step size α * is

α * = ρ (σ) -ρ (2σ) 2σ .
Moreover,

α * ≥ 1 ψ (ρ (2σ)) ,
and we have for all α ∈ [0, α * ]:

f (α) ≤ -ασ 2 . Corollary 3.2. Let us set ᾱ = 1 ψ (ρ (2σ))
, as the default step size. Then

f (ᾱ) ≤ - σ 2 ψ (ρ (2σ)) . ( 14 
)
Lemma 3.3. The right hand side in expression ( 14) is monotonically decreasing in σ.

The following theorem gives an upper bound for the decreasing value of the proximity gap function.

Theorem 3.4. If ᾱ is the default step size and σ ≥ 1, then we have

f (ᾱ) ≤ - √ 2Ψ(v) p 2(p+1) 72 (5 + 4p) . ( 15 
)
Proof. From (8) we have

ψ (t) = 1 + a 2 coth p (t) sinh 2 (t) + (p -1) coth p-2 (t) sinh 4 (t) = 1 + a 2 coth p (t)(coth 2 (t) -1) + (p -1) coth p-2 (t)(coth 2 (t) -1) 2 ≤ 1 + a (p + 1) coth p+2 (t) . Let t = ρ (2σ) . Lemma 2.4 implies that ψ (ρ (2σ)) ≤ 1 + sinh 2 (1) coth 3 (1)(p + 1)(4σ + 1) p+2 p+1 ≤ 1 + sinh 2 (1) coth 3 (1)(p + 1) (4σ + 1) p+2 p+1 .
On the other hand,

f (ᾱ) ≤ - σ 2 ψ (ρ (2σ))
.

It follows that

f (ᾱ) ≤ - σ 2 1 + sinh 2 (1) coth 3 (1)(p + 1) (4σ + 1) p+2 p+1 ≤ - σ 2 1 + sinh 2 (1) coth 3 (1)(p + 1) (4σ + 2σ) p+2 p+1 ≤ - σ p p+1 36(5 + 4p) ≤ - √ 2Ψ(v) p 2(p+1) 72 (5 + 4p) ,
where the last inequality is obtained using Lemma 2.8. This completes the proof of the theorem.

Iteration bound of our algorithm

In this subsection, we give an upper bound for the number of inner iterations needed to return to the τ -neighborhood, i.e. Ψ (v) ≤ τ after µ-update. We set Ψ 0 , as the value of Ψ (v) after µ-update, whereas the subsequent values in the same outer iteration are denoted as Ψ k , k = 1, ..., K, with K is the total number of inner iterations in the outer iteration that can be taken by our algorithm. We first present the following technical result that enable us to derive an upper bound for K.

Lemma 3.5. ([10]) Suppose t 0 , t 1 , ..., t k be a sequence of positive numbers such that

t k+1 ≤ t k -βt 1-γ k , k = 0, 1, ..., K -1,
where β > 0 and 0 < γ ≤ 1.

Then K ≤ t γ 0 βγ .
Recall that the decrease on each inner iteration is given by [START_REF] Touil | A feasible primal-dual interior point method for linear semidefinite programming[END_REF], that is,

Ψ k+1 ≤ Ψ k - √ 2Ψ p 2(p+1) k 72 (5 + 4p) .
Consequently, using the previous lemma for the values

t k = Ψ k , β = √ 2 72(5 + 4p) and γ = p + 2 2(p + 1)
, we get the following lemma.

Lemma 3.6. Let K be the total number of inner iterations in the outer iteration.

Then we have

K ≤ 72 √ 2(5 + 4p)(p + 1) (p + 2) Ψ p+2 2(p+1) 0 ,
where Ψ 0 is the value of Ψ (v) after the µ-update in outer iteration.

We arrive at the final result of this section which summarizes the complexity bounds for large and small-update methods. Theorem 3.7. Let Ψ 0 be the value defined in Corollary 2.7 and let τ ≥ 1. Then, the total number of iterations to obtain an approximation solution with nµ ≤ is bounded by

72 √ 2(5 + 4p)(p + 1) (p + 2) Ψ p+2 2(p+1) 0 log n θ . (16) 
Proof. Recall that Ψ 0 is the upper bound according to Corollary 2.7. An upper bound for the total number of iterations is obtained by multiplying the upper bound K by the number of barrier parameter updates, which is bounded above by 1 θ (log n ) (see [START_REF] Choi | On complexity analysis of the primal-dual interior-point method for semidefinite optimization problem based on a new proximity function[END_REF]), thus, we obtain the result due to the above lemma.

For large-update method with τ = O (n) and θ = Θ (1) , the complexity of the primal-dual interior point algorithm for linear programming problem based on our new KF is O pn As for small-update method i.e, τ = O (1) and θ = Θ 1 √ n , the substitution of these values into 16 does not give the best possible bound. A better bound is obtained using the folowing lemma Lemma 3.8. ( [START_REF] Bai | A comparative study of kernel functions for primaldual interior-point algorithms in linear optimization[END_REF]) One has

Ψ (βv) ≤ ψ (1) 2 θ √ n + √ 2τ 2 1 -θ , β = 1 √ 1 -θ > 1.
Corollary 3.9. Let θ be such that

0 < θ < 1. If Ψ(v) ≤ τ, then Ψ (βv) ≤ coth(1) + p (1 -θ) θ √ n + √ 2τ 2 , β = 1 √ 1 -θ > 1.
By the assumption Ψ (v) ≤ τ just before the µ-update, we have

Ψ (βv) ≤ (coth(1) + p) (1 -θ) θ √ n + √ 2τ 2 := Ψ 0 , (17) 
Ψ 0 is an upper bound for Ψ (βv) during the process of the algorithm. Using this upper bound, we get O(p 2 √ n log n ) iterations complexity for small-update methods.

Numerical tests

In this section, we validate the performance of the interior point algorithm based on the new KF by providing numerical experiments. These experiments were implemented in MATLAB R2012b and performed on Supermicro dual-2.80 GHz Intel Core i5 server with 4.00 Go RAM.

We have taken = 10 -8 , τ = n, and we use several values of parameter θ.

In order to make a fair comparison, we chose a practical step size α as in [START_REF] Keraghel | Etude adaptative et comparative des principales variantes dans l'algorithme de karmarkar[END_REF] i.e, α = min(α x , α s ), with

α x = min i=1..n    - x i ∆x i if ∆x i < 0, 1 elsewhere. 
and

α s = min i=1..n    - s i ∆s i if ∆s i < 0, 1 elsewhere.
This choice of α garantees the strict positivity of the new point. Moreover, we increase the step size by a fixed factor 0 < β < 1 (in our case we chose β = 0.9). Our aim is to showcase the efficiency of the generic interior-point algorithm based on our parametric hyperbolic KF in solving LO problems. As in [START_REF] El Ghami | Primal-dual interior-point methods solver based on kernel functions for linear optimization[END_REF], we conducted comparative numerical tests between the KFs provided in Table 1 on the following seven test problems with different sizes, ranging from very small to big size problems. Since there are parameters involved in the definition of all the considered KFs , we chose two commun values of these parameters: p = 2 and p = 4. This left us with 12 different KFs. 

Kernel function Complexity

Ref

ψ 1,p (t) = t 2 -1 2 + t 1-p -1 p-1 , p ≥ 2 O pn p+1 2p log n [4] ψ 2,p (t) = t 2 -1 2 + e ( 1 t q -1) -1 q , p ≥ 1 O √ n(log n) p+1 p n log n [8] ψ 3,p (t) = t 2 -1 2 + e p( 1 t -1) -1 p , p ≥ 1 O p -1 √ n(log n) 2 log n [9] ψ 4,p (t) = t 2 -1 2 + 4 πp tan p π 2t+2 -1 , p ≥ 2 O pn p+2 2(p+1) log n [14] ψ 5,p (t) = t 2 -1-log t 2 + t 1-p -1 2(p-1) , p ≥ 2 O pn p+1 2p log n [16] ψ New,p (t) = t 2 -1 2 + sinh 2 (1) coth p (t) p coth p-1 (1) -sinh 2 (1) coth(1) p , p ≥ 2 O pn p+2 2(p+1) log n New
Examples with fixed size:

Example 4.1 ([13]). m = 2, n = 4.

A = 1 1 1 1 1 1 0 -3 , b = (1, 0.5) t , c = (1, 2, 3, 4) t ,
where the initial feasible solutions are defined as follows

x 0 = (0.5, 0.27, 0.14, 0.09) t , y 0 = (0, 0) t and s 0 = (1, 2, 3, 4) t .

The optimal solution is x * = (0.87500, 0, 0, 0.12500) t , y * = (1.75000, -0.75000) t , and s * = (0.00000, 1.00000, 1.25000, 0.00000) t .

Example 4.2 ([13]

). m = 3, n = 5.

A =   2 1 1 0 0 1 2 0 1 0 0 1 0 0 1   , b = (8, 7, 3) t , c = (-4, -5, 0, 0, 0) t ,
where the initial feasible solutions are defined as follows

x 0 = (2.85, 1.9, 0.4, 0.35, 1.1) t , y 0 = (-1.2, -1.8, -0.5) t and s 0 = (0.2, 0.3, 1.2, 1.8, 0.5) t .

The optimal solution is x * = (3.0000, 2.0000, 0.0000, 0.0000, 1.0000) t , y * = (-1.0000, -2.0000, -0.0000) t , s * = (0.0000, 0.0000, 1.0000, 2.0000, 0.0000) t .

Example 4.3 ([13]

). m = 3, n = 6.

A =   2 1 0 -1 0 0 0 0 1 0 1 -1 1 1 1 1 1 1   , b = (0, 0 , 1) t , c = (3, -1, 1, 0, 0, 0) t , 
where the initial feasible solutions are defined as follows x 0 = (0.06757, 0.13258, 0.13302, 0.26774, 0.13302, 0.2664) t , y 0 = (-2, -2, -3) t and s 0 = (10, 4, 6, 1, 5, 1) t . The optimal solution is x * = (0.0000, 0.5000, 0.0000, 0.5000, 0.0000, 0.0004) t , y * = (-0.5000, -0.5000, -0.5000) t , s * = (4.5000, 0.0000, 2.0000, 0.0000, 1.0000, 0.0000) t .

Example 4.4 ([13]

). m = 5, n = 9.

A =       0 1 2 -1 1 1 0 0 0 1 2 3 4 -1 0 1 0 0 -1 0 -2 1 2 0 0 1 0 1 2 0 -1 -2 0 0 0 1 1 3 4 2 1 0 0 0 0       , b = (1, 2, 3, 2, 1) t , c = (1, 0, -2, 1, 1, 0, 0, 00) t ,
where the initial feasible solutions are defined as follows x 0 = (0.1819, 0.0699, 0.063, 0.1105, 0.2012, 0.6732, 1.1885, 2.835, 2.1912) t , y 0 = (-1.3843, -0.8751, -0.4241, -0.4463, -3.0424) t and s 0 = (4.9398, 13.1544, 14.7156, 9.1788, 4.5072, 1.3843, 0.8751, 0.4241, 0.4463) t . The optimal soltion is x * = (0.0000, 0.0000, 0.2664, 0.0000, 0.0000, 0.4269, 1.1406, 3.5729, 2.0000) t , y * = (-0.0000, -0.0000, -0.0000, -0.0000, -0.4999) t , Ex 

θ ψ 1,2 ψ 1,4 ψ 2,2 ψ 2,4 ψ 3,2 ψ 3,4 ψ 4,2 ψ 4,4 ψ 5,2 ψ 5,4 ψ New 
θ m ψ 1,2 ψ 1,4 ψ 2,2 ψ 2,4 ψ 3,2 ψ 3,4 ψ 4,2 ψ 4,4 ψ 5,2 ψ 5,4 ψ New 

Comments

Recall that the numerical results were obtained by performing Algorithm 1 with the kernel functions defined in Table 1 on seven test problems. For each example, we used bold font to highlight the best, i.e., the smallest, iteration number.

From Tables 2-5 we may conclude a few remarks.

• We encountered a problem with KFs ψ 2,4 and ψ To assess the effectiveness and the superiority of our algorithm regarding the total number of iterations, we calculate, for each KF the percentage of cases where the KF has the smallest iteration number. As an illustration, we plot a histogram to compare the performance of the algorithms. 1.

Supported by the performance bar graph, We can see that the parameter p = 2 has better pourcentage than p = 4 for all KFs. Furthermore, the algorithms based on the new KF attain the most wins among the considered algorithms. In fact, ψ New,2 has the best percentage among all KFs.

Conclusions and remarks

In this work, we have presented an IPM for linear optimization based, for the first time, on a parameterized hyperbolic KF. We have studied some properties of the KF including e-convexity and elibility while investigating the effect of the parameter. We have proved that by choosing a special value of the parameter, the so far best known iteration bounds for large-and small-update methods are derived. This is a significant improvement from the complexity results obtained by Touil et al in [START_REF] Touil | Primal-dual interior point methods for semidefinite programming based on a new type of kernel functions[END_REF]. These results confirm that the proposed KF is the first to achieve the currently best known complexity bound for large update with a hyperbolic barrier term. To consolidate our theoretical results, we performed some numerical experiments on the proposed algorithm comparing the results with some other existing algorithms. The practical performance of the proposed algorithm seems very promising as we got the smallest iteration numbers in most cases.

Future research might focus on the extension to semidefinite optimization and symmetric cone optimization.
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 221 p+1) log n iterations complexity. An interesting choice is p = log n which minimizes the iteration bound. Then, the itertion bound becomes O √ n(log n) log n iterations complexity.

3 , 4

 34 indicated by dash in the corresponding columns of Tables 2, 3 and 5. Despite this, ψ 2,4 is the only one to give the smallest iteration number in Example 4 and 5 for θ = 0.99 and θ = 0.9 respectively. • In all examples with variable size for θ = 0.7, ψ 1,2 , ψ 4,3 , ψ 5,2 , ψ 5,2 and ψ new,2 has the same smallest iterations number. Moreover, ψ new,2 has also the best iterations number in examples with fixed size for θ = 0.7. • The iteration numbers of the algorithm based on the new KF depend on the values of the parameters p. In fact, the value p = 2 gives better iteration numbers in general. • ψ new,p outperformed the other KFs in Examples 1, 4 and 5 for θ = 0.95, and in Examples 5 and 7 for θ = 0.99. • For our KF, the obtained iteration numbers coinced with, or in worst-case, close to the best ones with a slackness of at most 5.

Figure 1 .

 1 Figure 1. Performance comparaison between KFs in Table1.

Table 1 .

 1 Considered kernel functions.

Table 2 .

 2 Number of inner iterations for fixed size examples.

Table 3 .

 3 Number of inner iterations for Example 5 with different sizes n = 2m.

	New,4
	ψ
	,2

Table 4 .

 4 Number of inner iterations for Example 6 with different sizes n = 2m.

	ψ New,4
	,2

Table 5 .

 5 Number of inner iterations for Example 7 with different sizes n = 2m.

	New,4	19	20	21	21	22	22	23	13	14	14	15	15	15	16	15	16	16	16	18	18	18	18	18	20	20	20	20	20
	ψ																												
	ψ New,2	18	19	20	20	21	21	22	12	13	13	14	14	14	15	13	14	14	14	16	16	16	22	22	24	24	24	24	24
	ψ 5,4	18	19	20	20	21	21	22	13	14	14	15	15	15	16	14	15	15	15	17	17	17	26	26	28	28	28	28	28
	ψ 5,2	18	19	20	20	21	21	22	12	13	13	14	14	14	15	12	13	13	13	15	15	15	26	26	28	28	28	28	28
	ψ 4,4	18	19	20	20	21	21	22	13	14	14	15	15	15	16	13	14	14	14	15	15	15	20	20	22	22	22	22	22
	ψ 4,2	18	19	20	20	21	21	22	11	12	12	13	13	13	14	15	16	16	16	18	18	18	21	21	23	23	23	23	23
	ψ 3,4	27	28	29	29	30	30	31	31	32	32	33	33	33	34	27	29	29	29	30	30	30	34	34	36	36	36	36	36
	ψ 3,2	18	19	20	20	21	21	22	16	17	17	18	18	18	19	15	16	16	16	18	18	18	28	28	30	30	30	30	30
	ψ 2,4	-	-	-	-	-	-	-	11	12	12	13	13	13	14	47	48	48	48	88	88	88	25	25	27	27	27	27	27
	ψ 2,2	19	20	21	21	22	22	23	16	17	17	18	18	18	19	18	19	19	19	20	20	20	40	40	42	42	42	42	42
	ψ 1,4	18	19	20	20	21	21	22	13	14	14	15	15	15	16	13	14	14	14	15	15	15	23	23	25	25	25	25	25
	ψ 1,2	18	19	20	20	21	21	22	11	12	12	13	13	13	14	16	17	17	17	18	18	18	23	23	25	25	25	25	25
	m	5	25	50	100	200	400	1000	5	25	50	100	200	400	1000	5	25	50	100	200	400	1000	5	25	50	100	200	400	1000
	θ			θ = 0.7					θ = 0.9				θ = 0.95				θ = 0.99		

s * = (1.5000, 1.4999, 0.0000, 1.9999, 1.4999, 0.0000, 0.0000, 0.0000, 0.0000) t .

Examples with variable size: Example 4.5 ([14]). The matrix A is defined as

We start by an initial point (x 0 , y 0 , s 0 ) such that x 0 = e, y 0 (i) = -2 and s 0 (i) = 1, s 0 (i + m) = 2, for i = 1, ..., m. The optimal solution is [START_REF] Touil | A feasible primal-dual interior point method for linear semidefinite programming[END_REF]). The matrix A is defined as

We start by an initial point (x 0 , y 0 , s 0 ) such that x 0 (i) = 1.5, x 0 (i + m) = 0.5, y 0 (i) = -2, for i = 1, ..., m, and s 0 = e. The optimal solution is x * (i) = 1.4793, x * (i + m) = 0.5207, y * (i) = -1, for i = 1, ..., m, and s * = 0.

Example 4.7. The matrix A is defined as

4 and b (i) = 2, i = 1, ..., m. We start by an initial point (x 0 , y 0 , s 0 ) such that x 0 (i) = 5 4 , x 0 (i + m) = 3 4 , y 0 (i) = -7 12 , and s 0 (i) = 5 6 , s 0 (i + m) = 4 3 , for i = 1, ..., m. The optimal solution is x * (i) = 2, x * (i + m) = 0, y * (i) = 1 4 , and s * (i) = 0, s * (i + m) = 1 2 , for i = 1, ..., m. The problems were tested for multiple values of θ, θ ∈ {0.7, 0.9, 0.95, 0.99}. For variable size problems, we performed Algorithm 1 with the proposed KFs for seven different sizes n = 2m where m ∈ {5, 25, 50, 100, 200, 400, 1000}. This left us with 100 experiments for every KF. The results are summarized in tables below.