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Abstract

How to evaluate and compare social prospects when there may be a
risk on i) the actual allocation people will receive; ii) the existence of
these future people; and iii) their preferences? This paper investigate this
question that may arise when considering policies that endogenously affect
future people, for instance climate policy. We show that there is no social
ordering that meets minimal requirements of fairness, social rationality,
and respect for people’s ex ante preferences. We explore three ways to
avoid this impossibility. First, if we drop the ex ante Pareto requirement,
we can obtain fair ex post criteria that take an (arbitrary) expected utility
of an equally-distributed equivalent level of well-being. Second, if the social
ordering is not an expected utility, we can obtain fair ex ante criteria that
assess uncertain individual prospects with a certainty-equivalent measure
of well-being. Third, if we accept that interpersonal comparisons rely on
VNM utility functions even in absence of risk, we can construct expected
utility social orderings that satisfy of some version of Pareto ex ante.
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1 Introduction

To unify evaluations and comparisons of living standards for individuals and

populations of possibly different sizes and preferences, Fleurbaey and Tadenuma

(2014) have introduced the concept of universal social orderings. Such universal

social orderings are defined over pairs of allocation and preference profiles that

may differ in size, e.g., making it possible to compare the situation of the Eu-

ropean Union in 1999 with that of India in 2015. The aim of this paper is to

extend this theory to risk. Indeed, many relevant economic situations involve

risk (or uncertainty) about i) the actual allocation people will receive; ii) their

preferences; and iii) their existence and the size of the population.

This is illustrated by the question of climate change and the design of climate

policies. It is widely recognized that there are deep uncertainties about how cli-

mate change may affect the economy (Weitzman, 2009; IPCC, 2014). But it is

also widely recognized that the size of the future population is also very uncertain,

and this raises crucial questions, including ethical ones (Millner, 2013; Scovronick

et al., 2017). A few papers have also highlighted the issue of uncertainty about

future preferences and its consequences for climate policy (Beltratti, Chichilnisky

and Heal, 1998; Ayong Le Kama, 2001; Ayong Le Kama and Schubert, 2004). But

they do not discuss in details the welfare framework to be used for evaluating such

changes. It is noteworthy that, in the workhorse welfare framework for analyzing

climate policies, namely the expected discounted utility (EDU) model, there is a

confusion between risk aversion, inequality aversion and the intertemporal elas-

ticity of substitution, which makes it unclear how individual wellbeing should be

evaluated (Atkinson et al., 2009; Dasgupta, 2008; Anthoff, Tol and Yohe, 2009).

Uncertainty about future preferences, and therefore preference diversity, is a

real challenge when analyzing the impact of public policies because it raises the

problem of wellbeing measurement and comparison for individuals having non-

comparable utilities. This has been one of the central issues of social choice theory

and welfare economics. For the case in which individuals face risk, the seminal

contribution is Harsanyi’s (1955) aggregation theorem. This theorem, which in-
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volves the Pareto principle applied in risky situations, characterizes utilitarianism

as a sum of Von Neumann–Morgenstern (henceforth VNM) individual utilities.

Hence, Harsanyi recommended to rely on these specific functions for wellbeing

measurement and comparisons.1 This assumption was made in his initial paper

and in most of the subsequent literature (Broome, 1991; Diamond, 1967; Epstein

and Segal, 1992). But this remains a controversial assumption (as argued for

instance by Chambers and Echenique, 2012, and Fleurbaey and Zuber, 2017)

and many alternative welfare measures have been proposed in the literature. In

particular, it is debatable whether people’s risk attitudes should play a role in

interpersonal comparisons made in absence of risk. In this paper, we consider al-

ternative measures that are based only on ordinal preferences and the allocation

people receive, and are independent of risk attitudes in contexts that are devoid

of risk.

The aim of the present paper is to introduce a framework that can be used to

explicitly address the issue of welfare measurement in situations involving pref-

erence diversity, preference uncertainty, and uncertainty about the identity of

future people. Following the fair social choice approach (Fleurbaey and Mani-

quet, 2011), wellbeing measures are preference-based and embody fairness prin-

ciples expressed in terms of the resources (income, environmental goods, health)

available to individuals. Such measures allow for preference diversity within and

across generations but traditionally, they do not take account of risk attitudes for

comparisons in riskless contexts. This paper is part of a more general project to

extend and bridge two separate branches the literature: the theory of fair social

orderings and the theory of social choice under risk.

The following sections are organized as follows. Section 2 contains the presen-

tation of the framework and main definitions. Section 3 offers an introduction to

fair social orderings and proves the impossibility of extending it to risk without

compromising basic principles of fairness, rationality, or respect for preferences.

1There is an issue on how these VNM utilities should be normalized. The most widespread
proposal is to scale the utility functions by setting the utility of a “good” option (generally the
best) equal to one and the utility of a “bad” option (generally the worst) equal to zero. This
has been called “relative utilitarianism” by Dhillon and Mertens (1999).
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Section 4 focuses on the tension between rationality and respect for preferences,

and is devoted to the characterization of the ex ante and the ex post approaches

to social welfare measurement. Section 5 revisits the well-being measures coming

from the theory of fair social orderings and shows that allowing risk attitudes to

matter even in absence of risk, for interpersonal comparisons, opens additional

possibilities for reconciling social rationality and the Pareto principle.

2 Framework

2.1 The framework

The set of potential individuals who may or may not exist is N.2 In any social

alternative, only a subpopulation N ∈ N exists, where N is the set of non-empty

finite subsets of N.

A social alternative a specifies the population N that exists and the distri-

bution of preferences and goods a =
(
xN , RN

)
=
((
xi, Ri

)
i∈N

)
, where each xi

is a bundle in X = Rk
+ (with k ∈ Z++) and each Ri is a preference ordering

in a set R that we describe below. We denote the set of social alternatives

A =
⋃
N∈N

(
X × R

)N
. For any a ∈ A, N(a) is the set of individuals who exist

in alternative a and n(a) = |N(a)| is the number of individuals in the alterna-

tive. For two disjoint populations N and M ,
(
(xN , RN), (xM , RM)

)
denotes the

alternative
(
xN∪M , RN∪M

)
.

We assume that it is not always known for sure what the final allocation

of consumption will be, nor what set of individuals will eventually exist. To

model this, we assume that there exists an infinite set of states of the world S,

with typical element s ∈ S. We denote E a σ-algebra over S, so that (S, E)

is a measurable space. There is a probability measure P on the measurable

space (S, E), which is supposed to be objective (or it is the belief used in the

2Notation: N denotes the set of positive integers; R (resp. R+, R++) the set of real numbers
(resp. non-negative, positive real numbers). For a set D and any n ∈ N, Dn is the n-fold
Cartesian product of D. Also, for two sets D and E, DE denotes the set of mappings from E
into D.
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evaluation).3

A social prospect f is a finitely-valued function from S toA, which is supposed

to be E-measurable. For s ∈ S, f(s) ∈ A is therefore the alternative induced by

the prospect f in state s. We denote by F the set of all such social prospects. For

any random variable K, i.e., any E-measurable function K : S → R, its expected

value is E
[
K
]

=
∫
S K(s)dP (s).

For a prospect f ∈ F and a state of the world s ∈ S, whenever i ∈ N
(
f(s)

)
,

xi (f(s)) denotes the bundle allocated to individual i in state of the world s ∈ S
and Ri (f(s)) the preference ordering of individual i in that state. For any i ∈ N
and any R ∈ R, we let

Ei,R (f) =
{
s ∈ S | i ∈ N(f(s)) and Ri (f(s)) = R

}
be the event in which individual i exists with preferences R. We let Pi,R (f) =

P (Ei,R (f)) denote the probability of this event. Similarly, for a subpopulation

N ∈ N and a profile of preferences RN = (Ri)i∈N ∈ RN , we define

EN,RN (f) =
{
s ∈ S | N(f(s)) = N and Ri (f(s)) = Ri for all i ∈ N

}
and we let PN,RN (f) = P (EN,RN (f)) be the probability that a specific sub-

population with specific preferences exists.

By convention, for any a ∈ A, we let a denote the prospect f ∈ F such that

f(s) = a for all s ∈ S. These are sure prospects yielding the same alternative in

all states of the world. Similarly, let A ⊂ F also denote the set of sure prospects.

It remains to specify how individuals rank different prospects and alterna-

tives. To do so, let us first focus on the case in which an individual exists for

sure with given preferences. We let L denote the set of individual (consumption)

prospects that are E-measurable finitely-valued functions ` from S to X . Indi-

vidual preferences for individual i are represented by a complete and transitive

3It is well known that heterogenous beliefs create problems for social choice, and in this
paper we want to focus on more fundamental problems which occur even in absence of belief
heterogeneity.
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relation Ri over L (with associated indifference relation Ii and strict preference

Pi). More specifically, an individual preference ordering Ri belongs to R if there

exists an increasing and continuous Von Neumann-Morgenstern (WNM) function

vi : X → R, which is unique up to an increasing affine transformation and such

that, for all `, `′ ∈ L:

`Ri `
′ ⇐⇒ E

[
vi ◦ `

]
≥ E

[
vi ◦ `′

]
.

In the sequel, we adopt the convention that vRi denotes an arbitrarily chosen

VNM function associated with the preference ordering Ri.

These preferences induce preferences on sure bundles in X . Indeed, for any

x, y ∈ X , we say that x is weakly preferred to y (xRy) if there exist `, `′ ∈ L such

that `(s) = x and `′(s) = y for all s ∈ S, and `R `′. Preferences restricted to sure

prospects are therefore complete and representable by a continuous utility func-

tion. Our assumptions about R also entail that individuals are expected utility

maximizers. Experimental economics have highlighted that expected utility may

not be behaviorally realistic, as individuals often violate the VNM-independence

property and do not necessarily have well-defined beliefs. However, the assump-

tion remains normatively relevant to represent the interests of individuals.

One difficulty we encounter is that, for a given social prospect, an individual

i ∈ N may not exist in all states of the world and may have different preferences

in different states. We do not assume that individuals can compare two prospects

where they do not exist with the same probability or do exist but with different

preferences. Instead, we rely on conditional expected utilities to represent indi-

vidual interests for subsets of states with fixed preferences. For any E ∈ E , let

EE = {E ′ ∩ E|E ′ ∈ E}, which is a sigma-algebra over E.4 We define the con-

ditional probability PE : EE → [0, 1] by PE(E ′) = P (E ′)/P (E), and (E, EE, PE)

is a probability space. For any EE-measurable function K : E → R, its condi-

tional expected value is EE
[
K
]

=
∫
E
K(s)dPE(s). For a social prospect f where

individual i exists in some event E with preferences Ri, EE
[
vRi ◦ xi (f)

]
is the

4Remark that EE is well-defined given that a sigma-algebra is closed by intersection.
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conditional expected utility of this individual. We can use this expression to rep-

resent individual preferences conditional on existence with given preferences in

some states of the world.

Regarding the social ranking of prospects, we also make the following assump-

tion.

A social welfare ordering % is a complete and transitive relation over

F . Furthermore, for all N ∈ N , RN , R
′
N ∈ RN and xN ∈ XN , the

sets
{
x′N ∈ XN |(x′N , R′N) % (xN , RN)

}
and

{
x′N ∈ XN |(xN , RN) %

(x′N , R
′
N)
}

are closed.

The second part of the definition of the social welfare ordering is a continuity

property. Note that, at this stage, we do not make any expected utility assump-

tion for the social ranking.

2.2 Well-being measures

As discussed in the introduction, a key question when comparing different popu-

lations is to determine how allocations given to people with different preferences

may be compared. This question of well-being measurement and inter-personal

comparisons of individual situations has been a central issue in social choice and

welfare economics. Following Pareto, Samuelson and Arrow, economists have of-

ten argued that we should only use ordinal non-comparable preferences. But of

course, as argued in Karni (2003), we do need to compare individual situations to

formulate meaningful distributive judgements. In this paper, and following the

literature on fair allocation of resources, we propose to compare upper-contour

sets. We will define index numbers for interpersonal comparisons that will corre-

spond to some valuation of upper-contour sets.

For any x ∈ X and R ∈ R, we denote U(x,R) = {x′ ∈ X |x′Rx} the (closed)

upper-contour set of x according to R.5 Denote U = ∪(x,R)∈X×RU(x,R) the set

of all upper-contour sets, with typical element U . Assigning numbers to upper-

contour sets is done by what we will call set functions, i.e., functions ψ : U → R+

5We use the standard notation P to denote strict preference and I to denote indifference.

6

 
Documents de travail du Centre d'Economie de la Sorbonne - 2021.18



such that ψ(X ) = 0 and ψ(U) = R+.6 We say that an upper-contour set U is

strictly above another upper-contour set U ′ if, for all x ∈ U there exists x′ ∈ U ′

such that x� x′. A set function is increasing if for all U,U ′ ∈ U such that U is

strictly above U ′, one has ψ(U) > ψ(U ′).

A possible measurement of individual well-being consists in fixing a set func-

tion ψ and defining the utility of individual i with preferences Ri and allocation xi

as uψ(xi, Ri) = ψ
(
U(xi, Ri)

)
. Notice that, if ψ is increasing, uψ(., Ri) is a proper

representation of preferences in the sense that, for all sure individual prospects

x, x′ ∈ X , xRix
′ ⇐⇒ uψ(x,Ri) ≥ uψ(x′, Ri).

Well-being measurement using set functions may appear quite abstract. Let

us therefore mention two methods for interpersonal comparisons that have been

widely discussed in the literature and are special cases of this approach (they are

illustrated in the case of two goods in Fig. 1):

1. The money-metric approach (Samuelson and Swamy, 1974). Let p ∈ Rk
++

be a reference price vector. In the money-metric approach, well-being is

measured by the minimal expenditure needed at price p to reach a level of

satisfaction equivalent to x:

ep (x,R) = min {pz|z ∈ U (x,R)} .

With the set function ψp(U) = min {pz|z ∈ U}, one obtains ep(x,R) =

uψp(x,R).

2. The Pazner-Schmeidler equivalence approach (Pazner and Schmeidler, 1978).

Let ω ∈ X \{0} be a reference bundle. In the Pazner-Schmeidler equivalence

approach, well-being is measured by the fraction of ω which is considered

as good as x:

eω(x,R) = min{e ∈ R+|eω ∈ U (x,R)}.

6We choose to normalize set functions without loss of generality. ψ(X ) is the value of the
upper contour set at bundle giving 0 of each good. ψ(U) = R+ means that the co-domain of ψ
is the entire set of non-negative real numbers.
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x2

x1

z

I(x,R)

x

(a) Money metric

x2

x1

eω(x,R)× ω

ω

I(x,R)

x

(b) Pazner-Schmeidler equivalence

Figure 1: Examples of well-being measures using ordinal information

Note: The set I(x,R) is the set of bundles that are indifferent to x according to the preference
ordering R. In the left panel, the allocation z is the one minimizing the budget pz to reach
a level of satisfaction equivalent to x. In the right panel, the allocation ω is the reference
allocation and eω(x,R)ω is the allocation equivalent to x when preferences are R.

With the set function ψω(U) = min
{
e|eω ∈ U}, one obtains eω(x,R) =

uψω(x,R).

Well-being functions based on set functions are measures of individual well-

being when there is no risk. Under risk, there also exist ex-ante measures of

individual well-being. The certainty equivalent is one such measure. Usually, the

certainty equivalent is defined for income or for consumption of a single good,

but here we deal with bundles and thus need to adapt the definition. Denote 1k

the vector (1, · · · , 1) ∈ X , and for any e ∈ R+ e · 1k = (e, · · · , e) ∈ X . For any

individual i, any preference Ri, any f ∈ F such that Ei,Ri (f) 6= ∅, the certainty-

equivalent proportional consumption bundle for f when the individual exists with

preferences Ri, denoted cei,Ri (f), is the vector e · 1k ∈ X such that

vRi
(
e · 1k

)
= EEi,Ri (f)

[
vRi (xi (f))

]
.

Note that our notion of certainty-equivalent is compatible with cases in which

individuals do not exist for sure in all states of the world, and may have different

8
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preferences in different events. Simply, there is a different certainty-equivalent

for the events Ei,R (f) associated with different preferences R for the individual.

3 Social welfare measurement and risk: general results

3.1 Fair universal social welfare orderings without risk

Let us introduce some principles for the social evaluation of allocations. We will

consider that these principles define basic requirements for individual and social

welfare measurement. The first principle is a version of the Pareto principle when

there is no risk and when there is only one individual. It states that whenever an

individual is alone in society and prefers an allocation, this allocation is socially

better.

Pareto for individual allocation. For all i ∈ N, all Ri ∈ R, and all xi, x
′
i ∈ X ,

(xi, Ri) % (x′i, Ri) if and only if xiRix
′
i.

Pareto for individual allocation is based on the idea of respecting preferences.

The next axiom, Preference monotonicity, is based on the same idea but extends

it to the case in which preferences change. Suppose that, after some change in

preferences, a bundle unambiguously moves up in the individual ranking in the

sense that it is preferred to more bundles. In that case, we may want to declare

the individual consuming this bundle better off from the change in preferences.

Preference monotonicity. For all i ∈ N, all Ri, R
′
i ∈ R, and all xi ∈ X , if

U(xi, Ri) ( U(xi, R
′
i) then (xi, Ri) % (xi, R

′
i).

Preference monotonicity is related to the following property of informational par-

simony: individual well-being comparisons only depend on ordinal preferences at

the concerned allocations (i.e., only on the indifference curves). This is reminis-

cent of Hansson Independence, a weakening of Arrow Independence, and allows

possibility theorems in social choice theory without assuming that preferences are

comparable (see Hansson, 1973; Fleurbaey, Suzumura and Tadenuma, 2005).

9
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x2

x1

I(xi, Ri) = I(xi, R
′
i)

I(xi, R
′′
i ) = I(xi, R̂

′′
i )

xi

x′i

I(x′i, R
′′
i )

I(x′i, R
′
i)

I(x′i, R̂
′′
i ) I(x′i, Ri)

Figure 2: Illustration of the proof of Lemma 1

Note: The set I(x,R) is the set of bundles that are indifferent to x according to the preference
ordering R.

Lemma 1 Assume that the social ordering % satisfies Pareto for individual al-

location and Preference monotonicity. For all Ri, R
′
i ∈ R and all xi ∈ X , if

U(xi, Ri) = U(xi, R
′
i) then (xi, Ri) ∼ (xi, R

′
i).

Proof. Consider Ri, R
′
i ∈ R and xi ∈ X such that U(xi, Ri) = U(xi, R

′
i). For

any x′i � xi, we can find R′′i such that U(xi, R
′′
i ) ( U(xi, Ri) and U(x′i, R

′
i) (

U(x′i, R
′′
i ) (see Figure 2). By Preference monotonicity, (xi, R

′′
i ) % (xi, Ri) and

(x′i, R
′
i) % (x′i, R

′′
i ). By Pareto for individual allocation, (x′i, R

′′
i ) � (xi, R

′′
i ). By

transitivity of %, we thus have (x′i, R
′
i) � (xi, Ri). By continuity of %, we obtain

(xi, R
′
i) % (xi, Ri).

7

Similarly (see Figure 2), we can find R̂′′i such that U(xi, R̂
′′
i ) ( U(xi, R

′
i) and

U(x′i, Ri) ( U(x′i, R̂
′′
i ) to prove that (xi, Ri) % (xi, R

′
i). Therefore (xi, Ri) ∼

7Indeed, we can construct a sequence (x′i)
k of allocations such that (x′i)

k � xi, ((x′i)
k, R′i) �

(xi, Ri), and (x′i)
k converges to xi, using the reasoning above.
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(xi, R
′
i).

Preference monotonicity implies a form of indifference to risk attitudes as far

as well-being comparisons are concerned. Indeed, two preference orderings Ri and

R′i that represent different risk attitudes but yield the same ordinal preferences

over bundles have the same upper-contour sets as defined here. So Lemma 1

implies that (xi, Ri) ∼ (xi, R
′
i) for all xi ∈ X in that case. We revisit this

property in Section 5 and examine a weaker version of Preference monotonicity,

applied to upper-contour sets on risky prospects rather than sure bundles, which

does not imply such indifference to risk attitudes.

Up to now, we have introduced principles that apply in single individual so-

cieties. Social comparisons in that case boil down to measuring and comparing

individual wellbeing. It seems natural to ground judgements regarding broader

collective allocations on the distribution of such measures of individual wellbeing.

This justifies to make a link between the assessments of single-individual societies

and social allocations. Specifically, John Broome suggested the following principle

(Broome, 1991):

Betterness dominance. For all N ∈ N , all RN , R
′
N ∈ RN and all xN , xN ′ ∈ X ,

if (xi, Ri) � (x′i, R
′
i) for all i ∈ N then (xN , RN) � (x′N , R

′
N).

In this paper, we shall focus on fair evaluations of allocations. A natural basic

fairness principle is Anonymity.

Anonymity. For all N,M ∈ N with |N | = |M |, for all (xN , RN), (x′M , R
′
M) ∈ A,

if there exists a bijection σ : N → M such that for all i ∈ N (xi, Ri) =

(x′σ(i), R
′
σ(i)), then (xN , RN) ∼ (x′M , R

′
M).

We henceforth assume that all the principles above are normatively appealing

and we name universal social orderings satisfying these principles “fair universal

social orderings”.

Definition 1 A fair universal social welfare ordering is a social welfare order-

ing % on F satisfying Pareto for individual allocation, Preference monotonicity,

Betterness dominance, and Anonymity.

11
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The next proposition provides a justification for using well-being measures

based on indifference curves by using a set function to measure upper contour

sets as explained in Section 2.2. To state the proposition, let us introduce some

definitions. A function W : Rn
+ → R+ is said to be monotonic when, for any z,

z′ ∈ Rn
+, z � z′ implies W (z) > W (z′). It is said to be normalized if for all

t ∈ R+, W (t, · · · , t) = t. Normalized social welfare functions are useful in welfare

economics because they measure social welfare in terms of “equally-distributed

equivalent” (EDE), i.e., they indicate the level of individual well-being that, if

equally enjoyed by everyone in the population, would yield the same social welfare

as the actual distribution.

Proposition 1 If a social welfare ordering % on F is a fair universal social

welfare ordering then there exists a continuous, increasing set function ψ : U →
R and, for each n ∈ N, a continuous, symmetric, monotonic, and normalized

function Wn : Rn
+ → R+ such that, for all N,M ∈ N with |N | = |M | = n, for all

(xN , RN), (x′M , R
′
M) ∈ A:

(xN , RN) % (x′M , R
′
M)⇐⇒ Wn

((
uψ
(
xi, Ri

))
i∈N

)
≥ Wn

((
uψ
(
x′j, R

′
j

))
j∈M

)
.

Proposition 1 is similar to the well-known “welfarism theorem” in social choice

and welfare theory (see d’Aspremont and Gevers, 1977). However, the approach

departs from classical social choice theory with interpersonally comparable utili-

ties, because the approach relies only on ordinal non-comparable information on

preferences and utility numbers are not given as an input to the analysis, but

derived from the axiomatization. Specifically, we obtain that individual wellbe-

ing measurement should be based on set functions, and then aggregated in an

impartial way.

3.2 Social welfare measurement and risk: An impossibility result

Preference monotonicity is a key property in our definition of fair universal social

welfare orderings, as it connects to standard well-being measures in fair allocation
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theory. In this section, we show how this principle conflicts with two important

principles for social decision making under uncertainty, namely State-wise domi-

nance and a minimal version of ex ante Pareto (i.e., applied to a one-individual

society). These two principles are at the core of the stronger requirements used

by Harsanyi (1955) in his seminal contribution on welfare evaluation under risk.

State-wise dominance is a requirement of social rationality. It states that

whenever a prospect yields a better alternative in all states of the world, it is also

better ex ante.

State-wise dominance. For all f, g ∈ F , if f(s) % g(s) for all s ∈ S, then

f % g.

State-wise dominance is much weaker than the social expected utility hypothesis

used by Harsanyi (1955).

Social expected utility. There exists a function V : A → R, which is unique

up to increasing affine transformations, such that, for all f, g ∈ F :

f % g ⇐⇒ E
[
V ◦ f

]
≥ E

[
V ◦ g

]
.

A second key requirement in Harsanyi (1955) is that individual preferences should

be respected. This is the well-known Pareto principle. Given that our frame-

work includes risk on the existence of people composing the population, we may

however wonder how the Pareto principle should be applied. Indeed, individual

preferences are normatively relevant only for states of the world in which the

preference bearers exist. So we may consider the following minimal requirement.

Pareto for individual risk. For all f, g ∈ F , if there exists i ∈ N such that for

all s ∈ S, N (f (s)) = N (f (s)) = {i} and Ri (f (s)) = Ri (g (s)) = Ri, then

f � g if E [vRi ◦ xi (f)] > E [vRi ◦ xi (g)].

One may want to apply this principle in situations where several persons exist.

The problem is that people may not exist for sure with stable preferences. A more

general Pareto principle states that individual preferences should be respected
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whenever individuals live in the same states of the world in the two prospects

that are being compared. Hence, we propose to apply Pareto conditional on

existence in certain states of the world.

Pareto. For all f, g ∈ F , if Ei,Ri(f) = Ei,Ri(g) := Ei,Ri for all i ∈ N and Ri ∈ R,

and if EEi,Ri
[
vRi ◦ xi (f)

]
> EEi,Ri

[
vRi ◦ xi (g)

]
for all i ∈ N and Ri ∈ R

such that P (Ei,Ri) > 0, then f � g.

This Pareto principle is the so-called “Weak Pareto” principle, which is compat-

ible with Maximin.

Our first main result is that, even if we only focus on the very weak re-

quirements of State-wise dominance and Pareto for individual risk, we obtain an

impossibility result.

Theorem 1 There is no social welfare ordering % on F satisfying Preference

monotonicity, Pareto for individual risk and State-wise dominance.

Proof. Consider any individual i. Let Ri, R
′
i ∈ R be two preference relations

such that for all xi, x
′
i ∈ X , xiRix

′
i ⇐⇒ xiR

′
ix
′, but there exists `, `′ ∈ L such that

`Ii`
′ but `P ′i `

′. Thus Ri and R′i induce the same preferences on riskless outcomes

but exhibit different risk attitudes.

Consider f, g, f̂ , ĝ ∈ F such that Ei,Ri(f) = Ei,Ri(g) = Ei,R′
i
(f̂) = Ei,R′

i
(ĝ) =

S, and, for all s ∈ S, N(f(s)) = N(g(s)) = N(f̂(s)) = N(ĝ(s)) = {i}, xi (f(s)) =

xi

(
f̂(s)

)
= `(s) and xi (g(s)) = xi (ĝ(s)) = `′(s). I.e., f, g, f̂ , ĝ are acts for which

only i exists, with preferences Ri in f and g and with preferences R′i in f̂ and

ĝ. Furthermore, f and f̂ induce the same outcomes as `, while g and ĝ induce

the same outcomes as `′. By Pareto for individual risk (and continuity), f ∼ g

but f̂ � ĝ. (Observe that by continuity, Pareto for individual risk implies that

individual indifference between two lotteries implies social indifference between

them).

By assumption, for any xi ∈ X , we have U(xi, Ri) = U(xi, R
′
i). In partic-

ular, for all s ∈ S, U(xi (f(s)) , Ri) = U(xi

(
f̂(s)

)
, R′i) and U(xi (g(s)) , Ri) =

U(xi (ĝ(s)) , R′i). By Lemma 1, given that Pareto for individual risk implies Pareto
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for individual allocation, f(s) ∼ f̂(s) and g(s) ∼ ĝ(s) for all s ∈ S. State-wise

dominance thus implies that f ∼ f̂ and g ∼ ĝ. Given that f ∼ g and f̂ � ĝ (see

above), by transitivity we have a contradiction.

Theorem 1 offers two routes to obtain specific social welfare criteria while

maintaining Preference monotonicity: weakening Pareto for individual risk or

weakening State-wise dominance. The first route will yield an ex-post approach

where individual risk attitudes will not matter. The second route will yield an ex-

ante approach that may yield inconsistent social choices. Moreover, a third route

would involve weakening Preference monotonicity: we will study this possibility

in Section 5.

4 Fair universal social welfare orderings: ex ante and ex

post approaches

4.1 Variable population and consistency across population sizes

As we have mentioned in the introduction, social uncertainty may bear not only

on the allocation and preferences of the population, but also on the composi-

tion and size in the population. This is particularly true when we design poli-

cies that may affect some future people whose numbers may be uncertain. The

need for population criteria has then often been felt in the literature on growth

with endogenous population (Nerlov, Razin and Sadka, 1985; Palivos and Yip,

1993; Golosov, Jones and Tertilt, 2007; Boucekkine, Fabbri and Gozzi, 2013; Law-

son and Spears, 2018) and the literature on climate change mitigation (Millner,

2013). Average and total welfare have been popular criteria while the literature

on population ethics has popularized critical-level utilitarianism as an alternative

(Broome, 2004; Blackorby, Bossert and Donaldson, 2005).

In that context, a basic principle is that we can make trade-offs between pop-

ulation size and total welfare or, said differently, that we can compare population

with different sizes in a non-trivial way. This is ensured by the following principle.
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Indifferent addition. For all N ∈ N and all (xN , RN) ∈ (X ×R)N , there exist

i /∈ N , xi ∈ X and Ri ∈ R such that (xN , RN) ∼
(
(xN , RN), (xi, Ri)

)
.

Indifferent addition is very general principle that merely requires that it is always

possible to add a new individual to the population without changing aggregate

social welfare. Our weak formulation does not put any constraint on the charac-

teristics of the admissible new individual, which may vary depending on the size,

preference profile and allocation of the incumbent population.

The next two principles are requirements of consistency when comparing pop-

ulations with different sizes. The first principle is Extended replication invariance,

as proposed by Zoli (2009). It is related to the Population replication principle,

introduced in Bossert (1990) and based on Dalton’s (1920) “principle of pro-

portionate additions to persons”. It requires welfare comparisons to be invariant

with respect to replications of the population.

To introduce Extended replication invariance, let us first introduce the notion

of a k-replica, with k ∈ N. For any (xN , RN) ∈ A, (x′N ′ , R′N ′) ∈ A is a k-replica

of (xN , RN) if |N ′| = k|N |, and there exists a partition (M1, · · · ,M|N |) of N ′ into

|N | groups of size k and a bijection σ : N → {1, · · · , |N |} such that, for all i ∈ N
and all j ∈Mσ(i), (x′j, R

′
j) = (xi, Ri).

Extended replication invariance. For all f, g, f ′, g′ ∈ F , if there exists k ∈ N
such that for all s ∈ S, f ′(s) is a k-replica of f(s) and g′(s) is a k-replica

of g(s), then f ′ % g′ if and only if f % g.

Such a replication invariance principle implies that, when comparing prospects

with the same population size, the social evaluation only depends on the distri-

bution of well-being, while for comparisons across prospects with different popu-

lation sizes, only the relative population sizes may matter.

Another principle is Independence of the sure. The idea behind the principle

is that the social ranking of alternatives should not depend on the situation

(and well-being) of people who are not affected by the decision. Specifically, the

principle says that the social evaluation should not depend on the situation of

those individuals who exist for sure and face no risk. The restriction to individuals
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facing no risk is motivated by the fact that people who are not affected by the

decision but whose fate is correlated with others may influence ex post inequalities

and be relevant to the evaluation of prospects.

Independence of the sure. For all f, g, f ′, g′, f̂ , ĝ ∈ F if there exist N ∈ N ,

(xN , RN), (x′N , R
′
N) ∈ (X × R)N such that for all s ∈ S, N

(
f(s)

)
∩ N =

∅, N
(
g(s)

)
∩ N = ∅, f ′(s) =

(
f(s), (xN , RN)

)
, g′(s) =

(
g(s), (xN , RN)

)
,

f̂(s) =
(
f(s), (x′N , R

′
N)
)

and ĝ(s) =
(
g(s), (x′N , R

′
N)
)
, then f ′ % g′ if and

only if f̂ % ĝ.

A similar but stronger principle is the principle of Separability proposed by Fleur-

baey and Tadenuma (2014). It claims that removing these people from the pop-

ulation would not affect the social evaluation. Independence of the sure is also

related to Independence of the utility of the dead (Blackorby, Bossert and Don-

aldson, 2002), which states that we can ignore the well-being level of dead people

existing in the past.

4.2 Ex-post criteria

As mentioned before, Theorem 1 suggests two ways to obtain social welfare cri-

teria satisfying Preference monotonicity: weakening Pareto for individual risk or

weakening State-wise dominance. In this section, we explore ex-post criteria that

are based on well-defined ex-post social evaluations which are aggregated ex ante

in a consistent way, satisfying State-wise dominance (and even Social expected

utility). To do so, we have to drop any form of the ex ante Pareto principle,

although we keep the ex post Pareto principle contained in the definition of a fair

universal social ordering.

To introduce our main results, we need additional definitions. Let Z =

∪n∈NRn
+ be the set of all finite vectors of non-negative numbers. We use the same

vocabulary as above and for any n, k ∈ N, any z ∈ Rn
+, we say that z′ ∈ Rkn

+ is a k-

replica of z if for all i ∈ {1, · · · , n} and j ∈ {1, · · · , k}, z′k(i−1)+j = zi. A function

W : Z → R is said to be replication-invariant if for all z, z′ ∈ Z, W (z) = W (z′)
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whenever there exists k ∈ N such that z′ is a k-replica of z. For a function

ϕ : R+ → R and for any n ∈ N we denote Dn
ϕ = {t ∈ R|∃z ∈ Rn

+, t =
∑n

i=1 ϕ(zi)}.

Theorem 2 If a fair universal social welfare ordering % satisfies Indifferent ad-

dition and Social expected utility, then there exists a continuous and increasing

set function ψ, a function V : N × R+ → R, continuous and increasing in its

second argument, and for each n ∈ N a continuous, symmetric, monotonic, and

normalized function Wn : Rn
+ → R+ such that % is represented by the function:

E
[
V
(
n(f),Wn(f)

(
(uψ (xi (f) , Ri (f))) i∈N(f)

)) ]
.

If furthermore:

1. % satisfies Extended replication invariance, then there is a replication-invariant

function W : Z → R+ such that Wn = W for all n ∈ N, and there exist

α, β ∈ R such that :

V
(
n,w

)
=

{
nα(w − β) if α 6= 0;

w + β ln(n) if α = 0.

2. % satisfies Independence of the sure, then there exists a continuous and

increasing function ϕ : R+ → R such that for all n ∈ N and z ∈ Rn
+,

Wn(z) = ϕ−1
(

1
n

∑n
i=1 ϕ(zi)

)
, and there exist α ∈ R and for each n ∈ N, a

constant cn ∈ Dn
ϕ such that

V
(
n,w

)
=

{
nϕ (w)− cn if α = 0;
1
α
eα(nϕ(w)−cn) if α 6= 0.

Theorem 2 indicates that ex-ante social welfare criteria take the expected value

of (ex-post) variable population universal social welfare orderings, whose general

form is similar to that described in Theorem 1 of Fleurbaey and Tadenuma (2014).

Comparisons of individual levels of well-being are based on set functions. Then

the measures of individual well-being are aggregated through a social welfare
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function Wn which may depend on population size. And last, these social welfare

measures are combined with population size to obtain overall social welfare.

Points 1 and 2 of Theorem 2 provides specific social welfare formulas when Ex-

tended replication invariance or Independence of the sure are satisfied. Quite nat-

urally, Extended replication invariance implies replication invariant fixed-population

social welfare criteria: social welfare only depends on the distribution of indi-

vidual well-being when population size is fixed. More interestingly, Extended

replication invariance also implies constraints on how population with different

sizes are compared: either we multiply population size to the power α with the

difference between the EDE level of individual well-being and a critical value

β (setting the 0 level for egalitarian populations); or population size brings ad-

ditional welfare β ln(n) that increases logarithmically. The first possibility has

two interesting special cases: when α = 1 we have a “total” approach to social

welfare, with critical-level (similar to critical-level utilitarianism as described in

Blackorby, Bossert and Donaldson, 2005); when α = 0 we have an “average” type

of criterion (similar to average utilitarianism as described in Blackorby, Bossert

and Donaldson, 2005).

When Independence of the sure is satisfied, we obtain specific transformations

of social criteria that are formally similar to critical-level utilitarianism (Blacko-

rby, Bossert and Donaldson, 2005). We thus have very specific variable population

criteria, although Independence of the sure is a rather weak separability principle.

The affine or exponential form of the transformation of critical-level utilitarian-

ism is similar to the one obtained in Bommier and Zuber (2008). When α < 0,

we obtain a concave transformation of total utility, and −α can be interpreted

as risk aversion with respect to social welfare, or as an aversion to catastrophic

risks.

4.3 Ex-ante criteria

Ex ante criteria satisfy the Pareto principle presented in Section 3.2. We know

by Theorem 1 that in that case, we cannot keep expected utility for the social

criterion. However, it is desirable to retain as much of social rationality as possi-
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ble. To do so, we assume that social judgements are based on an expected utility

for the subset of prospects such that people do not face any risk conditional on

existing with particular preferences. Such prospects can be viewed as prospects

involving only a social risk on the composition (number of people and preferences)

of the population. Let us denote this set of prospects F̄ . The formal definition

of F̄ is

F̄ = {f ∈ F|∀i ∈ N,∀Ri ∈ R, xi (f (s)) = xi (f (s′)) for all s, s′ ∈ Ei,Ri(f)}.

Restricted social expected utility. There exists a function V : A → R, unique

up to an increasing affine transformation, such that, for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
V (f)

]
≥ E

[
V (g)

]
.

We obtain the next result.

Theorem 3 If a fair universal social welfare ordering % satisfies Indifferent ad-

dition, Pareto and Restricted social expected utility, then there exists a continuous

and increasing set function ψ, a function V : N × R+ → R, continuous and in-

creasing in its second argument, and for each n ∈ N a continuous, symmetric,

monotonic, and normalized function Wn : Rn
+ → R+ such that % is represented

by the function: :

∑
(N,RN )∈(N,RN )(f(S))

pN,RN (f)V
(
|N |,W|N |

((
uψ
(
cei,Ri(f), Ri

))
i∈N

))
.

If furthermore:

1. % satisfies Extended replication invariance, then there is a replication-invariant

function W : Z → R+ such that Wn = W for all n ∈ N, and there exist

α, β ∈ R such that :

V
(
n,w

)
=

{
nα(w − β) if α 6= 0;

w + β ln(n) if α = 0.
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2. % satisfies Independence of the sure, then there exists a continuous and

increasing function ϕ : R+ → R such that for all n ∈ N and z ∈ Rn
+,

Wn(z) = ϕ−1
(

1
n

∑n
i=1 ϕ(zi)

)
, and there exist α ∈ R and for each n ∈ N, a

constant cn ∈ Dn
ϕ such that

V
(
n,w

)
=

{
nϕ (w)− cn if α = 0;
1
α
eα(nϕ(w)−cn) if α 6= 0.

The construction of social welfare in Theorem 3 is the following. First, we

compute the certainty-equivalent bundle (conditional on existing with certain

preferences) for each individual. We can associate this certainty-equivalent bun-

dle to a level of well-being uψ
(
cei,Ri(f), Ri

))
i∈N in states of the worlds where

individual i exists with preferences Ri. We aggregate these well-being levels

(rather than the actual ones) in each state of the world and then take an ex-

pected value of these aggregate social welfare levels, which also take into account

population size. Hence, states of the world where the same population exists

with particular preferences yield the same social welfare level after subsituting

the certainty-equivalent bundles for the actual ones, which justifies using the

probability weights pN,RN (f).

A key observation is that the ex-ante social welfare criteria of Theorem 3

are exactly the same as the ex-post social welfare criteria of Theorem 2 for acts

where individuals bear no risk on consumption, for given preferences. Hence,

if we can ignore the consumption risk individuals face, there is no difference

between the ex-ante and the ex-post approach. The only difference is that, for risk

on consumption, we use certainty-equivalent bundles to account for individuals’

aversion to risk in the ex-ante approach (whereas we completely ignore those

individual risk attitudes in the ex-post approach).

This observation explains why we obtain similar specific criteria for variable

population comparisons in Theorems 2 and 3 when we add Extended replication

invariance and Independence of the sure.
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5 Weakening Preference monotonicity

Theorem 1 highlighted the impossibility to combine three principles: Preference

monotonicity, Pareto for individual risk, and State-wise dominance. We have

explored criteria satisfying Preference monotonicity but weakening one of the

other two principles. However, one may also want to try to weaken Preference

monotonicity.

To do so, let us introduce an additional definition. For any xi ∈ X and Ri ∈ R,

we denote Ū(xi, Ri) = {fi : S → X|fiRixi} the upper-contour set of xi according

to Ri, extended to include lotteries. A weakening of Preference monotonicity is:

Weak preference monotonicity. For all i ∈ N and all Ri, R
′
i ∈ R, for any

xi ∈ X , if Ū(xi, Ri) ( Ū(xi, R
′
i) then (xi, Ri) % (xi, R

′
i).

Weak preference monotonicity can take into account risk preference when mea-

suring utility. Indeed, we know that, when individuals have preferences over

several commodities, comparisons of risk aversion are possible in a systematic

way only when individuals have the same ordinal preferences over commodities

Kihlstrom and Mirman (1974). But we also know that in that case, at a sure

bundle, a more risk averse individual always has an upper-contour set above the

upper-contour set of a less risk averse individual. This is precisely the definition

of more risk averse given by Kihlstrom and Mirman (1974). Weak preference

monotonicity thus implies that a more risk averse individual always has a higher

level of well-being at any sure allocation: risk preferences are thus taken into

account in wellbeing measurement.

However, weakening Preference monotonicity in this way is not enough to

escape our initial impossibility result.

Proposition 2 There is no social welfare ordering % on F satisfying Weak pref-

erence monotonicity, Pareto for individual risk and Social expected utility.

Proof. By Social expected utility, there exists a function V : A → R, which

is unique up to increasing affine transformations, such that, for all f, g ∈ F : f %

g ⇐⇒ E
[
V ◦f

]
≥ E

[
V ◦g

]
. By Pareto for individual risk, for all f, g ∈ F , if there
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exists i ∈ N such that N
(
f(s)

)
= N

(
g(s)

)
= {i} and Ri(f(s)) = Ri(g(s)) = Ri

for all s ∈ S, then f � g whenever E
[
vRi (xi (f))

]
> E

[
vRi (xi (g))

]
. Hence,

for any i ∈ N and Ri ∈ R, there exists αiRi ∈ R++ and βiRi ∈ R such that

V (xi, Ri) = αiRivRi(xi) + βiRi for all xi ∈ R`
+.

Let ω ∈ X \{0} be a given reference bundle. Consider R,Ri, R
′
i ∈ R such that

vRi(x) = eω(x,R) and vR′
i
(x) = 1 −

[
eω(x,R)

]−1
for any x ∈ X . Given that vR′

i

is an increasing concave transformation of vRi , we know (Kihlstrom and Mirman,

1974, Prop. 6) that for any xi ∈ X , Ū(xi, R
′
i) ⊂ Ū(xi, Ri). By Weak preference

monotonicity, we should have (xi, R
′
i) % (xi, Ri).

However, we have seen before that there exists αiRi , α̂
i
R′
i
∈ R++ and βiRi , β̂

i
R′
i
∈

R such that V (xi, Ri) = αiRivRi(xi) + βiRi and V (xi, R
′
i) = α̂iR′

i
vR′

i
(xi) + β̂iR′

i
. To

satisfy Weak preference monotonicity, we should thus have, for any x ∈ X :

1−
[
eω(x,R)

]−1 ≥
αiRi
α̂i
R′
i

eω(x,R) +
βiRi
−β̂i

R′
i

α̂i
R′
i

.

This is not possible as the left hand side is bounded above on X while the

right hand side is not. We thus obtain a contradiction.

Proposition 2 suggests that we cannot keep any form of preference monotonic-

ity if we insist on Pareto for individual risk and Social expected utility. Actually,

the proof of Proposition 2 shows that, in that case, comparisons of individual

levels of wellbeing should be based on VNM utility functions vRi , provided they

are appropriately scaled. The approach suggested by Harsanyi’s (1955), based on

a utilitarian sum of VNM utility functions, is of course the prime example, al-

though the issue of utility scaling was not solved in that paper and has remained

debated ever since.

But there are other possibilities than utilitarianism. For instance, one could

use a line of reasoning similar to the proof of Theorem 2 to characterize universal

social orderings % satisfying Pareto for individual risk, Betterness dominance,

Anonymity, and Social expected utility. They are such that for each n ∈ N, there

exists a continuous, monotonic and symmetric function Wn : Rn → R such that
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% is represented by:

E
[
Wn(f)

((
ṽRi(f) (xi (f))

)
i∈N(f)

)]
.

where for each R ∈ R, ṽR is a chosen VNM utility function.

One could actually strengthen Pareto. Fleurbaey (2010) argued that we

should respect unanimous preferences in the context of egalitarian acts, i.e., acts

such that risk takes a pure macroeconomic form and does not generate ex post

inequalities. The rationale is that, in that case, individual ex ante assessments

of prospects do not obscure ex post inequality consequences for society. The

question, however, is how to define a situation of equality in our context.

Fortunately, given a social welfare ordering %, there is a natural way to do so

since this ordering is able to compare individual situations. Namely, an egalitarian

allocation a = (xN , RN) ∈ A is such that, for all i, j ∈ N , (xi, Ri) ∼ (xj, Rj).

From this, we can derive the notion of an egalitarian act as one such that, in each

state of the world, an egalitarian allocation obtains. Formally, an act f ∈ F is

an egalitarian act if, for all s ∈ S, for all i, j ∈ N(f(s)),
(
xi
(
f(s)

)
, Ri

(
f(s)

))
∼(

xj
(
f(s)

)
, Rj

(
f(s)

))
. Let us denote F e% the set of egalitarian acts. We propose

the following version of Pareto for equal risk as suggested by Fleurbaey (2010),

but adapted to our setting:

Pareto for equal risk. For all f, g ∈ F e%, if Ei,Ri(f) = Ei,Ri(g) := Ei,Ri for all

i ∈ N and Ri ∈ R, and if EEi,Ri
[
vRi ◦ xi (f)

]
> EEi,Ri

[
vRi ◦ xi (g)

]
for all

i ∈ N and Ri ∈ R such that P (Ei,Ri) > 0, then f � g.

This principle is satisfied together with Betterness dominance, Anonymity, and

Social expected utility by a large class of social welfare orderings. More precisely,

we obtain the following result.

Theorem 4 If a universal social welfare ordering % satisfies Betterness domi-

nance, Anonymity, Indifferent addition, Pareto for equal risk and Social expected

utility, then for each n ∈ N there exist a continuous, symmetric, monotonic, and

normalized function Wn : Rn
+ → R+, αn ∈ R++ and βn ∈ R such that % is
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represented by:

E
[
αn(f) ×Wn(f)

((
ṽRi(f) (xi (f))

)
i∈N(f)

)
+ βn(f)

]
where for each R ∈ R, ṽR is a chosen VNM utility function.

If furthermore:

1. % satisfies Extended replication invariance, then there is a replication-invariant

function W : Z → R+ such that Wn = W for all n ∈ N, and there exist

α, β ∈ R such that :

αnw + βn =

{
nα(w − β) if α 6= 0;

w + β ln(n) if α = 0.

2. % satisfies Independence of the sure, then for each n ∈ N, Wn = 1
n

∑n
i=1 zi

and there is a constant cn ∈ R+ such that:

αnw + βn = nw − cn.

A common feature of all the social welfare criteria discussed in this section

is that they make comparisons of individual well-being based on VNM utility

functions using a specific normalization ṽR. This is indeed an implication of the

combination of Social expected utility and Pareto for individual risk (see the proof

of Proposition 2). Even if we accept that VNM utility functions are the right met-

ric of individual well-being, there still remains the question of the right scaling is

for these functions. A prominent proposal called “relative utilitarianism” consists

in scaling the utility functions so that the utility of a “good” option (generally

the best) is equal to one and the utility of a “bad” option (generally the worst) is

equal to zero (Dhillon and Mertens, 1999). Fleurbaey and Zuber (2021) propose

instead to equalize marginal utilities at the poverty line. The principles we have

used in this paper are compatible with these various scaling approaches.
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6 Conclusion

In this paper, we have extended the theory of welfare to situations in which un-

certainty bears not only on future consumption but also on the preferences and

existence of future people. A key feature of this project was to preserve the possi-

bility to rely on the theory of fair social choice for interpersonal comparisons and

inequality assessment in final consequences. If such a possibility were barred, this

would jeopardize the relevance of the large literature on fair allocation in riskless

settings, which has offered valuable suggestions, in particular with the equivalence

approach, for measuring advantage and well-being in a way that respects indi-

vidual preferences without needing any more information about well-being than

economic bundles and ordinal non-comparable preferences (about sure bundles).

This endeavor can be described as a mixed success, or mixed failure. The

initial impossibility laid out in section 3.2 imposed a choice between social ra-

tionality and respect for risk attitudes that appeared starker than in previous

literature. Exploring the two horns of the dilemma, we have characterized a

class of ex post welfare criteria in which individuals’ risk attitudes are completely

ignored, although preferences over final consequences are duly respected, and a

class of ex ante criteria in which the fair-type measures of well-being were ap-

plied to certainty-equivalent bundles. While both classes make it possible to rely

on fair allocation theory for the measurement of individual advantage and inter-

personal comparisons, they are rather extreme in their ignorance of individual

risk attitudes (for the ex post class) or their violation of social rationality (i.e.,

violating State-wise dominance, for the ex ante class).

The negative message from the initial impossibility is that the compromise

proposed by Fleurbaey and Zuber (2017), allowing individual risk attitudes to

remain relevant for prospects that do not generate any inequality, as assessed

by fair-type measures of well-being, within the framework of a fully rational

expected value approach to social welfare, was now out of reach. In section 5 we

have shown that allowing such minimal role for individual risk attitudes required

abandoning the fair-type measures of well-being, and settling for measures that
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directly come from VNM utility functions, suitably scaled. The reason why the

compromise negotiated in Fleurbaey and Zuber (2017) is no longer possible is

that in the current framework, preferences can vary from one prospect to the

other, requiring comparisons of welfare to be more encompassing than when the

population is fixed and has fixed preferences.

We think that the three approaches characterized in this paper all deserve

careful consideration. There is one interesting difference between the first two

(ex post and ex ante) approaches and the third (VNM-based) one. The latter

derives a good part of the social attitude to risk from individuals’ attitudes and

from the scaling of VNM utilities. Indeed, for prospects in which in every state

of the world, the VNM utilities are equal across the existing population, and in

which the population size is fixed, social evaluation boils down to the expected

value of this egalitarian VNM value. Only the risk about population size requires

some external input through the parameter αn, βn which cannot in any way be

derived from individual attitudes. In contrast, the first two approaches have a

social utility function V that embodies social risk attitudes and does not in any

way derive from individuals’ attitudes. In particular, in the ex ante approach,

it serves to assess risks about preferences and about the size of the population,

and these are risks over which the individuals’ attitudes are not defined in our

framework. Our results say nothing about how to chose this V function, and

further refinement of the theory is needed in this respect.

How can society form its own risk attitude about risks over which no individual

can have a personal, self-centered preference? Social choice is usually conceived

as a problem of aggregating individual values and preferences, but there are so-

cial issues and risks which have no counterpart at the individual level. Simply

declaring that the population can have political views over the fate of humanity

and that we should then consider how to synthesize such views is a lazy response,

because it does not help the population to form such political preferences in the

first place, a task that social welfare theory is supposedly designed to assist. We

leave this important and intriguing issue for future research.
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A Appendix: Proofs of the results

A.1 Proof of Proposition 1

Let R0 ∈ R be a strictly monotonic preference ordering8 satisfying the following

property: there exist ω0 ∈ X and ε ∈ R++ such that for all λ ∈ R+ and all x ∈ X ,

if xI0((λ+ ε)ω0) then x� λω0.

Consider any i ∈ N. For every (xi, Ri) ∈ X × R, there is λ ∈ R++ such

that xIi(λω0). Hence U((λ + ε)ω0, R0) ( U(xi, Ri),
9 and by Preference mono-

tonicity ((λ + ε)ω0, Ro) % (xi, Ri). By strict monotonicity of R0, U(0, R0) = X ,

and therefore U(xi, Ri) ( U(0, R0) and (xi, Ri) % (0, R0). By continuity and

increasingness of R0, there is a unique µ ∈ R+ such that (µω0, R0) ∼ (xi, Ri). By

Anonymity, for any j ∈ N \ {i}, any (xj, Rj) ∈ Rk
++ ×R such that xj = xi and

Rj = Ri, we also have (µω0, R0) ∼ (xj, Rj).

Define the set function ψ : U → R+ as follows. For all (x,R) ∈ X × R,

ψ(U(x,R)) = µ if (µω0, R0) ∼ (x,R). This is well-defined as µ is uniquely

defined for any (x,R) and by Lemma 1, for any R,R′ ∈ R and any x ∈ X ,

if U(x,R) = U(x,R′) then (x,R) ∼ (x,R′). Set function ψ is a continuous

and increasing set function and we can define the associated well-being function

uψ : X ×R → R+. By definition, for any i, j ∈ N, any (xi, Ri), (xj, Rj) ∈ X ×R,

8“Strictly monotonic” means that if x ≥ x′ and x 6= x′ then xP0x
′.

9Indeed, for all x′ ∈ U((λ+ ε)ω0, R0), we have x′ � λω0.
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(xi, Ri) ∼ (µiω0, R0) and (xj, Rj) ∼ (µjω0, R0) where µi = uψ(xi, Ri) and µj =

uψ(xj, Rj). So, by transitivity of % and monotonicity of R0, (xi, Ri) % (xj, Rj) if

and only if uψ(xi, Ri) ≥ uψ(xj, Rj).

Consider any n ∈ N and let Nn = {1, · · · , n} and R̄n = (R0, · · · , R0). Let %?
n

be a binary relation defined on Rn
+ as follows: for all z, z′ ∈ Rn

+ z %?
n z
′ if and only

if there is xNn , x
′
Nn
∈ XNn such that zi = uψ(xi, R0) and z′i = uψ(x′i, R0) all i ∈ Nn,

and (xNn , R̄n) % (x′Nn , R̄n). This relation is well defined: if x̂Nn , x̂
′
Nn
∈ XNn are

such that zi = uψ(x̂i, R0) and z′i = uψ(x̂′i, R0) all i ∈ Nn, then (xNn , R̄n) ∼
(x̂Nn , R̄n) and (x′Nn , R̄n) ∼ (x̂′Nn , R̄n). By definition, relation %?

n is transitive,

complete and continuous. Hence there exists a continuous function Wn : Rn
+ → R

such that, for all z, z′ ∈ Rn
+:

z %?
n z
′ ⇐⇒ Wn(z) ≥ Wn(z′).

Without loss of generality, we can assume that Wn is normalized.10

Betterness dominance and Anonymity imply that Wn is monotonic and sym-

metric. And by definition, for all xNn , x
′
Nn
∈ XNn :

(xNn , R̄n) % (x′Nn , R̄n)⇐⇒ Wn

((
uψ
(
xi, R0

))
i∈Nn

)
≥ Wn

((
uψ
(
x′i, R0

))
i∈Nn

)
.

Consider any N,M ∈ N with |N | = |M | = n, all RN ∈ RN , R′M ∈ RM ,

xN ∈ XN and x′M ∈ XM . Let σ : N → Nn and σ̂ : M → Nn be two bijections. By

the results above, we know that for each i ∈ N , (xi, Ri) ∼
(
uψ(xi, Ri)ω0, R0

)
, and

for each j ∈ M , (x′j, R
′
j) ∼

(
uψ(x′j, R

′
j)ω0, R0

)
. Let x̂Nn , x̂

′
Nn
∈ XNn be defined

as x̂σ(i) = uψ(xi, Ri)ω0 for all i ∈ N and x̂′σ̂(j) = uψ(x′j, R
′
j)ω0 for all j ∈ M ,

so that uψ(x̂σ(i), R0) = uψ(xi, Ri) for all i ∈ N and uψ(x̂′σ̂(j), R0) = uψ(x′j, R
′
j)

for all j ∈ M . Therefore, by Anonymity, Continuity and Betterness dominance,

(xN , RN) ∼ (x̂Nn , R̄n) and (x′M , R
′
M) ∼ (x̂′Nn , R̄n).

10Indeed, Wn is an ordinal representation of %?n that can be transformed by an increasing
function so that it is normalized.
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Gathering all our results, we obtain the following equivalence:

(xN , RN) % (x′M , R
′
M) ⇐⇒ (x̂Nn , R̄n) % (x̂′Nn , R̄n)

⇐⇒ Wn

((
uψ
(
x̂k, R0

))
k∈Nn

)
≥ Wn

((
uψ
(
x̂′k, R0

))
k∈Nn

)
⇐⇒ Wn

((
uψ
(
xi, Ri

))
i∈N

)
≥ Wn

((
uψ
(
x′j, R

′
j

))
j∈M

)
,

where the last equivalence is due to the symmetry of Wn.

A.2 Preliminary results for Theorems 2 and 3

Let us now present preliminary results on social orderings over acts in F̄ . These

results are key steps in the proof of Theorems 2 and 3.

Proposition A.1 If a fair universal social welfare ordering % satisfies Indiffer-

ent addition and Restricted social expected utility, then there exists a continuous

and increasing set function ψ, a function V : N × R+ that is continuous and

increasing in its second argument, and for each n ∈ N a continuous, symmetric,

monotonic, and normalized function Wn : Rn
+ → R such that, for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
V
(
n(f),Wn(f)

((
uψ(xi(f), Ri(f))

)
i∈N(f)

))]
≥ E

[
V
(
n(g),Wn(g)

((
uψ(xi(g)), Ri(g)

)
i∈N(g)

))]
Proof. By Prop. 1, given that the social welfare ordering % on F is a fair

universal social welfare ordering then there exists a continuous, increasing set

function ψ : U → R and for each n ∈ N a continuous, symmetric, monotonic,

and normalized function Wn : Rn
+ → R such that, for all N,M ∈ N with |N | =

|M | = n, all RN ∈ RN , R′M ∈ RM , xN ∈ XN and x′M ∈ XM :

(xN , RN) % (x′M , R
′
M)⇐⇒ Wn

((
uψ
(
xi, Ri

))
i∈N

)
≥ Wn

((
uψ
(
x′j, R

′
j

))
j∈M

)
.

Let %? be a binary relation defined on Z = ∪n∈NRn
+ as follows: for all z, z′ ∈ Z
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(with z ∈ Rn
+ and z′ ∈ Rm

+ ), z %? z′ if and only if there exist N,M ∈ N with

|N | = n and |M | = m, xN ∈ XN , RN ∈ RN , x′M ∈ XM and R′M ∈ RM , and

bijections σ : N → Nn and σ̂ : M → Nm, such that zσ(i) = uψ(xi, Ri) for all

i ∈ N , and z′σ̂(j) = uψ(x′j, R
′
j) for all j ∈M , and (xN , RN) % (x′M , R

′
M). As in the

proof of Prop. 1, this relation is well defined and, for all n ∈ N, z, z′ ∈ Rn
+:

z %? z′ ⇐⇒ Wn(z) ≥ Wn(z′).

Furthermore, because % satisfies Indifferent addition, %? satisfies the following

condition: for all n ∈ N, z ∈ Rn
+, there exists t ∈ R+ such that z ∼? z′, where

z′ ∈ Rn+1
+ is such that z′i = zi for all i ∈ Nn and z′n+1 = t. Therefore, by

repeated application of this property, for any n ∈ N, m ∈ N and z ∈ Rn
+,

there exists z′ ∈ Rn+m
+ such that z ∼? z′. By continuity of Wn+m, the sets

{z′′ ∈ Rn+m
+ |z′′ %? z′} and {z′′ ∈ Rn+m

+ |z′ %? z′′} are closed. By transitivity

of %?, {z′′ ∈ Rn+m
+ |z′′ %? z′} = {z′′ ∈ Rn+m

+ |z′′ %? z} and {z′′ ∈ Rn+m
+ |z′ %?

z′′} = {z′′ ∈ Rn+m
+ |z %? z′′}. Hence, for any n ∈ N, m ∈ N and z ∈ Rn

+,

the sets {z′′ ∈ Rn+m
+ |z′′ %? z} and {z′′ ∈ Rn+m

+ |z %? z′′} are closed. This is

the Extended continuity property of Blackorby, Bossert and Donaldson (2001).

By Theorem 1 in Blackorby, Bossert and Donaldson (2001), there exists a value

function Ῡ : N×R+ → R, continuous and increasing in its second argument, such

that, for all n,m ∈ N, for all u ∈ Rn
+, and for all v ∈ Rm

+ ,

u %? v ⇐⇒ Ῡ
(
n,Wn(u)

)
≥ Ῡ

(
m,Wm(v)

)
.

By the previous steps, this implies that for all N,M ∈ N , all RN ∈ RN and

R′M ∈ RM , and all xN ∈ XN and x′M ∈ XM :

(xN , RN) % (x′M , R
′
M)⇐⇒ Ῡ

(
|N |,W|N |

((
uψ(xi, Ri)

)
i∈N

))
≥ Ῡ

(
|M |,W|M |

((
uψ(x′j, R

′
j)
)
j∈M

))
.

But, by Restricted social expected utility, there exists a continuous function
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Ṽ : A → R such that, for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
Ṽ (f)

]
≥ E

[
Ṽ (g)

]
.

In particular, this implies that for all N,M ∈ N , all RN ∈ RN and R′M ∈ RM ,

and all xN ∈ XN and x′M ∈ XM :

(xN , RN) % (x′M , R
′
M)⇐⇒ Ṽ (xN , RN) ≥ Ṽ (x′M , R

′
M).

Therefore, there must exists a continuous and increasing function Θ : R→ R
such that, for all N ∈ N , RN ∈ RN and xN ∈ XN :

Ṽ (xN , Rn) = Θ ◦ Ῡ

(
|N |,W|N |

((
uψ(xi, Ri)

)
i∈N

))
.

Denoting V = Θ ◦ Ῡ, we obtain the result.

Proposition A.2 If a fair universal social welfare ordering % satisfies Indiffer-

ent addition, Extended replication invariance and Restricted social expected utility

then there exists a continuous and increasing set function ψ, a continuous, sym-

metric, monotonic and replication invariant function Γ : Z → R, α ∈ R and

β ∈ R such that, for all f, g ∈ F̄ :

1. If α 6= 0,

f % g ⇐⇒ E
[(
n(f)

)α(
Γ
((
uψ
(
xi(f), Ri(f)

))
i∈N(f)

)
− β

)]
≥

E
[(
n(g)

)α(
Γ
((
uψ
(
xi(g), Ri(g)

))
i∈N(g)

)
− β

)]

2. If α = 0,

f % g ⇐⇒ E
[
Γ
((
uψ
(
xi(f), Ri(f)

))
i∈N(f)

)
− β ln

(
n(f)

)]
≥

E
[
Γ
((
uψ
(
xi(g), Ri(g)

))
i∈N(g)

)
− β ln

(
n(g)

)]
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Proof. By Proposition A.1, given that % is a fair universal social welfare order-

ing that satisfies Indifferent addition and Restricted social expected utility, there

exists a continuous and increasing set function ψ, a function V : N × R+, con-

tinuous and increasing in its second argument, and for each n ∈ N a continuous,

symmetric, monotonic, and normalized function Wn : Rn
+ → R such that, for all

f, g ∈ F̄ :

f % g ⇐⇒ E
[
V
(
n(f),Wn(f)

((
uψ(xi(f), Ri(f))

)
i∈N(f)

))]
≥ E

[
V
(
n(g),Wn(g)

((
uψ(xi(g), Ri(g))

)
i∈N(g)

))]
(A.1)

Step 1: For n ∈ N, let φn be the function such that φn(t) = V (n, t) for all

t ∈ R+. We prove that for all n,m ∈ N and t ∈ R+, φnm(t) = αnφm(t) +βn,m for

some parameters αn, βn,m.

For m,m′ ∈ N, define %m,m′ , a relation on R2
+, as follows: for all (t, v), (t′, v′) ∈

R2
+, (t, v) %m,m′ (t′, v′) if there exist f, g ∈ F̄ such that f % g and f, g are defined

as follows:

• there exists E ∈ E with p(E) = π > 0;

• there exist M , M ′ ∈ N with M ∩M ′ = ∅, |M | = m and |M ′| = m′;

• there exist (xM , RM), (x̂M ′ , R̂M ′), (x′M , R
′
M), (x̂′M ′ , R̂′M ′) ∈ A, such that

t = uψ(xi, Ri) and t′ = uψ(x′i, R
′
i) for all i ∈ M , v = uψ(x̂j, R̂j), and

v′ = uψ(x̂′j, R̂
′
j) for all j ∈M ′;

and f(s) = (xM , RM), g(s) = (x′M , R
′
M) for all s ∈ E, while f(s) = (x̂M ′ , R̂M ′)

and g(s) = (x̂′M ′ , R̂′M ′) for all s ∈ S \ E.

By definition, for any m,m′ ∈ N and (t, v), (t′, v′) ∈ R2
+:

(t, v) %m,m′ (t′, v′)⇐⇒ πφm(t) + (1− π)φm′(v) ≥ πφm(t′) + (1− π)φm′(v′)
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But by extended replication invariance and by definition, for all n ∈ N:

(t, v) %m,m′ (t′, v′) ⇐⇒ (t, v) %nm,nm′ (t′, v′)

⇐⇒ πφnm(t) + (1− π)φnm′(v) ≥ πφnm(t′) + (1− π)φnm′(v′).

Hence, there exists an increasing function Ψn,m,m′ : R → R such that, for any

(t, v) ∈ R2
+:

Ψn,m,m′

(
πφm(t) + (1− π)φm′(v)

)
= πφnm(t) + (1− π)φnm′(v)

= πφnm ◦ φ−1
m

(
π
π
φm(t)

)
+ (1− π)φnm′ ◦ φ−1

m′

(
1−π
1−πφm′(v)

)
Define the sets T = πφm(R+) and Y = (1 − π)φm′(R+), and the functions

Φn,m(t) = φnm ◦ φ−1
m

(
t
π

)
for all t ∈ T , and Φn,m′(y) = φnm′ ◦ φ−1

m′

(
y

1−π

)
for

all y ∈ Y . Given that φn is continuous and increasing for all n ∈ N , T , Y are

intervals in R, and Φnm and Φnm′ are continuous and increasing functions. We

obtain the following functional equation: For all (t, y) ∈ T × Y

Ψn,m,m′(t+ y) = Φn,m(t) + Φn,m′(y).

This is a generalized Pexider functional equation, and it is known that in that

case Ψn,m,m′ , Φn,m and Φn,m′ must be affine (Radó and Baker, 1987). Hence

there exist αn,m,m′ ∈ R++, βn,m,m′ ∈ R and β′n,m,m′ ∈ R such that φnm(t) =

αn,m,m′φm(t) + βn,m,m′ and φnm′(y) = αn,m,m′φm′(y) + β′n,m,m′ .

Given that this true for any m,m′ ∈ N, we obtain that

φnm(t) = αn,m,m′φn(t) + βn,m,m′ = αn,m,m′′φn(t) + βn,m,m′′ ,

for all m′,m′′ so that αn,m,m′ = αn,m and βn,m,m′ = βn,m for some αn,m, βn,m and

for all m′ ∈ N. Similarly,

φnm′(y) = αn,mφm′(y) + β′n,m,m′ = αn,m̂φm′(y) + β′n,m̂,m′ ,
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for all m, m̂ so that αn,m = αn and β′n,m,m′ = β
′
n,m′ for some αn, β

′
n,m′ and for all

m ∈ N. It is also the case that β′n,m,m′ = βn,m′,m, so that βn,m = β
′
n,m = βn,m for

some βn,m and for all n,m ∈ N.

Step 2: Let %? be a binary relation defined on Z = ∪k∈NRk
+ as in the proof of

Proposition A.1. We characterize its representation.

We already know by Proposition A.1 that, for any z, z′ ∈ Z z %? z′ if and only

if W (z) ≥ W (z′), where W (z) = V
(
n,Wn(z)

)
for all z ∈ Rn

+. By the previous

step, we know that for some family of functions φm and some parameters αn, βn,m,

for all n,m ∈ N and t ∈ R+ V (nm, t) = φnm(t) = αnφm(t) + βn,m.

Consider any t ∈ R+ and any m,m′ ∈ N with m′ ≥ m (without loss of

generality). By continuity and monotonicity of Wn and using indifferent addition,

we know that there exists v ∈ R+ such that φm(t) = φm′(v). But by replication

invariance, we must also have φnm(t) = φnm′(v). This means that αnφm(t) +

βn,m = αnφm′(v)+βn,m′ and therefore βn,m = βn,m′ . This is true for all m,m′ ∈ N
so that βn,m = βn for some βn and for all m ∈ N.

Consider any m ∈ N and z ∈ Rm
+ . Let t = Wm(z). By normalization of Wm,

we know that z ∼? t · 1m and that Wm(t · 1m) = Wm′(t · 1m′) for all m′ 6= m.

Hence, if z′ ∈ Z is a n-replica of z, we have, by replication invariance Wm(z) =

Wm(t · 1m) = Wnm(t · 1nm) = Wnm(z′).

So, to summarize, there exist sequences (αn)n∈N and (βn)n∈N such that for

all n ∈ N, for all z, z′ ∈ Z such that z ∈ Rm
+ and z′ is a n-replica of z, we

have: W (z′) = αnφm
(
Wnm(z′)

)
+ βn = αnφm

(
Wm(z)

)
+ βn = αnV

(
m,Wm(z)

)
+

βn = αnW (z) + βn. This is the property named ‘Generalized Affine Population

Replication’ by Zoli (2009).

By proposition 3.1 in Zoli (2009), we thus know there exist constants α, β ∈ R,

and an increasing continuous replication-invariant function Γ : R+ → R such that

for all n ∈ N and z ∈ Rn
+:

W (z) =

{
nα(Γ(z)− β) if α 6= 0

Γ(z) + β ln(n) if α = 0
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By definition, then, in Eq. (A.1), for any f ∈ F̄ for all s ∈ S,

V
(
n(f(s)),Wn(f(s))

((
uψ(xi(f(s)), Ri(f(s)))

)
i∈N(f(s))

)
= W

((
uψ(xi(f(s)), Ri(f(s)))

)
i∈N(f(s))

)
.

Proposition A.3 If a fair universal social welfare ordering % satisfies Indiffer-

ent addition, Independence of the sure and Restricted social expected utility then

there exists a continuous and increasing set function ψ, a constant α ∈ R, a

function ϕ : R+ → R, and for each n ∈ N a constant cn ∈ Dn
ϕ such that:

1. Either α 6= 0 and for all f, g ∈ F̄ :

f % g ⇐⇒ 1
α
E
[
eα[

∑
i∈N(f) ϕ(uψ(xi(f),Ri(f)))−cn(f)]

]
≥ 1

α
E
[
eα[

∑
i∈N(g) ϕ(uψ(xi(g),Ri(g)))−cn(g)]

]

2. Or for all f, g ∈ F̄ :

f % g ⇐⇒ E
[ ∑
i∈N(f)

ϕ
(
uψ(xi(f), Ri(f))

)
−cn(f)

]
≥ E

[ ∑
i∈N(g)

ϕ
(
uψ(xi(g), Ri(g))

)
−cn(g)

]
.

Proof.

Step 1: An additively separable function when there is no risk.

By Proposition A.1, given that % is a fair universal social welfare ordering that

satisfies Indifferent addition and Restricted social expected utility, there exists a

continuous and increasing set function ψ, a function V : N×R+, continuous and

increasing in its second argument, and for each n ∈ N an increasing, continuous,

monotonic and normalized function Wn such that, for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
V
(
n(f),Wn(f)

((
uψ(xi(f), Ri(f))

)
i∈N(f)

))]
≥ E

[
V
(
n(g),Wn(g)

((
uψ(xi(g), Ri(g))

)
i∈N(g)

))]
(A.2)

Let define relation %? on Z like in the proof of Prop. A.1, so that for all

39

 
Documents de travail du Centre d'Economie de la Sorbonne - 2021.18



n,m ∈ N, for all z ∈ Rn
+, and for all z′ ∈ Rm

+ ,

z %? z′ ⇐⇒ V
(
n,Wn(z)

)
≥ V

(
m,Wm(z′)

)
.

By definition (and by the properties of Wn), relation %? is continuous, sym-

metric and monotonic. Because % satisfies Indifferent addition and Independence

of the sure, %? satisfies Intermediate existence of critical levels and utility inde-

pendence in the sense of Blackorby, Bossert and Donaldson (2005). It also satisfies

Strong Pareto in the sense of Blackorby, Bossert and Donaldson (2005).11 There-

fore, by Theorem 6.5 in Blackorby, Bossert and Donaldson (2005), there exists a

continuous and increasing function ϕ : R+ → R and for each n ∈ N a constant

γn ∈ ϕ(R+) such that, for all z, z′ ∈ Z with z ∈ Rn
+ and z′ ∈ Rm

+ ,

z R z′ ⇐⇒
n∑
i=1

ϕ(zi)−
n∑
i=1

γi ≥
m∑
i=1

ϕ(z′i)−
m∑
i=1

γi.

By definition of %?, for any N , M ∈ N , (xN , RN) ∈ (X ×R)N , (x′M , R
′
M) ∈

(X ×R)M :

(xN , RN) % (x′M , R
′
M)⇐⇒

(
uψ(xi, Ri)

)
i∈N %?

(
uψ(x′i, R

′
i)
)
i∈M ,

and therefore, by our result above:

(xN , RN) % (x′M , R
′
M)⇐⇒

∑
i∈N

ϕ◦uψ(xi, Ri)−
|N |∑
i=1

γi ≥
∑
j∈M

ϕ◦uψ(x′j, R
′
j)−

|M |∑
i=1

γi.

11Indeed, consider any z, z′ ∈ Rn+ such that for some i zi > z′i and zj = z′j for all j ∈
{1, · · · , n} \ {i}: let us prove that z � z′. By monotonicity (zi, · · · , zi︸ ︷︷ ︸

n times

) � (z′i, · · · , z′i︸ ︷︷ ︸
n times

). There

must exist k ∈ {1, · · · , n} such that, if we define zk, z̃k ∈ Rn+ by zkl = z̃kl = zi for all l < k,
zkj = z̃kj = z′i for all j > k, zkk = zi and z̃kk = z′i, we must have zk � z̃k (otherwise by transitivity

we would have (zi, · · · , zi︸ ︷︷ ︸
n times

) - (z′i, · · · , z′i︸ ︷︷ ︸
n times

)). Let us define ẑ, ẑ′ ∈ Rn+ such that ẑl = zkπ(l) and

ẑ′l = z̃kπ(l) for l ∈ {1, · · · , n} where π is a bijection such that π(i) = k, π(k) = i and π(l) = l

for all l 6= i, k. By symmetry, because zk � z̃k, we obtain ẑ � ẑ′. By utility independence, this
implies z � z′.
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Step 2. For any (xN , RN) ∈ A, denote W̃ (xN , RN) = V
(
|N |,W|N |

((
uψ(xi, Ri)

)
i∈N

))
,

where V and W|N | are the function in Equation A.2. Equation A.2 implies that,

for all N,M ∈ N , all RN ∈ RN and R′M ∈ RM , and all xN ∈ (X )N and

x′M ∈ (X )M :

(xN , RN) % (x′M , R
′
M)⇐⇒ W̃ (xN , RN) ≥ W̃ (x′M , R

′
M).

By Step 1, there must exist a a continuous and increasing function Φ such that,

for any N ∈ N , RN ∈ RN and xN ∈ XN :

W̃ (xN , RN) = Φ

∑
i∈N

ϕ ◦ uψ(xi, Ri)−
|N |∑
i=1

γi

 .

We normalize the representation so that γ1 = minϕ(R+).

Given this representation, let T = {t ∈ R|∃(x,R) ∈ X × R such that t =

ϕ◦uψ(x,R)−γ1} and Y = {v ∈ R|∃N ∈ N , (xN , RN) ∈ (X ×R)N such that v =∑
i∈N ϕ ◦uψ(xi, Ri)−

∑|N |+1
i=2 γi}. Note that T and Y are intervals in R such that

0 ∈ T , and R+ is a subset of Y .

Let us define a relation %?? on T×Y ×Y as follows. For all (t, y, ŷ), (t′, y′, ŷ′) ∈
T × Y × Y , (t, y, ŷ) %?? (t′, y′, ŷ′) if and only if f % g where f, g ∈ F̄ are defined

as follows:

• there exists E ∈ E with p(E) = π;

• there exist N , N ′, M , M ′ ∈ N with 1 /∈ N , 1 /∈ N ′, 1 /∈ M , 1 /∈ M ′,

N ∩M = ∅ and N ′ ∩M ′ = ∅;

• there exist (x1, R1), (x′1, R
′
1) ∈ X ×R, such that t = ϕ◦uψ(x1, R1)−γ1 and

t′ = ϕ ◦ uψ(x′1, R
′
1)− γ1;

• there exist (xN , RN) ∈ (X × R)N , (x′N ′ , R′N ′) ∈ (X × R)N
′
, such that y =∑

i∈N ϕ ◦ uψ(xi, Ri)−
∑|N |+1

i=2 γi and y′ =
∑

i∈N ′ ϕ ◦ uψ(x′i, R
′
i)−

∑|N ′|+1
i=2 γi;

• there exist (x̂M , R̂M) ∈ (X ×R)M̂ , (x̂′M ′ , R̂′M ′) ∈ (X ×R)M
′
, such that ŷ =∑

i∈M ϕ◦uψ(x̂i, R̂i)−
∑|M |+1

i=2 γk and ŷ′ =
∑

i∈M ′ ϕ◦uψ(x̂′i, R̂
′
i)−

∑|M ′|+1
i=2 γi;
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and f(s) =
(
(x1, R1), (xn, RN)

)
, g(s) =

(
(x′1, R

′
1), (x′n, R

′
N ′)
)

for all s ∈ E while

f(s) =
(
(x1, R1), (x̂n, R̂M)

)
and g(s) =

(
(x′1, R

′
1), (x̂′n, R̂

′
M ′)
)

for all s /∈ E.

It can be verified that relation %?? is a well-defined complete pre-order on

T × Y × Y . By definition, for any (t, y, ŷ), (t′, y′, ŷ′) ∈ T × Y × Y :

(t, y, ŷ) %?? (t′, y′, ŷ′)⇐⇒ πΦ(t+y)+(1−π)Φ(t+ŷ) ≥ πΦ(t′+y′)+(1−π)Φ(t′+ŷ′)

Also, by Independence of the sure, for any t ∈ T , (y, ŷ), (y′, ŷ′) ∈ Y × Y ,

(t, y, ŷ) %?? (t, y′, ŷ′)⇐⇒ (0, y, ŷ) %?? (0, y′, ŷ′), and therefore

πΦ(t+ y) + (1− π)Φ(t+ ŷ) ≥ πΦ(t+ y′) + (1− π)Φ(t+ ŷ′)

⇐⇒ Φ(y) + (1− π)Φ(ŷ) ≥ πΦ(y′) + (1− π)Φ(ŷ′).

Denoting Ψt : Y → R the function such that Ψt(y) = Φ(t + y), this implies

that there exists a continuous and increasing function Θt : R → R such that,

for all y, ŷ ∈ Y , Θt

(
πΦ(y) + (1 − π)Φ(ŷ)

)
= πΨt(y) + (1 − π)Ψt(ŷ). This is a

Pexider functional equation, and it is known that in that case Θt and Ψt must

be affine (Radó and Baker, 1987). Hence there exist αt ∈ R++ and βt ∈ R such

that Ψt(y) = αtΦ(y) + βt.

Define the functions α : T → R++ and β : T → R by α(t) = αt and β(t) = βt

for all t ∈ T . By definition of function Ψt, we end up with the functional equation:

Φ(t+ y) = α(t)Φ(y) + β(t) for all (t, w) ∈ T × Y . By Corollary 1 (pp. 150–151)

in Aczél (1966), this equation implies that either Φ is affine or that it is an affine

transformation of the function y → αeαy for some α 6= 0. Furthermore, we know

that Φ is increasing.

Finally, we let cn =
∑n

i=1 γi (so that cn ∈ Dn
ϕ) to obtain the desired formula.
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A.3 Proof of Theorems 2 and 3

A.3.1 Proof of Theorem 2

Assume that % is a fair social welfare ordering that satisfies Indifferent addition

and Social expected utility. By Social expected utility there exists a function

V : A → R, which is unique up to increasing affine transformations, such that,

for all f, g ∈ F :

f % g ⇐⇒ E
[
V ◦ f

]
≥ E

[
V ◦ g

]
.

By Proposition A.1, there exists a continuous and increasing set function ψ,

a function Υ : N× R+ that is continuous and increasing in its second argument,

and for each n ∈ N a continuous, symmetric, monotonic, and normalized function

Wn : Rn
+ → R such that, for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
Υ
(
n(f),Wn(f)

((
uψ(xi(f), Ri(f))

)
i∈N(f)

))]
≥ E

[
Υ
(
n(g),Wn(g)

((
uψ(xi(g), Ri(g))

)
i∈N(g)

))]
Given that V is unique up to an increasing affine transformation, it must be

the case that there exist κ ∈ R+ and γ ∈ R such that, for all a ∈ A:

V (a) = κΥ
(
n(a),Wn(a)

((
uψ(xi, Ri)

)
i∈N(a)

))
+ γ.

If in addition % satisfies Extended replication invariance, we know by Propo-

sition A.2 that there exists a continuous, symmetric, normalized, replication-

invariant, and increasing function Γ : Z → R, α ∈ R and β ∈ R such that for all

n ∈ N and z ∈ Rn
+:

Υ
(
n,Wn(z)

)
=

{
nα(Γ(z)− β) if α 6= 0

Γ(z) + β ln(n) if α = 0

On the other hand, if in addition % satisfies Independence of the sure, we

know by Proposition A.3 that a constant α ∈ R, a function ϕ : R+ → R, and for
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each n ∈ N a constant cn ∈ Dn
ϕ such that, for all z ∈ Rn

+:

Υ
(
n,Wn(z)

)
=

{ ∑n
i=1 ϕ(zi)− cn if α = 0

1
α
eα

∑n
i=1 ϕ(zi)−cn if α 6= 0

Renaming Υ as V , Wn and Γ as W , one obtains the formulation of the theorem.

A.3.2 Proof of Theorem 3

Assume that % is a fair social welfare ordering that satisfies Indifferent addition,

Pareto and and Restricted social expected utility. By Proposition A.1, there ex-

ists a continuous and increasing set function ψ, a function V : N × R+ that is

continuous and increasing in its second argument, and for each n ∈ N a contin-

uous, symmetric, monotonic, and normalized function Wn : Rn
+ → R such that,

for all f, g ∈ F̄ :

f % g ⇐⇒ E
[
V
(
n(f),Wn(f)

((
uψ(xi(f), Ri(f))

)
i∈N(f)

))]
≥ E

[
V
(
n(g),Wn(g)

((
uψ(xi(g), Ri(g))

)
i∈N(g)

))]
If in addition % satisfies Extended replication invariance, we know by Propo-

sition A.2 that there exists a continuous, symmetric, replication-invariant, nor-

malized and increasing function Γ : Z → R, α ∈ R and β ∈ R such that for all

n ∈ N and z ∈ Rn
+:

V
(
n,Wn(z)

)
=

{
nα(Γ(z)− β) if α 6= 0

Γ(z) + β ln(n) if α = 0

On the other hand, if in addition % satisfies Independence of the sure, we

know by Proposition A.3 that a constant α ∈ R, a function ϕ : R+ → R, and for

each n ∈ N a constant cn ∈ Dn
ϕ such that, for all z ∈ Rn

+:

V
(
n,Wn(z)

)
=

{ ∑n
i=1 ϕ(zi)− cn if α = 0

1
α
eα

∑n
i=1 ϕ(zi)−cn if α 6= 0
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Now consider any f , g ∈ F . Construct f̄ , ḡ ∈ F̄ as follows: for any s ∈ S,

• N(f(s)) = N(f̄(s)) and N(g(s)) = N(ḡ(s));

• Ri(f̄(s)) = Ri(f(s)) and xi(f̄(s)) = cei,Ri(f) for all i ∈ N(f(s));

• and Ri(ḡ(s)) = Ri(g(s)) and xi(ḡ(s)) = cei,Ri(g) for all i ∈ N(g(s)).

So in every state of the world, the people who exist are the same in f and f̄ .

Each of these people has the same preferences in f and f̄ , but in f̄ they receive

the certainty-equivalent. And a similar comparison holds between g and ḡ. By

Pareto (and the definition of a certainty-equivalent), f ∼ f̄ and g ∼ ḡ. Hence,

f % g ⇐⇒ f̄ % ḡ. But f̄ , ḡ ∈ F̄ so that:

f̄ % ḡ ⇐⇒ E
[
V
(
n(f̄),Wn(f̄)

((
uψ(xi(f̄), Ri(f̄)

)
i∈N(f̄)

))]
≥ E

[
V
(
n(ḡ),Wn(ḡ)

((
uψ(xi(ḡ), Ri(ḡ))

)
i∈N(ḡ)

))]
⇐⇒

∑
(N,RN )

pN,RN (f)× V
(
|N |,W|N |

((
uψ
(
cei,Ri(f), Ri

))
i∈N

))
≥

∑
(N,RN )

pN,RN (g)× V
(
|N |,W|N |

((
uψ
(
cei,Ri(g), Ri

))
i∈N

))
.

A.4 Proof of Theorem 4

We start with an extension of the welfarism theorem to cases where the social

welfare ordering satisfies Pareto for individual allocation and Social expected

utility.

Proposition A.4 If a social welfare ordering % on F satisfies Pareto for indi-

vidual risk, Social expected utility, Betterness dominance, and Anonymity, then

there exists for each n ∈ N, a continuous, symmetric, and monotonic function

W̄n : Rn → R such that for all f, g ∈ F :

f % g ⇐⇒ E
[
W̄n(f)

((
ṽRi(f)(xi(f))

)
i∈N(f)

)]
≥ E

[
W̄n(g)

((
ṽRi(g)(xi(g))

)
i∈N(g)

)]
.

where for each R ∈ R, ṽR is a VNM utility function.
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Proof. Consider any i ∈ N, Ri ∈ R, and any f, g ∈ F such that N
(
f(s)

)
=

N
(
g(s)

)
= {i} and Ri(f(s)) = Ri(g(s)) = Ri for all s ∈ S. By Pareto for equal

allocation and social expected utility:

f � g ⇐⇒ E
[
vRi(xi(f))

]
> E

[
vRi(xi(g))

]
⇐⇒ E

[
V ◦ f

]
> E

[
V ◦ g

]
.

By unicity of the VNM function up to an increasing affine transformation, there

must exist αiRi ∈ R++ and βiRi ∈ R such that V (f) = αiRivRi(xi) + βiRi for all

xi ∈ X . By Anonymity, V (f) does not depend on i’s identity, implying that

αiRi = αRi and βiRi = βRi for some αRi , βRi .

Denote ṽR = αRvR+βR. By the previous point, for all i, j, for all (xi, Ri), (xj, Rj) ∈
X ×R, (xi, Ri) � (xj, Rj) if and only if ṽRi(xi) > ṽRj(xj). By Betterness domi-

nance, Anonymity, and continuity of the social welfare ordering %, we have that

for all N,M ∈ N with |N | = |M | = n, all RN ∈ RN , R′M ∈ RM , xN ∈ XN

and x′M ∈ XM , if there exist a bijection σ : N → M such that for all i ∈ N

ṽRi(xi) = ṽR′
σ(i)

(x′σ(i)) then (xN , RN) ∼ (x′M , x
′
M).

Let R? be a preference ordering for which there exists ω? ∈ X \ {0} such

that ṽR?(x) = a ln
(
eω?(x,R

?)
)

+ b, with a ∈ R++ and b ∈ R, for all x ∈ X .12

Consider any n ∈ N and let Nn = {1, · · · , n} and R̂n = (R?, · · · , R?). Let %??
n be

a binary relation defined on Rn as follows: for all z, z′ ∈ Rn z %??
n z′ if and only

if there is xNn , x
′
Nn
∈ XNn such that zi = ṽR?(xi) and z′i = ṽR?(x

′
i) all i ∈ Nn,

and (xNn , R̂n) % (x′Nn , R̂n). This relation is well defined: if x̂Nn , x̂
′
Nn
∈ XNn are

such that zi = ṽR?(x̂i) and z′i = ṽR?(x̂
′
i) all i ∈ Nn, then (xNn , R̂n) ∼ (x̂Nn , R̂n)

and (x′Nn , R̂n) ∼ (x̂′Nn , R̂n). By definition, relation %??
n is transitive, complete and

continuous. Hence there exists a continuous function Wn : Rn → R such that, for

all z, z′ ∈ Rn:

z %? z′ ⇐⇒ Wn(z) ≥ Wn(z′).

Betterness dominance and Anonymity imply that Wn is monotonic and symmet-

12Recall that eω(x,R) is the equivalent level of the Pazner-Schmeidler equivalence approach:
see Section 2.2.
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ric. And by definition, for all xNn , x
′
Nn
∈ XNn :

(xNn , R̂n) % (x′Nn , R̂n)⇐⇒ Wn

((
ṽR?
(
xi
))

i∈Nn

)
≥ Wn

((
ṽR?
(
x′i
))

i∈Nn

)
.

Consider any N,M ∈ N with |N | = |M | = n, as well as RN ∈ RN , R′M ∈
RM , xN ∈ XN and x′M ∈ XM . Let σ : N → Nn and σ̂ : M → Nn be two

bijections. Let x̂Nn , x̃Nn ∈ XNn be defined by ṽR?(x̂σ(i)) = ṽRi(xi) for all i ∈ N
and ṽR?(x̃σ(j)) = ṽRj(x

′
j) for all j ∈ M .13 By the above results, we know that

for each i ∈ N , (xi, Ri) ∼
(
x̂σ(i), R

?
)
, and for each j ∈ M , (x′j, R

′
j) ∼

(
x̃σ̂(j), R

?
)
.

Therefore, (xN , RN) ∼ (x̂Nn , R̂n) and (x′M , R
′
M) ∼ (x̃Nn , R̂n).

Gathering all our results, we obtain the following equivalence:

(xN , RN) % (x′M , R
′
M) ⇐⇒ (x̂Nn , R̂n) % (x̃Nn , R̂n)

⇐⇒ Wn

((
ṽR?
(
x̂i
))

i∈Nn

)
≥ Wn

((
ṽR?
(
x̃i
))

i∈Nn

)
⇐⇒ Wn

((
ṽRi(xi)

)
i∈N

)
≥ Wn

((
ṽRj(xj)

)
j∈M

)
,

where the last equivalence is due to the symmetry of Wn.

By Social expected utility, we also know that for all n ∈ N, all N,M ∈ N
with |N | = |M | = n, all RN ∈ RN , R′M ∈ RM , xN ∈ XN and x′M ∈ XM :

(xN , RN) % (x′M , R
′
M)⇐⇒ V

((
(xi, Ri)

)
i∈N

)
≥ V

((
(xj, Rj)

)
j∈M

)
.

So there must exist a continuous and increasing function Ψn such that, for all N

13Note that these allocations are well-defined. For instance, if ṽRi
(xi) = z ∈ R, we can define

the allocation x̂σ(i) = λω?, with λ = exp(z/a− b/a), so that, by definition of R?,

ṽR?(x̂σ(i)) = a ln
(
eω?(x,R?)

)
+ b = a ln(exp(z/a− b/a)) + b = z = ṽRi(xi).

We can proceed in the same way to define x̃Nn
.
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with |N | = n, any (xN , RN) ∈ XN ×RN :

V

((
(xi, Ri)

)
i∈N

)
= Ψn

(
Wn

((
ṽRi(xi)

)
i∈N

))
= W̄n

((
ṽRi(xi)

)
i∈N

)
,

where W̄n = Ψn ◦Wn.

Assume that % satisfies Betterness dominance, Anonymity, Indifferent addi-

tion, Pareto for equal risk and Social expected utility. Pareto for equal risk im-

plies Pareto for individual risk, so that Proposition A.4 holds. Now, consider any

n ∈ N and let f, g ∈ F be two prospects such that, for each s ∈ S, N(s) = Nn,

RN(s)(f(s)) = RN(s)(g(s)) = R̂n = (R?, · · · , R?), and xi(f(s)) = xj(f(s)) and

xi(g(s)) = xj(g(s)) for all i, j ∈ Nn: these are prospects where only people with

preferences R? exist and they all have the same allocation ex post. Denote by φ̃n

the function such that φ̃n(z) = W̄n(z, · · · , z︸ ︷︷ ︸
n times

). By Proposition A.4:

f % g ⇐⇒ E
[
φ̃n

(
ṽR?(x1(f))

)]
≥ E

[
φ̃n

(
ṽR?(x1(g))

)]
.

But f and g induce equal risk, so that by Pareto for equal risk:

f % g ⇐⇒ E
[
ṽR?(x1(f))

]
≥ E

[
ṽR?(x1(g))

]
.

Given that ṽR?(X ) = R, it clearly needs to be the case that for all z ∈ R φ̃n(z) =

αnz + βn, with αn ∈ R++ and βn ∈ R. Therefore, for each n ∈ N there exist a

continuous, symmetric, monotonic, and normalized function Wn : Rn
+ → R+ such

that W̄n = αnWn + βn, where W̄n is the function in Proposition A.4. We thus

obtain the first part of Theorem 4.

Given the form of social welfare orderings satisfying Pareto for individual risk,

Social expected utility, Betterness dominance, and Anonymity (Proposition A.4),

and the fact that % also satisfies Indifferent addition, we can repeat the reasoning

in Propositions A.2 and A.3 to show that:

1. If % also satisfies Extended replication invariance, there exist a continuous,
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symmetric, monotonic, normalized and replication-invariant function Γ :

Z → R, α ∈ R and β ∈ R such that, for all z ∈ Z:

αn(z)Wn(z)(z) + βn(z) =

 n(z)α
(

Γ(z)− β
)

if α 6= 0

Γ(z) + β ln(n(z)) if α = 0

2. If % also satisfies Independence of the sure, then there must exist a constant

α ∈ R, a function ϕ : R→ R, and for each n ∈ N a constant cn ∈ Dn
ϕ such

that, for all z ∈ Z:

αn(z)Wn(z)(z) + βn(z) =

{
1
α
eα

∑
i∈N(z) ϕ(zi)−cn(z) if α 6= 0∑

i∈N(z) ϕ(zi)− cn(z) if α = 0

But we should have αnWn(t, · · · , t︸ ︷︷ ︸
n times

)+βn = αnt+βn for all t ∈ R and n ∈ N.

(a) For the formula with α 6= 0, we would get (eαϕ(t))n

αeαcn
which cannot always

be equal to αnt+ βn when t varies. So the case α 6= 0 cannot hold.

(b) For the formula with α = 0, we would get nϕ(t)− cn which can always

be equal to αnt + βn when t varies only if ϕ is an increasing affine

function.
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