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Abstract

In this paper we first give an elementary proof of existence of equilibrium
with dividends in an economy with possibly satiated consumers. We then
introduce a no-arbitrage condition and show that it is equivalent to the
existence of equilibrium with dividends.
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1 Introduction

In the Arrow-Debreu model (1954), the authors impose a nonsatiation as-
sumption which states that for every consumer,whatever the commodity
bundle may be, there exists another consumption bundle she/he strictly
prefers. It is well-known, that in presence of satiation, a Walras equilib-
rium may not exist since for every price, there could be a consumer who
maximizes her/his preference in the interior of her/his budget set.

The absence of the nonsatiation condition with fixed prices was studied
by Dreze and Muller (1980) by introducing the notion of coupons equilib-
rium, Aumann and Dréze (1986) with the concept of dividends, Mas-Colell
(1992) who used the term of slack equilibrium. We can cite other authors
who worked on nonsatiation: e.g. Makarov (1981), Florig and Yildiz (2002),
and for and continuum of consumers, Cornet, Topuzu and Yildiz (2003).

In this paper we first give an easy proof of existence of equilibria with
dividends. For Aumann and Dréze, a dividend is a ”cash allowance added
to the budget by each trader. Its function is to distribute among the nonsa-
tiated agents the surplus created by the failure of the satiated agents to use
their entire budget”. Here, we introduce an additional good (e.g. financial
asset, or paper money) that the satiated agents will want to have in order
to fill up their budget sets. For that, they will buy this additional good
from the nonsatiated agents. More precisely, we will introduce an interme-
diary economy by adding another good that any agent would like to have if
she/he meets satiation. In this economy, the nonsatiation condition is satis-
fied. There thus exists a Walras equilibrium. We show that this equilibrium
actually corresponds to an equilibrium with dividends for the initial econ-
omy. It is interesting to notice that we show that, at this equilibrium, the
satiated agents will buy the additional good from the nonsatiated agents.
It is worth noticing that since any equilibrium of the intermediary economy
is an equilibrium with dividends for the initial economy, we may know more
properties of some equilibria with dividends (e.g.: how will be the changes
of equilibrium prices and quantities when the initial endowments change?).

Second, we allow our model to have financial assets. If we assume
that the production sets satisfy in particular the inaction and irreversibility
conditions (see Debreu, 1959) and the utility functions satisfy the No-Half
Line condition (see e.g. Werner, 1986, Page and Wooders 1996, Dana, Le
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Van and Magnien, 1999, Allouch, Le Van, Page, 2002), then there exists an
equilibrium with dividends iff there exists a no-arbitrage price.

The paper is organized as follows. The model is presented in Section 1.
The main result is given in Section 2. Finally, in Section 3, we introduce
the no-arbitrage price condition and prove that existence of equilibrium is
equivalent to existence of no-arbitrage prices.

2 The Model.

We consider an economy having | goods, J producers, and I consumers. We
suppose that the numbers of the producers and the consumers are finite.
For each i € I, let X; C R' denote the set of consumption goods, let
u;i : X; — R denote the utility and let e; € R' be the initial endowment.
Furthermore for each j € J, let Y; C R' denote the producing set of the
producer j.

Let 0;; be the ratio of the profit that consumer ¢ can get from the
procucer j. We suppose that 0 < 8;; < 1,5 ._,0; =1 Let pe R! denote
the price of the goods.

In the sequel we will denote this economy by

E = {(Xi,ui, €)ier, (Yy)jes, (0ij)icr jes} -

Preliminaries:
We recall that a function u; is said to be quasiconcave if its level-set

L ={z; € X; t wi(zi) > o}

is convex for each o € R.
w; is strictly quasiconcave if and only if z;, z} € X;, w;(z}) > w;(x;) and
A €[0,1), then
wi(Az; + (1 — N)xh) > ui(z;).

It means that
wi(Az; + (1 — N)xh) > min(ui(z;), ui(z})).

The function w; is upper semicontinuous if and only if L is closed for
each a.
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Let S; denote the set of satiation points of u;. then
Si={z; € X; : wi(z}) > wi(x;), for any z; € X;}.

By this definition, the function u; has no satiation point if for all z; € X;
there exists x; € X; such that w;(z}) > w;(x;). It is easy to check that S; is
convex and closed.

Definition 1

A Walras equilibrium of £ is a list (2} )icr, (¥])jes, P*) € (RO (RHVIx
(RIN\_{0}) which satisfies:

(@) Doier T = dicr €+ 2 _jes 5 ( Market clearing);
(b) for each 7 one has

P =pei+ Y 0;.suppy;
jer
(butget constraint), and for each z; € X;,with u;(z;) > w;(z}), it holds
pTi > p et Z 0ij.sup p".Y;.
jer

c) For each 57 € Jy; € Y, and p".y; = supp".Y,, where supp.Y;, =
j j j j j
Sup,.cy, P-Y;-

Definition 2
An equilibrium with dividends (d} )ier € Rz‘of(‘: is alist ((@7)ier, (Y] )jes, P*) €
(RO x (RO x R! which satisfies:

(@) Doier T = dicr €+ 2 _jes 5 ( Market clearing);
(b) for each 7 one has

poy <plei+ Z 0ij.sup p".Y; + d;
jed

(butget constraint), and for each z; € X;,with u;(z;) > w;(z}), it holds

prx; > pe + Zeij. supp".Y; +d;
jeg

c) For each 57 € Jy; € Y, and p".y; = supp".Y,, where supp.Y;, =
j j j j j
Sup,.cy, P-Y;-
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Definition 3

A feasible allocation is the list ((z:)ier, (¥j)jes) € [lic; X X Hje.JYj
which satisfies 3, .,z = > ;e + >, y5. We denote by A the set of
feasible allocations.

The main purpose of this paper is to give an easy proof of existence
of equilibrium with dividends of economy £ when satiation points occur in
the preferences of the consumers. Our idea is to introduce an intermediary
economy with an additional good (think of financial asset or money paper)
that the consumers want to posses when they meet satiation. In this new
economy, there is no satiation point. Hence, an equilibrium exists under
appropriate assumptions. We show that this equilibrium is an equilibrium
with dividends for the initial economy. It is worthy to point out that at
this equilibrium point, the consumers who meet satiation points will buy
the additional good from the consumers who do not meet satiation.

We now list our assumptions.

(H;7) For each 7 € I, the set X; is nonempty closed convex;

(H3) For each ¢ € I, the function wu; is strictly quasiconcave and upper
semicontinuous;

(Hs) For each j € J, the set Y; is nonempty closed convex and ¥V =
>jes Yj is closed.

(H,) The feasible set A is compact.

(Hs) For every 1, e; € int(X; — Zje.] 0:;Y;).

3 The Results

We first give an existence of Walras equilibrium theorem when there exists
no satiation.

Theorem 1 Assume (Hy) — (Hs) and
Vi,Vr; € Xy, Az, € X; such that ui(z)) > ui(x;).
Then there exists an equilibrium.

Proof. The proof is quite standard. See e.g. Arrow and Debreu (1954)
when the consumption sets are bounded from below, or adapt the proof
given in Dana, Le Van and Magnien (1999) for an exchange exconomy. B
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We now come to our main result which is a corollary of the previous
theorem.

Theorem 2 Assume (Hy) — (Hs). Then there exists an equilibrium with
dividends.

Proof. Let us introduce the intermediary economy
&= {(X s @)ier, (Ve Opicres |

R where: Xl = X; xRy;é; = (e;,6;) with 6; > 0 for any ¢ € I and
Y; = (Y;,0) for any j € J, and the utilities u; are defined as follows (re-
call that S; is the set of satiation points for agent ¢): let p > 0, M; =
max {u;(z): z € X;}.

- If z; ¢ Si, then u;(z;, d;) = w;(x;) for any d; > 0.

- If z; € Sy, then wi(x;, d;) = ui(z;) + pd; = M; + pd; for any d; > 0.

We will check that Assumption (H,) is satisfied for every u;.

To prove that u; is quasi-concave and upper semi-continuous, it suffices
to prove that the set ﬁ? = {(zi,d;) € X; x Ry : 4(x;,d;) > a} is closed and
convex for every a. We have two cases:
~ Case 1: a < M;. We claim that L{ = L X R.. Indeead, let (z;,d;) €
L. 1t follows 4;(z;, d;) > o and there are two possibilities for z;:

+ If z; ¢ Si, then u;(zi, di) = wi(z;). It implies w;(x;) > o or z; € LY
and hence (z;,d;) € LY x R..

+ If z; € S, then w;(z;) = M; > . This follows z; € LY and (z;,d;) €
L¢ x Ry.

So, ﬁ? C L¢ x Ry. It is obvious L§ X Ry C ﬁ?.

Case 2: a > M;. We claim that ﬁ? = 5; X {di cd; > %} Indeed,
if 4(zs,d;) > a, then z; € S;. In this case, u;(z;, d;) = M; + pd; > o, and
hence d; > 22 The converse is obvious.

It is also obvious that S; is closed and convex. We have proved that u;
is u.s.c. and quasi-concave for every .

We now prove that u; is strictly quasi-concave.

Indeed, take M; = u;(z) with x € S; and (z;,d;), (z},d,) € X; X R, such

(ARt ]

that 4, (z}, d;) > u;(z;,d;). For any A € ]0,1[, we verify that

(2Rt}

4Oz + (1= Nzl My + (1= M) > @iz, d;).
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Since u;(z}, d}) > ui(x;, d;) , we can consider the following cases:

Case 1: z; € 5;, z; € S;. We have
Gi(xi, di) = M; + pd;, Wiz, d;) = M; + pd;.
It follows that d; > d;. Hence
i+ (1 = N)d, > Md; + (1 — \)d; = d;.
Since Az; + (1 — Az} € S;, we deduce
@iz + (1 — Nz, M + (1= \Nd) =

M; + p(Ni = (1 = M) > M; + pd; = 4(zi, o).

Case 2: z; € 5;,z; ¢ S;. It implies u;(x}) > u;(z;). Since u; is a strictly
quasi-concave function, we obtain

wi(Az; + (1 — N)xh) > ui(z;).
2a: If Az; + (1 — M)z} € S;, then
Ui (Azi+(1=N)zj, Adi+-(1-N)d) = Mi+pAdi+(1-M)d}) > wi(z) = Gz, di).
2b:If Ax; + (1 — M)z} ¢ S;, then
WAz + (1= Nz, Ad; + (1= N)d;) = wilAzi+ (1= N)z)) > wi(xi) = Wiz, dy).
Case 3 =} ¢ S;,x; ¢ Si. We have
Wi(wi, di) = wi(ze), wixy, dy) = wi(x)).

This follows u;(z}) > u;(z;). Similarly as above we consider
3a: If Ax; + (1 — M)z} € S;, then

Gi(Az; + (1 — Nz, Adi + (1 = N)d)) = M+ p(Nd; + (1 — N)d))

3b:If Ax; + (1 — Az ¢ S, then

4Oz + (1= N2 Mi+ (1= M) = wiAzi + (1= Na)) > wilzs) = (i, di).

7
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We have proved that the function ; is strictly quasi-concave.

It remains to prove that the %; has no satiation point.

Indeed, let (z;,d;) € X; x R;. We consider the following cases

Case 1: z; ¢ S;. Take z; € X; such that u;(z}) > w;(x;) and d; = d;.We
have w;(x}, di) > wi(x}) > wi(x;) = wi(zq, d;).

Case 2:z; € 5;. Take z} = z; and d; > d;. We have

Uiz}, dy) = wizy) + pdi > wi(xs) + pdi = @i, di).

We have proved that the 4; has no satiation point.
Let us consider the feasible set A of & We have:

A { xz: 7 zeI,(yjy )]EJ) Vl x; € Xl,d € R+,V] Yj € Y and

dm=> e+> vy di=) &}

iel iel jeJ el iel

It is obvious that A is compact.

It is also obvious that Assumptions (Hy), (Hs), (Hs) and (Hs) are ful-
filled in economy £

Apply the previous theorem.

There exists an equilibrium ((:Jcl ,di Jier, (Y5, 0)jer, (7 q*)) with (p*, ¢") #
(0,0). It satisfies:

Y (x7,d)=> (e, 6:)+ > (¥],0)

el el jeJ

(it) forany i € I, p".z] +q'd; =p“.e; + Zeij sup(p"Y; +¢" x 0) + ¢"6;,
jeg
and
(427) for any j € J, p'y; = sup(p"Y;).

Observe that since g > 0, the price ¢* must be nonnegative.

We claim that ((:ch Jier, (Y} )jer ,p*)) is an equilibrium with dividends
(q76i);e; -

Indeed, first, we have

Viel, pr.a; <p'.e+ Zeijp*y; + q"bi.

jeJ
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Now, let z; € X, ui(xz;) > wi(z}). That implies z; ¢ S; and hence
(7, d7 ) = ui(x7).
We consider the following cases:
Case 1: z; ¢ S;. We have u;(x;,0) = u;(x;) and hence u;(z;,0) >
ui(z},d?). Applying the previous theorem, we obtain
pPri=p.ai+q¢ x0>pe+ ZHU' supp”.Y; + (q"6:).
jeJ

Case 2: z; € 5;. We have
Similarly as above we obtain the inequality

P, > plei+ Z 0ijsup p".Y; + q" ;.
jer

It is clear that p*.y; = sup p".y; with y; € ;.

We have proved our claim. B

3. Remarks

3.1. We can replace (Hs) by (Hs bis): ”The total production set Zje.] Y;
is closed, non-empty and convex” as in Florig and Yildiz (2002), i.e., we do
not require every Y; be convex.

3.2. If z7 is not a satiation point, then ¢*d’ = 0. Indeed, let u;(z;) =
wi(x,0) > wi(x}) = u(z],d;). We then have

pxi > pe+ Z Oijsupp™.Y; + ¢ 0 = p".x; + q"d;.
jes

For any A € ]0, 1], from the strict quasi-concavity of u;, we have u;(Az;+
(1 —=XNz}) > ui(z]) and hence p*.(Az; + (1 — A)z}) > p".x] + ¢*d;. Letting
A converge to zero, we obtain ¢*d; < 0. Thus ¢*d; = 0. That means that
a consumer who does not meet satiation point will sell her /his endowment
of the additional good if ¢ > 0. Observe also that if there exists ¢ € I such
that z} is not a satiation point, then p* # 0 (if not we have 0 = ¢"6;; this
implies ¢* = 0 : a contradiction with (p*, ¢*) # 0).

One deduces from that, if z7 is not a satiation point for every ¢ €
I, then ¢* = 0, since > .., di = > ,.;6; > 0. In this case, p* # 0, and
((z7)ier, (¥})jes, p*) is a Walras equilibrium.

9
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3.3. Let I = {7 € I : z]is not a satiation point}, and I, = I'\I;. Then
Yoier, T6i = D ier, @47 — X icp, 476 This shows that the group of agents
who meet satiation buy the additional good from the group of agents who
do not meet satiation.

4  No-arbitrage condition and existence of
equilibrium with dividends

If we assume that 0 € Y; for every j, and if ((z])ier, (¥])jes, P7) is an equi-
librium with dividends, we will have

pe;=pe+ Z 0 0.0 < p“.e; + Z Hijp*yj*’ +¢"6;.
J jed

Hence, for every 7, we have wu;(x}) > wu;(e;). We therefore define the set

of individually rational feasible allocations A. More precisely:

A= {((x», ) e [[Xx 1Y D w=> e+ yViulz) > m(e»} .
iel jes il il jes
We will replace (Hy) by
(Hybis) The set A is compact.
We have the following result:

Theorem 3 (i) Assume (Hi), (H2), (Hs), (Habis), (Hs) , for every j, 0 €Y}
and
Vi,Vr; € Xy, Az, € X; such that ui(z)) > ui(x;).

Then there exists a Walras equilibrium.

(ii)Assume (Hy), (H2), (Hs), (Hsbis), (Hs) and for every j, 0 € Y. Then
there exists an equilibrium with dividends.
Proof. The proof of (i) can be adapted from Dana, Le Van and Magnien
(1999). The proof of (ii) is similar to the one of the theorem in section 2. B

Let P, = {z; € X; : wi(x;) > wi(e;)}, and W; be the recession cone of F,.
Elements in W, which are different from zero will be called useful vectors
for agent ¢ (see Werner,1987). Let Z; denote the recession cone of Y;.
Take some v; € Y;. Then v, + Az; € Y, VA > 0, Vz; € Z;. We call usetul

10
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production vector for firm j any vector z; € Z;\ {0} (the producer can
produce an infinitely large quantity v; + Az;, A > 0).

Let p € RY. We say that there exists an opportunity of arbitrage associ-
ated with p if either there exists ¢ € I, w; € W;\ {0}, such that p.w; <0,
or there exists j € J, z; € Z;\ {0}, such that p.z; > 0.

A price vector p € R! is a no-arbitrage price for the economy if Vi € I,
w; € WA\ {0} = pw; >0, and Vj € J, z; € Z,\ {0} = p.z; <0.

We introduce the following No-Arbitrage Condition:

(NA) There exists a no-arbitrage price for the economy.

Let us replace (Hs) by

(Hster) For each j € J, the set Y; is nonempty closed convex and
Y = ZJEJY} is closed. Moreover, for every j, 0 € Y; and Y N —-Y = {0} .

We have the following result

Theorem 4 (i) Assume (Hy),(Hs), (Hster), (Hs) and (NA). Then there
exists an equilibrium with dividends.

(it) Assume the following No-Halfline condition :

(NHL) Fori € I, if w; € W\ A{O}, then for any x € P,, there exists
A > 0, such that ui(x + Aw;) > wi(x).

Then, ((x7)ier, (Yj)jes, P°) s an equilibrium with dividends = p*is a
no-arbitrage price.

Proof. (i) It suffices to prove that A is compact. Assume the con-
trary. Then there is a sequence ((:Jc”)l., (y;l)J) € A such that o, =

[
n=1,..,00

2ol + 225 ||| = 400 when n — oo. Since

n n
iTi Ziei+ 2.5 Yj
On On On

we can assume, without loss of generality, that

(1))~ ooy ({10w) < (12)) oo
. Moreover, we have

E w; = E Zje
@ J

11
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Let p be a no-arbitrage price. If (w;), # 0, we have a contradiction: 0 <
Py, Wi = P Zj z; < 0. If (w;); = 0, then Zj z; = 0. We have:z,#j 2L =
—z;. From (Hster), >, ;2 € Y and z; € Y. Hence z; € Y N =Y. This
implies z; = 0. We have shown that, in this case, we have (Zj)j =0 and a

contradiction with ((wi)i . (25) j) # 0.

We have proved that Alis compact.

(i) Let ((z7)ier, (¥j)jes, p*) be an equilibrium with dividends. It is ob-
vious that p*.z; < 0, for every .z; € Zj since yj + z; € Y; and p*.y; = max
pY;.

We have two cases.

Case 1. There exists some ¢ € I such that z} is not a satiation point.
From Remark 3.2., p* # 0. If w; € W;\ {0}, then condition (NHL) implies
ui(x; + Awi) > wi(x;), for some A > 0. Since ((2])icr, (¥])jes,p") is an
equilibrium, we have p*.w; > 0.

Case 2. For any ¢ €, x; is a satiation point. Condition (NHL) implies
that W; = {0}, for every ¢. No-arbitrage condition is satisfied in this case
with p*. H
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