
HAL Id: halshs-03354304
https://shs.hal.science/halshs-03354304v2

Submitted on 24 Jun 2022

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Sufficient conditions for a ”simple” decentralization with
consumption externalities

Elena L del Mercato, Van-Quy Nguyen

To cite this version:
Elena L del Mercato, Van-QuyNguyen. Sufficient conditions for a ”simple” decentralizationwith consumption
externalities. 2022. ⟨halshs-03354304v2⟩

https://shs.hal.science/halshs-03354304v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


 
 

 

Documents de Travail du 
Centre d’Economie de la Sorbonne 

 

 
 

 
 

 
 

 

 
 

 
 

 

Sufficient conditions for a “simple” decentralization 

with consumption externalities 

 

Elena L. DEL MERCATO, Van-Quy NGUYEN 

 

2021.29R 

Version révisée 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Maison des Sciences Économiques, 106-112 boulevard de L'Hôpital, 75647  Paris Cedex 13 
https://centredeconomiesorbonne.cnrs.fr/ 

ISSN : 1955-611X 

 



Sufficient conditions for a “simple”

decentralization with consumption

externalities ?

Elena L. del Mercato a, Van-Quy Nguyen b

a(Corresponding author) Paris School of Economics – Université Paris 1
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Abstract

We consider a pure exchange economy with consumption externalities in prefer-
ences. Using the notion of competitive equilibrium à la Nash, we point out that a
simple condition for restoring the Second Welfare Theorem is that the set of Pareto
optima is included in the set of internal Pareto optima. We provide the Social Re-
distribution assumption to ensure such inclusion. This assumption is weaker than
other relevant assumptions that have been studied in the literature. We also in-
troduce new conditions in a differential setting, called (Strong) Directional Social
Redistribution. Our assumptions entail interesting results on the decentralized im-
plementation of Pareto optima, that relate the competitive supporting price and the
social shadow price. Finally, we show that, for Bergson-Samuelson utility functions,
Strong Directional Social Redistribution is ensured by a specific property of the
Jacobian matrix, which has a natural interpretation in terms of externalities.
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1 Introduction

The Second Welfare Theorem is one of the key results in economics. It is
the basis of the normative approach to welfare studies in competitive mar-
kets. This theorem sets general conditions under which Pareto optima can be
decentralized through competitive prices and transfers. Further, under differ-
entiable assumptions, it is used to determine the market prices that implement
Pareto optima as competitive equilibria.

In addition to standard technical assumptions, the Second Welfare Theorem
relies on another crucial assumption, namely ‘self-interest’, that is individual
preferences depend on own consumption only. In absence of the latter, the
Second Welfare Theorem may fail. However, externalities in preferences are
important and they have been largely recognized in the literature. 1 In the
past few years, the normative approach to welfare analysis of competitive
equilibrium in economies with externalities has attracted renewed attention,
see Geanakoplos and Polemarchakis (2008), Dufwenberg et al. (2011), and
Bourlès et al. (2017). 2 Restoring the Second Welfare Theorem in the presence
of externalities is an important issue and finds its place in this recent research
stream.

We consider an exchange economy with consumption externalities in prefer-
ences. We use the notion of competitive equilibrium that combines Arrow–
Debreu with Nash. That is, all individuals maximize their preferences by tak-
ing as given both the prices and the consumptions of the others and, at equi-
librium, markets clear. This definition generalizes the classical notion with-
out externalities. The decentralization of Pareto optima in economies with
externalities can be obtained using other equilibrium notions à la Lindahl
and personalized prices. 3 As is well known, the decentralization through Lin-
dahl equilibria is more problematic as it requires the opening of personalized
markets for externalities. A simple assumption restores the Second Welfare
Theorem, without calling for personalized prices and Lindahl equilibria. Such
assumption demands PO, the set of Pareto optima, to be a subset of POINT ,

1 For a survey, see for example Sobel (2005).
2 Geanakoplos and Polemarchakis (2008) focus on Pareto improving taxes. The ex-
istence of these policies is generic in the space of preferences under strong assump-
tions of separability. Dufwenberg et al. (2011) study the First and Second Welfare
Theorems in economies with consumption and wealth externalities. They obtain the
second one under the Social Monotonicity assumption on Bergson-Samuelson util-
ities. Bourlès et al. (2017) use a network approach in a general equilibrium model
with one commodity (income) and Bergson-Samuelson utilities that are additively
separable. Under small positive external effects, Nash equilibria with transfers can
be seen as solutions of a social planner problem with personalized costs.
3 See the seminal models in Arrow (1969), and Laffont (1976).

2
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the set of internal Pareto optima. POINT is the set of feasible allocations that
are Pareto optimal whenever individuals take the consumptions of the others
as given, see Winter (1969) and Parks (1991). In this paper, we provide new
assumptions that make the set inclusion PO ⊆ POINT hold and new results
for decentralizing Pareto optima via a competitive price.

The first assumption is Social Redistribution. The idea is that internal Pareto
improvements can be translated through redistributions into Pareto improve-
ments. This assumption generalizes a condition proposed in Osana (1972), that
we call Strong Redistribution. 4 Theorem 1 is one of our key result. It states
that, under classical assumptions on utilities, Social Redistribution is equiv-
alent to the set inclusion PO ⊆ POINT . Importantly, Social Redistribution
is weaker than all the other assumptions used in the literature for decentral-
ization (i.e., Strong Redistribution, Non-malevolence, and Social Monotonic-
ity). 5

We then extend our analysis to differentiable economies, because the differen-
tiable approach is a powerful tool to characterize supporting prices through
marginal utilities, see for instance Mas-Colell (1985), and Balasko (1988). We
translate Social (Strong) Redistribution into assumptions on first order ef-
fects of externalities, namely (Strong) Directional Social Redistribution. 6 The
idea of (Strong) Directional Social Redistribution is that any direction for
achieving an internal Pareto improvement can be redistributed so that ev-
erybody is strictly better-off. In differentiable economies, it is easier to check
whether (Strong) Directional Social Redistribution is satisfied or not, rather
than checking for Social (Strong) Redistribution. To the best of our knowl-
edge, only the concept of Non-malevolence has been translated into Local
Non-malevolence in a differential setting, see Parks (1991). Hence, the dif-
ferentiable characterizations of (Strong) Social Redistribution make a step
forward in this line of research. Further, (Strong) Directional Social Redistri-
bution is weaker than Local Non-malevolence. It is worth noticing that all our
assumptions do not require preferences to be separable. 7

In differentiable economies, our key results study properties of equilibrium
prices for decentralization. Under Social Redistribution, at a Pareto optimal
allocation, all the gradients with respect to own consumptions are positively
proportional. Therefore, the competitive supporting price is determined as in
the case without externalities (see Theorem 2). In the presence of externalities,
the “social” price integrates social marginal utilities. 8 Theorem 3 states that,

4 See condition (vi) in Theorem 2 of Osana (1972).
5 The intuition of all these assumptions is given in Subsection 1.1.
6 By “first order effects of externalities”, we mean the gradients of utility functions.
7 The preferences of individual i are separable if it holds that: if she prefers xi to x′i
for a given externality, then she always prefers xi to x′i whatever is the externality.
8 We call “social” price the shadow price that supports a Pareto optimal allocation

3
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under Strong Directional Social Redistribution, the competitive supporting
price is positively proportional to the social price. However, this property
fails in a simple economy where the externality is generated by the presence
of a public good (or “bad”) only. In such economies, Social Redistribution
allows us to obtain an interesting comparison between the social price and the
competitive supporting price (see Corollary 1). Theorem 4 shows that Local
Non-malevolence is equivalent to have that the competitive supporting price
is positively proportional to personalized prices for externalities. Furthermore,
we illustrate several economic settings where the decentralization through a
competitive price can be done using our assumptions and results, while it
could not be done under the stronger assumptions adopted in literature, see
Examples (a), (d), (e).(i) and (e).(ii).

Finally, we focus on the class of preferences of the Bergson-Samuelson form.
This class, firstly introduced in Bergson (1938) and Samuelson (1947), has
been largely studied in economic theory, especially in welfare economics. For
these preferences, positive externalities entail the set inclusion PO ⊆ POINT .
Example (e) shows that this is not the case for more general preferences. We
further characterize Strong Directional Social Redistribution in terms of prop-
erties of the Jacobian matrix of Bergson-Samuelson utilities (see Theorem 5).
This is relevant because the entries of this matrix deliver significant infor-
mation on the nature of externalities. For instance, Strong Directional Social
Redistribution is ensured if all individuals positively care about one individ-
ual or if the negative external effects are not too strong. These conditions
can be easily applied to a larger class of preferences, that we call proportional
marginal utilities.

The paper is organized as follows. Section 2 presents the economy with con-
sumption externalities, and the notions of competitive equilibria and Pareto
optima. In Section 3, we provide the simple version of the Second Welfare
Theorem, we introduce Social Redistribution, and we compare it with previ-
ous assumptions. Section 4 is devoted to a differentiable approach. We provide
(Strong) Directional Social Redistribution assumptions, and we study the re-
lationships with Social (Strong) Redistribution and Local Non-malevolence.
In Section 5, we present all our results on the decentralized implementation of
Pareto optimal allocations. Section 6 discusses the class of Bergson-Samuelson
utility functions. All the results are proved in Section 7.

for the utilitarian social planner whose welfare function is a weighted average of the
utilities of the individuals in the economy.

4
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1.1 Related literature

In the literature on economies with externalities, the decentralization of Pareto
optima via a competitive price has been done under different assumptions. The
first one was introduced in Winter (1969), later called Non-malevolence in
Rader (1972). The idea is that every internal Pareto improvement, where one
individual h is strictly better off, is also a true Pareto improvement where the
same individual h is still strictly better off. In Strong Redistribution (Osana,
1972), that Pareto improvement is achieved by a redistribution where another
individual, not necessarily individual h, is strictly better off. However, such re-
distributions are not necessarily feasible. In the context of Bergson-Samuelson
utilities, a similar assumption suggested by Dufwenberg et al. (2011) is Social
Monotonicity. The intuition is to obtain a Pareto improvement by increas-
ing the consumption of everybody and strictly increasing the total consump-
tion of at least one commodity. Actually, this is a kind of monotonicity at
the aggregate level. Local Non-malevolence is a differentiable version of Non-
malevolence. This assumption has been introduced in Parks (1991) to ensure
that the marginal utility of every individual i with respect to the consump-
tion of another individual j is proportional to j’s own marginal utility (see
Theorem 1 in Parks, 1991).

2 The economy with consumption externalities

There is a finite number of commodities labeled by the superscript ` ∈ L =
{1, ..., L}, and a finite number of individuals labeled by the subscript i ∈ I =
{1, ..., I} with I ≥ 2. The commodity space is RL and p = (p`)`∈L ∈ RL

denotes a price system.

For every i ∈ I, the consumption set of individual i is the positive orthant of
the commodity space. The consumption of individual i is xi = (x`i)`∈L ∈ RL

+,

and the consumption of individuals other than i is x−i = (xj)j 6=i ∈ RL(I−1)
+ . The

bundle x = (xi)i∈I ∈ RLI
+ is an allocation. With innocuous abuse of notation,

an allocation x is also denoted by (xi, x−i). The preferences of individual i are
represented by a utility function

ui : x ∈ RLI
+ 7→ ui(x) ∈ R,

where ui(x) is the utility level of individual i associated with the allocation
x = (xi, x−i) ∈ RLI

+ . That is, ui also describes how individual i’s preferences
are affected by the consumption x−i of the other individuals.

The initial endowment of individual i is ei = (e`i)`∈L ∈ RL
+, and the economy

5
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with consumption externalities is denoted by E = (ui, ei)i∈I . The set of feasible
allocations of the economy E is F = {x = (xi)i∈I ∈ RLI

+ :
∑
i∈I

xi = r}, where

r =
∑
i∈I

ei is the total endowment.

We first remind the classical definition of Pareto optimality.

Definition 1 (Pareto optimal allocation) An allocation x∗ ∈ RLI
+ is a

Pareto optimal allocation of the economy E if x∗ ∈ F , and there is no feasible
allocation x ∈ F such that ui(x) ≥ ui(x

∗) for all i ∈ I with uk(x) > uk(x
∗)

for some k ∈ I. PO denotes the set of all Pareto optimal allocations of the
economy E.

Next we introduce the notion of internal Pareto optimality, see for instance
Winter (1969) and Parks (1991). That is, x∗ = (x∗i )i∈I is an internal Pareto
optimal allocation if it is efficient with respect to the preferences (ui(·, x∗−i))i∈I
that keep the externalities constant. Hence, internal Pareto optimality is a less
demanding notion of efficiency that keeps the environment as given.

Definition 2 (Internal Pareto optimal allocation) An allocation x∗ =
(x∗i )i∈I ∈ RLI

+ is an internal Pareto optimal allocation of the economy E
if x∗ ∈ F , and there is no feasible allocation x = (xi)i∈I ∈ F such that
ui(xi, x

∗
−i) ≥ ui(x

∗) for all i ∈ I with uk(xk, x
∗
−k) > uk(x

∗) for some k ∈ I.
POINT denotes the set of all internal Pareto optimal allocations of the econ-
omy E.

We also remind the classical notions of competitive (quasi-)equilibrium à la
Nash.

Definition 3 Let x∗ = (x∗i )i∈I ∈ RLI
+ be an allocation and p∗ ∈ RL \ {0} be a

price system.

(i) The bundle (x∗, p∗) is a competitive equilibrium of the economy E if x∗ ∈
F , and for every i ∈ I, p∗ · x∗i ≤ p∗ · ei and ui(x

∗) ≥ ui(xi, x
∗
−i) for all

xi ∈ RL
+ such that p∗ · xi ≤ p∗ · ei.

(ii) The bundle (x∗, p∗) is a quasi-equilibrium of the economy E if x∗ ∈ F ,
and for every i ∈ I, p∗ · x∗i = p∗ · ei and p∗ · x∗i ≤ p∗ · xi for all xi ∈ RL

+

such that ui(xi, x
∗
−i) ≥ ui(x

∗).

3 Sufficient conditions for the Second Welfare Theorem

We provide a simple version of the Second Welfare Theorem with consumption
externalities, that is Proposition 1. The idea is that the set inclusion PO ⊆

6
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POINT ensures that every Pareto optimal allocation x∗ is internally Pareto
optimal. This means that x∗ is a Pareto optimal allocation of an economy
without externalities, where the individual preferences are

v∗i (xi) := ui(xi, x
∗
−i),∀i ∈ I.

Hence, under standard assumptions that are usually made in economies with-
out externalities, 9 one simply applies the classical separating hyperplane the-
orem to x∗ and the economy (v∗i )i∈I for proving the Second Welfare Theorem.

In order to state this result, we need some additional notations. For every
i ∈ I and for every allocation x = (xi, x−i) ∈ RLI

+ , define the sets of all
consumptions yi that are (resp., strictly) preferred by individual i to xi when
the environment is x−i, i.e., Ri(x) = {yi ∈ RL

+ : ui(yi, x−i) ≥ ui(x)} and
Pi(x) = {yi ∈ RL

+ : ui(yi, x−i) > ui(x)}.

Proposition 1 (The Second Welfare Theorem) Assume that PO ⊆ POINT .
Let x∗ = (x∗i )i∈I ∈ PO such that

(a) there is at least one individual h̄ ∈ I with Ph̄(x
∗) 6= ∅ (i.e., x∗h̄ is not a

satiation consumption for individual h̄ given x∗−h̄),

(b) for all i ∈ I and for all (yi, xi) ∈ RL
+ × RL

+ with yi ∈ Pi(xi, x∗−i), it holds
that tyi + (1− t)xi ∈ Pi(xi, x∗−i) for every t ∈ ]0, 1[,

(c) for all i ∈ I, Ri(x
∗) is closed in RL

+.

Then, there exists p∗ ∈ RL \{0} such that (x∗, p∗) is a quasi-equilibrium of the
economy E∗ = (ui, x

∗
i )i∈I.

Remark 1 If, in addition to the assumptions of Proposition 1, for every i ∈
I, there exists xi ∈ RL

+ such that p∗ · xi < p∗ · x∗i and the set Pi(x
∗) is open

in RL
+, then the Pareto optimal allocation x∗ can be achieved as a competitive

equilibrium of the economy E by using suitable lump-sum transfers.

Therefore, the key assumption of Proposition 1 is the inclusion PO ⊆ POINT .
The aim of this section is to study under what conditions this set inclusion
is satisfied. In Subsection 3.1, we introduce a novel assumption, called Social
Redistribution, in the spirit of Strong Redistribution. 10 In Subsection 3.2, we
compare these assumptions with (Weak) Non-malevolence and Social Mono-
tonicity.

9 Assumptions (a), (b), and (c) in Proposition 1 are obviously satisfied if ui(·, x∗−i) is
monotone, quasi-concave and continuous in xi. We recall that ui(·, x∗−i) is monotone
in xi if for all (x′i, xi) ∈ R2L

+ with x′i � xi, it holds that ui(x
′
i, x
∗
−i) > ui(xi, x

∗
−i).

10 That is, condition (vi) in Theorem 2 of Osana (1972).

7
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3.1 Social Redistribution

We provide the Social Redistribution assumption. The intuition is that, start-
ing from any internal Pareto improvement x′, where a specific individual h
is strictly better off, there is a redistribution of x′ that leads to a Pareto
improvement y.

Assumption 1 (Social Redistribution) For all feasible allocations x ∈ F ,
there is at least one individual h such that for all feasible allocations x′ =
(x′i)i∈I ∈ F with ui(x

′
i, x−i) ≥ ui(x) for all i ∈ I and uh(x

′
h, x−h) > uh(x),

there exists an allocation y = (yi)i∈I ∈ RLI
+ such that

(1)
∑
i∈I

yi =
∑
i∈I

x′i, and

(2) ui(y) ≥ ui(x) for all i ∈ I with uk(y) > uk(x) for some individual k.

It is worth noting that Social Redistribution is weaker than Strong Redistri-
bution, because in Strong Redistribution the internal Pareto improvement x′

is not required to be feasible. Consequently, the suitable redistribution y of
x′ is not feasible as well. Focusing on feasible redistributions allows us for a
complete characterization of the set inclusion PO ⊆ POINT . This key result
is given below.

Theorem 1 Assume that for all i ∈ I, ui is continuous and strongly mono-
tone in xi.

11 Social Redistribution is equivalent to the set inclusion PO ⊆
POINT .

Example (a) illustrates a natural setting in which Social Redistribution holds
true, but Strong Redistribution is not satisfied. This is because Strong Redis-
tribution allows for large deviations of internal Pareto improvements. However,
in the presence of negative externalities, if

∑
i∈I

x′i is too large, then it may not

be possible to redistribute it to obtain a true Pareto improvement y.

Example (a). There is one commodity and two individuals. The total en-
dowment is r = 1, and the utility functions are:

u1(x1, x2) = x1 − λmax{x2 − δ, 0} and u2(x1, x2) = x2 − λmax{x1 − δ, 0}

with λ > 0 and 1
2
≤ δ ≤ 1. In this example, if the consumption of an individual

is above a certain threshold δ, then the other suffers because he is jealous.
The parameter λ can be interpreted as a measure of jealousy about the excess

11 We recall that ui is strongly monotone in xi if for every x−i ∈ RL(I−1)
+ and for

every (x′i, xi) ∈ R2L
+ with x′i > xi, it holds that ui(x

′
i, x−i) > ui(xi, x−i).

8
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consumption of the others. 12

It is easy to check that every feasible allocation x = (x1, x2) ∈ R2
+ is inter-

nally Pareto optimal. Consequently, Social Redistribution is satisfied. We show
that for λ large enough, this economy does not satisfy Strong Redistribution.
Consider the feasible allocation x = (δ, 1 − δ). Strong Redistribution fails at
x, because for internal Pareto improvements x′ that are far enough from the
threshold δ, it is not possible to redistribute x′ to obtain a Pareto improvement
y. This is because the negative external effect λ(yi−δ) becomes too large. Take,
for instance, the internal Pareto improvement x′ = (x′1, x

′
2) = (δ + 1

2
, δ + 1

2
)

that is not feasible. Let y = (y1, y2) ∈ R2
+ satisfy Strong Redistribution, i.e.,

y1 + y2 = x′1 + x′2 = 2δ + 1 and

u1(y) = y1 − λmax{y2 − δ, 0} ≥ u1(x) = δ,

u2(y) = y2 − λmax{y1 − δ, 0} ≥ u2(x) = 1− δ

with at least one strict inequality. Summing up, it must be that

y1 + y2 > 1 + λmax{y2 − δ, 0}+ λmax{y1 − δ, 0}.

Since y1 + y2 > 2δ, we have that yi− δ > 0 for at least one individual i. Then,
the above inequality fails for λ > 2δ.

We let the reader check that x = (δ, 1−δ) is a Pareto allocation. Hence, Propo-
sition 1 and Theorem 1 ensure that x can be implemented as a competitive
equilibrium. �

3.2 Comparison with (Weak) Non-malevolence and Social Monotonicity

In Parks (1991), one finds a notion of Non-malevolence weaker than the one
in Winter (1969). We call this assumption Weak Non-malevolence. The differ-
ence between Non-malevolence and Weak Non-malevolence is that the latter
requires that everybody is strictly better off. In order to remind the notion of
Weak Non-malevolence, we need some additional notations.

For every i ∈ I and for every allocation x ∈ RLI
+ , Si(x) (resp., SINTi (x))

denotes the set of all (resp., internal) Pareto improvements of x, that are
not necessarily feasible, for which individual i is strictly better off. That is,

SINTi (x) = {y = (yj)j∈I ∈ RLI
+ : ∀ j ∈ I, yj ∈ Rj(x) and yi ∈ Pi(x)},

Si(x) = {y ∈ RLI
+ : ∀ j ∈ I, uj(y) ≥ uj(x) and ui(y) > ui(x)}.

12 The analysis still holds true with two individual parameters λ1 6= λ2.

9
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Assumption 2 (Weak Non-malevolence) The preferences are weakly non-
malevolent if for all feasible allocations x ∈ F ,

⋂
h∈I

SINTh (x) ⊆
⋂
h∈I

Sh(x).

Strong Redistribution is weaker than Weak Non-malevolence. 13 Indeed, con-
sider any internal Pareto improvement for which individual h is strictly better
off. If the preferences are continuous and strongly monotone in own consump-
tion, then it is possible to redistribute some commodity ` in such a way that
everybody is internally strictly better off. By Weak Non-malevolence, at this
new allocation, all the individuals are strictly better off, and consequently
Strong Redistribution is satisfied. This result is stated below.

Proposition 2 Assume that for all i ∈ I, ui is continuous and strongly mono-
tone in component i. Then, Weak Non-malevolence entails Strong Redistribu-
tion for all individuals.

In the following example, Strong Redistribution holds true, but Weak Non-
malevolence is not satisfied. This is because, starting from an internal Pareto
improvement, some individuals get worse without redistribution.

Example (b) There is one commodity and two individuals. The utility func-
tions are u1(x1, x2) = x1 and u2(x1, x2) = x2 − x1. In order to get an internal
Pareto improvement (x′1, x

′
2) of (x1, x2), both individuals must increase their

own consumptions. Then, one easily redistributes ε = (x′1 +x′2)−(x1 +x2) > 0
in order to achieve an allocation y = (y1, y2) such that y1 + y2 = x′1 + x′2 and
everybody is strictly better off. Hence, Strong Redistribution is satisfied. How-
ever, Assumption 2 does not hold true. It is enough to consider allocations
(x′1, x

′
2) with x′1 > x′2 > x2 > x1. All the individuals are strictly internal better

off, but individual 2 gets worse, because x′2 − x′1 < x2 − x1. �

We now remind the context of the Social Monotonicity assumption. The indi-
vidual preferences have a Bergson-Samuelson form, that is, for all i ∈ I:

ui(x) = Vi(m1(x1), ...,mi(xi), ...,mI(xI)),

where Vi is strictly increasing in component i, and that mk is continuous,
strongly monotone, and strictly quasi-concave for all k ∈ I.

Assumption 3 (Social Monotonicity) For every feasible allocations x =
(xi)i∈I ∈ F and for every z ∈ RL with z > 0, there exists (zi)i∈I ∈ RLI

+ such

that z =
I∑
i=1

zi, and Vi(m1(x1 + z1), . . . ,mI(xI + zI)) ≥ Vi(m1(x1), . . . ,mI(xI))

for all i ∈ I with a strict inequality for some individual k.

Remark that the preferences in Assumption 1 are more general than the ones

13 Hence, Non-malevolence is stronger than Strong Redistribution as well.
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in Dufwenberg et al. (2011), because they are not necessarily of the Bergson-
Samuelson type. In the context of Dufwenberg et al. (2011), Social Mono-
tonicity is stronger than Strong Redistribution as it is shown in Proposition
3. Another substantial difference is that, in Assumption 1 and Strong Redis-
tribution, it is possible to decrease the consumption of some commodities.
This is not allowed in Social Monotonicity since everybody increases his own
consumption. This difference is illustrated in Example (c).

Proposition 3 Consider the model in Dufwenberg et al. (2011) defined above.
Social Monotonicity implies Strong Redistribution for all individuals.

The next example shows why Strong Redistribution and Social Monotonicity
are not equivalent.

Example (c) There is one commodity and three individuals. The individual
utility functions are:

u1(x1, x2, x3) = x1−x2−x3 and u2(x1, x2, x3) = x2−x1−x3 = −u3(x1, x2, x3).

For each Pareto improvement, the only individual who can be strictly better
off is individual 1. This is because, the utilities of individuals 2 and 3 move
in opposite directions. Since individuals 1 and 2 negatively care about the
consumption of individual 3, then x3 should decrease. 14 Hence, Social Mono-
tonicity is not satisfied. However, Strong Redistribution holds true in the in-
terior of the consumption sets. Indeed, since x3 > 0, starting from an internal
Pareto improvement, it is possible to achieve a Pareto improvement through
a redistribution by decreasing x3. �

Finally, we remark that, since Strong Redistribution entails Social Redistri-
bution, either Weak Non-malevolence or Social Monotonicity is stronger than
Social Redistribution. Furthermore, Examples (b) and (c) also show that ei-
ther Weak Non-malevolence or Social Monotonicity is not equivalent to Social
Redistribution.

4 A differentiable approach

From now on, we focus on a differential setting. For every individual i ∈ I,
we assume that the individual consumption set is the open set Xi = RL

++,

14 Indeed, take any (z1, z2, z3) such that ui(x1 + z1, x2 + z2, x3 + z3) ≥ ui(x1, x2, x3)
for all i, with at least one strict inequality. Then z1 − z2 − z3 ≥ 0, z2 − z1 − z3 =
z3 + z1 − z2 = 0. This implies that z2 = z1 + z3 and z1 > z2 + z3. Consequently, it
must be that z3 < 0.
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ei ∈ RL
++, and that the function ui is C1 on the set of allocations X =

∏
i∈I

Xi. In

this context, the set F of feasible allocations is {x = (xi)i∈I ∈ X :
∑
i∈I

xi = r}.

In this section, we introduce two new notions, dubbed Directional Social Redis-
tribution and Strong Directional Social Redistribution. We provide sufficient
conditions for ensuring these assumptions. We then compare (resp., Strong)
Directional Social Redistribution with Social (resp., Strong) Redistribution
and with Local Non-malevolence. Finally, we remark that our notions and re-
sults also encompass the interesting framework where all commodities are not
necessarily desirable for all individuals.

We begin with (Strong) Directional Social Redistribution assumptions. The
idea is that, starting from directions (z′i)i∈I in which individuals increase their
utility levels in own consumption, it is possible to redistribute

∑
i∈I

z′i in order

to find a direction z = (zi)i∈I in which everybody is strictly better-off when
changes in the consumptions of the others are taken into account.

Assumption 4 (Strong/Directional Social Redistribution) Directional
Social Redistribution holds if for all feasible allocations x ∈ F , there is at
least one individual h such that for all z′ = (z′i)i∈I ∈ RLI with

∑
i∈I

z′i = 0,

Dxiui(x) · z′i ≥ 0 for all i ∈ I and Dxhuh(x) · z′h > 0, there exists z = (zi)i∈I ∈
RLI such that

(a)
∑
i∈I

zi =
∑
i∈I

z′i, and

(b) Dxui(x) · z > 0 for all i ∈ I.

Strong Directional Social Redistribution is defined as above, except that one
does not require

∑
i∈I

z′i to be equal to zero.

By definition, Directional Social Redistribution is weaker that Strong Direc-
tional Social Redistribution. However, these two notions are not equivalent.
We come back on this point in Sections 5 and 6. 15

Observe that, if there are no externalities, i.e., Dxjui(x) = 0 for all j 6= i,
and there is at least one commodity ` such that Dx`i

ui(x) > 0 for all i ∈ I,
then both Directional Social Redistribution and its strong version are satisfied.
Indeed, if Dxiui(x) ·z′i ≥ 0 for all i with a strict inequality for some h, then one
can redistribute commodity ` to obtain z = (zi)i∈I such that

∑
i∈I

zi =
∑
i∈I

z′i and

Dxiui(x) · zi > 0 for all i. Hence, conditions (a) and (b) are satisfied, because

15 See Example (d) in Section 5, and Example (e).(i), (ii) in Subsection 6.1.
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Dxui(x) · z = Dxiui(x) · zi for all individuals.

Another sufficient condition to make both notions in Assumption 4 hold is
that there is one commodity and a pair of individuals such that everybody
cares about the consumption of one individual more than the consumption
of the other. Formally, for all feasible allocations x, there exist at least one
commodity ` and two individuals k and j such that

Dx`
k
ui(x) > Dx`j

ui(x),∀ i ∈ I.

The idea is that it is possible to transfer commodity ` from individual j to
individual k, so that everybody is strictly better-off. 16 In particular, this con-
dition holds true if Dx`j

ui(x) = 0 and Dx`
k
ui(x) > 0 for all i, meaning that

everybody is interested in the consumption of commodity ` by individual k
and completely indifferent to the one by individual j.

Under the usual quasi-concavity of utilities in own consumption, Directional
Social Redistribution (resp., its strong version) entails Social Redistribution
(resp., Strong Redistribution). The converse is also true, under additional as-
sumptions. First, the utilities are quasi-concave in allocations. Second, it is
possible to redistribute some desirable commodity to move from a directional
improvement (Dxui(x) · z)i∈I > 0 to a position where everybody is strictly
better off. This idea is summarized in conditions (1) and (2) of the next propo-
sition. Further, we show that these conditions are satisfied in many economic
environments.

Proposition 4

(i) Assume that for all i ∈ I, the function ui is quasi-concave in xi and
Dxiui(x) 6= 0 for all x ∈ X, then Directional Social Redistribution (resp.,
its strong version) implies Social Redistribution (resp., Strong Redistri-
bution).

(ii) Assume that the function ui is quasi-concave and there is one commodity
` such that Dx`i

ui(x) > 0 for all i ∈ I. Social Redistribution implies
Directional Social Redistribution, provided that for all k there exists v =
(vj)j∈I ∈ RI , v 6= 0 such that

∑
j∈I

vj = 0 and

∑
j∈I

vjDx`j
ui(x) > 0, ∀i 6= k. (1)

Strong Redistribution implies Strong Directional Social Redistribution,

16 Indeed, one considers x`j − z`j and x`k + z`j with z`j > 0, that entail Dxui(x) · z =

(Dx`
k
ui(x)−Dx`j

ui(x))z`j > 0 for all i ∈ I.
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provided that there exists v = (vj)j∈I ∈ RI , v 6= 0 such that∑
j∈I

vjDx`j
ui(x) > 0, ∀i ∈ I. (2)

Notice that:

• conditions (1) and (2) are satisfied if commodity ` is not an externality
good,
• condition (2) holds true if first order external effects in commodity ` are not

too strong. This means that, as for commodity `, the individual marginal
utilities dominate the global first order external effect. That is, for all x ∈ F
there exists 0 < εi ≤ 1 such that∑

j 6=i
|Dx`j

ui(x)| < εiDx`i
ui(x),∀ i ∈ I.

Under this assumption, condition (1) is true if
∑
i∈I

εi ≤ 1.

• Condition (2) is satisfied if there exists at least one individual i0 such that
Dx`i0

ui(x) > 0 for all i ∈ I. That is, the consumption of commodity ` by

one individual i0 is good for everybody else.

We now remind the notion of Local Non-malevolence.

Assumption 5 (Local Non-malevolence) For all feasible allocations x =
(xi)i∈I ∈ F and for all z′ = (z′i)i∈I ∈ RLI such that Dxiui(x) · z′i > 0 for all
i ∈ I, it holds that Dxui(x) · z′ > 0, ∀ i ∈ I.

If at least one commodity is desirable for everybody, then it is possible to re-
distribute this commodity to move from a directionally internal improvement
(i.e., (Dxiui(x)·z′i)i∈I > 0) to a situation where everybody is internally strictly
better off (i.e., Dxiui(x) · zi > 0 for all i). Therefore, in such a case, Strong
Directional Social Redistribution is weaker than Local Non-malevolence, as
stated below. Hence, Local Non-malevolence is stronger than Directional So-
cial Redistribution as well.

Proposition 5 Assume that there is one commodity ` such that Dx`i
ui(x) > 0

for all i ∈ I. Then, Local Non-malevolence implies Strong Directional Social
Redistribution for all individuals.

However, if Strong Directional Social Redistribution holds true, it may be
that Local Non-malevolence fails. We come back on this issue in Section
6. 17 Therefore, Local Non-malevolence is not equivalent to Directional Social
Redistribution as well.

17 See Example (f) in Subsection 6.2.
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We end this section by emphasizing that we are also interested in describ-
ing economic settings where individuals do not necessarily care about the
consumption of all commodities. For this purpose, we introduce the follow-
ing remark. It is worth mentioning that all our previous notions and results
are easily adapted to this slightly different setting. Importantly, all the main
results stated in the next sections also apply to the following setting.

Remark 2 Let Si ⊆ L be the non-empty set of all commodities ` such that ui
depends on x`i. We assume that

⋃
i∈I Si = L. For every individual i ∈ I, the

utility ui is a C1 function defined on (xSh)h∈I, where xSh = (x`h)`∈Sh ∈ R|Sh|++

for all h ∈ I. With innocuous abuse of notation, for every bundle related to
individual i, we add a zero for each commodity ` that does not belong to Si.
That is, for all i:

• any vector vi = (v`i )`∈L ∈ RL is now defined by v`i = 0 for all ` /∈ Si,
• the individual consumption set is

Xi = {xi = (x`i)`∈L ∈ RL
+ : xSi ∈ R|Si|++ and x`i = 0, ∀` /∈ Si},

• for all x = (xi)i∈I ∈ X, ui(x) denotes ui((xSh)h∈I),
• for all x = (xi)i∈I ∈ X and for all h, Dxhui(x) ∈ RL

+ denotes the bundle
(Dx`

h
ui(x))`∈L where Dx`

h
ui(x) = 0 whenever ` /∈ Sh and Dx`i

ui(x) > 0 for
all ` ∈ Si,

• ei ∈ RL
+, eSi ∈ R|Si|++, and r =

∑
i∈I

ei ∈ RL
++.

5 Implementation of Pareto optimal allocations

In this section, we provide our main results on the decentralized implementa-
tion of Pareto optima, namely Theorems 2, 3 and 4. Corollary 1 is an impor-
tant consequence of the first order conditions associated with Pareto optimal-
ity and Theorem 2. Example (d) illustrates how the implementation is done
under (Directional) Social Redistribution.

By Social Redistribution and Theorem 1, every Pareto optimal allocation is
internally Pareto optimal. Hence, under classical assumptions made in smooth
economies, the competitive supporting price is determined through the first
order conditions associated with internal Pareto optimality. This is the idea
of Theorem 2.

Theorem 2 Assume that for all i ∈ I, the function ui is quasi-concave in xi
and Dxiui(x) � 0 for all x ∈ X. Social Redistribution implies that for each
x∗ ∈ PO, the supporting price p∗ = Dx1u1(x∗) implements x∗ as a competitive
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equilibrium of the economy E∗ = (ui, x
∗
i )i∈I. Furthermore, in the context of

Remark 2, p∗ is given by the following algorithm.

Algorithm. For all ` ∈ L, A` = {i ∈ I : ` ∈ Si} is the set of individuals for
whom commodity ` is desirable. Note that A` 6= ∅ for all `.

Step 1. Since A1 6= ∅, without loss of generality, normalize the price of com-
modity 1, i.e., p∗1 = 1. Denote L1 = {1}. If L1 = L, then the price p∗ is
determined. Otherwise, proceed as follows.

Step k ≥ 2. There are only two possible alternatives in Cases 1 and 2 below.

Case 1. There exists at least one commodity `′ ∈ L\Lk−1 such that A`
′∩A` 6= ∅

for some ` ∈ Lk−1. For all such commodities `′, set

p∗`
′
= p∗`

Dx`
′
i
ui(x

∗)

Dx`i
ui(x∗)

for some i ∈ A`
′ ∩ A`. 18 In this case, define Lk := Lk−1 ∪ {`′ ∈ L \ Lk−1 :

A`
′ ∩ A` 6= ∅ for some ` ∈ Lk−1}.

Case 2. For all commodities `′ ∈ L \ Lk−1 and ` ∈ Lk−1, A`
′ ∩ A` = ∅. Pick

one commodity `′ ∈ L \ Lk−1 and set p∗`
′
= 1. In this case, Lk := Lk−1 ∪ {`′}.

At the end of Step k, if Lk = L, then the competitive price p∗ is completely
determined. Otherwise, go for Step k + 1. Importantly, the algorithm ends
after at most L steps. �

We now present an interesting consequence of Strong Directional Social Re-
distribution and Farkas’s Lemma, namely Theorem 3.

The marginal utility Dxjui(x) of individual i with respect to the consump-
tion of individual j can be interpreted as the personalized price of individual
i for the externality xj created by individual j. Therefore, Theorem 3 is an
important result, because it implies that, if the positive weighted sum of the
personalized supporting prices

∑
i∈I

λiDxjui(x) is j-invariant, then it is posi-

tively proportional to the price that supports x as a competitive equilibrium.

It is worth noting that, at a Pareto optimal allocation x, the j-invariance of∑
i∈I

λiDxjui(x) is always satisfied, because of the first order conditions associ-

ated with Pareto optimality. Thus, the vector β =
∑
i∈I

λiDxjui(x) is interpreted

as the social price at x. That is, β is the shadow price that supports x for

18 Since x∗ ∈ POINT , the price p∗`
′

is well defined, because it does not depend on
the specific individual i ∈ A`′ ∩A`.
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the utilitarian social planner who achieves Pareto optima by maximizing some
weighted averages of the individual utilities under the feasibility constraint.
Hence, Theorem 3 ensures that the social price β can be used as a competitive
supporting price.

Theorem 3 Let x = (xi)i∈I ∈ F be a feasible allocation with Dxiui(x) 6= 0
for all i ∈ I. Assume that there exist (λi)i∈I ∈ RI

+ \{0} and β = (β`)`∈L ∈ RL

such that ∑
i∈I

λiDxjui(x) = β, ∀ j ∈ I. (3)

Strong Directional Social Redistribution implies that β 6= 0 and that
∑
i∈I

λiDxjui(x)

is positively proportional to Dxjuj(x) for all j ∈ I. 19

In the next corollary, we focus on economies where only one commodity is
an externality for everybody. Without loss of generality, this is commodity L,
and the utility functions are:

ui(xi, (x
L
j )j∈I), ∀ i ∈ I.

This setting is interesting because it covers, for instance, the case of a public
good, where individual preferences depend on the total amount

∑
j∈I

xLj of pub-

lic good. Using Theorem 3 and first order conditions associated with Pareto
optimality, we understand that Strong Social Redistribution fails, because the
social price β is not positively proportional to the competitive supporting
price. However, under Social Redistribution, we are able to compare these two
prices. Importantly, the social price of a public good relative to another good
is higher than its relative competitive price. On the other hand, if the exter-
nality commodity is a “bad”, its relative social price is lower than its relative
competitive price. These results are given in the following corollary.

Corollary 1 For all i ∈ I, the individual utility is ui(xi, (x
L
j )j∈I). Under the

assumptions of Theorem 2, assume that there is an individual j such that
DxLj

ui(x) > 0 (resp., DxLj
ui(x) < 0) for all i 6= j. 20 Let x∗ be a Pareto optimal

allocation and β be the social price at x∗, Social Redistribution implies that

βL

β`
>
p∗L

p∗`
(resp.,

βL

β`
<
p∗L

p∗`
),

19 In the context of Remark 2, condition (3) reads
∑

i∈I λiDx`j
ui(x) = β`, for all

j such that ` ∈ Sj . In this case, for all j ∈ I, the vector (β`)`∈Sj is positively
proportional to (Dx`j

uj(x))`∈Sj .
20 It means that everybody cares positively (resp., negatively) about the consump-
tion of the externality commodity by some individual j. According to Remark 2, this
corollary still holds true if the externality commodity L /∈ Si for some individuals i.
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where p∗ is the competitive supporting price at x∗.

Using similar arguments for proving Theorem 3, we clarify Theorem 1 in Parks
(1991) by providing a full characterization of Local Non-malevolence. We ob-
tain that Local Non-malevolence is equivalent to having each personalized sup-
porting price Dxjui(x) positively proportional to the marginal utility Dxjuj(x)
of individual j with respect to his own consumption. Therefore, if each person-
alized supporting price is positively proportional to the competitive supporting
price, then their weighted average has the same property. Consequently, under
Local Non-malevolence, the social price β can be used to implement Pareto
optimal allocations as well.

Theorem 4 Let x = (xi)i∈I ∈ F be a feasible allocation with Dxjui(x) 6= 0
for all (i, j) ∈ I×I. Local Non-malevolence is satisfied if and only if Dxjui(x)
is positively proportional to Dxjuj(x) for all (i, j) ∈ I × I.

Finally, we provide an example of an economy where individual preferences are
negatively impacted by the global emission of gas. Using our results, we illus-
trate how the decentralized implementation is done under Directional Social
Redistribution, while this implementation could not be done if the assump-
tions were instead other assumptions proposed in the literature.

Example (d). There are three individuals and two commodities, e.g., two
drivers and one non-driver. Commodity 1 is food and it is desirable for all
the individuals. Every driver consumes gas (commodity 2) and pollutes. The
non-driver does not care about consuming gas. All of them suffer from the
global gas emission in the economy.

According to Remark 2, an allocation is x = ((x1
1, x

2
1), (x1

2, x
2
2), (x1

3, 0)) ∈ X =
R5

++ × {0}, and the total endowment is r = (r1, r2) ∈ R2
++. The utility func-

tions are of the CARA form. Remark that the following preferences are non-
separable. 21

∀i = 1, 2, ui(x) = −e−x1i − e−x2i+ε(x21+x22) and u3(x) = −e−x13 − eδ(x21+x22).

The parameters ε and δ measure the dissatisfaction about the global gas emis-

sion of drivers and non-driver, respectively. We assume that 0 < ε <
1

2
and

0 < δ < 1 is small enough. 22

We prove that Directional Social Redistribution is satisfied. Indeed, take an

21 The utility function ui is separable if for all allocations x = (xi, x−i) ∈ RLI+

and x′ = (x′i, x
′
−i) ∈ RLI+ , we have that ui(xi, x−i) ≥ ui(x

′
i, x−i) if and only if

ui(xi, x
′
−i) ≥ ui(x′i, x′−i).

22 The upper bound δ ≤ min
{
ε, 1−2ε

e(r
1+r2)

}
ensures the existence of Pareto optimal

allocations in X.
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allocation x and (z′1, z
′
2, z
′
3) = ((z′11 , z

′2
1 ), (z′12 , z

′2
2 ), (z′13 , 0)) as in Assumption 4.

We first show that Dx1u1(x) and Dx2u2(x) are not positively collinear. Oth-
erwise, Dx1u1(x) = λDx2u2(x) for some λ > 0. Furthermore, Dx11

u1(x) =
γDx13

u3(x) for some γ > 0. Then, Dx1u1(x) · z′i ≥ 0 for all i with at least one
strict inequality. Summing over i, we get Dx1u1(x) · (z′1 + z′2 + z′3) > 0, which
is impossible because

∑3
i=1 z

′
i = 0.

Second, we need to verify that there exists z = ((z1
1 , z

2
1), (z1

2 , z
2
2), (z2

3 , 0)) such
that Dxui(x) · z > 0 for all i, and

∑3
i=1 zi = 0. It suffices to prove that the

system below has a solution (z1
1 , z

2
1 , z

1
3), because z1

1+z1
2+z1

3 = 0 and z2
1+z2

2 = 0.


Dx11

u1(x)
Dx21

u1(x)

1− ε
0

−Dx12
u2(x) −

Dx22
u2(x)

1− ε
−Dx12

u2(x)

0 0 Dx13
u3(x)




z1

1

z2
1

z1
3

� 0

Since Dx1u1(x) and Dx2u2(x) are not positively collinear, and Dx13
u3(x) > 0,

the above matrix has full rank. Hence, this system has a solution.

Then, Social Redistribution holds true by (i) of Proposition 4. Let x∗ be
a Pareto optimal allocation. 23 Applying the Algorithm in Theorem 2, we
determine the competitive supporting price at x∗. Normalize the price of
food, i.e., p∗1 = 1. Since A1 ∩ A2 = {1, 2}, the price p∗2 of gas is given by
Dx21

u1(x∗)

Dx11
u1(x∗)

= (1− ε)e(x∗11 −x
∗2
1 )+εr2 .

We now apply Corollary 1, in the case where gas is not desirable for the non-

diver. Since gas is a negative externality for everybody, then the social price
β2

β1

of gas relative to food must be strictly lower than its relative competitive price
p∗2. Consequently, by Theorem 3, Strong Directional Social Redistribution
does not hold.

We end this example by noting that the implementation above cannot be ob-
tained using all other assumptions. Indeed, Proposition 5 implies that Local
Non-malevolence is not satisfied. From (ii) of Proposition 4, Strong Redis-
tribution is not satisfied as well, and consequently, by Propositions 2 and 3,
(Weak) Non-malevolence and Social Monotonicity do not hold. �

23 Since ui is C1 and concave, using necessary and sufficient conditions for Pareto
optimality, one easily verifies that x∗11 −x∗21 = x∗12 −x∗22 , x∗13 = r1− (x∗11 +x∗12 ), and
x∗21 + x∗22 = r2.
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6 Bergson-Samuelson utility functions and beyond

In this section, we study an economy with Bergson-Samuelson utility func-
tions. That is, for all i ∈ I, ui(x) = Vi(m1(x1), ...,mi(xi), ...,mI(xI)) where
Vi : D ⊆ RI → R is strictly increasing in component i, and mj : Xi → R is
monotone for all individuals j. 24

In this setting, the set inclusion PO ⊆ POINT is ensured by positive exter-
nalities, but this is not the case for more general preferences, as it is shown in
the first part of Example (e), see Subsection 6.1. The second part of Example
(e) illustrates the difference between the social price of a public good and the
competitive price in the decentralization of Pareto optimal allocations.

In Subsection 6.2, we characterize Strong Directional Social Redistribution in
terms of properties of the Jacobian matrix of the utilities, which can be also
extended to a larger class of preferences. Furthermore, Example (f) shows that
this characterization can be used for the decentralized implementation, while
this implementation could not be done using Local Non-malevolence.

6.1 Positive externalities

As pointed out in Winter (1969), in the context of the Bergson-Samuelson
utility functions, positive externalities imply Non-malevolence, because Vi is
increasing in every component j 6= i. Consequently, one obtains the inclusion
PO ⊆ POINT by Theorem 1 and Proposition 2. However, the following exam-
ple shows that positive externalities are not enough for getting this inclusion
in the case of preferences that are not of the Bergson-Samuelson type, and
consequently, the decentralized implementation is not sustainable via a com-
petitive price. This example also shows that, if the positive external effects are
the same for all the individuals, then the relative difference between the social
price and the competitive price grows up with the number of individuals.

Example (e). There are two commodities and two individuals. Commodity
1 is a private commodity. Commodity 2 creates positive externalities, for in-
stance, it is a public good. The total endowment is r = (r1, r2) ∈ R2

++. The
log-linear utility functions are:

u1(x1, x2) = ln x1
1 + ln [x2

1 + ε1(x2
1 + x2

2)] ,

u2(x1, x2) = ln x1
2 + ln [x2

2 + ε2(x2
1 + x2

2)] ,

24 The domain D of Vi includes
∏
i∈Imi(Xi) where mi(Xi) is the image of mi.
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where 0 < ε1, ε2 < 1. The parameters ε1 and ε2 represent how much each
individual cares about the global consumption of the public good.

We show that Directional Social Redistribution is not satisfied if ε1 6= ε2.
Consequently, from (ii) of Proposition 4 and Theorem 1, one concludes that
PO * POINT .

We first provide the characterization of Pareto optimal allocations. Since ui
is C1 and concave on R4

++, following Theorems 3.1.1 and 3.1.8 in Part I of
Miettinen (1998), the necessary and sufficient conditions for Pareto optimality
are satisfied. That is, there exist λ = (λ1, λ2) � 0 and β = (β1, β2) ≥ 0 such
that for all commodities ` = 1, 2:λ1Dx`j

u1(x1, x2) + λ2Dx`j
u2(x1, x2) = β`, ∀ j = 1, 2

β`(x`1 + x`2 − r`) = 0

Since Dxui(x1, x2)� 0 and λi > 0 for all i, then β = (β1, β2)� 0. Therefore,
a Pareto optimal allocation (x1, x2) ∈ R4

++ is completely characterized by the
following system. 

x1
1

x2
1 + ε1(x2

1 + x2
2)

=
x1

2

x2
2 + ε2(x2

1 + x2
2)

x`1 + x`2 = r`, ∀ ` = 1, 2
(4)

Since 0 < ε1, ε2 < 1, one deduces that the set of Pareto optimal allocations is
non-empty. 25

Consider now a Pareto optimal allocation x. From the first equation in system
(4), the individuals’ marginal utilities with respect to the own consumption

Dxiui(x) =
(

1
x1i
, 1+εi
x2i+εir

2

)
are not collinear. Then, one deduces that there exists

(z′1, z
′
2) ∈ R4 with z′1 + z′2 = 0 such that Dxiui · z′i > 0 for all i = 1, 2. However,

there is no z = (z1, z2) = ((z1
1 , z

2
1), (z1

2 , z
2
2)) ∈ R4 with z1 + z2 = 0 such that

Dxui · z > 0 for all i = 1, 2. Otherwise, one gets

1

x1
1

z1
1 +

1

x2
1 + ε1r2

z2
1 > 0 >

1

x1
2

z1
1 +

1

x2
2 + ε2r2

z2
1 ,

which is impossible by the first equation in system (4). Therefore, Directional
Social Redistribution is not satisfied.

We end this subsection by noting that, if the individuals have the same mea-
sure of appreciation of the global consumption of commodity 2, i.e., ε1 = ε2 =
ε, then:

25 From system (4), every Pareto optimal allocation is determined by x1
1 =

r1

[
x2

1 + ε1r
2

(1 + ε1 + ε2)r2

]
and x`1 + x`2 = r` for all ` = 1, 2.
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(i) PO ⊆ POINT , because, at a PO allocation, the first equation in (4)
implies that the individuals’ marginal rates of substitutions coincide:

MRS2,1u1(x) =
x1

1(1 + ε)

x2
1 + ε(x2

1 + x2
2)

=
x1

2(1 + ε)

x2
2 + ε(x2

1 + x2
2)

= MRS2,1u2(x).

Hence, by Theorem 1, Social Redistribution holds true. Then, the rel-

ative competitive price
p2

p1
= MRS2,1u1(x) = MRS2,1u2(x) implements

the Pareto optimal allocation x, according to Theorem 2. Further, using
similar arguments as in Example (d), one easily checks that this imple-
mentation could not be done using all the other assumptions.

(ii) According to Corollary 1, the relative social price
β2

β1
is strictly greater

than the relative price
p2

p1
that works as competitive price. Then, Strong

Directional Social Redistribution is not satisfied, because of Theorem 3.
However, Directional Social Redistribution is satisfied by (ii) of Proposi-
tion 4. This shows that Directional Social Redistribution is weaker than
its strong version. Furthermore, the relative difference between these two
prices increases when the number of individuals grows up. More precisely,
if I ≥ 2 and ui(x) = lnx1

i + ln
[
x2
i + ε

∑I
i=1 x

2
i

]
for all i, then

β2/β1 − p2/p1

p2/p1
=

(I − 1)ε

1 + ε
,

which goes to +∞ when I tends to +∞. �

6.2 Bergson-Samuelson utility functions: A differential viewpoint

In this subsection, the domain D of Vi is an open subset of RI , Vi and mi are C1

functions for all i ∈ I, with DviVi(v) > 0 for all v ∈ D, and Dximi(xi) > 0 for
all xi ∈ Xi. For a given x ∈ X, Vij(x) denotes the derivative of Vi with respect
to component j at the point (mi(x))i∈I ∈ D, and JV (x) = [Vij(x)]I×I is the
Jacobian matrix of the mapping V = (Vi)i∈I at the point (mi(x))i∈I ∈ D.

Note that the marginal utility Dxjui(x) of individual i with respect to the

consumption xj of individual j is equal to Vij(x)

Vjj(x)
Dxjuj(x). Then, Vij(x) can be

interpreted as a measure of how the change in the marginal utility Dxjuj(x)
of individual j with respect to his own consumption affects Dxjui(x).

We now provide below three sufficient conditions on the entries of the Jaco-
bian matrix JV (x) that can be easily checked to ensure Strong Directional
Social Redistribution in Assumption 4. We deduce these conditions from a
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more general result stated at the end of this subsection, namely Theorem 5.
These conditions are interesting because the entries of the matrix JV (x) have
a natural interpretation in terms of positive or negative externalities.

(i) JV (x) has all positive entries, i.e., Vij(x) ≥ 0 for all i 6= j. That is, we are
in the presence of positive externalities. This is the case, for instance, of
the altruistic utilities considered in Bourlès et al. (2017), where for all i:

ui(x) = mi(xi) +
∑
j 6=i

αijmj(xj),with 0 ≤ αij < 1.

It also covers the case without externalities, i.e., JV (x) is diagonal.
(ii) JV (x) has at least one column j with strictly positive entries, i.e., Vij(x) >

0 for all i 6= j. This means that everyone positively cares about one spe-
cific individual j.

(iii) JV (x) has negative and positive entries, and there exists d = (di)i∈I ∈
RI

++ such that

Vii(x) >
∑
j 6=i

dj
di
|Vij(x)|, ∀ i ∈ I.

That is, we allow for a combination of negative and positive external
effects, but they are not too strong, because they are dominated by
Vii(x).

The next example is an application of condition (iii) and Theorem 3.

Example (f). We consider an economy of the Bergson-Samuelson type with
two individuals and negative external effects, where

u1(x) = m1(x1)− ε1m2(x2) and u2(x) = m2(x2)− ε2m1(x1),

with 0 < εi < 1 for all i = 1, 2. It is worth noting that this economy does
not satisfy Local Non-malevolence, because of Theorem 4. However, this econ-
omy satisfies condition (iii) above, and consequently, Strong Directional Social
Redistribution holds true. Importantly, as a consequence of Theorem 3, the
social price β and the competitive price can be both used for the decentralized
implementation, because they are positively proportional. �

The following theorem is the main result of this subsection.

In order to introduce this theorem, let H be any non-empty subset of I with
cardinality H, and denote JV,H(x) the I ×H submatrix obtained from JV (x)
by deleting the column j for all j ∈ I\H. Starting from a directionally internal
Pareto improvement (Dximi(xi) · z′i)i∈I > 0, we are interested in focusing on
the set H of individuals who are strictly better off, i.e., Dxhmh(xh) · z′h > 0
for all h ∈ H. Property (5) below ensures that it is possible to redistribute∑
h∈H

z′h among the individuals in H to strictly improve all the individuals in I.
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Consequently, Strong Directional Social Redistribution holds true by simply
checking property (5). Furthermore, if at least one commodity is desirable for
everybody, the set H can be easily extended to whole set I.

Theorem 5 Let x ∈ F be a feasible allocation and let z′ = (z′i)i∈I ∈ RLI such
that Dximi(xi) · z′i ≥ 0 for all i ∈ I with Dxhmh(xh) · z′h > 0 for some h.
Denote H = {h ∈ I | Dxhmh(xh) · z′h > 0}. Assume that

∃ θ ∈ RH
+ \ {0} : JV,H(x)θT � 0, (5)

then Strong Directional Social Redistribution is satisfied for all h ∈ H. 26

One gets conditions (i), (ii), and (iii), by applying this theorem with H = I.

This analysis is easily extended to a large class of preferences that we call the
class of proportional marginal utilities. More precisely, for all i, j, and for all
x ∈ X, there exists aij(x) ∈ R such that

Dxjui(x) = aij(x)Dxjuj(x).

Remark that the class of Bergson-Samuelson utility functions is a proper sub-
set of this class, where aij(x) = Vij(x)

Vjj(x)
. 27 Denote Au(x) = [aij(x)]I×I . If there

is θ ∈ RI
+ \ {0} such that Au(x)θT � 0, then using similar arguments as in

Theorem 5, Strong Directional Social Redistribution holds true.

We end this subsection by observing that the preferences satisfying Local
Non-malevolence also belong to the class of proportional marginal utilities.
Indeed, Theorem 4 shows that Local Non-malevolence is equivalent to have
that aij(x) ≥ 0 for all i, j.

7 Appendix

Proof of Proposition 1. Since PO ⊆ POINT , we have that x∗ ∈ POINT .
This means, by Definition 2, that x∗ is a Pareto optimal allocation of the
economy (ui(·, x∗−i))i∈I , where the externalities have been fixed at x∗. Hence,
the total endowment r does not belong to the set Ph̄(x

∗)+R−h̄(x
∗), where h̄ is

26 This is because one redistributes
∑

h∈H z
′
i to obtain (zh)h∈H such that

(Dxhmh(xh) · zh)h∈H is positively proportional to some θ = (θh)h∈H. Hence, ev-
erybody in I is strictly better off, because Dxhui(x) = Vih(x)Dxhmh(xh) implies
that (Dxui(x) · z)i∈I is positively proportional to JV,H(x)θT .
27 Take, for instance, any non-separable utility function u(x) and ui(x) = Fi (u(x))
for all i, where Fi is some C1 function. These functions are in the proportional
marginal utilities class, but they are not of the Bergson-Samuelson type.
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the individual given by (a). Furthermore, from (a) one gets Ph̄(x
∗)+R−h̄(x

∗) 6=
∅. The proof then follows as in Section 6.4 of Debreu (1959), so that there
exists p∗ ∈ RL \{0} such that (x∗, p∗) satisfies (ii) of Definition 3, if the initial
endowment is x∗i for all i.

Proof of Theorem 1. We first prove that Social Redistribution entails PO ⊆
POINT . Let x∗ ∈ PO and assume by contradiction that x∗ /∈ POINT . Hence,
by Definition 2, there exists x = (xi)i∈I ∈ F such that ui(xi, x

∗
−i) ≥ ui(x

∗) for
all i ∈ I and uj(xj, x

∗
−j) > uj(x

∗) for some j. Define the set J (x, x∗) = {i ∈
I : ui(xi, x

∗
−i) > ui(x

∗)} and observe that it is non-empty since j ∈ J (x, x∗).
Consider the individual h given by Assumption 1 for the feasible allocation
x∗. Then, there are two possible cases.

Case 1: h ∈ J (x, x∗). By Assumption 1, there exists a feasible allocation
y = (yi)i∈I ∈ F such that ui(y) ≥ ui(x

∗) for all i ∈ I with uk(y) > uk(x
∗)

for some individual k, which contradicts the Pareto optimality of x∗. This
concludes the proof.

Case 2: h /∈ J (x, x∗). Take j ∈ J (x, x∗). Assume that x∗j ≥ xj. Since uj is
strongly monotone in component j, we get uj(x

∗) ≥ uj(xj, x
∗
−j). But, this is

not possible because uj(xj, x
∗
−j) > uj(x

∗). Then, there exists ` ∈ L such that
x`j > x∗`j . Since uj is continuous in component j, there is ε > 0 such that
xj − ε1` ∈ RL

+ and uj(xj − ε1`, x∗−j) > uj(x
∗), where 1` is the bundle whose

component ` is 1 and 0 otherwise. Furthermore, uh(xh + ε1`, x
∗
−h) > uh(x

∗),
because uh is strongly monotone in component h. Consider now the allocation
x = (xi)i∈I ∈ RLI

+ with xj = xj − ε1`, xh = xh + ε1`, and xi = xi for all
i 6= j, h. The feasibility of x clearly implies the feasibility of x. Hence, x is an
internal feasible Pareto improvement of x∗ with h ∈ J (x, x∗), and one comes
back to Case 1.

We now assume that PO ⊆ POINT , and we show that Social Redistribution
holds true. Let x and x′ be two feasible allocations as in Assumption 1. Then,
x is not a Pareto optimal allocation of the economy (ui(·, x−i))i∈I , where
the externalities have been fixed at x. Hence, by Definition 2, x /∈ POINT .
Consequently, x /∈ PO, and then there exists a feasible Pareto improvement
y of x. Then Assumption 1 is satisfied.

Proof of Proposition 3. Take a feasible allocation x = (xi)i∈I ∈ F and an
allocation x′ = (x′i)i∈I ∈ RLI

+ such that

Vi(m1(x1), ...,mi(x
′
i), ...,mI(xI)) ≥ Vi(m1(x1), ...,mi(xi), ...,mI(xI))

for all i ∈ I, with a strict inequality for some h. Since Vi is strictly increasing in
component i, we must have mi(x

′
i) ≥ mi(xi) for all i, with mh(x

′
h) > mh(xh).

Denote I1 the set of individuals j where mj(x
′
j) > mj(xj), I1 6= ∅ since

h ∈ I1. It follows from the strong monotonicity and the continuity of mj
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that for all j ∈ I1 there exists x̃j ∈ RL
+ such that x̃j < x′j and mj(x̃j) =

mj(xj). Then, consider the allocation x̃ = (x̃i)i∈I ∈ RLI
+ , where x̃i = x′i for

all i ∈ I \ I1. Set z̃ =
I∑
i=1

(x′i − x̃i) and notice that z̃ > 0 by construction.

By Assumption 3, there is (z̃i)i∈I ∈ RLI
+ such that

I∑
i=1

z̃i =
I∑
i=1

(x′i − x̃i) and

Vi(m1(x̃1 + z̃1), . . . ,mI(x̃I + z̃I)) ≥ Vi(m1(x̃1), . . . ,mI(x̃I)) for all i ∈ I, with
a strict inequality for some k. In order to ensure Strong Redistribution, it is
enough to set yi = x̃i + z̃i for all i ∈ I.

Proof of Proposition 4. (i) Let x = (xi)i∈I ∈ X and x′ = (x′i)i∈I ∈ X be
two feasible allocations as in Assumption 1. Since Dxiui(x) 6= 0 and ui is quasi-
concave with respect to xi, we have Dxiui(x) · (x′i − xi) ≥ 0 for all i ∈ I with
Dxhuh(x) · (x′h− xh) > 0. Define z′i = x′i− xi for all i ∈ I. Since both x and x′

are feasible allocations,
∑
i∈I

z′i = 0. Then, Directional Social Redistribution in

Assumption 4 implies that there exists z = (zi)i∈I ∈ RLI such that
∑
i∈I

zi = 0

and Dxui(x) · z > 0 for all i ∈ I. Then, there exists 0 < t < 1 such that
x + tz ∈ X and ui(x + tz) − ui(x) > 0 for all i ∈ I. Hence, the allocation y
defined by yi = xi+ tzi for all i, satisfies conditions (1) and (2) in Assumption
1.

The arguments above also apply to show that Strong Directional Social Re-
distribution implies Strong Redistribution.

(ii) We first prove that Assumption 1 implies Directional Social Redistribution
in Assumption 4. Let x = (xi)i∈I ∈ F and z′ = (z′i)i∈I ∈ RLI as in Assumption
4, with

∑
i∈I

z′i = 0. Since Dx`i
ui(x) > 0 for all i ∈ I, one finds z̄ = (z̄i)i∈I ∈ RLI

such that
∑
i∈I

z̄i =
∑
i∈I

z′i = 0 and Dxiui(x) · z̄i > 0 for all i ∈ I. Then, there

exists t > 0 such that x′i := xi + tz̄i ∈ Xi, ui(x
′
i, x−i)− ui(x) > 0 for all i ∈ I,

and x′ is feasible since
∑
i∈I

z̄i = 0. Then, Assumption 1 implies that there is

y = (yi)i∈I ∈ F such that ui(y) ≥ ui(x) for all i ∈ I, with a strict inequality
for some k. Then, by quasi-concavity of ui, Dxui(x) · (y− x) ≥ 0 for all i ∈ I,
and Dxuk(x) · (y − x) > 0 since Dxuk(x) 6= 0. By (1),

∑
j∈I

vjDx`j
ui(x) > 0 for

all i 6= k, for some v 6= 0 such that
∑
j∈I

vj = 0. Consider z = (zi)i∈I defined by

zi = (yi − xi) + εvi1`, where 1` ∈ RL
+ is the bundle whose component ` is 1
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and 0 otherwise. We get
∑
i∈I

zi = 0, and

Dxuk(x) · z = Dxuk(x) · (y − x) + ε
∑
j∈I

vjDx`j
uk(x),

Dxui(x) · z = Dxui(x) · (y − x) + ε
∑
j∈I

vjDx`j
ui(x),∀ i 6= k.

Since Dxuk(x) · z > 0 for some ε > 0, then z satisfies conditions (a) and (b)
in Assumption 4.

Next, we show that Strong Redistribution implies Strong Directional Social
Redistribution in Assumption 4. Let x = (xi)i∈I ∈ F and z′ = (z′i)i∈I ∈
RLI as in Assumption 4. The proof is slightly different from the above one,
because now

∑
i∈I

z′i is not necessarily equal to zero. By (2), for some v 6= 0,∑
j∈I

vjDx`j
ui(x) > 0 for all i ∈ I. Denote δ =

∑
j∈I

vj, then Dxhuh(x)·(z′h−εδ1`) >

0 for some ε > 0. Since Dx`i
ui(x) > 0 for all i ∈ I, one can find z̄ = (z̄i)i∈I ∈

RLI such that
∑
i

z̄i =
∑
i

z′i−εδ1` and Dxiui(x) · z̄i > 0 for all i ∈ I. Similarly,

as explained above, take zi = yi−xi
t

+ εvi1` for all i ∈ I. It is easy to check

that
∑
i

zi =
∑
i

z′i, and Dxui(x) · z = 1
t
Dxui(x) · (y− x) + ε

∑
j∈I

vjDx`j
ui(x) > 0

for all i ∈ I. Hence, z satisfies Strong Directional Social Redistribution.

Proof of Theorem 2. Let x∗ = (x∗i )i∈I ∈ PO be a Pareto optimal allocation,
from Theorem 1 one deduces that x∗ ∈ POINT . That is, x∗ is a Pareto optimal
allocation of the economy (ui(·, x∗−i))i∈I where the externalities have been fixed

at x∗. Then, the vectors
(
Dxiui(x

∗
i , x
∗
−i)
)
i∈I

are positively collinear, because

of the standard first order sufficient conditions for Pareto optimality without
externalities, and consequently, one sets p∗ = Dx1u1(x∗1, x

∗
−1).

In the context of Remark 2, following similar arguments as above, one easily
verifies that the Algorithm works for determining the competitive supporting
price. This concludes the proof of the theorem.

Proof of Theorem 3. Take any z′ = (z′i)i∈I ∈ RLI that satisfies Strong
Directional Social Redistribution in Assumption 4, with

∑
i∈I

z′i 6= 0. We first

show that

β ·
∑
i∈I

z′i > 0. (6)

Indeed, let z = (zi)i∈I ∈ RLI be the bundle satisfying conditions (a) and (b)
of Assumption 4. Since (λi)i∈I ∈ RI

+ and λi > 0 for some i, from condition
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(b) of Assumption 4, one gets∑
i∈I

∑
j∈I

λiDxjui(x) · zj > 0

which is equivalent to
∑
j∈I

∑
i∈I

λiDxjui(x) · zj > 0, so that by (3) we obtain

β ·
∑
j∈I

zj > 0. Then, using condition (a) of Assumption 4, we get (6). Notice

that, condition (6) implies that β 6= 0. 28

We now claim that for every j ∈ I, we have that

z̃j ∈ RL and Dxjuj(x) · z̃j ≥ 0 =⇒ β · z̃j ≥ 0. (7)

Consider individual h given in Assumption 4. Let j 6= h, and consider the
sequence (z′n)n∈N, where for every n ∈ N, z′n = (z′ni)i∈I ∈ RLI is defined
by z′nj = z̃j, z

′
nh = 1

n
Dxhuh(x), and z′ni = 0 for all i 6= j, h. By construction,

Dxiui(x)·z′ni ≥ 0 for all n and for all i, withDxhuh(x)·z′nh > 0 sinceDxhuh(x) 6=
0. Then, by (6) we get β ·

∑
i∈I

z′ni > 0 for all n and, consequently, we obtain

β ·
(
z̃j +

1

n
Dxhuh(x)

)
> 0, ∀ n ∈ N.

Taking the limit over n, one gets β ·z̃j ≥ 0. If j = h, take z′nh = z̃h+ 1
n
Dxhuh(x),

and z′ni = 0 for all i 6= h. Using the same arguments, (7) holds true for j = h,
which completes the proof of the claim.

From (7), the system Dxjuj(x) · z̃j ≥ 0 and β · z̃j < 0 does not have any
solution. Then, applying Farkas’s lemma, there exists γj ≥ 0 such that

β = γjDxjuj(x).

Since β 6= 0, it must be that γj > 0.

Proof of Corollary 1. We remind that ui(x) := ui(xi, (x
L
j )j∈I) for all i ∈ I.

We provide the proof for the more general case where AL ⊆ I. According to
Definition 1, following Theorem 3.1.1 in Part I of Miettinen (1998), the Fritz
John necessary conditions for Pareto optimality hold true at x∗. That is, there
exist λ = (λi)i∈I ∈ RI

+ and β ∈ RL
+ with (λ, β) 6= 0 such that

(i)
∑
i∈I

λiDx`j
ui(x

∗) = β`, ∀ j ∈ I and ∀ ` 6= L

(ii)
∑
i∈I

λiDxLj
ui(x

∗) = βL, ∀ j ∈ AL

28 Using exactly the same arguments, one easily checks that
∑
i∈I

z′i = 0 is not possi-

ble.

28

Documents de travail du Centre d'Economie de la Sorbonne 2021.29R (Version révisée)



Since Dx`j
ui(x

∗) = 0 for all j 6= i and for all ` 6= L, the equations in (i) become:

λiDx`i
ui(x

∗) = β`, ∀ i ∈ I and ∀ ` 6= L.

If λi = 0 for some i, then β` = 0 for all ` 6= L, which implies that λi = 0 for
all i, because Dx`i

ui(x
∗) > 0 by assumption. Hence, from (ii) one gets βL = 0,

and consequently (λ, β) = 0, which is a contradiction. Therefore, we must
have λi > 0 for all i, and consequently β` > 0 for all ` 6= L. Then, for all ` 6= L
and for all j ∈ AL we get

βL

β`
=
∑
i∈I

λiDxLj
ui(x

∗)

λiDx`i
ui(x∗)

=
DxLj

uj(x
∗)

Dx`j
uj(x∗)

+
∑
i6=j

DxLj
ui(x

∗)

Dx`i
ui(x∗)

(8)

Now apply the Algorithm in Theorem 2 to determine the supporting price p∗.
Notice that p∗1 = 1 and the Algorithm stops at Case 1 of Step 2 since L2 = L.
This is because A1 ∩ A` = I 6= ∅ for all ` /∈ {1, L}, and A1 ∩ AL 6= ∅ since
∅ 6= AL ⊆ I = A1. The prices are then defined by


p∗` =

D
x`
i
ui(x

∗)

D
x1
i
ui(x∗)

, ∀ i ∈ I and ∀ ` 6= L

p∗L =
D
xL
j
uj(x

∗)

D
x1
j
uj(x∗)

, ∀ j ∈ AL

Let j such that DxLj
ui(x) > 0 (resp., DxLj

ui(x) < 0) for all i 6= j. According

to the notation given in Remark 2, we must have j ∈ AL. From the system

above, we get
p∗L

p∗`
=
DxLj

uj(x
∗)

Dx`j
uj(x∗)

. Hence, by (8) we obtain

βL

β`
=
p∗L

p∗`
+
∑
i6=j

DxLj
ui(x

∗)

Dx`i
ui(x∗)

that concludes the proof, since Dx`i
ui(x

∗) > 0 for all i and for all ` 6= L.

Proof of Theorem 4. Assume Assumption 5. We first claim that for all
(i, j) ∈ I × I,

z̃j ∈ RL : Dxjuj(x) · z̃j ≥ 0 =⇒ Dxjui(x) · z̃j ≥ 0.

Take z̃j such that Dxjuj(x) · z̃j ≥ 0. Consider the sequence (z′n)n∈N, where

for every n > 0, z′n = (z′nh)h∈I is defined by z′nj = z̃j +
Dxjuj(x)

n
and z′nh =

Dxhuh(x)

n
for all h 6= j. By construction, Dxhuh(x) · z′nh > 0 for all n > 0 and

for all h, because Dxhuh(x) 6= 0. By Assumption 5, we have that Dxui(x) ·z′n =
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∑
h6=j

Dxhui(x) · z′nh +Dxjui(x) · z′nj > 0 for all n > 0, that is

 1

n

∑
h∈I

Dxhui(x) ·Dxhuh(x)

+Dxjui(x) · z̃j

 > 0, ∀ n > 0.

Taking the limit over n, we obtain Dxjui(x) · z̃j ≥ 0, and the claim is then
proved. Hence, using Farkas’s Lemma as in the proof of Theorem 3, we have
that Dxjui(x) is positively proportional to Dxjuj(x).

It is easy to verify that the converse holds true.

Let H be any non-empty subset of I with cardinality H. The following lemma
is used for proving Theorem 5.

Lemma 1 Let x ∈ F be a feasible allocation, and H be a non-empty subset
of I. Take z′ = (z′h)h∈H ∈ RLH such that Dxhmh(xh) · z′h > 0 for all h ∈ H,
then for every θ = (θh)h∈H ∈ RH

++, there exist λ > 0 and z = (zh)h∈H ∈ RLH

such that

(1)
∑
h∈H

zh =
∑
h∈H

z′h, and

(2) Dxhmh(xh) · zh = λθh for all h ∈ H. 29

Proof of Lemma 1. Without loss of generality, H = {1, .., H}. Denote Z =∑
h∈H z

′
h and fix θ � 0. The proof is developed through two cases.

Case 1: all vectors
(
Dxhmh(xh)

)
h∈H

are positively collinear. In this case, for

all h ∈ H, there is αh > 0 such that Dxhmh(xh) = αhDx1m1(x1). Hence,
Dx1m1(x1) · Z > 0 since Dxhmh(xh) · z′h > 0 for all h, and consequently,

Z 6= 0. In order to get the two conditions above, set λ =
Dx1m1(x1)·Z∑

j∈H
θj
αj

and

zh =

(
Z∑

j∈H
θj
αj

)
θh
αh

for all h ∈ H.

Case 2:
(
Dxhmh(xh)

)
h∈H

are not positively collinear. Hence, we must have

H,L ≥ 2. Conditions (1) and (2) hold true if there is z = (zh)h∈H such that∑
h∈H zh = Z,

Dx1m1(x1)

θ1
· z1 > 0, and

Dx1m1(x1)

θ1
· z1 =

Dxhmh(xh)

θh
· zh, ∀ h 6= 1,

29 The idea is that, if it is possible to internally strictly improve individuals along
some directions (z′h)h∈H, then for any level of improvements θ = (θh)h∈H ∈ RH++, it
is possible to redistribute

∑
h∈H z

′
h in such a way that one achieves a proportion of

these levels by using a same ratio λ.
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that we rewrite as follows.



Dx1m1(x1)

θ1
· z1 > 0

Dx1m1(x1)

θ1
· z1 −

Dxhmh(xh)

θh
· zh = 0, ∀ h = 2, ..., H − 1(

Dx1m1(x1)

θ1
+

DxHmH(xH)

θH

)
· z1 +

H−1∑
h=2

DxHmH(xH)

θH
· zh =

DxHmH(xH)

θH
· Z

(9)

Define now the H × L(H − 1) matrix M associated with the system above.
Notice that H ≤ L(H − 1) since H,L ≥ 2.

M =



Dx1m1(x1)

θ1
0 0 · · · 0 0

Dx1m1(x1)

θ1
−Dx2m2(x2)

θ2
0 · · · 0 0

...
. . .

...
...

...

Dx1m1(x1)

θ1
0 0 · · · 0 −DxH−1

mH−1(xH−1)

θH−1

Dx1m1(x1)

θ1
+

DxHmH(xH)

θH

DxHmH(xH)

θH

DxHmH(xH)

θH
· · · DxHmH(xH)

θH

DxHmH(xH)

θH



We first prove that the matrix M has full row rank. Otherwise, there ex-
ists γ = (γh)h∈H ∈ RH with γ 6= 0 such that γM = 0. Then, we get

γH
DxHmH(xH)

θH
= γh

Dxhmh(xh)

θh
for all h = 2, . . . , H − 1, and γH

DxHmH(xH)

θH
=(∑H−1

h=1 γh − γH
)
Dx1m1(x1)

θ1
. If γH 6= 0, then all gradients

(
Dxhmh(xh)

)
h∈I

are

positively collinear since Dxhmh(xh) > 0 for all h, a contradiction. Therefore,
we must have γH = 0, and consequently, one obtains γ = 0, another con-
tradiction. Therefore, system (9) has a solution (zh)h6=H in RL(H−1). Taking
zH = Z − ∑h6=H zh, conditions (1) and (2) in the lemma are satisfied, that
completes the proof.

Proof of Theorem 5 Assume that θ ∈ RH
++. Then there exist λ > 0 and

z = (zh)h∈H ∈ RLH such that conditions (1) and (2) of the above lemma hold
true. By definition of H, for all j ∈ I \ H, Dxjuj(x) · z′j = 0 since Dxjuj(x) =

Vjj(x)Dxjmj(xj). Taking zj = z′j for all j ∈ I \ H, we get
∑
i∈I

zi =
∑
i∈I

z′i, and

for all i ∈ I:

Dxui(x)·z =
∑
j∈I

Vij(x)Dxjmj(xj)·zj =
∑
h∈H

Vih(x)Dxhmh(xh)·zh = λ
∑
h∈H

Vih(x)θh.

Therefore, conditions (a) and (b) of Assumption 4 are satisfied, because JV,H(x)θT �
0.

Assume now that some components of θ are equal to zero, then there is θ ∈
RH

++ such that JV,H(x)θ
T � 0 , because θ ∈ RH

+ \ {0}. Hence, applying the
above arguments to θ ∈ RH

++ completes the proof.
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