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Integrated scheduling of a multi-

Introduction

After a presentation of the scientific position of this paper, a description of the main features of the studied management problem is presented before explaining the paper's objectives.
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Scientific position

Unlike in discrete production, very few theories embrace supply chain (SC) starting from extraction to yield semi-row material (liquid or granules) produced with continuous processes.

Few generic models can be applied and adapted to one link of this kind of SC. For instance, the blending model created by Dantzig in 1947 [START_REF] Dantzig | Reminiscences About the Origins of Linear Programming[END_REF]) would be usable in the context of mixing phosphate ores to get a merchantable ore that fits composition constraints. Azzamouri et al. (2021) consider that the source ore is extracted from a dynamic extraction planning, involving a dynamic problem to solve. In the context of one mine and one blending structure, this model considers the versatility of the ore composition and ore availability to produce by blending the merchantable ores whose specifications range vary depending on customer's needs. In addition, it considers the existence of alternative routings (usually ignored in the blending literature) used in the washing plant and several storage constraints. Therefore, this dynamic blending model may be considered as the first generic model to use in that kind of SC. However, it does not include the co-production routing, which is an alternative to washing plant routings that can be used after the dry blending process (APICS (ASCM, 2019) defines the coproduct as "a product that is usually manufactured together or sequentially because of product or process similarities"). This new article extends the scope of this previous work by considering: i) several mines simultaneously, without pre-affecting MOs orders to mines, their routings, and their production sequences, and ii) a co-production using a calcination process (an alternative process to the washing one, performed in an existing calcination plant), never studied in the literature.

Main features of the studied management problem

The extended phosphoric SC worldwide is summarised as follows [START_REF] Steiner | Efficiency developments in phosphate rock mining over the last three decades[END_REF]: (1) phosphate rock extraction, (2) beneficiation, the most common of which are washing, grinding and flotation (others less usual are calcination or magnetic separation), and (3) chemical ACCEPTED MANUSCRIPT -CLEAN COPY processing into fertiliser. More than 80% of the marketable rock phosphate (post-beneficiation) produced annually is used in chemical fertilisers, mainly via phosphoric acid [START_REF] Scholz | Sustainable phosphorus management: a transdisciplinary challenge[END_REF]. As with phosphate rock, phosphoric acid is mainly consumed where it is produced. The largest producers of phosphoric acid in the world are China, the United States and Morocco2 .

The OCP3 Group is a world leader in the market of phosphate and its derivatives. The remote location of phosphate mines in Morocco has led the OCP to structure its productive organisation in three axes known as the North axis, Centre axis and South axis, which encompass various processes of ore extraction, ore blending, phosphoric acid and fertiliser production and export by sea (see Figure 1). The OCP gave us full access to all the Centre axis information necessary to carry out this research. This axis includes three independent mines, from which about 30 source ores (SOs) with different chemical characteristics are extracted and transformed by different processes in Merchantable Ores (MOs), as detailed in Figure 2, which expands Figure 2 of Azzamouri et al. (2021) to several mines, adds the calcination plant and four new routings.

Processes and problems encountered in that axis are representative of most phosphoric SCs, as described in [START_REF] Steiner | Efficiency developments in phosphate rock mining over the last three decades[END_REF]. However, its operational issues are made more difficult by the number of mines and processing plants, especially since it uses marginally a calcination process used to produce jointly two different MOs. It should be noted that all the processes (mining sites and processing units) and technical data introduced in this paper are actual data used in the field. This research aims to test and propose new steering of the Centre axis integrating the three mining sites and six alternative routings simultaneously to better manage the multi-site and multi-routing flow problem while keeping the same existing productive structure. The management of that phosphoric supply chain must consider the following characteristics.

˗

An MO order is characterised by its quantity, delivery time window and a required composition defined by a Quality Charter (QC) that specifies the client acceptable ranges of weight percentage of a few chemical components (up to six). Around two dozen QCs meet demands made by internal clients (chemical plant) or external clients (export). This lack of precision is explained by the fact that the customer requirements are quite unstable, except for a shortlist of fertilisers, because the variety of fertilisers that meet the requirement of the couple "plant-soil" is very high (Benhamou et al., 2020a). To be more specific, in 2019, 28 fertilisers (among a list of 50 fertilisers already produced) with a number of components varying from 2 to 6 (Benhamou et al., 2020b).

These MOs belong to an order book of 6 to 9 MO orders for dry blending units (in 2020), representing a workload of about one month.

˗

An SO is defined by its composition and an available quantity at a given date. Due to geological constraints and the used extraction planning, the set of available SOs changes quite rapidly over time. The extraction planning is independent for each mine and can be viewed as a push system disconnected from the short-term MOs demand. At the end of the extraction process (performed in a push-mode), the newly available SOs are stored in a primary stock in the mine in separate locations to avoid mixing. When an order of
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ACCEPTED MANUSCRIPT -CLEAN COPY a given SO is issued, the requested quantity is transported by truck from the primary stock to the head station of the transportation system to be routed by conveyor to the secondary stock several miles away. There, it is stored in a place where its integrity is preserved. The composition of an SO hardly ever satisfies the QC of an MO, requiring transformation processes.

˗

The production of an MO, triggered by a customer order (pull system), starts by mixing a selected set of SOs, taken from a secondary stock in a determined proportion. The Currently, every week, a schedule is defined for a four-week rolling horizon, specifying:

i) for each MO order: its mine assignment, its routing and blend, and its production schedule in the plants; ii) the quantities and transfer periods of the SOs to move from primary stocks to secondary stock. A model of dynamic blending (Azzamouri et al. 2021), currently in use in the Centre axis, yields an optimal solution for each site in a local view perspective.

Paper's objectives

Our goal is to propose a new steering approach of the Centre axis, generalisable to other phosphoric supply chains, by addressing, from a production cost perspective, the integrated
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process planning problem in a multi-site environment with alternative routings and a coproduction. The mathematical model determines for each order: i) the blending plant on which it will be executed, ii) the start and the end date of the order production in dry blending plants, iv) the alternative routing to use (and thus the use or not of a washing or a calcination plant)

and the end date of the order production after the treatment units, vi) the blends of SOs and the program of feeding secondary stock from primary stock.

This new perspective will move from independent mine management to integrated management and yields two main consequences: i) the SOs allocation is improved, as the respect of the quality chart of some MOs may be easier in one mine than in another; ii) it may prevent the use of a costly washing process routing, which decreases the production cost (savings of SOs, chemical product, water, and energy).

In addition, the model includes an SC perspective. Chemical plants are internal clients of the system that transform MOs into phosphoric acid. Several successive batches of MOs having the same QC are used in the plant that produces phosphoric acid. All these MOs respect the QC, but the chemical composition of successive MOs differs, enforcing costly adjustments in the chemical plants. For that client, it is more efficient to provide him with successive batches whose compositions are as stable as possible. The model addresses that concern.

The rest of the paper is organised as follows: Section 2 reviews the literature on three areas linked to blending (multi-site scheduling, alternative routings and co-production). The third section develops the main features of this applicative model and the proposed mathematical formulation. In section 4, a numerical test illustrates the interest of the approach, and the last section provides a conclusion and implementation perspectives.

ACCEPTED MANUSCRIPT -CLEAN COPY Blending optimisation is one of the first linear problems treated with the simplex method [START_REF] Dantzig | Reminiscences About the Origins of Linear Programming[END_REF]. Numerous and various works have been published since this seminal work. et al. (2002) stated that planning and scheduling are defined on time horizons of different sizes. On the one hand, scheduling addresses operational decisions levels (sequencing) on short time horizons (days, few weeks). On the other hand, planning deals with high-level decisions (production, inventory levels) with longer time horizons (weeks, months).

Multi-site scheduling of blending operations literature

Multi-site integrated scheduling problem

Grossmann

These two notions were also defined by Badhotiya et al. (2019) as follows: "Planning deals with "what" and "how", while scheduling answers the questions related to "when" and "whom" in a manufacturing scenario". In our case, the number of orders is quite stable, on average 7 orders over a period of 4 to 6 weeks for internal and external clients. This makes the borderline between planning and scheduling very tight. The problem of scheduling in a multi-site manufacturing context has been reported in several articles [START_REF] Bruns | Tactical level planning in float glass manufacturing with coproduction, random yields and substitutable products[END_REF][START_REF] Miller | Integrating production and transportation scheduling decisions between two geographically separated plants[END_REF][START_REF] Lin | Heuristics for integrated job assignment and scheduling in the multi-plant remanufacturing system[END_REF][START_REF] Marandi | Integrated multi-factory production and distribution scheduling applying vehicle routing approach[END_REF]etc.). The multi-site planning, scheduling and integration of planning and scheduling literature in a multi-site context has been ACCEPTED MANUSCRIPT -CLEAN COPY recently analysed by Badhotiya et al. (2019); their main findings can be summarised as follows:

i) The developed mathematical models use essentially mixed-integer linear programming (with an optimal or approximate approach depending on the size of the problem); ii) Most of applied works deal with process industries (chemical, pharmaceutics, etc.) 

Scheduling blending operations literature

Numerous studies have been conducted in the literature to address combined problems of integrated scheduling and blending operations. Scheduling with blending operations have dealt with either a fixed number of recipes (Joly et al. 2002;[START_REF] Jia | Mixed-Integer Linear Programming Model for Gasoline Blending and Distribution Scheduling[END_REF][START_REF] Li | Recipe determination and scheduling of gasoline blending operations[END_REF][START_REF] Li | Integrated gasoline blending and order delivery operations: Part I. short-term scheduling and global optimization for single and multiperiod operations[END_REF]Bengtsson et al. 2013) or a recipe optimisation followed by an order scheduling (Glismann and Gruhn 2001;[START_REF] Jia | Efficient short-term scheduling of refinery operations based on a continuous time formulation[END_REF]Mouret et al. 2009;Castillo and Mahalec 2015;[START_REF] Neiro | Dealing with Multiple Tank Outflows and In-Line Blending in Continuous-Time Crude Oil Scheduling Problems[END_REF]. The multi-period problem has been solved with several solution techniques such as mixed-integer non-linear programming (Joly et al. 2002;[START_REF] Kolodziej | A discretisationbased approach for the optimisation of the multiperiod blend scheduling problem[END_REF][START_REF] Li | Integrated gasoline blending and order delivery operations: Part I. short-term scheduling and global optimization for single and multiperiod operations[END_REF][START_REF] Neiro | Dealing with Multiple Tank Outflows and In-Line Blending in Continuous-Time Crude Oil Scheduling Problems[END_REF]) and mixed-integer linear programming [START_REF] Jia | Mixed-Integer Linear Programming Model for Gasoline Blending and Distribution Scheduling[END_REF][START_REF] Méndez | A simultaneous optimisation approach for off-line blending and scheduling of oil-refinery operations[END_REF][START_REF] Li | Recipe determination and scheduling of gasoline blending operations[END_REF]. Most of the analysed articles refer to an economic optimisation criterion, including i) minimisation of the operating cost (Joly et al. 2002;[START_REF] Jia | Efficient short-term scheduling of refinery operations based on a continuous time formulation[END_REF][START_REF] Li | Recipe determination and scheduling of gasoline blending operations[END_REF][START_REF] Li | Integrated gasoline blending and order delivery operations: Part I. short-term scheduling and global optimization for single and multiperiod operations[END_REF]Cerda et al. 2016 b), and ii) maximisation of profit (Glismann and Gruhn 2001;[START_REF] Jia | Efficient short-term scheduling of refinery operations based on a continuous time formulation[END_REF][START_REF] Méndez | A simultaneous optimisation approach for off-line blending and scheduling of oil-refinery operations[END_REF]Bengtsson et al. 2013;[START_REF] Kolodziej | A discretisationbased approach for the optimisation of the multiperiod blend scheduling problem[END_REF][START_REF] Lotero | An MILP-MINLP decomposition method for the global optimisation of a source based model of the multiperiod blending problem[END_REF] 

Blending and alternative routings/operations sequence

The use of alternative routings (or alternative processes or alternative operations sequence) is mainly linked to scheduling problems. Bader and Bowyer (1973) the coal blend and cooking process characteristics has been proposed in [START_REF] Yuan | Modeling and optimisation of coal blending and coking costs using coal petrography[END_REF]. The implicit notion of alternative routing, blending of coal followed by the cooking process, partly resembles our problem, excepted that all blends go through the cooking process to produce a single type of product. They develop a multi-constraint optimisation model that minimises the cost of coal blending. Experimental results on actual data show that the proposed approach can significantly reduce the costs of blended coal.

Co-product

In the operations management literature, co-production has been widely studied [START_REF] Gaudreault | Combined planning and scheduling in a divergent production system with coproduction: A case study in the lumber industry[END_REF][START_REF] Grohman | Extraction and recovery of pectic fragments from citrus processing waste for coproduction with ethanol: Pectic Fragments from Citrus Processing waste[END_REF]Bansal and Transchel 2014;[START_REF] Rafiei | Dynamic safety stock in coproduction demand-driven wood remanufacturing mills: A case study[END_REF][START_REF] Dumetz | Tactical-operational coordination of a divergent production system with coproduction: the sawmilling challenge[END_REF].
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On the one hand, some papers consider that the rate of co-production is not controlled and then considered as a random variable. [START_REF] Öner | Economic lot scheduling with uncontrolled coproduction[END_REF] developed two models to study the impact of uncontrolled co-production on the production planning and lot scheduling of multiple products; a numerical study has shown that the cycle time increases with the co-production rate. Recently, [START_REF] Chen | Value of operational flexibility in coproduction systems with yield and demand uncertainty[END_REF] developed a three-stage stochastic model to study operational decisions of a single-input and multiple-output production process with co-production under demand uncertainty. They show that the quality upgrading policy's cost creates value because it reduces total production cost.

On the other hand, several papers have addressed the problem of co-production with fixed (controlled) rates in different industries such as the forest industry [START_REF] Gaudreault | Combined planning and scheduling in a divergent production system with coproduction: A case study in the lumber industry[END_REF][START_REF] Rafiei | Dynamic safety stock in coproduction demand-driven wood remanufacturing mills: A case study[END_REF][START_REF] Dumetz | Evaluating order acceptance policies for divergent production systems with coproduction[END_REF], chemical industry [START_REF] Grohman | Extraction and recovery of pectic fragments from citrus processing waste for coproduction with ethanol: Pectic Fragments from Citrus Processing waste[END_REF][START_REF] Darmawan | Efficient coproduction of power and ammonia from black liquor[END_REF], and glass industry (Caner Taşkın and Tamer Ünal 2009). [START_REF] Dumetz | Evaluating order acceptance policies for divergent production systems with coproduction[END_REF] proposed a simulation-based model to evaluate order acceptance policies for divergent production processes with co-production. This model was later extended in [START_REF] Dumetz | Tactical-operational coordination of a divergent production system with coproduction: the sawmilling challenge[END_REF] to simulate production planning that incorporates the tactical and operational decision levels of North American sawmills, as well as market behaviour, using a rolling horizon. In the same application area (lumber industry) involving co-production, [START_REF] Wery | Simulation-optimisation based framework for Sales and Operations Planning taking into account new products opportunities in a coproduction context[END_REF] developed a simulator in combination with a tactical planning model to perform sales and operations planning. Recently, [START_REF] Lin | Designing Sustainable Products Under Coproduction Technology[END_REF] developed a constrained optimisation model for natural resource companies to design their product line to exploit a co-product value. This optimal design incorporates decisions regarding the quality and the price of the co-product.

Other recent works treat co-production and blending. [START_REF] Dong | The Value of Operational Flexibility in the Presence of Input and Output Price Uncertainties with Oil Refining Applications[END_REF] studied the problem of a blending unit that blends two co-products (two quality levels of outputs) to make end petroleum products in the presence of price uncertainty. [START_REF] Chen | Value of operational flexibility in coproduction systems with yield and demand uncertainty[END_REF] also addressed the
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problem of how to blend the products from the co-production process to meet the demand of each market segment (each market requires a specific quality level).

The specificity in our case is that the co-product has to be blended with other inputs to meet the client's quality requirements. This blend with co-product covers part of the client's order, making the multi-site production scheduling particularly difficult.

So far, we have not found any papers in the literature that deal simultaneously with blending, multi-site scheduling, alternative routings, and co-production.

Mathematical modelling

This section proposes a non-linear mathematical model to address blending operations integrated scheduling in a multi-site context with a co-production. Even if some constraints are initially non-linear, the model can be easily linearised in our case [START_REF] Sioshansi | Optimisation in Engineering: Models and Algorithms[END_REF].

The linearisation protocol is presented in a footnote later on, and the linearised version of the model is provided in the Mendeley file. The model incorporates real and original features such as non-identical blending plants (mining sites), the presence of alternative routings and coproduction.

Main features

As illustrated in figures 1 and 2, the Centre axis of OCP's SC is structured in three 
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• Feature a) SOs are not purchased from an international market but are provided by three internal mining sites; an SO is present in a layer; a deposit is a stack of layers. Each mine has its own independent medium-term extraction program (push system). During the phosphate extraction, the passage to a lower layer is conditioned by the preliminary withdrawal of SO that has been previously prepared in the current layer. Thus, the SOs availability changes over time.

• Feature b) The extraction process ends with feeding the SO' primary stocks in the mine area. Primary stocks are linked by conveyors to secondary stocks of limited capacity and located in the blending area. Transferring a given quantity of a given SO at a given date to secondary stock is a decision taken by the managers of the dry blending plants (pull system).

• Feature c) Each mine has a different geological structure; the chemical composition of an SO varies from one layer to another within the same mine's deposit, and sometimes, from one location to another in a mine's layer. This composition's variation, not always known in advance, involve creating additional SOs and new separate storage areas in primary and secondary stocks. Thus, in addition to SOs availability, chemical composition changes over time, but they are known in the planning horizon.

• Feature d) In addition to complying with the quality charter, the MOs feeding the phosphoric acid production lines must try to ensure the chemical composition stability of the successive sent batches around the target values (determined by the phosphoric manager lines) to avoid costly process adjustments.

• Feature e) Six possible alternative routings h are available at Youssoufia: 1)

Routing h=1, dry blending (MO is produced in the blending plant, by mixing SOs, in a given proportion, without additional treatment), 2) Routing h=2, dry blending followed by a scrubbing treatment in the washing plant, 3) Routing h=3, dry blending followed by a washing treatment including scrubbing and flotation, 4) Routing h=4, dry blending followed by a drying process (in case of wet SOs), 5) Routing h=5, dry blending followed by a washing treatment including scrubbing and flotation and a drying process, 6) Routing h=6, dry blending followed by the calcination unit.

• Feature f) Each order relates to an MO and specifies the quantity to deliver in a given time window. The production scheduling assigns MO orders to mines and selects, for each order, the alternative routing to use, the SO quantities to blend in the mine dry blending plant and its start and end date of production in that plant. To better analyse all possible flows of an order production, three categories of MO orders are defined and pointed out in Figure 3. The first subset presents the case of MO orders that are not involving co-production. ; will be used to mean . The second subset includes the MO orders manufactured using the alternative routing h=6

(calcination) and intended for export; will be used to mean . The last subset , linked to the previous one, corresponds to MO orders that supply a part of the phosphoric acid production lines, obtained by mixing a calcination co-product and an intermediate product produced by a dry blending plant and using an alternative routing h; will be used to mean .

• Feature g) The calcination unit, as presented in figure 2 below, comprises three subprocesses; warming, calcination and cooling.

-Two streams are merged at the inlet of the warming process, starting the calcination unit: i) a dry blend (routing h=1) coming from the mine sites and feeding the stock ST1;

ii) an additional input present in ST2 stock.

-At the end of the warming process, three outlet-flows can be distinguished, outlet flow

(1) refers to rejection stock, outlet flow (2) feeds the calciner and the co-product blend, -The co-product blend is made from the outlet flow (3), a part of outlet flow (2), and input from the ST2 stock. The input I present in the ST2 stock is of a moisture nature.
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A technical constraint is necessary to avoid clogging the installations during a mixture between inputs of different natures (wet, dry). In our case, this constraint is integrated into the blend of input I (ST2) and dry MO (ST1) at the warming inlet and in the coproduct blend.

• Feature h) In co-production, an order of the subset is linked with an order of the subset . These two MO orders are synchronised and must be finished on the same date. One can notice that, here, the order book determines: i) which order belongs to the set and the quantity to produce, the used routing being known, but not the mine providing the inputs to use; ii) which order of the subset is linked to the previous one and the quantity to deliver but not the routing and the mine providing the inputs to use in addition to the co-product input. 4 The passage of SOs through one or more treatment units linked to a routing induces both a reduction weight of the set of SOs processed in the dry blending plant, and a modification of the composition in chemical components (BPL, CO2, MgO, SiO2, Cd) of each SO of that set: after using routing h, the initial weight of input i is decreased by the reduction factor and the initial percentage of component c in the weight of input i must be multiplied by a distortion rate (which can be greater or lower than 1). 
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Cost parameters

Additional costs induced by the alternative routing , instead of the alternative routing during the production of the order k ($/ton) Penalty cost for an absolute gap (in tons) between the required weight of component c in the quantity of MO to be produced for order k, and the obtained weight obtained by the optimal blend of inputs

Decision variables

Quantity of input i (from site ) used in the production of order k (that relates to MO with alternative routing h, whose dry blending ends at t (tons)

Binary equal to 1 if order k is executed in the site s with alternative routing h, the dry blending ending at t. This variable exists only if

Binary equal to 1 if order k is produced in plant s with the alternative routing h, the production in treatment units (post-dry blending) ending at t. This variable exists only

if h >1 B it 0 B i c B it ρ s R st t Max K s ν khs υ khs ( 1) h > E k L k φ k 1 h > 1 h = σ c λ k ikht x A i s = =λ ) k j skht o U 1 k h l = skht w ACCEPTED MANUSCRIPT -CLEAN COPY
Quantity to take from the input present in the ST2 stock and which will feed the warming process (tons) Quantity of fine particles; recovered during the warming process and to be included in the co-product blend (tons)

Quantity to take from ST2 stock and which enters in the co-product blend (tons) Binary equal to 1 if feeding of input i in the secondary stock of the blending zone, from the primary stock, occurs during period t. The existence of the decision variable is subject to free cumulative availability

Auxiliary variables

Binary equal to 1 if order k is produced in site s using alternative routing h during period t

Stock of input i in the secondary stock at the end of period (tons)

Binary equal to 1 if input i is still present in the secondary stock at the end of the planning horizon T, that is when Absolute gap between the required weight of component c in the quantity of MO (order k) and the weight of this component obtained by the optimal blend of inputs.

Notice that the production of order k must be ended in the range , then:

• index t must belong to that range for , if routing is used, and for if routing (dry blending only) is used;

• in the case of routing , as the washing or the calcination treatments cannot overlap the dry blending treatment, this latter cannot end after the period .

These restrictions may be introduced in the model via constraints, but it can be avoided by using an Algebraic Modelling Language (AML, available in some software like Xpress (used here) or GAMS or AMPL or…; Fourer 2013), which rests on the separation of a generic description of the model, and data to use; after what, an instance of the model combining the generic model and data, which can be submitted to a solver. AML allows the usage of predicates to drive the creation
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of an instance of the problem. A predicate is a logical expression that can take a value of "true"

or "false" to define the domain of an index, which in turn binds the existence of a decision variable, depending on the parameters' values. Hence, the predicates act like a pre-treatment of the models based on the problem data and reduce the number of binary variables and constraints.

Consequently, problems of practical sizes can be solved in a reasonable time using off-the-shelf commercial software. In our case, to avoid unnecessary time-restriction constraints and useless expansion of the time-definition domain, predicates can be used as follows: index t of is restricted by the predicate , and index t of or , by the predicate .

To simplify reading the constraints, we represent these predicates by three expressions that must be true: used by , used by and , in the context where , and used by and when routing h is not specified. Note that other predicates relating to other indexes will be used to limit the existence domain of the decision variables as much as possible.

The following two subsections will present the objective function then the 24 constraints. To facilitate the understanding, each relation/constraint is described and explained in one block.

Objective function

The objective function is an economic one. A difference is to make (Bara et al., 2020) between the direct variable costs, which reflect actual charges observed in the income statement, and the penalties used to drive the solution towards what can be considered preferable. The objectivefunction includes i) direct variable costs, whose impact can be observed in the income statement (knowing that these costs are fictitious for confidential reasons) and corresponding to a local efficiency criterion for the management in charge of the transformation of SOs into MOs; ii) penalty costs corresponding to an effectiveness criterion for the management in charge of chemical plants. These two points of view are not considered in a multicriteria SC perspective
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ACCEPTED MANUSCRIPT -CLEAN COPY [START_REF] Sawik | Selected Multiple Criteria Supply Chain Optimization Problems[END_REF] but as a way to increase the global SC performance designed in an SC perspective:

if one can determine the additional adjustment costs involved in the phosphoric acid plant by deviance more or less important around the target composition of internal MOs, a trade-off can be done between the two SC links to increase the global SC efficiency. That penalty use keeps prima of economic.

(1)

˗ The first category includes the additional direct cost of using washing or calcination treatments after the dry blending process . It incorporates the costs of energy, chemical additives and waste evacuation and, as these routings induce a material reduction, the extraction cost of material lost by using an additional process. When the used routing implies only the dry blending process , the additional cost is null ( ).

˗ The second category includes one penalty cost used to favour solutions among those that respect the quality charter. The deviation cost is used to smooth the composition between successive batches of the same QC ordered by the internal client; a composition target is used to obtain that smoothing . This cost must be considered as a parameter used to analyse the possible tradeoff between a variance decrease (solution effectiveness for chemical plants) against an increase of observable expenses (solution efficiency for the ore transformation plants), as illustrated in the case study.

Description of constraints

Six sets of constraints must be considered.

, , , | 1 P ) |

Min( φ σ. )
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Production in the dry blending plant

The production of an MO order starts with a dry blend process in a unique site s and uses a unique routing h, which must exist for MO j , and must end in the dry blending plant at the date t restrained by the predicate P2.

(2)

Then, one must enforce to share with the same dry-blending end date, the same site and the same routing. It is ensured by constraint (2) that enforces to be null if is null;

in that relation, m is a lower limit defined by technical constraints (minimum size of a lot to be taken from stock) and an upper limit M (maximum SO amount that can be used to produce an MO order (which is ) 5 ).

(3)

Demand satisfaction in volume

Constraints (4) to (6) enforce the balance of order k, between the produced quantity .and the total amount of inputs used to deliver that quantity, considering the order' subset type.

Constraint (4) refers to the general case, where the order is not produced by calcination.

(4)

5 M can be replaced by , as the used routing h is not already known and because 0.5 is slightly above the lowest possible value )

( )
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Constraint (5) concerns MO orders of subset mobilising routing (exported MOs produced by calcination). As shown in figure 3, a stable proportion of the warming process quantity (flow 2) feeds the co-product blend in the calcination process. Thus, the quantity entering in calcination is equal to and decreased due to the calcination yield rate .

(5)

Constraint ( 6) determines, for , how the ordered quantity is produced by combining the SOs blend produced for , with the coproduction induced by , linked to order k such as . This latter combines the fraction of production of the warming process with the outlet flow (fines) of the warming process ( , flow 3 in Figure 3) and additional input from the stock ST2 ( ).

(6) Some constraints must be considered in the determination of , and (see Figure 3).

The relative importance of the quantity of fine in the inflows entering the warming plant is constrained by Constraint (7). For technical reasons, the quantity of input (from the ST2 stock) is limited in the warming plant's inflows (Constraint 8), and the quantity of input is limited in the co-production blend (Constraint 9). ).
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(10)

Upstream flow from mine to SO stock in the blending area

As stated in features a and b, be available at a given time on a secondary stock depending on the extraction planning of the mine s. The production of any order passes first
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through the dry-blending plants, where the order's estimated production time in the blending plants is

. The completion date in blending units of this order is , then, the dry blending process of order k occurs in the period's range .

Equation ( 11) defines the execution period of the dry blend of order k. Recall that is an auxiliary binary variable equal to 1 if order k is produced in site s using alternative routing h during the period t. Indeed, if , then for , where is the parameter corresponding to known duration of the blend of order k with routing h on site s.

(11)

As , the disjunctive constraint ( 12) prevents a dry blending plant of mine s to treat more than one order during a given period t.

(

) 12 
The following relations focus on the stock level behaviour. Constraint (13) guarantees that the variable is positive. The flow conservation in the secondary stock is expressed by Equation ( 14). Due to constraints on the feeding of secondary stock, a given input i cannot be transported from the mine during period t by more than one of the conveyors (all the conveyors leaving mine s having the same transfer rate ). During each dry blending period of this order, the quantity is consumed, as a linear consumption of inputs is assumed during the blending process. Using equation ( 11), the consumption of input i in period t for order k using routing h is . Then, the stock depends on its previous level , increased by supplies ( is a binary decision variable expressing a transfer from primary to secondary stock) 6 The product of a binary and a real is linearised using the following property (see Sioshansi & Conejo, 2017, p.149). Consider the real variable x with a preset real parameter, and y a binary variable. The non-linear equation
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. is then equivalent to the following four linear equations:
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An order may be delivered if all the treatments required by its chosen routing are ended. Constraint (15) enforces all the MO orders whose routing is to be delivered and share the same routing and site as the dry blending ones.

(15)

The completion time of the dry blending treatment is and that of washing or calcination treatment . Then, constraint ( 16) prevents the washing (or the calcination) process from starting before the end of the dry blending process, knowing that . As the transportation time between the dry blending plants and the washing and calcination plants is low (only a few hours) compared to the plant's production times (several days), the model adopts the assumption of neglecting the transportation times.

(16)

A disjunctive constraint, similar to constraint (12) must be introduced to prevent a washing plant or the calcination plant to treat more than one order during a given period.

(17)

Constraint ( 18) models feature j. It ensures that the order using routing (dry blending + calcination) and the order , to which the generated co-product is linked , has the same order completion date.

(18)

1 h > 1 3 1 3 , U 1 1 P , U 1 1 P , U 1 1 P , U 1 1 P , , , , h h k k h h k k skht skht h t h h t h skht skht s t h s t h h ho ks s so kh l l l l w w = Ù > Ù = Ù > Ù = Ù > Ù = Ù > Ù ì ï í ï î × = × " × = × " å å å å 2 , , U 1 P h k skht s t h t o l = Ù × å 1 , , U 1 P h k skht s t h t l w = Ù × å 1 h > 1 2
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General feeding constraints

The following constraints are almost identical to those presented in Azzamouri et al. (2021).

They have been adapted to include the mining site s.

Decisions taken upstream of the extraction chain define possible input supplies and withdrawals from the primary stocks (end of the extraction process) to the secondary stocks (feeding the blending plant). As this information is available along with daily output extractions, we can define the free cumulative availability of input i at the end of period t in the primary stock, regardless of withdrawals of input i, from the initial stock . The existence of the decision variable is subject to free cumulative availability . The input withdrawal process from primary stocks to secondary stocks is constrained by the number of conveyors available during period t in the mining site s (Constraint 19) and by a sufficient available build-up (Constraint 20).

(

One must consider that, as long as extracted ore is not removed, it is not possible to access lower layers where extracted ore is lying. Thus, the tactical extraction program involves that, at a given time , part of available input i must be removed. This feature can be expressed in terms of cumulative availability , which restrains the withdrawal volume of input i through constraint ( 21).

(21)

Constraint ( 22) is a constraint on overall storage to keep it below , and constraint ( 23) is a constraint on overall storage to keep it above for each period t
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The set of inputs changes over time due to possible modifications of component composition from one parcel of the deposit to another. It potentially increases the variety of inputs to be stored in the secondary stock and may prevent appropriate segregation of input stocks in the blending area. To avoid such a drift, it is necessary to limit the number of different inputs stored in the secondary stock in each mine site s to at the end of the planning horizon T. This leads us to introduce constraint ( 24), where M is a large number, enforces the limitation of different inputs stored at the end of period T.

(24)

Relations ( 25) enables to determine, for order such as supplying the chemical plants on the Safi site, the absolute gap between order weight of component c of MO , and its target composition (25)

Case study

We tested our model on a sample inspired by actual data of 7 MO orders over 50 periods (the temporal division used here is the day). We first present all the input data in §4.1, the different results are explained in §4.2, and the last part, §4.3, discusses an economic evaluation to illustrate our model's efficiency.
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Dataset

The data used are those of the OCP Gantour. The blending process takes into account 5 components to characterise 29 inputs (SOs) coming from three open-pit mines in order to produce 8 MOs supplying the SAFI pole (export and chemical plants). In this illustration, we only use 5

MOs and the six alternative routings (see feature e). Table 1 includes the chemical composition of the extracted inputs selected for this case study and of the input present in the ST2 (see Figure 2). Recall that input I feed the calcination ( ) and the co-production blend ( ). The composition of the fine particles released during the warming process and partially removed by the quantity are also listed in Table 1.

All the technical data are used on the field and given to us for testing and benchmarking. But, for confidentiality reasons (and without loss of generality), similar average reduction and distortion rates for the different inputs are used in this numerical illustration, in other words, and (Table 2). The quality charter for the five MOs is shown in Table 3.

Table 1. Share (%) of component c (<5) in the weight of input i and in the weight of the fine particles We study an order book of 7 MOs orders for 50 days which includes post blending treatment times (Figure 5). The choice of this illustration is based on the need to compare our solution with the one currently used in the company. In this problem, constraints on cumulative availability and on minimal stocks are discarded. Table 4 describes the production program. 
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(note that costs are additional costs involved by routing when routing is not used). For the deviance cost, a central scenario with an identical penalty for all the components is considered.

Results

The Xpress solver produced the results below, using a PC (Intel® Core™ i7-7600U CPU @ 2.50

GHz 8 Gb RAM). The computing time is less than one minute (52 seconds on average). The problem parameters are listed in Table 5. The use of predicates (presolved) reduces the size of the initial problem (matrix) considerably. The predicates on variables have allowed a reduction of 48% of the search domain of variables, and the predicates on constraints, a reduction of 43%, but without the use of predicates on variables, additional constraints would be necessary to restrain the variables domains to the pertinent set so gain of constraints is much more important.

Table 5. Overview of the problem size

The optimal resolution of this dynamic problem leads to obtain for each order: i) the mining site where it will be executed; ii) the alternative routing that will follow, iii) the start and end date for the execution of the order in dry blending units; iv) the sequencing of MO orders at the process unit level (scrubbing, scrubbing + flotation and calcination) with the date of completion of each order; v) the optimal blend of SOs; vi) the feeding program from primary to secondary stock for each mining site (Table 6). Figure 6 presents the optimal values of the decision variables , relating to MO orders using routing h =6 (calcination unit) and the total coproduced quantity. Figure 6 also explains the link between the orders of the two subsets and . For instance, the total demand for order k=1 linked to the order k=3 (using the calcination unit) according to 

4 φ =21 h= 5 φ =46 h= 6 φ =61 h= 1 h > 1 h = σ 100, c c = " Rows ( 
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, which means that the complement to be produced to satisfy this order is 13,441 tons.

Figure 6. Numerical illustration of the linked orders belonging to subsets and

The model also determines the optimal blends of inputs to be operated for each order (Table 7)

and the feeds of inputs from primary stock to secondary stock for each mining site 7 .

Table 7. Optimal blends

Discussion

After presenting a benchmark of the optimal results, compared with the solution currently used in the field, the managerial interest of using the deviance cost in a SC perspective will be 7 (https://data.mendeley.com/datasets/mz2f7gxb9w/draft?a=683bb4cc-48bf-4b62-bd19-f1b7152644f3 ) 
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Benchmark

In the current configuration used in the field: i) the order for an MO is assigned to a mine and produced with a predefined routing; and ii) the scheduling of orders on the blending and treatment units is also predetermined. These predeterminations are made without taking into account either what is available on the phosphate deposit in real-time at the three mining sites or the variable aspect of the chemical composition of the SOs. This method leads to multiple corrections to meet the client's requirements in terms of quality and delivery time. A benchmark was carried out between the solution proposed by the model and the configuration currently used in the field to test the model's performance.

Concerning the orders assignments, the solution proposed by our model differs from the configuration used in the field on 2 points: i) orders k =3 and k =5 have been assigned to mine 1, ii) order k =6 has been produced using the routing h =3. Also, for MO k =1, k =3, k =5, k =7), the total SOs used to meet all these orders is 230,609 T in the current configuration against 171,555 T of SOs used in our model, saving 25% of raw material.

This economy is mainly due to the integrated global optimisation proposed in our model, allowing a better choice of the flows at the calcination unit and, thus, to coproduce more. Of the entire case study orders, more than 65,000T of SOs were used in addition to the existing configuration, compared to the solution proposed by our model. This saving in the amount of SOs used by our model also results in savings in treatment units of approximately 65,000 $, which attracts the interest of OCP managers

The trade-off between efficiency and effectiveness

The model makes it possible to provide negotiation elements for the two parts of the SC studied:
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the client, which is the chemical complex (where deviance can cause additional production costs), and the supplier, which is the mining sites ( § 3.4). In our numerical example based on actual data, for a penalty set to for all chemical components, the deviation of the MOs destined to produce phosphoric acid is null. Now, we considered the same data set and added two new orders (internal) for MOs intended for the production of phosphoric acid. The addition of two MO orders is justified by the fact that in the optimal solution provided by our model, the deviance is null for the actual case presented.

The purpose of this adjunction is to have a solution respecting the quality charter but with nonzero deviance to study the impact of the variation of the deviance penalty on the optimal solution.

As explained in section §3.4, the objective function aggregates a non-observable cost related to the stability of the composition of the MOs feeding the chemical plants and an observable cost related to the direct costs incurred by using one of the six alternative routings. We will be varying the stability cost (penalty ), which is identical for all the chemical components, to take the values {0, 0.5, 1, 1.5, 10, 100, 1000}. The different results are summarised in Table 7.

Table 7. Costs of the objective function as a function of the unit cost of deviance

The introduction of a deviation penalty generates a decrease of up to 94% of the deviation in tonnes from the target values compared to a zero cost of stability ( ). However, this reduction in deviance is only possible by increasing the total amount of SOs used by up to 15% (resp. 10%) compared to for (resp.

). This is equal to an increase in the ). This illustration thus provides the basis for negotiation between the two adjacent links of that SC. The loss of efficiency (increase in actual cost) upstream is only acceptable at a higher level of supervision of the SC, as long as the improvement in efficiency downstream (due to the decrease of adjustment costs) results in at least the same savings.

Conclusion

This model yields some major improvements on the previous model of Azzamouri et al. (2021). ACCEPTED MANUSCRIPT -CLEAN COPY not assigning mines and routings to orders. Several additional tests must be performed before adoption through a Decision Support System (DSS), and this point was acted by OCP management. The motivation of these additional tests is more a matter of winning the support of the operatives to this change in the production management than to show (which is obvious) that the use of an optimal solution is preferable to that of a "tinkered" solution

Figure 1 .

 1 Figure 1. The three Axes of the OCP phosphate supply chain

  composition of this intermediate output (dry blending ore) is a linear combination of the SOs compositions. Most of the time, very few intermediate outputs meet the MO quality charter. Most of them need additional treatments performed in a washing plant or a calcination plant, chosen among five routings. These additional treatments have two effects: i) an important mass reduction occurs, necessitating a significant increase in the SOs volumes required to obtain the required volume of an MO order; ii) they change the composition of the initial SOs blend to allow the QC respect.˗The calcination process results in MOs for export and a co-product blended with an intermediate output produced in the washing plant to obtain an MO used by chemical plants.

Figure 2 .

 2 Figure 2. Focus on the Centre Axis of the OCP phosphate SC

  In a recent work close to our present paper, Azzamouri et al. (2021) proposed a detailed literature review of blending problems according to four fundamental criteria: i) input supply (sequential, parallel); ii) blending process (single-stage, multi-stage); iii) MOs characteristics and the iv) optimisation criterion. The originality of our proposal lies in three other dimensions: a) Multi-site integrated scheduling of blending operations, b) Blending and alternative routings, and c) Co-production. The impact of these new dimensions on the studied problem is analysed in the three following sub-sections.

  have explored the value of offering different alternative production routing to improve fibre-reinforced thermoplastics' stiffness and strength. Zhang et al. (2005) developed a multi-objective model for integrated resource selection and operations sequence problems. The objective function used includes the minimisation of the makespan, the balancing of the workload, and the minimisation of the total transition times. Lee et al. (2004) considered the problem to minimise the total cost (sum of the operation processing cost and machine, setup and tool change costs). Recently, Kim and Kim (2020) formulated a mixed-integer programming model for a 3D printer-based parallel machine scheduling problem. The model incorporates multiple processing alternatives and sequencedependent preparation times for minimising the makespan. An optimisation method based on

  levels: dry blending operations from SOs extracted from three mines, physical treatment operations (washing plants and calcination, involving alternative routings), and chemical operations. Except for the dry blended, physical and chemical operations depend on the client orders of MO, the chosen routing and the SOs availabilities. Nine features characterise the studied part of the phosphate SC. Moreover, all parameters are deterministic because field surveys show very low variability and high robustness to the quality of SOs about to be used and routings characteristics.

  and outlet flow (3) is made of fine particles transported by gases produced in the calciner. Flow (3) is constrained by a maximum quantity recovered during the warming process. Any product passing through the calciner undergoes the same weight reduction coefficient. The product recovered after the calciner is cooled to be exported by boat to the customer.

Figure3

  Figure3. OCP Gantour Axis flow diagram

  satisfaction in quality Constraints (10) relate the compliance with the client quality charter requirements in the three subsets , and respectively. Field studies show that and , the bounds of the range of weight percentage of component c for MO j, are independent of alternative routing used h, and of the site s where the order is blended. The centre part of each above relation corresponds to the weight of component c in the blend constituting the order k, considering the left part of Constraints (10). The minimum (resp. maximum) weight of each component is determined by (resp.

  Figure 4 illustrates the interdependences between time and routing in the model

Figure 5 .

 5 Figure 5. Scheduling of MO orders at the mining sites and at the treatment plants

  real cost of production of up to 5% (resp. 4%) compared to for (resp.

  It replaces arbitrary used routing, affectation, and schedules of MO orders to the dry blending plants of mines by a more efficient assignment of orders, routings and SOs to use while respecting the MOs quality charts and the best feeding of secondary stocks. It includes a model extension to the calcination blending process that leads to a co-production, never studied in the OR literature. If an SC owns a unique mine, the model remains attractive as it provides the more efficient solution by its optimal joint definition of SOs blends, routings and sequencing of MOs to deliver. This approach is then transposable to numerous other phosphate mining sites where similar problems arise. This model is interesting from an SC perspective: this part of the phosphate supply chain is connected upward to mines and downward to chemical plants. Looking upstream, the model provides, in a few weeks' horizons, the best choice of SOs to bring to the secondary stocks located at the foot of the dry blending plants. Looking downstream, the model provides information to use to reach a better global efficiency of an enlarged SC perimeter, including acid phosphoric' plants, by yielding the loss of efficiency of the studied productive system, induced by an amelioration of the stabilisation of MOs used to produce phosphoric acid, which decreases its production cost (currently in an unknown proportion).The first tests of the proposed global optimisation model are conclusive and show the interest of

  Percentage of component c in the weight of fine particles recovered during the warming process Reduction weight rate of input i when using routing h Reduction weight rate of any MO produced by the calciner Average reduction weight rate of the input I from ST2 stock through warming process Distortion 4 rate of component c in input i using routing h Distortion rate of component c of any MO produced by the calciner Distortion rate of component c of the input I from ST2 stock through the warming

process Boolean parameter equal to 1 if alternative routing h technically exists for MO j Proportion of fines particles recovered during the warming process Maximum rate of the quantity of ST2 stock to be included in the blend at the inlet of the calcination unit Maximum rate of the quantity of the ST2 stock to be included in the co-product blend Proportion of warming process output (calcination) sent as a co-product Inventory parameters Site index of input i. An input is related to a single mine site, if two inputs from two different mine sites have the same chemical characteristics, they are nevertheless considered as two different inputs Maximal stock of input i at the end of any period t in the secondary stock (tons) Capacity on the global storage in the secondary stock of site s (tons) Total minimum stock present in the secondary stock of the site s at the end of period t (tons) Initial stock of input i in the blending zone secondary stock (tons)

  Free cumulative availability of input i at the end of period t in the primary stock, regardless of withdrawals of input i, from the initial stock (tons) Constrained cumulative availability of input i at the end of period t in the primary stock

	(tons)
	Flow rate of the conveyors of site s (tons/day)
	Number of conveyors available during period in site s
	Maximum number of available inputs in the secondary stock at the end of period T in
	site s
	Time parameters

Production time for dry blending of order k in site s with routing h (day) Production time (physical treatment) of order k produced on site s with routing h (day) Earliest end date of fulfilment of order k (day) Latest end date of fulfilment of order k (day)

Share aci (% ) of component c (<5) in the weight of input i c

  

										=5 (unit: ppm)	
				Mine 1				Mine 2	Mine 3		
							Input (SO) i				
												=I)	ςc
		c =1 BPL	50.01 55.87 … 65.5 65.72 59.73 52.67 … 54.69 56.81 … 56.81 48.29	65.6	47.9
	Component c	c =2 CO2 c =3 SiO2 c =4 MgO	3.7 7.74 … 4.61 4.95 7.85 10.33 … 7.79 5.33 … 5.65 24 8 … 8 6 10.59 10.37 … 13.28 11.24 … 15.82 21.5 5.45 0.99 0.65 … 0.65 1.23 0.9 1.12 … 0.97 1.89 … 0.87 1.96	6 6.5 0.7	9 15.5 2
		c =5 Cd/B	7	16 …	13	9	12	15	… 15	16 … 46	22	13	37

Table 2 .

 2 Reduction and distortion rates

Table 3 .

 3 Quality charter

Table 4 .

 4 Problem data: Order specification

	The costs used in the objective function are the following ones:	;	;	,

Reduction rate h h using routing h Distortion rate g ch of component c using routing h Routing h

  

		j =1 (Tess)	j =2 (Stand)	j =3 (Ycc1)	j =4 (Ycc2)	j =5 (G10)
		Internal	Internal	External	External	Internal
	c =1	65.12<b 11 <66.80 65.12<b 12 <66.80	73<b 13 <74.5	72<b 14 <73	65.5<b 15 <66.80
	c =2	5.00<b 21 <6.50	5.00<b 22 <6.50	2.2<b 23 <3	2.2<b 24 <3	6.00<b 25 <6.50
	c =3	5.5<b 31 <8.5	5.5<b 32 <8.5	b 33 <3	b 34 <3	b 35 <6.5
	c =4	b 41 <0.65	b 42 <0.65	b 43 <0.75	b 44 <0.75	b 45 <0.75
	c =5	b 51 <6.50	b 52 <8.00	b 53 <18	b 54 <18	b 55 <18

Constraints on the share bcj (% ) du component c in the weight of output j MO j

  

	Client							
	Component c							
						(T 50) =		
	c B it							
	Order k	1	2	3	4	5	6	7
	MO j = l k	5	2	3	2	4	1	5
	Demand D k	75,000 30,000 20,000 30,000 17,000 30,000 70,000
	Earliest delivery date E k	6	5	9	10	20	22	24
	Latest delivery date L k	34	16	34	42	49	36	49
	Index of order linked to							
	k							

Table 6 .

 6 Optimal values for the execution of MO orders in dry blending and treatment plants

Order k=3 (resp. 5) belonging to the subset and order k=1, (resp. 7) belonging to the subset , are linked orders sharing the same end date.

  Table 4 is 75,000 tons, of which 61,559 tons was coproduced in the calcination unit considering the results presented in

				o skht			ω skht
	Order k	MO j = l k	s Mining site	h sequence Selected operations	Production start date (in dry blending δ skht Production end date (in dry blending	Production end date t of order k (in treatment plants)
					plants)	plants)	
	1	5	Mine 2	3	21	25	34
	2	2	Mine 1	2	1	6	16
	3	3	Mine 3	6	20	27	34
	4	2	Mine 1	2	28	33	41
	5	4	Mine 3	6	29	34	42
	6	1	Mine 1	2	22	27	35
	7	5	Mine 2	3	7	12	42
					2		

http://aeep.eu/data-and-statistics/phosphoric-acid/

. The Office Chérifien des Phosphates (OCP) founded in Morocco in 1920, became in 2008, the OCP Group S.A. owned by the Moroccan Government and the Banque Populaire du Maroc (https://www.ocpgroup.ma/history).
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