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Abstract

We generalize the notion of convexity and average-convexity to the notion of weighted
average-convexity. We show several results on the relation between weighted average-
convexity and cooperative games. First, we prove that if a game is weighted average-
convex, then the corresponding weighted Shapley value is in the core. Second, we exhibit
necessary conditions for a communication TU-game to preserve the weighted average-
convexity. Finally, we provide a complete characterization when the underlying graph is
a priority decreasing tree.

AMS Classification: 91A12, 91A43, 90C27, 05C75.

Keywords: TU-games, convexity, average-convexity, weighted Shapley value, communication.

1 Introduction

We consider a situation where a set of players N = {1,...,n} can cooperate to generate
some profit. It is usually assumed that any coalition S & N of players is feasible and that
the profit generated by the players in S can be freely distributed among them. This kind of
situation corresponds to a cooperative game with transferable utility. One of the key question
in this framework is to allocate to each player his share of the profit generated by the grand
coalition V. Any share of the total worth of N between the n players is called a solution of
the game.

Lots of solution concepts have been introduced and they can be divided in two different
families: single-valued solutions and set-valued solutions. The best-known singled-valued
solution in cooperative game theory is the Shapley value introduced and characterized in
Shapley (1953b). The Shapley value allocates to each player its average marginal contribution
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and is always defined. A typical set valued solution is the core (Gillied (1959)). The core is
the set of allocations that are efficient and coalitionally rational, two particularly desirable
properties in the context of cooperative games. An allocation is efficient if it fully distributes
the worth of the grand coalition N among the n players. Coalitional rationality requires
that for every coalition S the total payoff obtained by S is at least equal to the profit
that it can generate by itself. Hence no coalition can have an incentive to leave the grand
coalition N. Unfortunately, the core of a game may be empty but some properties of the
game can guarantee the non-emptiness of the core and more specifically that the Shapley
value lies in the core.

Shapley (1971) introduced the class of convex games. In a convex game, the marginal
contribution of a player is an increasing function with respect to the coalition size. [Shapley
(1971) showed that if a game is convex, then the Shapley value belongs to the core and
therefore the core is non-empty. In fact, the convexity assumption is very strong and can
be relaxed to ensure that the Shapley value is a core element. [Inarra and Usategui (1993)
introduced a weaker notion than convexity, called average-convexity and proved that it is a
sufficient condition for the Shapley value to be in the core. In the average convexity, one
compares average of marginal contributions instead of comparing directly marginal contribu-
tions. More precisely, for any coalition the sum of the marginal contributions of the players
belonging to this coalition has to be less or equal to the sum of the marginal contributions of
the same players in a larger coalition. Independently, [Sprumont/ (1990) established a result
similar to the one of [narra and Usategui (1993) but in a different framework as he investi-
gated population monotonic allocation schemes (PMAS). In particular, average convexity is
also a sufficient condition for the existence of a PMAS.

By definition, the Shapley value is symmetric between the players. But many situations
like for example players representing groups of individuals or players having different bargain-
ing powers are naturally asymmetric. [Shapley (19534) extended the notion of Shapley value
to weighted Shapley value by considering asymmetric positive weights on the players. Even
more general, [Kalai and Samet (1987) introduced the notion of weight system introducing
different priorities on the players and provided an axiomatic characterization of the weighted
Shapley values. Further results and characterizations of the weighted Shapley values were
proven in Hart and Mas-Colell (1989). Monderer et al. (1992) proved that if the game is
convex, then the weighted Shapley values are in the core (for any weight system). More-
over, they showed that for any game one can obtain all the elements of the core as weighted
Shapley values by varying the weight system.

The first aim of this article is to establish given a weight system a weaker sufficient
condition than convexity to ensure that the weighted Shapley value belongs to the core. To do
so, we introduce the notion of weighted average-convexity generalizing the average-convexity
of Inarra and Usategui (1993). We prove then that it is indeed a sufficient condition.

In many situations, the cooperation of players may be restricted by some communica-
tion or social structures. Then, the worths of coalitions have to be modified to take these
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restrictions into account, leading to the introduction of restricted games. Myerson (1977)
introduced the class of graph restricted games, also known as communication games. In his
framework, one considers an initial game and a communication graph. Players have to be
connected in the underlying graph to be able to cooperate. Formally, the value of a coalition
in the communication game is the sum of the values in the initial game of connected subcoali-
tions. The Myerson value of the game and the communication graph is the Shapley value
of the communication game. |Slikker and van den Nouweland (2000) extended the Myerson
value to weight systems.

A central question is the inheritance of properties from the original game (without the
graph structure) to the associated communication game. For a general overview of inheritance
of properties for communication games we refer to [Slikker and van den Nouweland (2001).
Our focus will be on convexity and its variants. van den Nouweland and Borm (1991) proved
that there is inheritance of convexity if and only if the graph is cycle-complete. |Slikker (1998)
showed that there is inheritance of average convexity if and only if connected components of
the graph are complete graphs or stars.

We investigate the question of inheritance of weighted average-convexity for communica-
tion games. We exhibit necessary conditions on the underlying graph to preserve weighted
average-convexity from any game to the associated communication game.

When there is a unique priority, we prove that the conditions given in Slikkers’s char-
acterization are also necessary using more general counter-examples taking into account the
different weights of the players. In this case we get the same characterization as [Slikker
(1998) for inheritance of weighted average convexity.

When there are more than one priority, we provide necessary conditions. The first condi-
tion is for each subgraph associated with a priority level to be composed of stars or complete
graphs. The second is how two connected components lying in different priority levels are
connected. In the third condition, we analyze how several components can interact with each
other. Finally, we focus on the case where the graph is a tree and the priorities are decreas-
ing along the tree. We provide a full characterization of the class of priority decreasing trees
preserving weighted-average convexity. Informally, such a graph is a succession of stars along
a path and with decreasing priorities from one star to another.

By combining these last results with our first one on the weighted Shapley value, we
obtain sufficient conditions on the game and on the graph to guarantee that the weighted
Myerson value belongs to the core.

The outline of the article is the following. Section ] provides classical definitions in
cooperative game theory, including several equivalent definitions of the Shapley value and
sufficient conditions for it to be in the core. In Section B we recall the definition of the
weighted Shapley value and introduce the notion of weighted average-convexity. We prove
that weighted average-convexity is a sufficient condition to ensure that the weighted Shapley
value belongs to the core (Theorem/[I]). In the next sections we investigate the class of graphs

ensuring inheritance of weighted average-convexity for communication games. Section M pro-
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vides a complete characterization (Theorem[2) of this class in the case of weight systems with
a unique priority. In Section Bl we establish necessary conditions when weight systems have
several priorities (Propositions [7 [ and [@). Finally, we provide a complete characterization
(Theorem []) for the class of priority decreasing trees.

2 TU-games and Classical Shapley Value

2.1 TU-Games

A TU-game is defined by a set of players N and a characteristic function v from 2V to R that
satisfies v() = 0. An allocation is a vector z € RV that represents the respective payoff of
each player. It is said to be efficient if

Z x; = v(N).
€N

and indiwvidually rational if every player receives at least the value that he could guarantee
alone
Vie N, z; = v ({i}).

This last property can be extended to coalitions. An allocation is coalitionally rational if for
every coalition the sum of payoffs of its members is at least the value of the coalition

VS < N, Z:UZ =>wv(5).

€S
The core is the set of efficient and coalitionally rational allocations. Formally,
Clv) = {xeRN, Z x; = v(N), sz > v(S),VS < N} .

ieN ieS
A player i in N is a null player if v(S U {i}) = v(S5) for every coalition S < N\{i}.
A game (N,v) is superadditive if, for all A, B € 2V such that An B = &, v(A U B) >

v(A) +v(B).
For any given subset ¢ = S € N, the unanimity game (N, ug) is defined by

1 ifA>S
A) = -7
us(4) { 0 otherwise.

Let us consider a game (N, v). For arbitrary subsets A and B of N, we define the value
Av(A,B) :=v(Au B)+v(An B) —v(A) —v(B).

A game (N,v) is convez if its characteristic function v is supermodular, i.e., Av(A, B) = 0
for all A, B e 2.
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Shapley (1953b) proved that every cooperative game (IN,v) can be written as a unique
linear combination of unanimity games, v = Y gy As(v)ug, where Az(v) = 0, and for any
S = & the coefficients Ag(v) € R are given by Ag(v) = > pcg(—1)*"0(T). We refer to these
coefficients Ag(v) as the unanimity coeﬂicient of v.

2.2 Shapley value

The Shapley value of (N,v) is a solution concept. In terms of the unanimity coefficients the
Shapley value is given by
)= Y D),
oS
SCSN:ieS
for all i € N. It is equivalent to say that the Shapley value associated to a game (N, v) is a
linear function and that the allocation associated to the unanimity game of set S is

ifie s,

1
)
xXr; = 8
0 otherwise.

Hence, the agents in .S share the utility of 1 in equal shares.

Another definition is based on the following story. Consider that all the players are in
the room. At every stage, one player is chosen uniformly among the remaining players and
leaves the room. When leaving, he obtains as payoff its marginal contribution between when
he was present and when he was not anymore. The Shapley value is its expected payoff.
Formally, let £ be the set of ordered sequences, then define U to be the uniform distribution
over L. Then

B:(v) = By (0({L > i}) —o({L > i})).

where {L > i} (resp. {L > i}) is the set of agents (resp. strictly) after ¢ in the list L, i.e.
{7 €N,L(j) = L(1)} (resp. {j € N, L(j) > L(i)}).

Let us justify this alternative definition. First, the right-hand side is indeed a linear
function of v. Second, let us consider the unanimity game (N,ug). Given an order L, we
define the pivot of S the first occurence of an element of S. Formally, it is the element ¢ of
S such that L(7) is minimal. By definition of ug, the marginal contribution of an agent is
equal to 1 if and only if this agent is a pivot. Hence

Ey (us({L > i}) — us({L > i})) = Py (i is pivot of §) —

S

By symmetry of U, the probability for ¢ to be the pivot of S is % giving the result.

'The As’s are also called Harsanyi dividends in cooperative game theory (Harsanyi, 1963).
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Shapley (1953h) showed that the Shapley value of a convex game belongs to the core.
Looking for a weaker condition insuring that the Shapley value of a game lies in the core,
Inarra and Usategui (1993) relaxed the convexity assumption by introducing the notion of

average convexity.

Definition 1. The game (N,v) is average convex if for every S ¢ T < N,

2, (W(S) —v(S\{i}) < 3 (u(T) — w(T\{i})).

€S €S
They obtained the following result.

Proposition 1 (Inarra and Usategui (1993); [Sprumont (1990)). If the game is average

convezx then the Shapley value is in the core.

3 Weighted Shapley Value and weighted convexity

3.1 Weighted Shapley Value

The notion of Shapley value was then extended in |Shapley (1953a) and in Kalai and Samet
(1987) to weighted Shapley value. In the first one, the weight of each player is strictly positive
whereas in the second one, a player may have a null weight. It is then necessary to define a
weight system to describe how the players with a zero weight would share their contributions
when only them are present.

Formally, a weight system is a pair (w,Y) where w € RL and ¥ = (Ny,..., N,,) is an
ordered partition of V. It is called simple if 3 is equal to the singleton N. m will be the
size of the partition. Given an element 7 in N, we define its priority denoted by p(i) as the
unique integer such that i € Ny;). Given a set S, we define the priority of S, denoted by
p(S), as the largest k € {1,--- ,m} such that N, n .S # . Notice that this coincides with
the previous definition if S is a singleton. Moreover, priority is a nondecreasing mapping.
We also define S as the elements in S with the highest priority, i.e., S = {i € S, p(i) = p(5)}.

Definition 2. The weighted Shapley value with weight system (w, ) is the unique function
from the set of TU-games to allocation such that

e it is linear,

e the allocation of the unanimity game on the set S is defined as follows: for allie N,

wl . . -~
R ifieS
€Tr; = Zi5§ wi? f ’
0 otherwise.

ASprumont! (1990) established the same result. Average convex games are called quasiconvex in Sprumont’s
work.
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In the previous definition, it is interesting to distinguish three sets of agents: S, S — S and

N — §. In the unanimity game with set S,
e agents in IV — S are not contributing to obtain a positive payoff, hence they obtain 0,

e agents in S — S are contributing to obtain a positive payoff but they have low priority,
hence they obtain 0,

e agents in S are contributing to obtain a positive payoff and have the highest priority
inside S, hence they share the total value of 1.

It is convenient for the following results to define the relative weight of the agents in the

unanimity game on S. Given a set S, one defines for all i € NV

Wi ifieg,
W =< 0ifieS\8S,
0ifi¢S.

We also define w°

as the sum for all i € S of wf . Notice that it is equal to the sum of
the weights of elements in S. Moreover, the unanimity games on S and S lead to the same

allocation vector.
Using the decomposition of a game into unanimity games, we obtain that the (w,X)-
weighted Shapley value ®“ of a game (N, v) is defined for all i € N by
w Wy Wi
Y (v) = Z TSAS(U) = Z fs/\S(U)-
W _w
SCN:ieS SCN:ieS
The interesting case is if 7 is in S and not in S. It means that the priority of i is too low

hence, he does not obtain a contribution.

Similarly to the classical Shapley value, a third interpretation can be given to the weighted
Shapley value. Recall that £ is the set of ordered sequences on N. Let P be a probability

over L, one can define an allocation as follows: let

wF (v) = Bp (v({L = i}) —v({L > })).

When P is the uniform distribution, one obtains the classical Shapley value.

Let us now define a probability distribution Py, 5; generating the (w, X)-weighted Shapley

value. We define it by induction:

e Let N be the agents with highest priority in V.
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e Then L(1) is equal to i with probability @ /@". In particular, it is strictly positive if
and only if i has highest priority or equivalently i € N,

e Given L(1) fixed, (L(2),...., L(N)) are defined following the distribution associated to
the projection of (w,X) to N\{L(1)}.

In particular by construction, if 7,5 € N such that p(i) > p(j) then the probability under P
of an order L where j appears before i in the order is equal to 0.

Proposition 2. Given N and P, 5, then W= (v) is equal to the (w,X)-weighted Shapley

value O¥.

Proof. Proof in Appendix [Al O

3.2 Weighted-convexity

In a similar way than the notion of Shapley value has been extended to weight systems, one

can extend the notion of average convexity.

Definition 3. Let (w,X) be a weight system, we say that the game is (w,X)-convex if for
every ScT S N,

€S

(ZMT (0(T) = v(T\{7}) = v(S) +v(5\{i}))> >0 (1)

In particular, notice that if p(S) < p(T), then for every i € S, @] = 0 and the corre-
sponding inequality is satisfied by any game. If ¥ = {N} and if all weights are equal, then
(w, X)-convexity corresponds to average-convexity. Let us also note that if a game is convex
then it is (w, ¥)-convex for any weight system (w, ).

Remark 1. If the game (N,v) contains null players then we can restrict condition (1) to
coalitions S and T excluding null players. We first argue that one can exclude null players
from S and then from T. Ifi € S is a null player then v(T) —v(T\{i}) —v(S) +v(S\{i}) = 0,
hence its contribution is zero. Thus we can assume S without null player. Now, let T be the
set of null players in T. By the previous sentence, we know that S < T\T'. There are two

CasSes:

e if p(T) > p(T\T"), then w;* = 0 for all i in S. Element of S have a too low priority
and the inequality is trivially satisfied and can be forgotten.

e if p(T) = p(T\T"), then one can replace T by T\T".



Documents de travail du Centre d'Economie de la Sorbonne 2022.16

3.3 Results
One obtains the following theorem which extends the result of Iharra and Usategui (1993).

Theorem 1. Let w € RL and ¥ be a partition. If the game is (w,X)-convex then its
(w, X)-weighted Shapley value is in the core.

The first part of the proof is inspired from (Sprumont, 1990). Let (N,v) be a given
game. For any non-empty coalition T < N, we denote by v” the subgame of v induced by
T, ie., vT(S) = v(9) for any S < T. Let ®“(v’) be the (w,X)-weighted Shapley value of
the subgame v’ Define the vector W% = (V) ier,rep(ny Tecursively by

wl wt
4= O () o) + Y Lw
w AW
JeT\{i}
for all i € T, T'e P(N), and setting ¥y =0 for all i € N.
Proposition 3. For all T € P(N), (V< )ier = O (vT).
Proof. Proof in Appendix [Bl O

As a consequence, one obtains the following result.

Proposition 4. Let us denote by % the (w,X)-weighted Shapley value of v, We have

wl wt
i = —p () —v(T\{i})) + > gJT BAYIIL
JET\{i}

forallieT.

Let us now prove the main result.

Proof of Theorem [l We do a proof by induction. If n = 1, the result is true. Let n > 1 and
assume that for all (w,X)-convex games of size n — 1, the result is true. Let us consider a
(w, ¥)-convex game v of size n. We check the condition for ®“ to be in the core. Let T" be a

subset of N. By Proposition [l and by definition of ¥%, we get

2, () = ) Wiy,

€T €T
N —N
W . w
=] —n (v(N) —o(N\{i})) + > w% Nk |
€T keN, k#1

1 DAL RGNS yi=il D YR ¥ | )

€T keN i#k, €T

By Proposition B, we have & (vN\F) = (‘ll;f’N\k)ieN\k and by the induction assumption,
@« (vN'\*) belongs to the core of vV'\*. We distinguish two cases for the sum ik ieT e
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e If k€ T, then one sum for all i € T\k and by induction assumption

D1 Wi = v(T\R). (3)

i#k, €T

Let us note that (3] is satisfied at equality for 7' = N.

o If k¢ T, then one sum for all ¢ € T" and by induction assumption

Z Wiy = o(T). (4)

i#k,i€T

If T'= N, then @) and @) imply >,y ®¥(v) = v(N). Let now T be a strict subset of N.
By @),@), and (], one obtains

Z(I)“’ 7N Z N) —v(N\{i})) Zwva\k Z o o(T

€T €T keT keN, k¢T
Finally, the assumption of (w, ¥)-convexity implies

2@“ 7N Zw ) —v(T\{:})) Zwva\k‘ 2 o o(T

i€T i€T keT keN, k¢T

We now see that the terms v(7'\{i}) are compensated by v(T\{k}), whereas the terms v(T)
are accumulated with a total weight of @'V, hence

D1 (v) = (T

€T

3.4 Link between (w, Y)-convexity and superadditivity

It is well known that average-convexity implies superadditivity (Inarra and Usategui (1993)).
We prove that (w, ¥)-convexity also implies superadditivity when ¥ = {N}. We first establish
a more general result with possibly different priorities which will be also useful in Section [Bl

Proposition 5. Let (N,v) be an (w, X)-convex game. Let us consider S,T,U < N such that
ST =g, UcT and for all se S, p(s) > p(U) and p(s) = p(T') then

v(SuT)—v(T)=zv(SuvU)—ov). (5)

Proof. The proof is by induction on |S|. If |S| = 1, then we set S = {i} and (w, ¥)-convexity
applied to 8" = {i} VU < T" = {i} u T implies

o (v({i} 0 T) = o(1)) > @] (v({i} L U) = o(U)).

10
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By assumption on the priorities, we have p(i) = p(T") hence @! > 0 and one can divide the
inequality by @! > 0. We obtain that (5) is satisfied for |S| = 1.

Let k be a given integer with k > 1. Let us assume () satisfied for any triple S,7,U < N
such that SN T = @, U < T, and for all s € S, p(s) > p(U), p(s) = p(T), and |S| = k.
Let us consider S,T,U < N such that SnT = ¢, U < T, and for all s € S, p(s) > p(U),
p(s) = p(T), and |S| = k+ 1. Let us set wlo.g. S = {1,2,...,k+ 1}. (w,X)-convexity
applied to S U U < § u T implies

k+1 k+1

Z w; 2 (u(S U T) —v((S\{i}) Z w “F (WS v U) —u((S\{i}) v U)). (6)

We do not need to consider other element in S U U since all elements of U have too low
priorities. By induction hypothesis, we have

v((S\{i}) v T) = o(T) = v((S\{i}) v U) = v(U),

for all i € {1,2,...,k + 1}. Multiplying each inequality by E;TFUS and adding them to ([6)), we

get
k+1

k+1
Z*Tus (SuT)—o() = Y @ ¥ (w(S uU) —v(l)). (7)
i=1

This implies (B and proves the result at the next step of the induction. By the principle of
induction, the result is true for every set S. O

We obtain as a particular result that the value function v is superadditive if there exists

only one partition.
Corollary 1. Let (N, v) be an (w, X)-convex game such that ¥ = {N}, then v is superadditive.

Proof. Let us consider S,T < N such that S nT = ¢J. Taking U = ¢, the conditions of
Proposition [ are satisfied for any pair of sets. We obtain

W(S UT) —o(T) = v(S) — v(D). (8)

The game is superadditive. O

4 Weighted-convexity and Communication game : The sin-
gleton case
We now consider TU-games with a communication graph G = (N, E). Let (IV,v) be a TU-

game. We define its restriction to the communication graph G = (N, E) as the TU-game

with characteristic function

AeCa(S)
where C(S) is the set of all connected components of the induced graph (S, E¥) where only
nodes in S and edges with both end-nodes in S remained.

11



Documents de travail du Centre d'Economie de la Sorbonne 2022.16

Definition 4. Let (w,X) be a weight system. We say that a graph G = (N, E) preserves the
(w, X)-convezity if for every game (N,v) that is (w,X)-convex then the communication game

(N,v%) is also (w, X)-convex.

We want to investigate what type of graph preserves the (w,Y)-convexity as a function
of w and X. ISlikker (1998) shows that a connected communication graph preserves average
convexity if and only if it is a complete graph or a star. If the graph is not connected, the
condition becomes for each connected component to be a complete graph or a star. In our
formalism, it corresponds to the case where ¥ = {N} and w is a constant vector. In order
to prove this result, he shows that a graph G preserving average convexity has to satisfy the
following conditions:

1. G has to be cycle-complete and,
2. G cannot contain the following subgraphs: a 4-path and a 3-pan.
The formal definitions of these notions are the following.

Definition 5. We say that a cycle C = {v1,e1,v3,€2,...,Um,em,v1} in a graph G = (N, E)
is complete (resp. non-complete) if the subset {v1,va,... vy} S N of nodes of C' induces a
complete (resp. non-complete) subgraph in G. A graph G = (N, E) is cycle-complete if any
cycle C in G is complete.

Definition 6. A graph G = (N, E) admits a 4-path subgraph if there exist i,j,k,l € N such
that

o {i,j}, {4k}, {k, 1} e E
e any other link between {i, j, k,l} is absent:
A graph G = (N, E) admits a 3-pan subgraph if there exists i,j,k,l € N such that
o {i,7},{j,k},{k,i} e E and {l,i} e E
e any other link between {i,j,k,1} is absent:
Notice that in both cases, j and k have degree 2 in the subgraph induced by {1, j,k,l}.

A 4-path and a 3-pan are represented in Figures [[al and [ID respectively.

Let us start with the simple case where ¥ is a singleton, i.e., ¥ = {N}. Then all players
have the same priority and we will prove that we obtain the same characterization as [Slikker
(1998) for inheritance of average convexity. Let us note that, as all players have the same

T

priority, we have w;* = wj; for any player ¢ € T' < N throughout this section. Hence, the

difference with ISlikker (1998) is the non homogeneity of the weights.

12
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@\@

(b) 3-pan.

O—0—0—-0 ©

(a) 4-path.

Figure 1

Theorem 2. Let G = (N, E) be a connected graph and let (w,X) be a weight system with
Y = {N}. Then the following properties are equivalent.

1. G preserves (w, X)-convezity.

2. (a) G is cycle-complete.
(b) There is no restricted subgraph that is a 4-path or a 3-pan.

3. G is a complete graph or a star.

The equivalence between Conditions 2] and Bl in Theorem 2] was already established
in ISlikker (1998).

Remark 2. In fact, it is enough to establish the necessity of Condition (resp. Condi-
tion [28) in Theorem [3 for a graph that is exactly a non-complete cycle (resp. a 4-path or a
3-pan). For a graph containing one of these graphs as subgraph, one can consider a game
where only agents involved in the specific subgraph contribute to the utility and all remain-
ing agents are null players. By Remark [, such a game is (w,X)-convex if its restriction to

players in the non-complete cycle (resp. 4-path or 3-pan) is (w,X)-conver.

Let us establish three intermediate results before proving Theorem 2t a counter-example
if the graph is not cycle-complete, a counter-example if the graph is a 3-pan (or a 4-path)

and a proposition for stars.

Example 1 (Weighted Non-complete cycle). Let C' = {1,e1,2,€e9,...,m,€ey,1} be a non-
complete cycle in G and let [* be a node of C. Let j and k be the neighbors of I* in C' and
let us assume {j,k} ¢ E. We consider the convex game (N, v) defined by v(S) = |S| — 1 for
all S € N, S = . As (N,v) is convex, it is also (w, ¥)-convex for any weight system (w, 3).
Let us consider S = {j,1*,k} and T' = V(C) as represented in Figure 2 We get

D lwi(w(S) = v (S\{i})) = wj + 2wpx +wp > wj + wix + wp = Y wi(0(T) = vE(T\{i})).
€S €S

This contradicts (w, X)-convexity of the communication game (N, v%).

13
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Figure 2: Non-complete cycle C, {j,k} ¢ E.

As a Corollary of this example, one recovers the necessity for the graph to be cycle-
complete. Indeed, if the graph is not cycle-complete, one can consider the smallest cycle that
is not complete. By minimality, there exists three nodes {*, j and k such that j and k are
neighbors of [* in C and {j, k} ¢ E. We choose the previous formulation since it will be closer
to the general result with priorities.

The second counter-example shows that a graph preserving (w, ¥)-convexity cannot con-
tain a 3-pan subgraph. Our example is different and much more general than the one given
by ISlikker (1998) for average convexity since it needs to take into account the different
weights. We present the counter-example here and highlights only that the communication
game is not weighted average convex. This counter-example will be also used later in a more
general version when agents have different priorities. Checking all the inequalities to establish
(w, X)-convexity of the game will be done in the Appendix in the general case with priorities.

Moreover, we show thereafter that the game considered in this example also gives a
contradiction to inheritance of (w, ¥)-convexity if the graph contains a 4-path.

Example 2 (3-pan). Let us assume that there are only 4 nodes denoted by {1,2,3,4}. The
graph G is a 3-pan such that 4 has degree 2 as represented in Figure Bl We assume that all

Q\@%

©

Figure 3

nodes have the same priority. Let us prove that there is no conservation of (w, ¥)-convexity.

14
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Define

w w
X=max<1+2,1+3>,
Wy Wy

Y =1+

Wy
L Xevels o
wo + w3 + Wy
O0=7+X-1.

We consider the following game (N, v) and the communication game (N,v%) induced by
(N,v) and the communication structure given by G.

(X if § = {1,4) or {1,2,4}, (X if § = {1,4) or {1,2,4},

Y if S = {3,4}, 0if S = {3,4},
U(S):<X+Y—1if8={1,3,4}, o9 (8) = X if S ={1,3,4},

Z if S ={2,3,4}, Z if S ={2,3,4},

O if S = N, OifS=N

L0 otherwise. k0 otherwise.

We represent in Figure [ the lattices of coalitions of {1, 2, 3,4} ordered by inclusion for (IV, v)
and (N, v%) with the corresponding values. Let us state a few facts.

Figure 4

The game (N, v) is not convex but is (w, X)-convex

A detailed proof for the general case with priorities is provided in Appendix
The communication game (N, v%) on the 3-pan is not (w, ¥)-convex:

15
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Let us insist on the the coalitions whose value changed compared to the original game

(N, v)
o the value of {3,4} changes from Y to 0 hence loosing Y,
e the value of {1, 3,4} changes from X +Y — 1 to X hence loosing Y — 1.

The key element is to notice that the value of {1,3,4} is loosing less than the value of
{3,4} which allows for a contradiction to (w, ¥)-convexity. Let us prove that (N,v%) is not
(w, X)-convex. We consider S = {2,3,4} and T'= N:
Dwi(wh(S) —v9(S\i) = (w2 +ws+ws)Z, (9)
€S
whereas
Dwiw(T) = vE(T\i)) = wa(® = X) +ws(0 = X) +wa(© - 0),
€S
= (w24 ws+ws)Z —wy—ws+ws(X —1). (10)
By definition of X, we have either —wg +w4s(X —1) =0 or —w3 +wg(X —1) =0. Aswy >0
and w3 > 0, we get in both cases
2, wi(v(T) = v (T\D)) < Y wi(v(S) —vC(S\i)),
ieS €S
a contradiction to (w, 3)-convexity.

Remark 3. Although Example [2 is designed for a 3-pan, it is also valid for a 4-path. Let
us consider the 4-path corresponding to {1,4,2,3} as represented in Figure [A. In this case,

O-0—0-0

Figure 5: 4-path {1,4,2, 3}.

G associated with the 3-pan. Indeed,

the communication game is equal to the previous game v
starting from a game (N, v), the only differences between the communication games associated
with the specified 3-pan and 4-path are potentially the values of {1,2,3} and {1,2}. In the
3-pan, it is equal to the value v({1,2,3} (resp. v({1,2}) whereas in the 4-path it is equal to
v({1}) + v({2,3}) (resp. v({1}) + v({2})). By construction, these values are all equal to 0 in

Ezample[d, hence it is also a counter-example to inheritance of (w, X)-convezxity for a 4-path.

Remark 4. In order to obtain a counter-example for another 3-pan or 4-path, one exchange

the role of the players.

Finally, Slikker (1998) established that there is always inheritance of average-convexity if
the underlying graph is a star. It can be easily seen that this result is more generally valid
for (w, X)-convexity if ¥ = {N}.

16
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Proposition 6. A star graph preserves (w,X)-convezity for any weight system (w,X) with
Y = {N}.

We omit the proof of Proposition [l as the result can be straightforwardly obtained from
the proof given in |Slikker (1998)@ replacing average convexity by (w, X)-convexity.
We can now prove Theorem [2l

Proof of Theorem[d. Bl = [l Let us consider a graph G = (N, E) corresponding to a star or

G = p and

a complete graph and let (N, v) be an (w, ¥)-convex game. If G is complete then v
(N,v%) is (w, ¥)-convex. If G is a star, then (N,v%) is also (w, X)-convex by Proposition Bl
1= By the previous examples, a graph preserving (w, ¥)-convexity has to be cycle-
complete and it cannot contain any 4-path or 3-pan.
= [3] Following ISlikker (1998)@, we know that the only connected cycle-complete

graphs that do not contain any 4-path or 3-pan are the star and the complete graphs. ]

As the characterization given in Theorem [2]is the same established by ISlikker (1998) for
inheritance of average convexity, we get that the class of graphs preserving (w, X)-convexity
is equal to the class of graphs preserving average convexity when ¥ = {N} .

Corollary 2. Let G = (N, E) be a connected graph. The following properties are equivalent:
1. G preserves average convezity.

2. G preserves (w, X)-convezity for any weight system with ¥ = {N}.

5 Weighted convexity and Communication game: The case

with several priorities

The situation with several priorities is much more complex. We will see that the previous
conditions are also necessary in the presence of priorities but only for specific subgraphs of G.
In particular, whereas in [Slikker (1998) all nodes have the same behavior, it is not the case
anymore and we will need to precise the role of each node in each configuration.

We will start by presenting examples similar to Examples[I] and 2] where priorities are now
taken into account. Then, we deduce from these examples some necessary conditions on the
structure of the graphs. Finally, we provide a complete characterization in the special case
of tree graphs satisfying the additional condition that the priorities are inducing a hierarchy
in the trees.

3Theorem 3.2 in [Slikker (1998).
“Lemmas 3.1 and 3.2 in [Slikkerl (1998).
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5.1 Examples with priorities
5.1.1 Cycles and Chords

The first example focuses on cycles. We show that the neighbors of a node with maximal

priority in any cycle have to be linked.

Example 3 (Weighted Non-complete cycle with priorities). Let C = {1,e1,2,e2,...,m, e, 1}
be a non-complete cycle in G and let [* be a node of C' satisfying

p(l*) = p(V(C)).

Let j and k be the neighbors of [* in C' and let us assume {j, k} ¢ E. We consider the convex
game (N,v) defined by v(S) = [S|—1forall S< N, S = . As (N, v) is convex, it is also
(w, X)-convex for any weight system (w, ). Let us consider S = {j,1*,k} and T = V(C) as
represented in Figure[ll We get

Figure 6: Non-complete cycle C, {j,k} ¢ E, p(I*) = p(V(C)).

Dl (9 (S) = v (S\{i}) = w + 2wk + Wi > w] +wh +wl = w] (E(T) =Y (T\{i})).
€S €S

This contradicts (w, X)-convexity of the communication game (N, v%) as p(I*) = p(T).

5.1.2 3-pan

The aim of this section is to exhibit a counter-example for the 3-pan as depicted in Figure

under the following condition on the priorities:

p(2) = max(p(1), p(4)) = p(3). (11)
The counter-example is the following.

Example 4 (3-pan). Let us assume that there are only 4 nodes denoted by {1,2,3,4}. The
graph is a 3-pan such that 4 has degree 2 as represented in Figure[[l We assume

p(2) = p(4), p(4) = p(1) and p(4) = p(3).

18
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Q\@

O,

Figure 7

Let us prove that there is no conservation of (w, 3)-convexity. Let us define

X:mw<LH”J+wﬂ,

wq w4y
Yy =142
w4
Z=X+2Y+ﬂ—aﬁ[w1X—w1,
wg + w3 + wy w4
O=7Z+X-1,

where

0 otherwise.

. { 1 ifp(2) = p(4) > p(3).

We consider the following game (N,v) and the communication game (N,v%) induced by

(N,v) and the communication structure given by G.

ap(X —1)if S = {1,2,3}, (a,(X —1)if § ={1,2,3},
X if § = {1,4}, X if § = {1,4},
apY if S = {2,4}, apY if S = {2,4},
Y if S = {3,4}, 0if S = {3,4},
v(S) = § X +a,(Y —1)if S = {1,2,4}, vO(S) =3 X +a,(Y —1)if S = {1,2,4},
X+Y —1ifS={1,3,4}, X if S = {1,3,4},
Z if S = {2,3,4}, Z if S = {2,3,4},
0Qif S = N, 0 if S = N,
| 0 otherwise. | 0 otherwise.

Let us note that this game corresponds exactly to the game given in Example 2] if oy, = 0.

We represent in Figure [ the lattices of coalitions of {1, 2, 3,4} ordered by inclusion for (N, v)

and (N,v%) with the corresponding values. Let us establish a few facts.

The game (N, v) is not convex but is (w, 3)-convex

A detailed proof for the general case with priorities is provided in Appendix
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Figure 8

The communication game (N,v%) on the 3-pan is not (w, ¥)-convex:

Let us insist on the coalitions whose value changed compared to the original game (N, v)
e the value of {3,4} changes from Y to 0 hence loosing Y,
e the value of {1, 3,4} changes from X +Y — 1 to X hence loosing Y — 1.

The key element is to notice that the value of {1, 3,4} is loosing less than the value of {3,4}
which allows for a contradiction to (w, ¥)-convexity. Let us consider S = {2,3,4} and T' = N:

dwi (@O(S) —v(S\i) = wi(Z—0)+wi(Z—aY)+wi(Z-0), (12)
€S
whereas
Zw?(vG(T) —09(T\i) = wiO®-X)+wl(O®-X - ap(Y = 1)) + wji (0 — ap(X — 1))
€S

= WwW(Z-1D)+wl(Z—-a0Y —(1-ayp)
+wl(Z + (1= ap)(X = 1)). (13)

If o, = 1, we get a contradiction as 2 has maximal priority. If a;, = 0, then (I2)) and (T3]

are equivalent to

Dl (09(8) =0 (S\) = (g +wj +wi)Z, (14)
€S
and
Dlwl () = (T\D) = (w) +wj +w))Z —w) —wj +wy (X —1). (15)

€S
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Let us first assume p(4) < p(N). Then we have w! = 0 and get a contradiction as p(2) =
p(N). Let us now assume p(4) = p(N). By assumption and as o, = 0, we also have
p(3) = p(N). Then, by definition of X, we get either —w? +w! (X —1) = —wo+wy(X —1) =0
or —wl +wl (X —1) = —w3 + ws(X — 1) = 0. In both cases we still obtain a contradiction.

By symmetry of 1 and 4, interverting 1 and 4 in Example [, we also get a contradiction

if max(p(1),p(4)) = p(1). Thus we have a contradiction on the 3-pan for any weight system
satisfying (1.

Remark 5. Example [{] can be extended to the 4-path if o, = 0 but not if o, = 1. Let us
consider the 4-path corresponding to {1,4,2,3} as represented in Figure [d. Starting from
a game (N,v), the only differences between the communication games associated with the
specified 3-pan and 4-path are the values of {1,2,3} and {1,2}. In the 4-path, the value of
coalition {1,2,3} (resp. {1,2}) is equal to v({1}) + v({2,3}) = 0 (resp. v({1}) +v({2}) = 0).
(12) is not modified and (13) becomes

Ew;f(vG(T) —0%(T\i) = wiO—-X)+wl(©®—-X—a,(Y —1)) +w!(©—0)
i€S
= W (Z-1)+w3(Z—pY = (1-q))
+wl(Z + X —1). (16)

If ap = 0, then (I2) and (18) are equivalent to (I4) and (13) and we get the same contradic-

tion as before. If ayy = 1, then we would need wy > w4(X — 1) to get a contradiction. This is
not possible as X = 1 + :’—i by definition.

5.1.3 4-path

The aim of this section is to exhibit a counter-example for the 4-path as represented in
Figure @ under the following condition on the priorities:

O-0—0-0

Figure 9: 4-path {1,4,2, 3}.

min(p(2), p(4)) = max(p(1),p(3)). (17)
Depending on the precise order of priorities, several counter-examples are necessary.

e Assume that
p(2) > p(4) = max(p(1),p(3))-

By Remark bl and as oy, = 0, Example @] provides a counter-example.
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e Assume that
p(2) = p(4) = max(p(1),p(3)).
We have two cases that are similar up to permutation of the roles. If p(3) = p(1), then
Example [ still provides a counterexample by Remark [bl and as «,, = 0. If p(1) > p(3),
one can intervert at the same time the role of 2 and 4 and the role of 1 and 3 to obtain

a counterexample.

e Finally, assume that
p(2) = p(4) > max(p(1), p(3)).
One needs a new counter-example. Example Bl will be our counter-example.

By symmetry of 2 and 4, one obtains a counterexample for any weight system satisfying (I7]).

Example 5. We consider the following game (N, v) and the communication game (N, v%)
induced by (IV,v) and the communication structure given by G.

5y | TS € L AL (3,41, 11,2,4), (1,8, {2,3,4), V),
v =
0 otherwise.

1if S e {{1,4},{1,2,4},{1,3,4},{2, 3,4}, N},

0 otherwise.

We represent in Figure [I0 the lattices of coalitions of {1,2,3,4} ordered by inclusion for
(N,v) and (N, v%) with the corresponding values.

(a) (N, v). (b) (N, v%).

Figure 10

We establish the following facts under the assumption that p(2) = p(4) > max(p(1),p(3)).
The game (N, v) is not convex but (w, ¥)-convex: See the proof in Appendix

The communication game (N, v%) is not (w, ¥)-convex:

Let us insist on the coalitions whose value changed compared to the original game (N, v)

22



Documents de travail du Centre d'Economie de la Sorbonne 2022.16

e the value of {3,4} changes from 1 to 0,

o the value of {1,2,3} (resp. {1,3,4}) becomes equal to the value of {2,3} (resp. {1,4})
and therefore stays equal to 0 (resp. 1).

Let us prove that (N,v%) is not (w, ¥)-convex. We consider S = {2,3,4} and T = N:

D wf ((S) —v9(S\i) = wi +wj +wy,
€S

whereas

D] (WE(T) = v (T\i) =wi (1 - 1) + wi (1= 1) + w] (1-0) = wy.

€S
As p(2) = p(N) > p(3), we have wl = 0 but wl = 0 implying a contradiction to (w,%)-
convexity of (N, v%).

5.2 Necessary conditions

We now establish several necessary conditions based on the previous counter-examples and
the result for the singleton partition. Example Bl implies directly the following result.

Lemma 1. Let (w,X) be a weight system and let G = (N, E) be a graph preserving (w,X)-
convexity. Let C' be a cycle in G and let j be a node of C. Leti and k be neighbors of j in C.
Ifp(4) = p(V(C)) then {i,k} € E.

Remark 6. Let us note that if all nodes in C have the same priority then Lemma [l implies
cycle-completeness of C'.

Based on the previous section on singleton partition, a necessary condition is for each
level of priority to be composed of disjoint complete subgraphs or stars.

Proposition 7. If a graph (N, E) preserves the (w, ¥)-convexity, given a priority k, the set
of players of priority k corresponds to a collection of disconnected star/complete subgraphs.

The proof relies on showing that there exists no non-complete cycle, no 3-pan, and no
4-path but not directly in the original graph but in a family of graphs constructed by taking
into account the different priorities.

Proof. Fix a priority £ and INj the set of players in layer k. If the connected components
of G are not complete graphs or stars, then GG contains a subgraph Gr corresponding to
a non-complete cycle or a 4-path or a 3-pan. We can consider one of the games defined in
Examples [1l or 2 and extend it to N by taking all remaining players as null players. By
Remark [T, the resulting game is (w, ¥)-convex. As all nodes of G}, belong to the same layer,
we still get a contradiction to (w, 3)-convexity of the communication game as in the case of
a single partition. O
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Remark 7. Let us insist that when restricting to the set of players in layer k, one can loose
the connectivity. Hence a priori the set of players of priority k may be composed of several

stars and/or complete subgraphs.

Moreover the connection between two such components in different layers depends on the

type of the component of larger priority.

Proposition 8. Let (w,X) be a weight system and (N, E) be a graph preserving the (w,X)-
convezity. If a player s of priority k is connected to a player a in a layer with higher priority

then one of the following statements is satisfied

e a is part of a complete component K in the graph restricted to its priority and s is then
connected to each node of K,

e a is the center of a star S in the graph restricted to its priority and s cannot be linked
to any leaf of S if |V(S)| = 3.

Remark 8. Connected component with one or two nodes play special roles. Indeed a con-
nected component of size one is at the same time a star with no leaf and a complete component.
Similarly, a connected component of size two is at the same time a star centered on one of
the two nodes, a star centered on the second one and a complete component.

Proof. Let s be a player of priority k£ connected to a player a of priority ¥ > k. Let C,
be the connected component of G/ containing a. By Proposition [7 it is necessarily a star
or a complete component. We can assume that C, contains at least three nodes otherwise
Proposition B is trivially satisfied.

By contradiction, let us assume that a is not the center of a star and not part of a complete
component. Then C, is a star and « is a leaf of this star. Let ¢ be the center of C, and
let b = a be another leaf. Then {s,a, ¢, b} corresponds to a path in G (but not necessarily a
4-path as some more edges between nodes s, a, ¢, b could exist). As C, is a star, there is no
edge linking a and b. We now distinguish several cases:

e Let us assume s non-connected to b. If s is not connected (resp. connected) to ¢ then
{s,a,c,b} corresponds to a 4-path (resp. 3-pan) as represented in Figure [[Tal (resp.
Figure[I1D]) and one can use Example @ to get a contradiction (s playing the role of 1).

e Let us now assume s connected to b. If s is not connected (resp. connected) to c,
then we have a non-complete cycle as represented in Figure [[2al (resp. Figure [12h]) and
Example Bl gives a contradiction considering ¢ as the key node with high priority.

Let us now turn to the case where C, is a complete component.
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(a) {s,c} ¢ F and {s,b} ¢ E. (b) {s,b} ¢ E.

Figure 11: k < k'

(a) {s,c} ¢ F and {s,b} € E. (b) {s,c} € E and {s,b} € E.

Figure 12: k < k'.

e Assume that there is exactly one node in C, that is not linked to s denoted by ¢. Let b
be a node of C, different from a and t as represented in Figure [3al Then {s,a,t,b, s}
corresponds to a non-complete cycle (as {s,t} ¢ F) and Example[3 gives a contradiction
with a as the key node with high priority.

(b) {s,c} ¢ E and {s,b} ¢ E.

Figure 13: k < k'

o Assume that there exist at least two nodes b and ¢ in C, that are not linked to s as
represented in Figure[I3Dl Then {s, a,b, ¢} corresponds to a 3-pan where s has degree 1,
and Example M gives a contradiction where s plays the role of 3 with a strictly lower
priority. ]

We now investigate how the presence of other layers impact what happens on a layer of
priority k. We establish that if a graph preserves (w, ¥)-convexity, then there are important
restrictions on connected components simultaneously linked to a connected component lying
in a higher layer.
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Proposition 9. Let (w,Y) be a weight system with at least two priority levels and let G =
(N, E) be a graph preserving (w,X)-convexity. Let k, k', k" be priority levels with k < k' <
K". Let Cy (resp. C3) be a connected component of Gy (resp. Gy) linked to a connected
component C of Gpr. Then the following statements are satisfied:

1. There exists a node i in C such that Cy and Cy are both linked to i.
2. If there is no link between C1 and Co then

(a) Csy is a singleton.

(b) C is a star and Cy is linked to C only at its center c.

(c) Cy is linked to C only at its center c.

(d) Cy cannot be linked to connected components of a lower layer.

(e) There is no path linking C1 to Cy that does not pass through c.

3. If there exists a link between Cy and Cy, then we have k < k' and there exists a node ji
(resp. j2)in Cy (resp. Cy) such that {i, j1,j2,1} is a triangle. Moreover, any component
C3 linked to C belonging to a layer with priority | < k' is linked to j1 and jo and we
necessarily have 1 ¢ {k,k'}.

Proof. Let us consider €7 and Cs linked to C.

0 Let us assume that C; and Cy are not linked to a common node in C. Then, by
Proposition 8, C' is necessarily a star of size 2. Let i1, i3 be the two distinct nodes of C' and
let ji (resp. j2) be a node in C; (resp. C3) such that {i1,j1} € E (resp. {i2,j2} € F) as
represented in Figure M4l {ji,i2} and {jo,%1} cannot exist otherwise C; and Cy would be

Figure 14: k < k' < k".

linked to a common node in C. If {ji,jo} ¢ E, then {j1,4i1,i2,j2} corresponds to a 4-path
where i1 and 79 have highest priority and Example Bl gives a contradiction to inheritance of
(w, X)-convexity. If {j1,j2} € E, then {j1,11,12, jo} corresponds to a 4-cycle where i; and o
have highest priority and Example Bl implies {j1,i2} € E and {js2,41} € F, a contradiction.

We assume that there is no link between C7 and Cs.

[2al By contradiction, let us assume that Cs is not a singleton. Let i be a node in C' and j;
(resp. j2) be anode in C; (resp. C3) such that {i,j1} € E (resp. {i,j2} € E). As |[V(C2)| = 2,
there exists a node la = jo in Co such that {js,lo} € E. If {i,l2} ¢ E (resp. {i,la} € E),
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then there exists a 4-path (resp. 3-pan) as represented in Figure [[5al (resp. Figure [I5D)
with p(i) > p(j2) = p(l2) = p(j1). Then Example [ gives a contradiction to inheritance of

Figure 15: k < k' < k".

(w, X)-convexity. Thus Cs is a singleton.

[2b] Let us prove that C is necessarily a star and that Cs is linked only to the center of C.
Let us first consider |V (C)| = 2. Let us set V(C) = {i1,42}. By Statement [Il we can assume
w.l.o.g. that j; and js are both linked to 41. If j; is linked (resp. non linked) to is and js non
linked (resp. linked) to iy as represented in Figure [[6al (resp. Figure [[6D]) then {i1, jo, 72, j1}
corresponds to a 3-pan and Example [ gives a contradiction. If j; and jy are linked to i

as represented in Figure [I6d then {i1, j2, 42, 1,71} corresponds to a non-complete cycle and

(a) {jl,iQ}EE. (b) {jg,iQ}EE. (C) {jl,ig}GEaHd {jQ,iQ}EE.

Figure 16: k < k' < k", Cy singleton, Cy = {j2}.

Example Bl gives a contradiction. By considering that C is a star with center ¢ = i1, we get
the result. Let us now consider |V (C)| > 3. Let us assume that C' is a complete component.
By Proposition 8 j; and js are linked to all nodes of C. Let i1 and is be two nodes of C.
Then {i1,1i2, j1, j2} corresponds to a non-complete cycle as in Figure [[6d and Example 3] still
gives a contradiction. Finally, Proposition 8 implies that C'is a star and that jo is only linked
to its center c.

[2c] Let us now prove that Cj is linked to C only at its center c¢. If |[V(C)| > 3, then
Proposition B implies the result. Let us assume |V(C)| = 2 and let i = ¢ be the leaf node
of C. If j1 is linked to s, then the situation is equivalent to the one represented in Figure [I6al
setting i1 = ¢ and we get the same contradiction as before. Let us assume |V(C)| = 2 and
let us consider j3 € V(C1) with j3 = ji. Let us assume js linked to is as represented in
Figure 7l As C} is connected, there exists a path P linking j; to js. Then P u {j3,i2,¢,71}
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Figure 17: k < k' < k”, C4 singleton, Cy = {ja}.

corresponds to a cycle. As p(c) = k", Example B implies {j1,i2} € E, a contradiction.

2d] Let us now prove that Co cannot be linked to components in lower layers. By contra-
diction, let C3 be a connected component in a layer with priority lower than &’ linked to Cj.
Let js be a node in C3 such that {j2,j3} € E. Let us first assume {c, j3} ¢ E. If {j1,j3} € E
(resp. {j1,j3} ¢ E), then {j1,c, jo, j3} corresponds to a non-complete cycle (resp. a 4-path)
as represented in Figure [[8al (resp. Figure [I8D]) where ¢ has highest priority and Example

k// k//

R R

k ‘; k @
|

(a) {j1,js} € E. (b) {j1,Js} ¢

O

S|

Figure 18: k < k' < k", l <k, and {c, js} ¢ E.

(resp. Example[]) gives a contradiction. Let us now assume {c, js} € E. Then we have either
a non-complete cycle or a 3-pan and we get contradictions as in the previous case.

2el By contradiction let us assume the existence of a path linking C7 to Cs and that
does not pass through c. Then we can select a shortest path P linking j; to jo and not
containing ¢. Then T' = P U {j1, ¢, j2} corresponds to a cycle. If p(c¢) = p(T), then Example
implies {j1,jo} € F, a contradiction. Otherwise, let i’ be a node of P satisfying p(i’) = p(T).
Let us note that we necessarily have i’ ¢ {j1,72} as p(j1) = k < k' = p(j2) < ¥” = p(c). Then
Example [3 implies the existence of an edge linking the neighbors of i’ in the path P. This
contradicts the minimality of P.

[B] Let us now assume the existence of a link between C7 and Co. We necessarily have
k < k'. Let us consider i € C' and j; € C; (resp. jo € C) with {i,j1} € E (resp. {i,j2} € E).
Let us assume {j1,j2} ¢ E. By the existence of a link between C) and Cj, there exists a
path P linking j; to jo and passing only through C7 and Cy as represented in Figure [[9al
Example [ applied with the cycle formed by {i,j1} U P U {j2,i} implies {j1,j2} € E, a
contradiction. Therefore, we necessarily have {ji,j2} € E.

Let us assume C linked to a component Cs different from C7 and Cs. Let us assume that
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% (X (X~

o BN (] Rm,
O o ® o @

(a) {j1,72} ¢ E. (b) {j1,je} e B, I < K. (c) {j1,je}t e B, I < K.

Figure 19: k < k' < k”.

(3 belongs to a layer with priority [ < &’. Let j3 be a node of C3 linked to i as represented
in Figure [90] with | = k. If {jo,j3} ¢ E, then Example @ gives a contradiction. Thus we
necessarily have {js,j3} € E as represented in Figure [9d Then {i,j1,j2, 73,4} is a cycle
where i has highest priority and Example Bl implies {j1,j3} € E. O

As a direct consequence of Proposition [0 we get the following result.

Lemma 2. Let (w, ) be a weight system with at least two priority levels and let G = (N, E)
be a graph preserving (w, X)-convexity. Let k, k" be priority levels with k < k'. Let Cy and Cy
be connected components of Gy, linked to a connected component C of Gy. Then C' is a star
and C1 and Cy are necessarily singletons linked only to the center of the star. Moreover, Cy
and Cy cannot be linked to conmected components of a lower layer.

5.3 Necessary and sufficient conditions for Priority-decreasing trees.

We now investigate a special type of graphs.

Definition 7. Let (w,X) be a weight system. We say that a graph G = (N, E) is an (w,X)-

priority-decreasing tree if
o G is cycle-free,

e There exists a root v such that the priorities are decreasing for the tree-order generated
from r.

We give in Figure 20 examples of (w, ¥)-priority-decreasing trees. The following theorem
provides a characterization of priority-decreasing trees preserving (w, ¥)-convexity.

Theorem 3. Let (w,Y) be a weight system and G = (N, E) be an (w, X)-priority-decreasing
tree. We denote the priorities by 1 to k from low to high priority. The following statements

are equivalent:

1. G preserves (w, X)-converity.
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Figure 20: (w, X)-priority-decreasing trees with root 3.

2. There exist m = 1 and a strictly decreasing subsequence of priorities (ki)1<i<m Such

that:

(CL) kl = E:

(b) For all | with 1 < 1 < m, the graph restricted to the set of nodes with priority
between k; and k41 + 1 is a star denoted (N, Ey) (setting k11 = 0),

(¢) The center of (Ny, E;) denoted ¢; has priority ki,

(d) If m = 2, then for all Il with 1 <1 < m — 1 there is exactly one edge e; linking
(N, Ep) to (Niy1, Ei11), and e; connects a node of priority ki1 in Niy1 to ¢.

Let us observe that the graph given in Figure preserves (w, X)-convexity as it satisfies
Condition 2 with m = 2. Then (Ny, E1) (resp. (N2, E2)) corresponds to the star induced by
{1,2,3,4,5} (resp. {6,7,8,9}). It can be easily seen that the graphs given in Figures
and do not satisfy Condition 2] and therefore dot not preserve (w, ¥)-convexity.

Proof. We start by establishing that (2) is a necessary condition to preserve (w, X)-convexity.

In a second step, we will prove that it is sufficient.

Necessary condition: We first define the subsequence of priorities by induction.

1.

2.

Let k1 = k be the maximal priority in G = (N, E).

Let Ny be the set of nodes with priority k1 and N{ the set of neighbors of all elements
in Ny. If N| = (7, then define kg to be the minimum priority in N/.

For every [ with [ > 2, let N; be the set of nodes with priority & and Nl’ the set of
neighbors of all elements in N, with priority less than k;. If Nl’ = (, then define k; 1
to be the minimum priority in Nl’ .

Let us now show that G has to satisfy the precise structure described in Condition 2l Set

m = 1. We first consider the nodes at level k. Under the assumption of decreasing order,

they form a connected component. For each node n in N{, we define its sublevel component

C(n) as the connected component containing n in the restricted graph Gp(n) (containing only
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nodes having the same priority as n). By Statements [I] and 2] in Proposition @ and as G is
cycle-free, Ny forms a star S; and each sublevel component C (n) is linked to Sp only at its
center ¢; by the unique edge {n,c;}. Moreover, each C'(n) with priority between ko + 1 and
k1 is a leaf node in G. We distinguish depending on the number of sublevel components

having priority ko:

e If there are at least 2 such components, then they are necessarily leaf nodes by Lemma 2
Therefore G is a star network as represented in Figure 2Tal and it ends the proof as
Condition [2 is satisfied taking m = 1.

k2
(a) If p(n1) = p(n2) = ko then C(n;) and (b) C(nq) unique component with priority ks.
C(ng) are singletons.

Figure 21: ko < p(n) < ky.

e Otherwise, we increase m by 1. Under the assumption of decreasing order, we know
that the priority of nodes in N\{c1} connected to the unique sublevel component of
priority ko have a lower priority than ko. It follows that we had all nodes with higher
priority. The graph restricted to the set of nodes with priority between ki and ko + 1
is a star denoted (N7, Eq) with center ¢;. By construction, ¢; has priority k1 and there
exists a unique link between ¢; and a node with priority ks as represented in Figure 21Dl

In the second case, one can repeat the argument in the restricted graph of nodes with priority

lower than k.

Sufficient condition: We now prove that such a graph preserves the (w,3)-convexity. The
proof follows the lines of |Slikker (1998). We need to check that if the original game is (w, X)-
convex then Equation (I]) remains true for the communication game for any pair of subsets
S and T such that S < T.

If p(S) < p(T), then for every i € S, @} = 0 and Equation () is trivially true. We can
now turn to the case where p(S) = p(T') = k. Equation (1) can be rewritten as

Y @ (S = s\iD) < D @ (v9T) = (T\a)) - (18)

€S, p(i)=k €S, p(i)=k
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Let [ be the highest index in {1,...,m} such that T intersects the star (N, E;) with center ¢;.
We have k;11 < k < k;. We distinguish several cases depending if ¢; is in .S and/or T

o If ¢; ¢ S and ¢; ¢ T as represented in Figure 22al then

(a) g ¢ Sand ¢; ¢ T. (b)qg¢ Sand ¢, eT.

Figure 22: p(¢;) = k; and p(cj41) = kg1 -

V() = > v({i}) + 0% (S<ky)-

€S, kyy1<p(i)<k

where Scg,,, is the set of elements in S with priority lower than k;1. Notice that
we do not explicit the remaining value since it depends on the connectivity and it is

unnecessary. It follows that
v(8) — v (S\{i}) = v({i}), Vi € S with p(i) = k. (19)
At T, one obtains the same computation and therefore for every i € S with p(i) = k

v(S) — v (S\{i}) = v({i}) = v(T) — v(T\{3}),
and (I8)) is satisfied by considering the weighted sum.

e If ¢; ¢ S but ¢; € T as represented in Figure 22B then (I9) is still satisfied and we
necessarily have k = k;. Let {T1,...,T,,} with m > 1 be the connected components
of T. As ¢ € T, we can assume w.l.o.g. ¢ € T1. Then, we have p(T1) = k; and
p(Tj) < k; for all j with 2 < j < m. We get

Y WD) ST\ = Y w1 (). (20)

€S, p(i)=k; 1€SnTh, p(i)=k;

Let us note that any i in 71\{¢;} with p(i) = k; is necessarily a leaf in (N}, E;). As
v (T) = 25— v(Tj) and as ¢; ¢ S, (20) implies

Y, WM (M) = Y w (M) —o(T\i}). (21)

iES, p(i)Zkl ’iESth, p(i):kl
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Moreover, by ([9) and as @} = wiTl for all i € S, we have

2 @ ) ) = Y @ (). (22)

’iES, p(i):kl ’L'ESF\TL p(i):k‘l

(w, X)-convexity of v applied with {i} < T} and p(i) = k; gives
w;t (o(Ty) = o(T\{i})) = w;* (v({i}) — (@) = w; 'o({i}).
Then, using (2I)) and ([22)), we get that (I8) is satisfied.

If ¢, € S and ¢ € T, the computation is more complex. As ¢; € T', we necessarily have
k = k;. We first focus on the case where S is composed of a single component. Any
i € S with p(i) = k; belongs to the star (N;, ;) and therefore satisfies

o(S) — v(S\{i}) if i € S\{al,
0(8) = Sjemns v({3}) = 0(S A Nf) it = a.

It follows that one can replace all the increments by the first formula except when 7 is

v (S) = v (S\{i}) =

n

the center. One obtains

Y, @S =S\ = Y @ (u(S) —u(S\{i})

€S, p(i)=Fk €S, p(i)=k,

+ @, <v(5\{Cz})— > ’U({j})—v(S’)>7 (23)

JENINS

where S’ := S n Nf. Similarly, one obtains for T’

D, @A) =T\ = Y, @ (@) —u(T\{i}))
€S, p(i)=k; €S, p(i)=k;
+ @, (v(T\{Cl}) - > s —U(T')> , (24)
JEN|NT

where 7" := T'n Nf. Let us note that all elements in 7" have a priority less than k41
and all elements in N; have a priority strictly greater than kj,i. Let S; be the set
of elements in (S n N;)\{¢;} with lowest priority. Let T} be the set of elements j in
((T\S) n N)\{c;} satistying p(7) < p(S1) (Th may be empty). Let ¢i,...,¢, be the
elements in T} ordered by increasing priorities. Then, (w,X)-convexity of v applied

successively to t, < T U U?:1 t; with ke {1,...,m} gives
V(Mo T) —o(T) = ) v({i}). (25)
JeT

Proposition [ applied to S; and S’ < T" U T} gives

v(STuTiuT)—v(TyuT) =v(S1uS) —v(S). (26)
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25) and (26) imply
v(S1uT T —o(T) = > v({j}) = v(SiuS) —v(S). (27)

JET
Let now Sy be the set of elements in (S~ N;)\(S1 U {¢;}) with lowest priority. Let T5 be
the set of elements j in ((T\S) n N)\(T1 v {¢;}) satisfying p(j) < p(S2). By definition
any element j in Tb also satisfies p(j) > p(S7). By the same reasoning as before, we
get using successively the (w, 3)-convexity of v

V(S UT UL uT) —v(S1uTiuT) = > v({j}), (28)
JET?

and by Proposition [f] applied to Sy and S; u S ' c ST T, U T’
v(S1uSe v T, uT)—v(STuTh T, uT') = v(S; U S uS) —v(S;us). (29)

@7), @) and () imply

V(S USUTI U uT) —o(T) — > w({j}) = (S uSus) —v(S). (30)
jeT1 VT

Repeating the reasoning, we finally get

o)) = X, o) —o(@) = u(S\fa}) = D) u({i}) —o(s). (31

jeTle jES(‘\Nl
(w, X)-convexity of v applied with S < T gives

2 @S e\ < Y @ (o(T) —u(T\i}). (32)

i€S, p(i)=k €S, p(i)=k

Finally, 23), @4), 1), and (32) imply (18).

Let us now show the general case. Let {51, ..., S,} (resp. {11, ..., T;n}) with n = 2 (resp.

€

m > 1) be the partition of S (resp. T') into connected components. As ¢; € S, we can
assume w.l.o.g. ¢; € S; < T1. Then, we have p(S1) = p(T1) = k; and p(S;) < k; (resp.
p(Tj) < k) for all j with 2 < j < n (resp. 2 <j <m). We get

Y WS =S\ = Y W (09S) —v(S\i}). (33)

i€, p(i)=k; 1€S1, p(i)=k;

As v4(S) = 2 v9(S;) and as w] wiTl for every i in S7, (B3]) implies

Y WEES) =S\ = Y WS oSS, (34)
€S, p(i)=k; 1€S1, p(i)=k;
Similarly we have
Y, WD) (TN = Y (1) (M), (35)
i€S p(i)=k; i€S1 p(i)=k
We have reduced the problem to the previous situation and therefore established the
(w, X)-convexity for any pair of sets. O
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By combining the results of Section [8land [5.3] we obtain sufficient conditions on the game
and on the graph to guarantee that the weighted Myerson value belongs to the core.

A Proof of Proposition

Proof. Let us check that this definition is indeed coherent with the first definition of the
weighted Shapley value.

Since it is defined through the expectation of v under the probability distribution Py, ¥,
it is clearly a linear mapping of v.

Fix the unanimity game on the set S, then

e A player not in .S will never have a positive marginal contribution, hence his value is 0.

e A player i in S only has a positive marginal contribution, if S < {L > ¢} and i is
the pivotal element, hence the first element of S in L. What is the probability of this
event? If i is not in S, then this probability is 0, hence he obtains 0. If i is in S, then
its probability is exactly wf /@¥. The key argument is that the probability of the first
element of S to appear to be i conditionally on the fact that an element of .S is picked
at the current stage is exactly equal to ﬁ((g)). Let i € S. For any t € {1,...,n}, we set

L<; = {L(u),u < t}. Formally, we have

P, s (z pivot of S)

:nZl 2 PM,E(L(tH):z‘,L@:T),

t=0 TcN-S,
T|=t
n—1
-3y N IPW,E(L(t +1) eS8, Ly = T)IP’W,E(L(t +1) =i|lL(t+1)e S, Loy = T),
t=0 TcN-S,
|T|=t
ne1 Pos({L(t+1) =it n{L{t+1)eS}n{ley =T
=3 N Pm,z(L(t+1)eS,L<t:T) ’E({(+) foillt+l)esSinila })
S0 Nt P, s ({{L(t +1)eS)n{le = T})
|T|=t
n—1 Pw’z <L(t + 1) = i|L<t = T)
- Pox(Lt+1)eS, Ley=T ,
; Tc;—s, E( ey = )PW,E(L(t +1)eS|Ley = T)
|T|=t
n—1 Diva
=Y Y Pus(t+1eS Lo =T) [ —F
t=0 TlcTJ‘V;tS, Yjes Sh—T

By assumption 7' N — S, hence N — T is a superset of S and therefore p(N — T') is
greater or equal to p(S). We distinguish two different cases,

— if p(N —T) > p(S), then P(L(t) €S, Yu<t, L(u) ¢ S) = 0, since any element
of S has still a too low priority.
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— if p(N — T) = p(S), then for every i € S, @' T = w; whereas for i € S — S, one
T

has wf.\" =

e

Hence,

P, (S c (L= i}) P, E(L(t +1)e s, {Llu),u<t) = T)

s T|=t 2jes Wi

cN-— sm t

Tc
_ % ( PW,E(L(t +1)e 8, {L(uw),u<t}= T) :

Z wz Lit+1)e S, Yu< (u)¢5})>,

B Proof of Proposition [3

We first establish a formula for the (w,¥)-weighted Shapley value in terms of the marginal

contributions.

Lemma 3. The (w, X)-weighted Shapley value can be defined as follows

B (v) = 3 75" (0() — v(S\{i}))
ScN
ieS
where B
S ()5 ified,
N,w TCSN:
Vsi T\ T2S,p(T)=p(S) -
0 if 1€ S\S,
for all S € N with S = .
Proof. By definition, we have
Wy R
W)= D ==rs(w)= Y D (=1 (D)%
ScN:ies ¥ SCN:ieSTCS w
We get
t : ;
(v) = ) Y, (DT —o(T\{i}) | =5
ScN:ies | T<S:ieT
w7 .
= 2] D1 (TR () — u(T\{i}) (36)
TSN:i€T LSSN:S2T w
For any pair S,T occurring in ([B6) we have i € T' < S and thus p(i) < p(T) < p(S). As
w? = w; (resp. WP = 0) for all i € S with p(i) = p(S) (vesp. p(i) = p(S)), we get the
result. O
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Let ®“(vT) be the (w, ¥)-weighted Shapley value of the subgame v’. We have

B2 (07) = 3 s (0(S) — v(S\{i})- (37)
@

Define the vector V% = (\I}(,Z)T)ieTyTe'p( N) recursively by

w w? : w] w
ir = =5 (0(T) —v(T\{z})) + Z =7 Vir\(y
w AW
JeT\{i}
forall i e T, T € P(NN) and setting Wi = 0 for all i € N.
We recall Proposition Bl
Proposition 3. For all T € P(N), (V< )ier = O (vT).

In order to prove Proposition [B] we first establish the following lemma.
Lemma 4. For all S,T € P(N) with & =S c T, and for allie S
—T
Yi T\hw _  Tw
Z wT7 i =7s,i -
JET\S

Proof. Let us consider S « T < N and i € S. We have

—T T\{ ihw —T r—s Wi
D Ts T = ) DI Vi
jeT\s jeT\s RET\{j}:
R2S, p(R)=p(S)

_g Wy _
= ) (VTR XY@

RcT: RS, jeT\R
p(R)=p(S)
r— wZ g —
= > D = W' —Wh). (38)
RcT: R2S,
p(R)=p(S)

If p(T) = p(S), then any R = T with p(R) = p(S) satisfies w5 = 0 and (B8] is equivalent to

Z wT T\{]}w =gr Z (_1)r s% _ wT,yg:Zw.
jeT\S RCT: R2S,
p(R)=p(S)

If p(T) = p(S), then any R < T with R 2 S satisfies p(R) = p(S) and @ = &% and is
R

equivalent to

Z —T,YT>{J} W wT Z (_1)7“75% - (_1)tfswi - Z (_1)7“73(4)2'

jET\S RET: RS, w RcT:R2S
p(R)=p(S)
- t—s—1
= @l —wi (( D) Cfs(—l)’“> (39)
k=0
Finally, as 22—:50—1 CF (—1)F = (1= 1) — (=1)*"%, (B9) implies the result. O
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Proof of Proposition[3. If t = 1, then the result is satisfied. Let us consider 7' € P(N) with
t>1andieT. We assume U4 = & (v°) for all S € P(N) with s =t — 1. We get

oT ol .
4= L) - T\ + Y w%@”(vT\{”)

JeT\{i}

- Zom -+ 3 G 3 A0 s

« jeT\{i} *° S<T\{j}
€S
i ) T\ -
= @) —oM\ID) + Y D) —Fsi” W(S) —o(S\{i})). (40)
w ScT jeT\S “
ieS
Then, (@0) and Lemma Al imply
ir = —F@) —v(T\{i}) + 2, v (0(5) —v(S\{i})). (41)
w ScT
i€S
T,w wl . .
As vyp; = =k, (@) implies the result. O

C Proof of Counter-example 3-pan (Example @)

We show that Example @l described page [I8 provides a counter-example if

p(2) = p(4), p(4) = p(1) and p(4) = p(3).

The game (N, v) is not convex:

The marginal contribution of player 1 is strictly smaller to {3,4} than to {4}.

v({1,4}) —v({4}) = X -0 = X,
v({1,3,4) —v({3,4}) = (X +Y —1) =Y = X — 1.

The game (N, v) is (w, X)-convex:

We need to check the inequalities for any pair of non-empty sets S and 1" such that S < T.

e Let us first notice that the function v is monotonic since (Y —1) >0, (X —1) > 0 and
© > Z > Y. Hence if S has value 0, we have

Ew —v(S\i)) =0—-0=0. (42)
€S

Since the function v is monotonic, each marginal contribution has to be positive, hence
the (w, 3)-convexity inequality is satisfied for any T' containing S. ([42)) is satisfied if S
is a singleton, and if S is equal to {1,2}, {1,3}, or {2, 3}.
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e If S is equal to {1,4}, then

Zw ) —v(S\i) = wi X +wi X = (0] +wi)X.
€S

There are 3 possible cases for T: {1,2,4}, {1,3,4} and N.
— Assume T = {1,2,4},
Dlw] (0(T) = v(T\i) = w] (X + ap(Y = 1) = 0pY) + wi (X + ap(Y — 1) = 0),

€S
= (wlT + w4T)X + ozpw4TY — ap(w? + w4T).

If a;, = 1, then by definition of Y and as p(4) = p(1), we have w] Y — (wf +wl) >0
and the (w, 3)-convexity inequality is satisfied. If a;, = 0, the inequality is satisfied
and tight.

— Assume T = {1, 3,4},

Dl ((T) —o(T\i) =w (X +Y =1-Y) +wf (X +Y —1-0),
€S
= (w{ +wZ{)X +w4TY - (w{ +w4T).

Then we can conclude as in the previous case with «;, = 1.

— Let us consider T'= N, then

> wl (0(T) = v(T\i) = ¥ (0 — Z) +w] (6 — ap(X — 1)),
€S

=wl (X — 1) +wi (Z+ (1 —ap)(X —1)).
If o, = 1, we get

Dl (0(T) —v(T\i) = wi (X — 1) + wf (X +2Y),
€S

= (w;f + w:{)X + wZY + (w:{Y — w{)

As p(4) = p(N), we have wlY — wl' = wy + w; —w! > 0 and the inequality is
satisfied. If aj, = 0, we have

Zw ) —o(T\i)) = wl (X —1) +wl Z,
ieS

w
—fX -+l (X+Y+1+— X)),
wo + w3 + wy
T
T T T T T Wiy
=(w +wy)X +w; + (WY —wj)+ ———
(@ + D)X o] + @Y o)+

If p(4) < p(N) then by assumption we also have p(1) < p(N) and the (w,X)-
convexity inequality is trivially satisfied. Otherwise, we have w!'V — w! = w4 +
w1 —wl >0 and the inequality is also satisfied.
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e If S is equal to {2,4}, then

lwl —v(8\i)) = ap(wd +wh)Y.

€S

There are 3 possible cases for T: {1,2,4}, {2,3,4} and N.

— Let us assume that T' = {1, 2,4},

el (0(T) = v(T\i) = wy (X + ap(Y = 1) = X) + wj (X + ap(Y = 1) = 0),
€S

= ap(MQT +wl)Y +wlx - ap(wg +wl).
If oy, = 0, then the inequality is obviously satisfied. If a;, = 1, then p(2) = p(4)
and we have ws X — wo — wy = 0 by definition of X.
— Let us assume T = {2, 3,4},
Dlwl ((T) = v(T\i)) =wj (Z-Y) +wi(Z-0).
€S
If oy, = 0, then the inequality is obviously satisfied. If a;, = 1, then Z = X 4 2Y
and the inequality is satisfied.
— Finally, let T'= N, then

Ew T)—v(T\i)) = wi(©@—X—-Y +1)+wi(®—ay(X—1)),
€S

Wi (Z=Y)+wi(Z+ (1 —ap)(X —1)).

If oy, = 0, then the inequality is obviously satisfied. If a;, = 1, then Z = X 4 2Y
and the inequality is also satisfied.

e If S is equal to {3,4}, then
Zw ) —v(S\i) =wlY +wl Y = (Wl +w])Y.
€S

There are 3 possible cases for T: {1, 3,4}, {2,3,4} and N.

— Let us assume that T' = {1, 3,4},

Yl () —o(T\i) =wj (X +Y —1-X) +w] (X +Y =1-0),
€S
= (Wi +wY +wl X — (Wi +u]),
= (wg + CUZ)Y + w3z — w;{.
The last inequality is by definition of X and as p(4) = p({1, 3,4}). Therefore the
(w, X)-convexity inequality is satisfied.
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— Let us now assume that T = {2, 3,4},
_ T T
Dl wl (u(T) = v(T\i)) = w3 (Z — oY) +wj (Z - 0).
€S

If o, = 0, then the inequality is obviously satisfied. If oy, = 1, then Z = X + 2V
and the inequality is also satisfied.

— Finally, let T'= N, then

Zw ) —v(T\7))

€S

w3 (0 =X —ap(Y = 1)) + wji (0 — ap(X — 1)),

= wi(Z-1—ap(Y 1)) +wi(Z+ (1 —ap)(X —1)).

If o, = 0, then the inequality is satisfied as Z > Y +1. If oy, = 1, then Z = X +-2Y
and the inequality is also satisfied.

o Let S={1,2,3} and T'= N, then

Ml W(8) —v(S\i)) = aplw] +wy +wi)(X —1),

€S
and
Dl (@) —o(T\i) = w[(O@=2)+w) (©—(X+Y —1)) +wj (0 — (X +ap(Y - 1)),
€S

= X -+l Z-V)+wl(Z-1-a,(Y -1)).

If a;, = 0, then the inequality is satisfied as Z > Y + 1. If o, = 1, then Z = X + 2V
and the inequality is also satisfied.

o Let S={1,2,4} and T'= N, then

Ew —v(S\i)) = wi(X —ap)+apws (Y —1)+wi (X +a,(Y 1)),

€S
and
Dl () —v(T\i) = w{(@=2)+w) (©—(X+Y —1)) +wj (0 —ap(X 1)),
€S

= WX =D +wd(Z-Y)+wl(Z+(1—ap)(X —1)).

If oy = 0, then we can conclude as in the case S = {1,4} < T'= N. If a;, = 1, then
Z = X 4+ 2Y and the inequality is also satisfied.

o Let S={1,3,4}and T = N

Dwl(w(S) = v(S\i) = Wl (X+Y —1-Y)+wj(X+Y -1-X)+w(X+Y —1-0),
€S

WX =D+l Y =1 +wl (X +Y —1).
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and

Zw —v(T\i)) = wi(O@—-2)+wi(©®—X —ay(Y —1)) +wi (0 — ap(X — 1)),
ieS

= W (XD +wl(Z-1—ap(Y —1) +wl(Z+ (1 —ap)(X —1)).

If o, = 0, then the inequality is satisfied as Z > Y. If o, = 1, then Z = X + 2Y and
the inequality is also satisfied.

e Finally, let S = {2,3,4} and T'= N,
Zw )—o(S\i)) = wi(Z-Y)+wi(Z—-a,Y)+wl(Z-0),
ieS
and

Dl ((T) —o(T\i) = wi(®—(X+Y —1)) +w] (0 (X + (Y — 1))
€S

+wl(© —ay(X —1))
= w(Z-Y)+wl(Z—-a,Y)+w](Z-0)
—wli (1 —ap) +wl (1 —ap)(X —1).
If oy, = 1, then the inequality is tight. Let us assume «a;, = 0. If p(4) < p(NN) then
by assumption we also have p(3) < p(IN) and the inequality is trivially satisfied. If

p(4) = p(N), then we also have p(3) = p(N) as a;, = 0 and by definition of X we get
—wl(1—ap)+wl(1—0,) (X —1) = —w3 +ws(X —1) > 0 and the inequality is satisfied.

D Proof of Counter-example 4-path with strict inequality (Ex-
ample [5])
We show that Example [ described page 22l provides a counter-example if

p(2) = p(4) > max(p(1), p(3)).

The game (N, v) is not convex:

The marginal contribution of player 1 is strictly smaller to {3,4} than to {4}.

v({1,4}) —v({4}) =1-0=1,
v({1,3,4}) —v({3,4}) =11 = 0.

The game (N, v) is (w, ¥)-convex:

We need to check the inequalities for any pair of non-empty sets S and 7" such that S < T.
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Let us first notice that the function v is monotonic. Hence if S has value 0, we have

Zw ) —v(S\i))=0—-0=0. (43)

€S

Since the function v is monotonic, each marginal contribution is positive and the (w, X)-
convexity inequality is satisfied for any T containing S. ({3]) is satisfied if S is a
singleton, and if S is equal to {1,2}, {1, 3}, {2,3}, {2,4}, or {1,2,3}.

If S is equal to {1,4}, then

Zw ) —v(S\i) = wi +wl.

€S

There are 3 possible cases for T {1,2,4}, {1,3,4} and N. In any case, we have

Zw ) —o(T\i)) =wl (1-0) +wl(1-1)=wl.
ieS

As p(4) > p(1), we have w{ = 0 and the (w, ¥)-convexity inequality is satisfied.
If S is equal to {3, 4}, then

Zw ) —v(S\i)) = wi +wl.
€S
There are 3 possible cases for T: {1, 3,4}, {2,3,4} and N. In any case we have
Zw ) —o(T\i)) =w; (1—0) +wi(1—1)=w].
€S

As p(4) > p(3), we have wl = 0 and the inequality is satisfied.

Let S ={1,2,4} and T = N, then

Dl ((S) —v(S\i) = wl(1-1)+wj(1—1)+w](1-0),
€S

and
Zw ) —v(T\i) = wi(l-1)+wl(1-1)+wl(1-0),
€S

and the inequality is satisfied.

Let S ={1,3,4} and T = N

Zw )—v(S\i) = wla-D+wla-1+wla-o),
€S

and
Dl (@) —o(T\i) = wf(1-1)+wj(1—1)+w](1-0).
€S

Hence the inequality is satisfied.
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e Finally, let S = {2,3,4} and T'= N,

Dwi (S) —v(S\) = wi(1—1)+wj(1-0)+wi(l-0),
ieS

ng + w4T,
and

wil-D+wla-1)+wl1-0)

Z wi (0(T) = v(T\i))
€S - .
= wy.

As p(4) > p(3), we have wl = 0 and the inequality is satisfied.
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