
HAL Id: halshs-03753085
https://shs.hal.science/halshs-03753085v1

Preprint submitted on 17 Aug 2022 (v1), last revised 12 Dec 2022 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Jan Tinbergen and J. G. Koopmans on Multiple
Equilibria and Coordination Failures

Michaël Assous, Vincent Carret

To cite this version:
Michaël Assous, Vincent Carret. Jan Tinbergen and J. G. Koopmans on Multiple Equilibria and
Coordination Failures. 2022. �halshs-03753085v1�

https://shs.hal.science/halshs-03753085v1
https://hal.archives-ouvertes.fr


Jan Tinbergen and J. G. Koopmans on Multiple Equilibria
and Coordination Failures

Michaël Assous, Université Lumière Lyon 2 - Triangle

Vincent Carret, Université Lumière Lyon 2 - Triangle and Duke University - HOPE

Center1

August 17, 2022

Abstract:

In a 1932 policy paper, the Dutch economist Jan Tinbergen suggested that there could
be two stable equilibria in a model with two firms acting in two sectors, with one of the
equilibria having more production and employment. Arguing on the basis of a diagram
that firms could not get out of the "bad" equilibrium on their own, he suggested that this
justified government interventions to increase employment. While he referred to the
general equilibrium systems of Walras and Cassel, he did not present a fully worked out
model but referred to the unpublished study of one J. G. Koopmans. The latter was
spurred by Tinbergen's reference to publish his ideas on the problem of multiple
equilibria. In his three-part paper, he underlined that a Walrasian system could not show
Tinbergen's coordination problem, because there could be no unemployment at an
equilibrium point in a Walrasian model. The examples he presented, with three
equilibria, showed that they could not be ordered. After this exchange, Tinbergen moved
away from Walrasian multiple equilibria, and abandoned the general equilibrium
approach to economic modeling in favor of the macrodynamic approach that was
developed at the same time by Ragnar Frisch and Michal Kalecki.
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In 1932, at the request of the Board of the Association for Economics and Statistics,

Tinbergen was invited to give a talk “to explain the position of socialism with respect to

the question of the regulation of production by private individuals.”2 Tinbergen, a

member of the board of the Dutch magazine The Socialist Guide, had already had

several occasions to express his view, which he saw as one possible approach rather

than “the” view of socialists. Tinbergen argued that “free competition” of individuals

leads to a waste of resources, because he thought that in the absence of a planning

device, economic activity was prone to recurrent crises and loss of “productive forces

and thus to a lower level of prosperity than would be possible” (Tinbergen, 1932: 50).

The problem presented itself even more pointedly when crises were manifesting as

“unstable economic processes,” making the return to equilibrium difficult or impossible

which raised the question for him of instability in economic theory: “are there among the

economic-dynamical processes, which theory teaches us, such that show an

ever-increasing removal of the equilibrium state?” (Tinbergen, 1932: 58). Although he

recognized that the scope of the existing theoretical literature was still limited, he argued

that on the basis of various extensions of existing models such as the cobweb model,

one may eventually identify “theoretical (as well as experimental) cases of economic

processes that do not automatically return to the equilibrium position” (Tinbergen, 1932:

58).

But there was more than a problem of instability, cyclical or not, for Tinbergen: there

was a possibility that crises would leave the economy stuck in a position of “bad”

2 See Knoester and Wellink (1993: 19-20) on this address and the rest of the paper as well as their book
on the wider context of the talk, one of five given by Tinbergen in front of the Association, that became the
Netherland Economic Association in 1950 and received the “Royal” title in 1987. This talk was published
along with the one given by R. van Genechten on the same subject.
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equilibrium. From a theoretical point of view, Tinbergen wondered whether a way to

represent this idea could lie in the Walrasian theory whose alleged merit was to leave

ample room for multiple equilibria to appear. Along that line, he explored the possibility

that the severity of the depression of the 1930s may be the result of a coordination

failure which would be responsible for the fact that the economy may reach a stable, but

“bad” equilibrium (with mass unemployment) from which no individual agent could

unilaterally escape. In that context, Tinbergen referred to Walras and Cassel as well as

to the unpublished works of J. G. Koopmans, but did not offer a system of equations. He

only presented a diagram on the basis of which he described the behavior of two

representative firms in an economy with two equilibria, one of which had much more

unemployment.

Spurred by Tinbergen’s reference to his work, in a three-part paper published in De

Economist in 1932, J. G. Koopmans recognized that Tinbergen’s system was

determinate and could lead to non-trivial equilibria, but argued that Tinbergen

misrepresented the meaning of the multiple equilibria arising from a Walrasian system.

He emphasized that Tinbergen’s approach was different from his own. His point was

that a Walrasian system was neither able to define a state of unemployment (in the

absence of price rigidities), nor to show that an equilibrium may be better than another.

Finally, Koopmans touched upon the issue of stability by showing that as in Tinbergen’s

analysis, one can show that some equilibria may be stable and others unstable. But

without specifying a specific dynamic adjustment process, his analysis, as Tinbergen’s,

remained incomplete.
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In the following years, Tinbergen focused on the development of macrodynamic

models and moved away from Walrasian systems. It took him several more years to

develop a model that he used between 1934 and 1937 to illustrate unstable

macroeconomic processes and express the view that a disturbance such as the 1929

stock crash could push the economy over the hill, into an abrupt and bottomless

precipice (see Assous and Carret 2020, 2022). On that basis, he continued to

emphasize the importance of multiple equilibria and of economic policies and normative

choice in the model, using it to justify public interventions to reach a better equilibrium.

In the end, by embracing the development of macrodynamics, Tinbergen managed to

provide an answer to the objections raised by Koopmans. Most importantly, it sheds

new light on the reasons for which Tinbergen decided to move away from Walrasian

economics. A first reason, repeatedly claimed in the early 1930s by Tinbergen and

Frisch, was that if Walrasian systems were determinate, they suffered from the fact they

were static (Frisch, 1933; Tinbergen, 1935). A second reason, underlined here, is that

Walrasian theory was an inappropriate framework to address issues related to

unemployment and instability, which ultimately led Tinbergen to rethink the role of state

interventions in his macrodynamic models.

I. Coordination Issues and Economic Policy in Tinbergen’s Pre-advice

To the question “is popular prosperity so great under the system of free competition?”

Tinbergen answered with mixed feelings. He underlined the recurrence of “breakdowns

in economic life,” which he thought should be avoided to obtain a smoother distribution

over time of the “joys and burdens of life” (Tinbergen, 1932: 50 ff.). According to him,
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fluctuations in economic life, the source of so many ailments, prevented a full use of

resources and led to a waste of technical and natural resources. The suppression of the

uncertainty brought on by the cyclical character of economic life would have the added

benefit of making calculations unnecessary on the part of firms, about the decisions of

other firms, a mechanism he tried to encapsulate in a diagrammatic representation of

the economy. His remarks on the underutilization of productive capacities were

illustrated by statistics on the available capacity of industrial enterprises in the United

States and in Germany, which showed that even at the top of the boom, the economy is

not using its full capacities.

More importantly, Tinbergen noted that in June 1932, the end of the disruption that

had begun in 1929 was nowhere in sight;3 this led him to discuss the possibility that the

economic process was unstable and to reflect on the economic policy needed:

The question has been posed whether we are not dealing here with a movement

process that no longer returns automatically to an equilibrium state, or whether

we are not dealing here with unstable states. (Tinbergen, 1932: 56)

This led to an entire section on “stable and unstable economic processes”.4

Tinbergen argued that although previous crises were usually followed by a return to

equilibrium, there were examples of unstable processes that did not lead to an

automatic recovery, such as the inflation that plagued European countries in the early

1920s. This begged the question: “are there among the economic-dynamical processes,

4 Tinbergen uses here and later the term “labiele” which also exists in French, German and English but
whose meaning is best translated as “unstable”.

3 “The crisis which broke out in 1929 led to a disruption of production which did not occur in any previous
crisis … And still nothing can be noticed of an end of this disruptive process” (Tinbergen, 1932: 56).
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which theory teaches us, such that show an ever-increasing removal of the equilibrium

state?” (Tinbergen, 1932: 58). Although such mechanisms were not discussed in the

theoretical literature, Tinbergen was confident that he could find dynamic models

accounting, for instance, for exponential movements away from the equilibrium.

The discussion was introduced with the hog cycle, in which case he noted that

fluctuations usually led back to the equilibrium, but that if the elasticity of production

became too great it could lead to fluctuations of increasing amplitude.5 He also referred

to his own model of the “shipbuilding” cycle, published in 1931, where he had observed

that its solutions could yield fluctuations of increasing amplitude, depending on the

values of certain parameters like the sensitivity of the supply of ships to the price of

freight, and that “increasingly violent fluctuations” could arise. Although he was

concerned with the rather restricted shipbuilding cycle in this article, Tinbergen already

viewed in 1931 the relevance of such mechanisms for the whole economy:

The basic problem of any theory on endogenous trade cycles may be expressed

in the following question: how can an economic system show fluctuations which

are not the effect of exogenous, oscillating forces, that is to say fluctuations due

to some “inner” cause? (Tinbergen, 1931: 152).

He concluded his examination of the shipbuilding model by underlining the

importance of finding a good dynamic mechanism to approach the problem of stability at

the aggregate level:

5 The hog cycle was first studied by Arthur Hanau of the Berlin Business Cycle Institute, and Tinbergen
continued to emphasize the importance of his work almost sixty years later in his interview with Morgan
and Magnus (Tinbergen et al., 1987).
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It seems to me that this result is of vital importance to the theory of economic

dynamics. … Moreover, it gives us a clue to a method of judging the stability of

an economic system in general. (Tinbergen, 1931: 162).

He also referred to his work on market level price dynamics that had been presented

in 1931, during the first European meeting of the Econometric Society in Lausanne

(published in the first issue of Econometrica in Tinbergen, 1933). There, he started

again from a simple cobweb model of supply and demand, which he extended first by

introducing “speculation,” whereby demand depends on the rate of change of prices.

This transformed his model into a mixed difference-differential equations, but Tinbergen

did not stop there: he introduced a “hyperbolic demand”, transforming his difference

equation into a nonlinear equation, a dependence of demand on the activity of the

industrial sector, a durable consumption good, and finally introduced a second market

producing a capital good. Thus Tinbergen had already started to build up toward a more

intricate model of the economy and its interdependencies. In all those cases, he was

chiefly interested in the periodicity of the oscillations and always used hypotheses on

the parameters that would make those oscillations self-sustained.6

However, the shipbuilding cycle as well as the cobweb mechanism remained focused

only on one market and not the whole economy. Tinbergen pointed out in 1932 that if

those models helped to identify new economic processes, they remained of little help to

provide an appropriate framework to make sense of the working of the whole economy

6 This was precisely the approach adopted by Kalecki (1935) that was criticized by Frisch (1935).
Tinbergen had prepared the ground for Kalecki’s model, both through this approach of endogenous
fluctuations, and his 1931 shipbuilding model, which was used by Kalecki to solve his own model.
Following Boumans’ (2005) idea that Kalecki’s model was like a recipe, this shows that the ingredient
coming from Tinbergen was more than a mathematical mould. The type of solutions favored by Tinbergen
had a definitive impact on Kalecki.
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and the factors responsible for the ongoing crisis, in large part because they did not

explain satisfactorily a mechanism of “removal from the equilibrium state” (Tinbergen,

1932: 58).

In 1932, he claimed that the solution to account for aggregate phenomena may also

come from the “Walras-Cassel” model of the economy.7 According to him, this approach

left ample room for multiple equilibria and instability to appear, and he described a

possible mechanism illustrated with a diagrammatic representation of the interactions

between two representative firms.

In this model with two sectors and two firms, Tinbergen claimed that the economy

could get stuck in a “bad” equilibrium with high unemployment. Plotting the “profit lines”

of each firm as a function of their employment levels and , that is, all the𝑎
1

𝑎
2

combinations of employment for which the profits of firms 1 and 2 are constant,

Tinbergen provided the following diagram (Tinbergen, 1932: 62).

7 “Further investigation of the equilibrium equations (of, for example, Cassel or Walras) which determine
the size of production, the level of prices, etc. in a stationary society, shows that there is not one
equilibrium (in the sense of economic science), but that in general different equilibria are possible with the
same technical and psychological data. It is quite possible, and even most likely, that with some form of
utility functions and technical coefficients, two equilibria at least exist, both stable, one for instance with
significant unemployment and the other without” (Tinbergen, 1932: 60). Rodenburg (2010: 10) mentions
Tinbergen’s argument in the context of his debate with the Dutch economist Goudriaan on dynamics and
equilibrium but without contrasting it with the arguments raised by Koopmans.
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Figure 1: Tinbergen’s illustration of a coordination problem (1932)

Tinbergen underlined that an increase of employment from only one firm will

correspond to a displacement along a vertical or horizontal line. Because the curves

meet at their minimum point, this means that a firm increasing its employment will

always see its profits go down if the other firm does not increase employment as well.

Tinbergen argued that the configuration where both firms have their profit curves

crossing at their minimum points will thus correspond to stable equilibria, because there

will be no incentive to deviate alone from such a situation.8 In the picture above, there

8 “Presence of two stable equilibrium points means, as can be easily ascertained, that there are two
points P1 and P2, in which the profit line of 1 has a horizontal tangent and that of 2 has a vertical tangent.
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are two such equilibria: and . We can readily see that in the second of these𝑃
1

𝑃
2

equilibria, there is more aggregate employment than in the first; this begs the question

of how to move the economy from the “bad,” low equilibrium, to the “better,” high

equilibrium (Tinbergen, 1932: 61).

If we denote by and the two other points where the profit lines intersect, we can𝑅 𝑄

see that the profits of both firms will only increase together in the quadrilateral.𝑃
1
 𝑄 𝑃

2
 𝑅

But in order for the economy to move in this direction, it is necessary that both firms

increase employment at the same time, so that neither has the incentive to reduce

employment to go back to a higher level of profits.9 The bottom line is that a new stable

equilibrium can be obtained for a specific ratio between and that only an organized𝑎
1

𝑎
2

action may help to reach: “In other words, it has been shown that there are cases in

which competition cannot get out of a certain (low) situation, while organized action will

make it possible” (Tinbergen, 1932: 61).

Unfortunately, Tinbergen did not explicitly state the set of equations that he might

have used to derive the two profit lines, making it thus difficult to identify the exact

mechanisms at work in the move of the economy from one equilibrium to the other. He

described some potential mechanisms explaining how such a situation could arise,

mainly from the mismatch in the increase of demand and supply when firms act alone,

9 “Only an organized action - changing the number of workers in both firms at the same time - creates a
movement along other lines. Now, from the point P1, one can only reach the point P2 without going
through ‘regions of lower gain’, if one stays within the hatched curvilinear quadrilateral. And again, this is
only possible if one does not go along horizontal or vertical lines.” (Tinbergen, 1932: 62).

This nevertheless means that any change in the number of workers in one's own enterprise results in a
reduction in profit: the condition for a stable equilibrium. In the figure, the action of separate companies
always means a movement along vertical lines (for firm 2) or horizontal lines (firm 1).” (Tinbergen, 1932:
62).

10



while when they act together this mismatch is construed to have a positive effect on

profits because of a potential reduction in costs.

As he pointed out, in the case of a firm acting alone from equilibrium , “the increase𝑃
1

in demand which would arise as a result would by no means outweigh the increase in

the supply of the commodity produced by that company” (Tinbergen, 1932: 61). But with

no other information on the consumption of the workers of the two firms and on the way

both firms decide to invest, the argument is a bit enigmatic. The possibility that demand

may eventually adjust to supply and reach the “good” equilibrium would in fact be due to

the evolution of cost: “Expansion of the number of workers [...] also lowers the unit cost

of production” (Tinbergen, 1932: 62), which, for reasons also left unexplained, is

assumed to have a positive effect on demand of both goods.

Whatever the limits of Tinbergen’s argument, it is clear that he was already thinking

about the issue of the stability of equilibrium. From that point of view, the response

Koopmans published a few months later proves helpful to clarify some features of

Tinbergen’s thinking and show how far, in fact, Tinbergen eventually departed from the

Walrasian approach.

II. J. G. Koopmans’s comments on Tinbergen’s analysis

As we have seen, Tinbergen associated the idea of multiple equilibria with a

Walrasian system of equations. In a footnote, he admitted that he was puzzled to see

that while the idea was mentioned in passing in the literature, it had “not been

elaborated anywhere” except in “some unpublished studies of Mr. J. G. Koopmans”
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suggesting that his analysis derived from it (Tinbergen, 1932: 60). A couple of months

later, Koopmans published a series of three papers with the aim to clarify his position

with respect to Tinbergen’s analysis. While he acknowledged in the first paragraph of

his paper “the much appreciated help” which “as a non-mathematician” he received

from Tinbergen (Koopmans, 1932: 679), he felt the need to underline the differences

between his and Tinbergen’s analysis. In fact, Koopmans made clear how far

Tinbergen’s analysis departed from his own approach and this for two main reasons.

First and foremost, Koopmans emphasized that neither in Walras’s nor in Cassel’s

works, one can show that there might be an equilibrium let alone a "stable equilibrium”

as far as a “significant degree of unemployment is assumed” (Koopmans, 1932: 682).10

Accounting for unemployment means that one market equation expressing the equality

between demand and supply will have to disappear, leaving the system undetermined

with the result that many potential solutions become possible: “this means that the

whole complex of economic phenomena, as expressed by the equilibrium equations,

becomes undetermined, that is to say, there are not only two or a few, but even, at least

in principle, infinitely many alternative solutions of the remaining system of equations”

(Koopmans, 1932: 683). In particular, as soon as one assumes that wages are fixed and

known, it becomes possible to define a set of equilibria, each parametrized by a specific

level of money wage. It is therefore no surprise that with the same technical and

10 “After all, one of the essential conditions for the existence of a state of equilibrium in the sense of these
two authors [Walras and Cassel] is precisely that, at the prices applicable to that situation, the supply of
all end products and production factors, including human labor, is fully absorbed by demand. The
equations in which this condition is expressed are therefore an indispensable constituent of the whole
system of "equilibrium equations" through which, in the thinking of the aforementioned authors, the
economic phenomena are examined” (Koopmans, 1932: 682).
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psychological data, it is possible to define a single “equilibrium state” for any given level

of money wage.

Koopmans, however, pointed out that it was unlikely that Tinbergen had understood

the issue in this way: “it should be appreciated that, according to the continuation of his

argument, the author certainly could not have meant the above statement in such a

simple and almost trivial sense. For in reality he also speaks of a system in which the

number of equations indeed corresponds to that of unknown quantities” (Koopmans,

1932: 683). The unknowns chosen by Tinbergen are simply not the same as those

chosen by Cassel and Walras. The problem however remains similar as long as one

can show when a system comprising as many unknowns as equations counts multiple

solutions. In that case, “the problem can indeed be regarded as “determined” in a

similar sense as in the thinking of Walras and Cassel [...] from the formal-theoretical

point of view, [the possibility of more than one equilibrium state] is indeed just as

remarkable and of the same fundamental significance and scope as the corresponding

possibility in a system of equations built up entirely in accordance with the method of

Walras and Cassel, and in which all prices, including wages, figure as unknowns”

(Koopmans, 1932: 684).

In addition, Koopmans doubted that on the basis of his graphical illustration,

Tinbergen had managed to prove the existence of multiple stable equilibria. If it was

clear to him that the two “lines of constant profit” were derived under the assumption

that wages are rigid, it remained unclear why both lines could “run according to the

starting point adopted by the author in the manner indicated by him in his drawing: a

possibility which I do not want to dispute, but of which the proof has not been fully
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provided here on the spot” (Koopmans, 1932: 684). Koopmans argued that the rigidity

of wages acted on the stability of equilibria but in an obscure manner. While he agreed

with Tinbergen’s concern with the possibility of defining a stable equilibrium, he

regretted that he did not clarify the mechanisms allowing to identify which equilibrium

among all the equilibria defined by a given level of money wage was likely to be

reached.

The second issue raised by Koopmans concerned the possibility of ranking equilibria.

His point was that the equilibria displayed by Walrasian systems could not be ordered.

From the point of view of policy, this makes a huge difference between Tinbergen’s and

his approach of multiple equilibria in which he claims that in the absence of nominal

rigidities and unemployment there is no way to choose among the different equilibria:

such an appraisal judgment can no longer be justified with the same certainty

when it comes to the comparison between two (or more) alternative equilibrium

states … which, after all, is characterized precisely by the fact that in neither of

them there is a surplus of unused production factors … The remarkable thing

about a double or multiple economic equilibrium in this last sense … consists

precisely in the fact that the various alternative equilibrium states are in every

respect, thus also viewed from a normative point of view, completely "equivalent",

or in others words, that none of these equilibria can be given a "preference" over

one or more of the others on the basis of any objective criterion. (Koopmans,

1932: 685, original emphasis)
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Thus Koopmans underlined that the different equilibria did not imply that some factors

of production were underemployed, and they did not justify a socialist policy of planning

in order to obtain a higher employment equilibrium. It was necessary to introduce

another criterion from which to establish that an equilibrium was better or worse than

the other. Koopmans sought to illustrate this with a numerical example of a Walrasian

system exhibiting three equilibria.

III. Koopmans’ analysis of multiple equilibria in a Walrasian

system

While Koopmans started with a criticism of Tinbergen, he also made it clear that he

had a limited knowledge of mathematics and that he relied mainly on others for his

mathematical exposition, in particular on Tinbergen himself. But he still felt that he had

something important to say about the importance of multiple equilibria in even the

simplest exchange economy, and he did not think that Tinbergen had captured his ideas

on the subject in his model.

The end of the first part of his paper was dedicated to setting up his model. First,

Koopmans pointed out that the issue at hand had nothing to do with “the existence of

so-called “indifference zones” generated by the discontinuity of supply and demand

curves. It also had nothing to do with firms operating, as a result of a relatively high

percentage of “fixed” cost in the production process (Koopmans, 1932: 690), in the

decreasing part of the U-shaped supply curve. He acknowledged that both these cases

allowed for an exploration of the possibility to “represent a position of ‘stable’ and one of

‘unstable’ equilibrium” (Koopmans, 1932: 690).
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As Koopmans stressed, his own approach was based on the idea that supply curves

could have inverse U-shapes: they started as normal, upward sloping schedules, before

bending towards the bottom right in a price-quantity diagram: “which means that, even

apart from decreasing costs, etc., as the price per unit increases, the volume of the

supply no longer continues to increase beyond a certain point, but on the contrary

decreases further and further” (Koopmans, 1932: 690). These supply (and demand)

functions arose from the utility functions used by Koopmans, and the problem he sets

up is that of a simple exchange economy with two people and two goods.

There are three types of equations in his system: equilibrium equations relating the

ratio of marginal utility of the two goods and their (relative) price, “budget” equations

relating the aggregate value of goods given up in the exchange with the aggregate

value of goods received, and balancing equations for the total stock of physical units of

each goods. The quantities given at the beginning of the exchange are endowments (for

good I and good II respectively, agent alpha has and and agent beta has and )𝑘 𝑙 𝑚 𝑛

and preferences (in the form of linear marginal utility functions with parameters 𝐴, 𝑎, 𝐵, 𝑏

for alpha and for beta, respectively for good I and good II). The unknowns of𝐶, 𝑐, 𝐷, 𝑑

the problem are the final quantity held by participants after the exchange (similarly as

endowments, and for alpha, and and for beta), and the rate of exchange (price𝑥 𝑦 𝑧 𝑢

between the goods. The equations determining the three equilibria are presented in𝑝)

table 1.

Agent Alpha Beta

Marginal utility 𝐴−𝑎𝑥
𝐵−𝑏𝑦 = 𝑝 𝐶−𝑐𝑧

𝐷−𝑑𝑢 = 𝑝
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Budget 𝑝(𝑘 − 𝑥) = 𝑦 − 𝑙 (determined by the others)

Quantity 𝑥 + 𝑧 = 𝑘 + 𝑚 𝑦 + 𝑢 = 𝑙 + 𝑛

Table 1: Equilibrium equations of Koopmans’ system

In the case with two agents and two goods, at equilibrium the relative utility of each

good is equal to the same (relative) price, one budget constraint will be given from the

other budget constraint and the physical constraints, so that there are five equations

and five unknowns, determining an optimal economic equilibrium.

Koopmans argued, without using this now common language, that the existence

problem is taken care of by the fact that there are as many unknowns as equations in

his system. But he also added that this did not solve the problem of unicity, and that in

fact “even with the minimum number of two persons exchanging only two goods, … as a

rule not one single, but three different solutions of the equations concerned are

possible” (Koopmans, 1932: 694).

To prove this, he gave a numerical example and obtained the following equations

(table 2), whose solution exhibits three equilibria, with each equilibrium being

established at a different price (see table 3 for the equilibria solving this system) and

then deriving the general solution of his system.

Agent Alpha Beta

Marginal utility 7−𝑥
10−𝑦 = 𝑝 66−12𝑧

11−𝑢 = 𝑝

Budget 𝑝(7 − 𝑥) = 𝑦 (determined by the others)

Quantity 𝑥 + 𝑧 = 7 𝑦 + 𝑢 = 10

Table 2: Equilibrium equations of Koopmans’ numerical example
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Relative
Price I / II

Alpha Beta

Good I Good II Good I Good II

First
Equilibrium

1 2 5 5 5

Second
Equilibrium

2 3 8 4 2

Third
Equilibrium

3 4 9 3 1

Table 3: Equilibrium solutions of Koopmans’ numerical example

These three equilibria can be represented in an Edgeworth box diagram, which

seems to be what Koopmans had in mind when he described in a footnote the

application of Bowley’s and Pareto’s “graphical method,” which “had to be scrapped due

to lack of space” (Koopmans, 1932: 772-773). The following figure produces such a

diagram, based on Koopmans’ numerical example.
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Figure 2: Edgeworth Box derived from Koopmans’ example

The black line is the Pareto “contract curve,” all the points where the indifference

curves of both agents are tangent to each other, mathematically expressed as the

equality between the ratio of marginal utilities of alpha and beta, . While7−𝑥
10−𝑦 = 66−12𝑧

11−𝑢

there are four unknowns in this equation, we also know from the start the physical

limitations of the economy: and . This subsystem of four𝑥 + 𝑧 = 7 𝑦 + 𝑢 = 10

unknowns and three equations defines the Pareto curve traced out in the diagram

above. The black and red curves interlacing around the contract curve are the offer

curves of alpha and beta respectively; they are determined by the point of tangency

between each agents’ indifference curves, and their budget line for different prices. This

budget line is determined once endowments are chosen and a new variable introduced,

the relative price between the two goods. The adjustment of this price rotates the
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budget line around the point of initial endowments, which Koopmans called the “zero

point of the exchange” (Koopmans, 1932: 773). Economic equilibrium happens when

both offer curves are compatible, that is, when both participants are ready to exchange

compatible amounts of goods I and II, or in other terms, they have the same relative

price for the two goods: the two indifference curves and the budget line are tangent at

the same point.

Three economic equilibria are possible in this system, and they all lie on the contract

curve: the first fundamental theorem of welfare economics. This theorem appears trivial

when one realizes that the economic equilibrium is defined by taking the four unknowns

and three equations defining the Pareto curve, and adding one unknown (price ) and𝑝

two equations (the equality of price and relative marginal utility , and𝑝 = 7−𝑥
10−𝑦 = 66−12𝑧

11−𝑢

the budget equation ), so that the system becomes determinate with five𝑝(7 − 𝑥) = 𝑦

unknowns and five equations.

But the fact that the system is determinate does not mean that there is only one

equilibrium, as was the point of Koopmans’ numerical example; a nonlinear system

whose reduced form is a polynomial of degree more than one will in general have more

than one solution (Koopmans discussed the problem introduced by complex solutions in

the third part of his paper). Koopmans himself gave a form of his system reduced to one

equation with the price as unknown, showing that it was a polynomial of degree three,

with three equilibrium solutions. This was underlined by Koopmans to show that this

example had nothing exceptional, or special, but could appear systematically; this led

him to wonder why previous writers had not underlined this possibility. It is likely that
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Tinbergen influenced him in this direction, as Koopmans had underlined his debt

towards him for the solution of his model; Tinbergen himself had adopted this approach

of reducing his systems to one equation already in Tinbergen (1931), and continued this

approach in his later models, such as the 1939 League of Nations model.

Because the marginal utility conditions are fulfilled in each of the three equilibria,

Koopmans argued that “there is indeed no reason here to consider one of the three

possible equilibrium states with respect to the two others as the ‘best’ or the ‘worst’”

(Koopmans, 1932: 702). This was the brunt of his critique of Tinbergen, and he argued

in a footnote that the utility of each person in each equilibrium was irrelevant because

incomparable.

While Koopmans is convincing in showing the possibility of multiple equilibria for

simple, nonpathological preferences, he stops short of analyzing the coordination

problem underlying his setup, as a result of the methodology he adopted. The problem

of his analysis is that it is fundamentally an equilibrium analysis, and Koopmans says

nothing of the way in which the two agents got to one equilibrium in particular, focusing

instead on other numerical examples with more goods or more agents, or on the

economic interpretation of his heuristic mechanism to find the equilibria. But while

interpersonal comparisons are not possible, it is apparent, without even looking at their

utility function, that agent alpha prefers the third equilibrium while agent beta will prefer

the first equilibrium. This result is a simple consequence of the starting endowments, as

alpha owns the whole stock of good I while beta owns the whole stock of good II: in an

equilibrium with a lower price for good I, beta will be able to buy more of it while alpha

will not be able to obtain as much good II as in an equilibrium with a higher price for

21



good I. But Koopmans did not say how one equilibrium was chosen instead of the other,

even though this seems like a fundamental problem: whoever can influence prices can

obtain a favorable equilibrium.

In his original example, Koopmans examined the three situations arising from three

different price systems, taking the price as given each time. The only hint toward the

dynamic problem underlying the approach of equilibrium is found in the second part of

the paper, where Koopmans described a change in price from the starting point of the

second, unstable equilibrium: “a slight rise in price beyond this point has the effect of

decreasing supply more than demand, so that a shortage arises in the market, the

consequence of which is that the price will rise even further” (Koopmans, 1932: 771).

Koopmans noted that Walras himself had underlined this possibility of having three

equilibria, with the middle one unstable (Walras, 1954: 112).

To prove the instability of the middle equilibrium, Koopmans relied on Walras’s

argument which was based on tracing out offer curves in a price quantity diagram, and

looking at their intersections with demand curves. It is interesting to note that the implied

dynamic analysis is not spelled out in terms of differential or difference equations,

something that became one of Tinbergen’s main contributions to the macrodynamic

program whose goal was precisely to specify these dynamic adjustment processes

(Assous and Carret, 2022, in particular chapter 8).

The model that Koopmans ended up building thus exhibited multiple equilibria that

were very different in character from those of Tinbergen: while Tinbergen imagined a

situation where maximality conditions could be satisfied at different levels of production,
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Koopmans built numerical examples showing that for a given amount of goods in the

economy, different equilibria could be possible, all satisfying marginal utility conditions

but impossible to rank without a normative criterion to choose an equilibrium. This later

problem was left unexplored by Koopmans, who kept his attention on marginal utility

functions.

Final Remarks: Multiple Equilibria without Walras

Koopmans’ criticism was acknowledged by Tinbergen, at least in part. Tinbergen did

not pursue the exploration of multiple equilibria in Walrasian models, because he

understood that the whole framework was limiting the ability to say something about

coordination problems and the role that policy can play in the economy to obtain a

different equilibrium. While Koopmans shied away from normative statements on the

basis that they could not be based on interpersonal comparisons of utility, Tinbergen

remained interested in the problem of how to improve general welfare.

In the end, It turns out that Tinbergen not only moved away from the Walrasian

system because he regretted that it was static but also, as he may have understood

following discussions with Koopmans, because it was difficult to reconcile with

macroeconomic issues and most importantly with an analysis of unemployment.

Nevertheless, he did not abandon the idea that there could exist multiple equilibria in

the economy, and the fact that some of these equilibria may be unstable was central in

the models he developed during that period (Assous and Carret, 2022).
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