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Abstract

The estimation of the optimal failure time of stochastic systems is the aim of this paper.
We are in the field of reliability theory, and we merge the Bayesian-like method of estimating
the failure time of the so-called k-out-of-n systems with rational expectations-like expectations,
thus obtaining a new forecasting method and innovative and original results. To do this, we
simulate the path of two sets of systems from zero time to failure time, using a series of statistical
measures that allow us to compare the simulation procedures and understand which is the best

predictive combination.

Keywords: k-out-of-n systems; optimal failure forecasting; reliability theory; rational

expectations.

1 Introduction

This paper arises from the need to deal with the uncertainty about the failure time of stochastic
systems.

Our aim is devoted to estimating the optimal failure time of a set of stochastic systems by
exploiting the potential of some statistical measures through a rational expectations approach. The
fusion of the framework of rational expectations with that of reliability theory with a special focus
on k-out-of-n systems will be interesting and innovative.

Among the possible existing approaches for the prediction of failure times of stochastic systems,
we propose the analysis of the path of failures of the components of reliability systems. The estima-
tion takes place with a Bayesian computational method — to be intended here that we provide an
estimation conditioned to the past information on the randomness collected during the evolution of
the simulated systems.

In our study, we collect all the information related to a set of systems that we call catalog, which
allows the Bayesian estimate of the average failure time of our simulated "real” stochastic systems.
To determine the failure of every single system, the number and importance of the components are
fundamental; in fact, the systems’ reliability depends on its components’ reliability. We are talking
about k-out-of-n systems.

Our study’s innovation concerns applying rational expectations to reliability systems. A clari-
fication word on the meaning of rational expectations in our context is in order. Indeed, rational
expectations come from the economic area, where they provide a response to the [57]’s original state-
ment, saying that it is often necessary to make sensible predictions about the way expectations would
change when either the amount of available information or the structure of the system is changed.

The original idea of Muth finds applications in macroeconomics and financial markets theory. In this
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paper, as we will see, we take for us the grounding idea of rational expectations and apply it to the
context of reliability theory. Specifically, through rational expectations, we can predict failure times
on the basis of the knowledge about the past experience of our stochastic systems and condition
the results on the information provided by the system — with interacting elements with unknown
random lifetimes — thus obtaining a continuous gain on prediction performance.

A peculiarity of our model is called failed component allocation rule and acts on the weight distri-
bution of the components once they have failed: the weight of the failed component is redistributed
on the weights of the components still active within the system.

So we propose a method by using a Bayesian approach to compare k-out-of-n real systems (called
in-vivo) and k-out-of-n cataloged systems obtained through an extensive simulation procedure which
have components characterized by a dependence due to the structure of the systems. We deal
with systems composed of homogeneous and heterogeneous components to perform the optimal
failure prediction of stochastic systems with interconnected components by exploiting all available
information efficiently through rational expectations to process it and make forecasts.

Usually, the methods used in the literature to issue forecasts on the failure times of stochastic
systems through scenario analyses using the reliability of its components exploit what happens to
real systems. In this regard, refer to [45], [73], [31] and [88]) for an in-depth study on this field.

Here, we introduce a new methodology that takes its cue from the approach introduced by [2, 80]
devised on the basis of a method called in the literature "RTP” (reverse tracing of precursors) for
the prediction of earthquakes proposed by [43] and [78]. We estimate the average failure times of
real systems (which represent the goal of our investigation) on the basis of the information collected
on the catalog systems. The information that is a priori recorded concerns all the weights of the
components at each lifetime of a very large number of simulated systems, which will represent the
starting point for the prediction of in-vivo systems. However, unlike Andersen and Sornette, we
insert an interaction into our systems so that the failure of a component affects the rest of the
still-active system.

The information collected at each specific time and for each simulated system concerns the
weights of the components (adjusted from time to time according to the reallocation rule) and the
final failure time. This cataloged set will then be compared with what happens in real systems to
get our prediction.

These systems allow us to calculate rational expectations conditioned by all the possible obser-
vations available. In our approach, we record the failure data of a very large number of systems and
provide the results of different scenarios on our information set.

We seek to provide the most reliable estimate of the failure time of a stochastic system whose
components are interconnected through rational expectations.

To do this, we assess the reliability of our stochastic systems on the basis of several statistical in-



dicators calculated on the realizations of the weights, and we also take into consideration some initial
weight distributions to obtain comparisons both between the various cases studied and concerning
what is contained in the existing literature.

We want to find which combination of initial distribution associated with each statistical indi-
cator allows us to obtain the highest predictive power through all the information available on our
systems. Regarding the statistical indicators selected, our choice was based on those with the most
informative power: variance, skewness, kurtosis, Gini coefficient and Shannon entropy. About the
initial distributions selected for the analysis, we generate the weights of the components from dif-
ferent types of distribution to investigate whether the results are consistent with the literature (see
(48], [77], [4], [25], [84], and [92]). In this direction, we compared five different initial distributions:
the uniform distribution and four types of Beta distribution, assigning values to the parameters to
obtain cases of symmetry and asymmetry.

We intend to analyze how much the functioning of the system and its probability of failure
depend on the level of the statistical value under study. We link the catalog systems (the levels of
the statistical indicators of the weight components of stochastic systems) with the residual failure
times. An average residual failure time is assigned to each observed value. We then calculate the
errors with respect to the residual failure times of the statistical indicator values of the in-vivo
systems. A comparative analysis of the error distributions will allow us to understand how to
obtain the best prediction. Time remains implicit in this approach. We use rational expectations
by conditioning them to all available information, and we represent errors by taking away the time
from the final visualization of the results and focusing on the values of the statistical indicators and
the errors associated with each value. It will be useful to understand how the statistical indicators
behave individually and how the levels of errors vary according to the size class they belong to.

A large number of analyses are then built up to simulate the system’s failure, and we can identify
the connections among the configurations and the lifetime of the system. In so doing, we derive a

probability distribution for the random time of failure of the system conditioned on the observations.

2 Literature review

In this section, we illustrate the literature that underlies our work. Many methods have been
developed over time, and several applications within the Bayesian approach are used to estimate the
failure time of our stochastic systems, which is opposed to the probabilistic one that we will mention
later.

Several papers have been published in the field of operational research that deal with reliability
systems by applying loss functions. In this regard, [10] calculated reliability Bayesian estimators

of the mean lifetime using asymmetric loss functions on the research line of life testing problems.



[11] dealt with a priori information on the values that the parameters can assume in the context of
life testing techniques. In his paper [15] approached a reliability estimation problem by providing a
solution that contains the prior information in the Bayesian theory and the loss function through the
exponential reliability model. [24] discussed a comparison between new unbiased estimators for the
parameter in the exponential distribution and the corresponding Bayesian estimators derived. [85]
considered the properties of optimal forecasts under asymmetric loss from a theoretical perspective
introducing a Linex loss function in the context of real estate assessment. [90] discussed proper-
ties of estimation and prediction procedures based on Varian’s asymmetric Linex loss function. He
delved into examples on normal n-mean problem, on least squares estimator of multiple regression
coefficients, on a linear combination of regression coefficients. In engineering design, [32] devel-
oped a reliability-based optimization method using Bayesian statistics for problems with incomplete
information.

We can find many other Bayesian applications in reliability analysis that deal with multilevel
heterogeneous data sets. See [7], [51], [52], [563] and [54].

In literature, as opposed to the Bayesian method, we find the probabilistic approach, which
differs from the previous one for studying the probabilities of time in which a system could fail.
In these models, the use of the time-conditioned reliability function plays a fundamental role and
calculates the probability of failure throughout the system’s life. The contributions in this field by
(6], [23], [42], [65], [62], [59], [61] and [64] are very interesting.

Although our approach falls within the Bayesian type, in our study, we also dealt with coherent
systems with dependent components, representing a focal point of the probabilistic approach. In
fact, the systems to which we have applied our method do not contain null components, and their
importance grows as the number of failed components increases. If all the components are working,
the system works; if all the components stop working, the system fails. In a coherent system, all its
components are relevant, and its reliability is directly related to the reliability of its components.

Among the most relevant exponents in the literature, we find Navarro and his coauthors, who
developed several papers on coherent systems containing dependent components.

For example, [62] compared systems by considering the properties of their components. They
developed theorems and proofs showing that properties of coherent systems could be selected on
the basis of the properties of these systems and mixtures. In [63], they extended the classical
signature-based mixture representation to the systems with exchangeable components. In contrast,
[59] determined ordering properties for coherent systems by considering the system reliability func-
tion as a distorted function of the common component reliability function. [61] discussed about
coherent systems with dependent or independent components. They demonstrated sufficient con-
ditions on the components and lifetimes and the number of components to improve the reliability

of the whole system according to different stochastic orders. The examples included support their



study applied to the optimal random allocation of components in series and parallel systems. In the
same context, we also find [23], where the authors provided results for systems of two components in
series and systems of two components in parallel. They showed that the lifetime could be improved
by replacing these components with certain mixtures of duplicated (dependent) components. [33]
studied two groups of systems with the same dependence and composition by comparing the failure
characteristics of the components no longer active in the system with the system’s lifetime. A similar
comparison approach between two coherent systems sharing the same components was written by
[89]. These last two papers used a method very similar to ours.

We, therefore, introduce at this point another theme that characterizes our paper: k-out-of-n.
The k-out-of-n systems are those in which a system of n components requires at least & components
to operate. These systems are included in the system class called coherent systems. The stochastic
systems we simulate fit exactly into this type of approach. In the literature, many researchers
have studied k-out-of-n systems in which the failure process of each component depends on the
conditions in its operating environment, and many developments have been achieved in this field of
research for the evaluation of the reliability of these systems. These systems have been introduced
and extensively investigated in the literature by many researchers, see [35], [14], [8], [39], [55], [58],
[38], [67], [69], [72], [76], [95] and [87] to deepen this really interesting topic. On the basis of the
dependence of the components, we can divide the k-out-of-n systems into two groups: those with
homogeneous components that have the same degrees of importance in terms of the failure of the
system and others with heterogeneous components and random weights, in which each component
have different relevance and make a different contribution to the system reliability.

Many scholars have studied k-out-of-n systems, where the failure process of each component
depends on the conditions in its operating environment.

Applications of reliability analysis to k-out-of-n systems with homogeneous components (see [30],
[13], [56] and [20]) are less frequent. Instead, we find many more studies and generalizations in the
context of k-out-of-n systems with heterogeneous components such as those introduced by [67], [49],
(86], [28], [26, 27], [81], [91, 92], [79] and [93].

Some special cases are the series and the parallel systems. In the first case, we suppose k=n
and in the second case k=1. See [68], [19] and [21]. Another special case regards the consecutive
k-out-of-n systems, in which the spatial configuration of the systems plays a key role in assessing its
failure. Indeed, in this case, the failure occurs if only if k£ consecutive components have failed (which
includes both parallel and series systems). We refer to e.g. [17], [46] and [60]. A new extension of the
k-out-of-n systems was proposed by [16]. The components are divided into two groups, important
and standard, and the system’s failure is conditioned on the number of failed components in each of
the two sets. This recent extension is very useful for financial applications. K-out-of-n systems can

be binary or multi-state. The binary system models are the most used in reliability theory. So, the



system can also be in two possible states, working or failed. In addition to binary systems, we find
the multi-state k-out-of-n systems. In this specific case, both the system and its components can
reach more than two states. These models are more flexible, and the system and its components
could be completely failed, partially failed, fully operational, partially operational (see, e.g. [37, 36],
[96] and [82].

The expansion of this field of research has involved many disciplines and, over the years, have
been devised methodological studies, theoretical models and applications that have inspired our
paper. Our systems can be considered of k-out-of-n type: they fail when some of their components
fail (the failure rule will be introduced later).

To face our problem, we include an additional fundamental element to our study: rational
expectations.

The reliability of a system is linked to its ability not to fail within a certain time. There is,
therefore, a relationship with the time, evaluated on the basis of the information the system provides
us with. This allows us to estimate the behaviour and the impact on system reliability. Depending
on the information stored by the system, we can evaluate its reliability by following and predicting
its failure over time.

In modern economic theory, agents are assumed to adjust their expectations to anticipate future
decisions. Over the years, in the study of economic behaviour, two main hypotheses have been put
forward: adaptive expectations and rational expectations.

Adaptive expectations assume that people form their expectations by giving importance to past
events when predicting future outcomes. They played a key role in the 1960s and 1970s (see [29]
and [18]).

Instead, with rational expectations, people make their decisions (which on average will be correct)
based on all the best information available (see for example [57], [50], [74], [75] and [9]).

It is evident that the application of rational expectations becomes important in many areas; in
fact, it can be applied in macroeconomic models, microeconomic situations and a wide selection of
other models.

Starting from the general equilibrium, the insights of rational expectations can be deduced ana-
lytically. From the equation of supply and demand and the assumptions of rational expectation, we

obtain:

pi = E[p:|L;—1] (1)

where p;} is the price expectation, E is the expected value operator, p; is the price at time ¢, and
I;_; is all the information available at time ¢ — 1.

Many authors have studied rational expectations over the years in several fields.



For example, [34] estimated and tested parameters of economic agents’ dynamic objective func-
tions within nonlinear rational expectations models. Their model did not require a priori assumptions
but only the specification of the economic context in which to apply it.

In the economic and financial field, [12] examined rational expectations in the financial markets
by studying speculative bubbles. In contrast, [22] studied the relationship between the efficient
market hypothesis and rational expectations.

In the field of operations research, there is a paper by [5] on discrete-time domains. They
generalized Cagan’s model of hyperinflation. They changed the idea of the time horizon of the
original model without considering only the time intervals represented by the integers. The time-
domain of their generalized model, therefore, includes all the real numbers of the considered time
horizon.

So, we compare two sets of k-out-of-n systems (in-vivo and catalog) through a large number of
simulations by applying a Bayesian approach and exploiting rational expectations to obtain optimal

predictions of the failure times of these systems.

3 The reliability model

We now briefly present the reliability context we deal with. Some detail related to this model can
be found in [3].

This theoretical setting for the evolution of the system lifetime connects the rational expectations
and the reliability of stochastic systems.

We consider the weighted k-out-of-n type system S as a unified entity composed by n individual

interconnected components denoted by C1,...,C,. The system fails when some of its components
fail.
The state of S and of the j-th component C; changes over time with ¢ > 0 and it is a binary quantity
— i.e., the system can work or, alternatively, have failed (or be not active) at time ¢. At the starting
point (time ¢ = 0), the system and the components are naturally assumed to work (to be active).
We label the active components by A and the not active ones by NVA. We define a configuration as
a vector v € {A, NA}™ describing the states of the components of the system. The configuration at
time ¢ = 0 is denoted by initial configuration.

If we maintain the same labels used for the components for active and not active systems (A
and N A, respectively), then the arguments above can be formalized by introducing the so-called
structure function ¢ : {A, NA}" — {A, NA}.

At time ¢, the generic configuration is denoted by ~y(¢). Configurations at a given time can be
clustered in two groups: in the first one, we collect the configurations leading to the system’s failure,

while in the second group, we have the configurations whose occurrence is associated with a still



active system. As said before, we assume that the initial configuration belongs to the second group.

We introduce the system lifetime as:

T = inf{t > 0[p(~(t)) = 0}. (2)

As in the mainstream reliability theory, we assume that the components are weighted, and the
system’s failure depends on the aggregate weight of the active components. In this respect, the
weights capture the evidence that the different components of the system are not homogeneous in
terms of their relevance. Furthermore, the relevance of the components is assumed to vary over time
according to the changes in the status of the system’s components.

We enter the details.

For each j = 1,...,n and t > 0, the relative importance of the component C; over the entire
system at time ¢ is measured through o;(t), where a; : [0,400) — [0,1] and Z?:l a;(t) =1, for
each t.

For each t > 0, we collect the a(t)’s in a time-varying vector a(t) = («a;(t));, where
a:[0,+00) — [0,1]" such that t > a(t). (3)

If a component is not active at time ¢, then its relevance for the system is null. Moreover, each

active component of the system has positive relative relevance (weight).
a;(t) =0 < j is in status N A. 4)

Condition (4) is useful in that it allows to describe the status of the components of the system
directly through the a’s.

Once a component fails, its weight is reallocated to the survived components proportionally to
their weights. This is what we call failed component allocation rule.

A rational expectations approach is used to compute the expectation of the random time in
which the system fails. Specifically, we will compute the expected value of 7 conditioned to the
specific values of the weights a(t) measured at time ¢. We denote by RE the rational expectations

of time 7T given all the possible configurations of the system. Specifically, for ¢t > 0, we set
RE, = {E[T|a(t)] : a(t) € (0,1]"}, (5)

where E is the expected value operator.
Formula (5) provides the expected value of the lifetime of S(¢) in correspondence to any system

configuration.

4 Simulation procedure

This section aims to test the worthiness of the rational expectation estimation of the failure time

of the system through an extensive set of numerical experiments. To this aim, we first provide a



detailed description of the numerical procedure with the steps of the algorithm; then, we give the
parameter set used in the experiments.

The proportional failed component allocation rule and the failure rule give a clear intuition of
the presence of stochastic dependence among the lifetimes of the system components.

The system is assumed to fail the first time in which the number of failed components becomes

higher than the one of the active components.

4.1 Overview of the simulation procedure

To pursue our aim, the configurations of the systems will be opportunely synthesized through sta-
tistical indicators, pointing to central tendency, variability, shape and concentration information
content of the distribution of the weights of the components (the «’s).

Specifically, we will deal with: (i) the variance to evaluate the variability of the configurations
and, therefore the dispersion of the weights; (ii) the skewness, to provide a measure if the symmetry
of the configurations; (iii) the kurtosis, to study if the weights are heavy-tailed or light-tailed with
respect to a normal distribution; (iv) the Gini coefficient, to evaluate the inequality within the
configurations; (v) the Shannon entropy, to estimate the degree of complexity of information and
the mutability of the configurations.

As seen above, the simulation procedure is characterized by two sets of systems: one (the catalog
systems) to record the information and calculate rational expectations, and another (the in-vivo
systems) to compare the failure times of real systems with those predicted. The prediction errors
are obtained by comparing the catalog systems and the in-vivo systems.

Our attention is focused on all the statistical indicators values that represent the synthetic
measures of our systems.

Time remains implicit, and, in the final representations of the errors committed in the prediction

of failure times, we will directly relate the errors to the values of the statistical indicators.

4.2 Detailed steps of the numerical procedure

As a premise, we briefly give the ground of the numerical algorithm.

1. First, we create a large set of synthetic reliability systems with different initial configurations.
Then, we build an iterative algorithm to observe the system’s stepwise evolution and its com-
ponents’ failure. Such a procedure is stopped at the failure of the system. After the failure of
a system, we store at each step the weights of the components and the system’s failure time.
This set of synthetic systems form the catalog, and the generic system of the catalog is denoted

by (S¢)x. The catalog is the information set for checking the validity of the estimation in (5).
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We denote by K _simulations the number of simulated systems that will be recorded in the
information set — the catalog — so that the generic information set system will be denoted by
Sg, with k = 1,..., K_simulations.

For each system S{ we collect the information by one of the five statistical indicators (i)-(v)
presented above related to the specific configuration a(t) = (a1(t),...,an(t)) — where the
reference to t indicates that the configuration is considered at time t. Here, we introduce the
failure time FT7, of the related system — where the index k points to the k-th system S{ of
the catalog; the residual failure time 7x(t) is conditioned to a(t), and depends on k and ¢; the
number of active components for system k at time ¢ is ny(t). We will follow the systems from

the initial time until their failure with the time ¢t =0,1,2,..., FT .

By introducing opportune notation, we will collect for each k-th system:

e All the times until the failure F7 witht =0,1,2,..., FTk.
e For each time t:

— We record a set of a’s of the configurations a that depends on k, t and ny(t) (all the
weights of the S€s);

— Each set of the a’s is associated with one value ¢ of the statistical indicator rep-
resented by x, with x =variance, skewness, kurtosis, Gini coefficient and Shannon
entropy. Any observed value ¢ depends on k and ¢, while ny(t) intervenes directly
in the computation of the considered statistical indicator at time ¢ and for system k.
The values are rounded to 3 decimal places.

e All the failure times F7 s of systems S¢’s in a vector that depends on the k-th system

Sg and indicated with F7T}, as said above.

e From the F7’s we derive all the residual failure times 7”’s in a matrix T¢, that depends
on the k-th system S{ and the observed value xc (Ti(*¢)). The residual failure time

measures the time until the failure of each xc. Specifically:
Te(*¢)=FTr —t,¥t=0,...,FT, (6)
2. Second, we are in the position of constructing the rational expectations in (5) on the basis of
the S¢s.

At this aim, we build an application that links each observed value *¢ of the statistical indicator
represented by x, with x =variance, skewness, kurtosis, Gini coefficient and Shannon entropy,

with a set of residual failure times contained in T¢. We do it for all the catalog systems S€’s.

We compute the arithmetic mean of each set of residual failure times in correspondence of
the *¢’s, namely E[Tgg(*¢)]- In so doing, we obtain the rational expectations of formula (5)

associated to each *¢.

11



3. Third, we create a second set of systems. We implement the same procedure used for the catalog
and check if any weight vector is associated with the failure time obtained in the catalog. This
second set of systems is called the in-vivo. We denote by X _simulations the number of simu-

lated in-vivo systems, and the generic in-vivo system is SX, with x =1, ..., X_simulations.

In this case, by introducing suitable notation, we will record for each z-th system:

e All the times until the failure F7T, with ¢t = 0,1,2,..., FT ., where FT, is the failure

time of the related system — the index z points to the z-th in-vivo system SY .
e For each time ¢:

— We record a set of a’s of the observations a that depends on z, t and n,(t) (all the
weights of the SV’s), where n,(t) is the number of active components.

— Each set of the a’s is associated with one value *y of the statistical indicator rep-
resented by x, with x =variance, skewness, kurtosis, Gini coefficient and Shannon
entropy. Any observed value xy depends on x and t. The values are rounded to 3

decimal places.
e All the failure times F7 s of systems SV’s, for each z, in a vector that depends on the
2-th system SY (indicated with F7,).

e From the F7’s, all the residual failure times 7’s in a matrix 7Ty, that depends on the z-th
system SY and the observed value *y (7,(*v)). Every value xy is related to a residual

failure time T, (*v ).

Here, we consider all the values xy’s. These values are different a priori from the xo’s found

in the first part of the simulation procedure.
4. Now we compare the observed values of the in-vivo systems xy’s with the observed values of
the catalog systems x¢’s when in-vivo and catalog systems show the “same configuration”.

We therefore need to replace every xy that has never been observed in the catalog with the
value x¢c which represents the “same configuration”. The “same configuration” in the catalog

is the observed value *¢ which is closest to the value xy we are replacing.
Specifically, we compute the minimum distance between each xy and the values x¢’s.

Once we find the closest configuration of xy among the xc’s, we build a function that assigns
to each x¢ — considered the ”same configuration” — the residual failure times contained in Ty,

namely 7, (*¢), linked to the %y ’s that have been replaced.

Then, we consider, for each *¢, the error between the rational expectations and all the residual

failure times of the in vivo systems assigned to the specific xc. Specifically,

12



E; . (x¢) = [E[Tre(*¢)] — To(*c)l, (7)

where T (*¢) is the residual failure time of the in vivo systems assigned to the x¢’s to replace

rational expectations.

We create, for each x¢, a distribution of errors between the expected residual times calculated
with the rational expectations and the residual failure times of the in-vivo systems, according

to (7).

. For comparison purposes, we use the distribution of the errors of step 4 in rational expectations
prediction for the computation of the quantiles ¢ = 10%, ¢ = 50% and ¢ = 90% of the error

distribution.

FEx and

In this way, we quantify the impact of the error prediction comparing Fx 50

RE_10?
Esz oo With the benchmark Ep for the different analysis carried out in this work (variance,
skewness, kurtosis, Gini coefficient and Shannon entropy). The fifth part consists of the

following steps:

e Create the distribution of the quantiles ¢ = 10%, ¢ = 50% and g = 90% of the errors
distribution in rational expectations prediction (Fx,,) for the x¢’s. We need to construct
statistics over predictions to assess their quality. We decide to focus our attention on fixed
quantiles at level g of the distributions of the errors: ¢ = 10%, ¢ = 50% and q = 90%, i.e.
the 10", 50t" and the 90" quantile. Let us consider errors in ascending order so that
the 10" quantile represents the smallest errors in our forecast of residual failure times.
Instead, the 90t quantile identifies the biggest errors in predicting the residual failure

0" quantile gives us the median of errors, so the central

times of stochastic systems. The 5
errors of the distribution. Erg_10, Ere_s0 and Erg oo are, respectively, the 10th (Error
1), 50" (Error 2) and the 90" (Error 3) of the distribution of the errors. These quantiles

take into account all the information recorded in the catalog over time.

e To obtain great comprehensibility in the interpretation of the results proceed by clustering
the *¢’s (in ascending order) in equal class intervals. The class width is 50, except for

the last class, which includes the values excluded from the previous classes.

e Create the benchmark errors given by the errors made without the use of rational expec-

tations: Epg.

e To understand how rational expectations allow us to obtain the optimal prediction of
residual failure times using the information stored in the past, it is necessary to exam-

ine the comparison between F E E and Ep of the several indicators

*RE_100 T“*RE_50° ““*RE_90

considered in the analysis.
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4.3 Parameter set

The parameters are set as follows:

Table 1: Parameter set

Parameter Value
number of components 10
K _simulations 10.000
X _simulations 10.000

The initial distributions under study were selected to provide five possible cases:
e Uniform distribution in (0,1) type;

e Beta distribution type, which has support in (0,1), composed of two positive shape parameters,
denoted by v and 3 that represent the exponents of the random variable and control the shape
of the distribution. Depending on the value assigned to the two parameters, we will get several

distributions from which we can randomly extract our weights.
— v =1 and 8 = 3 that is an asymmetric distribution on the left;

— v = [ =0.5 that is a symmetric distribution focused on extremes;

— v = [ = 2 that is a symmetric distribution concentrated on the central values of the

distribution;

v =1 and f = 0.5 that is an asymmetric distribution on the right.

5 Results and discussion

In this section, we present the study’s results and the related discussion. The paragraph will be
divided into two blocks: in the first part of the discussion, we will investigate the relationship between
the statistical indicators’ values and error levels; in the second part, we will go into the composition
of errors by studying their frequency.

We now focus our attention on the various statistical measures under analysis.

We start from the variance. Fig. 1 shows the prediction errors (in absolute value) for the analysis
of the variance considering all the different five types of initial weight distribution. Magenta fixed
line is the Benchmark. Red line, blue line and light blue line, blue line and red line are respectively
Errors 1, Errors 2 and Errors 3.

Variance is a good estimator of the dispersion; it represents the average volatility of the weights

of each system around the mean.
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As the subgraphs of Fig. 1 show, we can note a decreasing trend of errors towards zero in all the
cases taken into consideration. High volatility of the system components is linked to the reduction
of errors made in the prediction, and it is due to the decrease of the uncertainty about the systems
failure time. Data are very spread out from the mean, and we can capture a wider range of values.

Variance is very performing, and the errors stabilize around zero for all initial weights distribu-
tions except for the 50t" and the 90" percentile of the Beta distribution with v = 1 and 8 = 3. In
this case, from a certain threshold of variance onwards, we observe a small increase in errors, which
emphasizes that excessive fluctuations affect the predictability of the variance for medium or very
large errors. When we detect a high variance, we pay close attention to data without generalizing the
values never seen before. So, for the negative exponential distribution, too high values and excessive
turbulence within the observations, however, are overfitting, which can highlight distortions that
lead the model to become less good at predicting new data.

With low variance values, the model is underfitting the residual failure times, and it cannot
identify the real moment of system failure.

From Fig. 1 in the initial parts of the various curves, we observe a very scattered trend charac-
terized by many spikes with errors that stabilize at a certain level of variance. The prediction of the
systems’ failure times from these levels of variance is almost perfect. In these paths windows, the
components are very dependent on each other; this allows us to predict how long it will take for the
system to fail.

Moreover, we can note a different trend in Errors 3 compared to Errors 1. The line of the biggest
errors decreases faster toward zero, while in the line of the smallest errors, there is a slight flat
behaviour. This flat behaviour depends on the fact that when we have a very low variance (close
to zero), in a big error, the gain in the prediction is more evident than what we will see in a small
error.

The different subgraphs also display the change in the initial distribution of components.

According to the existing literature, the ideal shape of the distribution of the weights that
minimizes prediction errors is the negative exponential one (see [48], [77], [4] and [25]). In our study
it corresponds to the Beta distribution with v =1 and 8 = 3.

In fact, the best predictive efficacy belongs to the asymmetric case with v = 1 and = 3 and
to the symmetric one with v = 3 = 0.5. In the first case, the predictive gain is very high, although
there is a worsening in the final trend, which corresponds to very high levels of variance.

However, in other cases, we always obtain excellent results through rational expectations with
increasing levels of variance. In fact, we appreciate a constant decrease to near zero. The symmetric
Beta with v = = 2 together with the asymmetric Beta with v = 1 and 5 = 0.5 are the cases
that perform worse as regards the errors in absolute value, but in correspondence with appropriate

variance values, they reach errors close to zero with trends flattening out due to ever-increasing
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values of the indicator.

Therefore, we can deduce from this analysis the levels of variance that provide an optimal balance
without overfitting or underfitting the residual failure times. This specific application suggests that
the study of the variance can be a powerful tool to predict the residual failure times of a stochastic
system in case of high values of variance, which are crucial to understanding the behaviour of
prediction models.

[40] dealt with software fault prediction models by establishing that the lower the variance,
the more reliable the system is. Also [83], who dealt with error estimator methods for evaluating
prediction models, confirmed with their studies that good performance is linked to low variance.

On the contrary, in our study, high variance values are more informative and allow a better
prediction, performing better than lower values and with fewer fluctuations.

Switch now to the skewness.

In Fig. 2 we can see the different trends of skewness errors.

Through the skewness of the components’ weights, we investigate the nature and dynamics of
the shape of the distribution. Skewness measures how close the data are to the symmetry or the
lack of symmetry in data distribution.

The skewness has been used in predicting future market returns with excellent results (see [41]).
Also in our study, it is a good predictor depending on the values assumed by the distribution.

Compared to the previous indicators, skewness fluctuates more in the central part of the curves.
It exhibits large spikes, especially at values close to zero when the data are fairly symmetric. The
highest errors are achieved in conditions of symmetry, negative asymmetry or slight positive asym-
metry of the distribution. Regardless of the initial distribution considered, a forecast bias is evident
around a skewness range from -1.5 to +2.5.

Overall, the trend of average errors and percentiles is very scattered, and we do not notice big
differences between the various curves. The best accuracy is obtained by applying our predictive
model in cases of Beta distribution with v = 5 = 0.5 and Beta distribution with v = 1 and
B = 3. The least predictive gain and very high maximum error levels are reached in the case of Beta
distribution with v = 8 = 2 (as in the study of the two previous indicators).

While generally, highly skewed data affect the accuracy of the predictive model (see [47]), the ob-
tained results provide evidence that extremely positively skewed weights pick up the best information
with good predictive gain.

As part of the use of statistical moments in forecasting models, [71], [1], [70] and [44], state that
the lowest moments of the distributions (second moment in our case, i.e. the variance) are more
efficient than the highest moments which are attested to be less stable and reliable (third, skewness
and fourth, kurtosis). With our analysis, we confirm what these researchers concluded.

In fact, the variance is the one that comes closest to zero errors, with some features of uncertainty
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in the case of very low variability (components very similar to each other). The situation worsens for
skewness and kurtosis. The third statistical moment is characterized by less regularity and mixed
trends but with the achievement of very low error values. The fourth statistical moment has a more
flattened shape, but it is less efficient overall. We now analyze the kurtosis. Kurtosis is a measure
of the "tailedness” of the distribution through the description of the tails and the identification of
the outliers.

In Fig. 3 we see the prediction errors concerning kurtosis.

The situation is scattered.

As in the study of variance, the two distributions that perform better and provide lower and
decreasing errors are Beta distribution with v = § = 0.5 and Beta distribution with v = 1 and
B = 3. At a glance, the latter analysis is the best performing.

In the first three sub-charts, we can observe a different error trend between Errors 3 line and Er-
rors 1 line. The trend of the smallest errors is almost linear, with constant errors for all the kurtosis
values recorded in the simulations. Instead, the biggest errors follow a path that reaches maximum
errors in correspondence of low kurtosis values and, therefore, in the presence of a platykurtic distri-
bution of the weights. Kurtosis loses predictive power when the distribution has a lower likelihood of
extreme weights than a normal distribution. When the weights are distributed around their average
and we observe thinner tails, the use of rational expectations proves to be ineffective.

Our model, instead, becomes successful when there is a positive excess of kurtosis and the data
are fat-tailed distributed. If we consider even the most extreme values, we obtain an increasingly
inclusive range of cataloged wights. The application of rational expectations attests to be an excellent
method of forecasting the residual failure times considering even the values with a greater distance
from the mean.

The situation is completely reversed if we start from a symmetric weight distribution centred
on 0.5 (Beta distribution with v = 8 = 2). In correspondence with distributions with non-fat tails,
kurtosis does not work well. This case represents an exception showing anomalous behaviour. It
provides very high error levels. It does not work because the initial values assigned to the weights
extracted from this distribution are concentrated in 0.5. It underestimates the extreme values close
to 0 and 1, which are considered in the other distributions. The minimum errors committed to
predicting failure times through rational expectations are those at kurtosis levels around 8. It can
only be used if we have distributions with extreme values.

On the other hand, if the weights are distributed with an asymmetry to the right (Beta distribu-
tion with v = 1 and 8 = 0.5), kurtosis is a good predictor of thin tail distributions with continuously
rising curves as the values increase.

Fig. 4 displays the prediction errors (in absolute value) for the Gini coefficient considering all

the different five types of initial weights distribution.
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We can consider the Gini coefficient as a measure of accuracy to assess the performance of our
prediction model of residual failure times. In fact, the increase in the coefficient corresponds to an
increase in inequality among the values taken into consideration in the analysis. Values close to 1
indicate that the range of possible weights cataloged and on which the study is based is very wide.

Not many researchers have used the Gini coefficient as a prediction tool. [66] have argued that
it is very useful to use the Gini when dealing with failure prediction models.

The behaviour of errors is similar to that of kurtosis in some scenarios, but there are differences
to note. However, the comments previously left for kurtosis about the different trends of the three
curves can also be extended for the study of this indicator.

First of all, the 10t" percentile has a linear trend, but for values of the Gini coefficient near zero
(the initial trend), we observe a peak that decreases rapidly, settling at error levels close to zero.

Secondly, the symmetric Beta distribution with v = 5 = 2 and the asymmetric Beta with v =1
and 8 = 0.5 behave in the opposite way to that of kurtosis. In fact, although the level of initial
errors is very high, we can visualize a predictive gain that grows exponentially as the values of the
Gini coefficient increase.

We can see visually through error analysis the improvement in the accuracy of the predictions
for increasing coefficient values up to the attainment of prediction errors tending to zero. Near the
maximum polarization of the components, we reach excellent levels of prediction.

For very small Gini values, we can deduce that we are in the initial time of the simulations when
no node or few nodes have failed. In fact, the values of the weights will be more equidistributed,
and the equidistribution will decrease as the components fail and the weights of the failed nodes are
proportionally redistributed among the components still active. Low coefficient values correspond
to less cataloged information and greater uncertainty associated with forecasts through rational
expectations.

We end this first part of the analysis by focusing on the Shannon entropy illustrated in Fig. 5.

There are no contributions in literature on the use of entropy as a prediction tool. Thus our
analysis fills this gap.

The results show a very irregular error trend characterized by many spikes that alternate touch-
ing a wide range of values. Any improvement is very random, and using rational expectations is
ineffective as a prediction tool.

For each type of initial distribution — by comparing the values with the previous analysis — the
errors are the worst ever obtained, and the possibility of distortions occurring by applying our model
on entropy is evident.

The Shannon entropy is the least informative and least useful statistical indicator in this fore-
casting model. There is no regularity in the trends, and we fail to capture information on which

entropy values are best suited for better predicting failure times.
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Comments relating to previous charts need to be corroborated by further analysis.

We proceed with a second part in which we can add investigations performed by illustrating a
series of histograms containing the absolute frequencies of the prediction errors.

The aim is to understand the extent of the errors according to the statistical indicator and the
weights’ initial distribution.

In each graph, there are two sub-graphs; one in which the error values are divided into classes of
width 10, with the residual values included in the last class whose size is variable; the other where we
eliminate the zero value (no errors made in the prediction), so that we can provide a representation
of the frequencies for each error value. The analysis of the variance is reported in Fig. 6.

In Figs. 7 and 8 we show the error frequencies for skewness and kurtosis, respectively.

We can observe the analysis of the distribution concentration in Fig. 9 where we find the
histograms for the five different initial distributions of the Gini coefficient.

Ultimately, we find Shannon entropy (see Fig. 10).

The comments for this second analysis can be quite generalized for all statistical indicators. In
fact, the trend of the error frequencies is very similar in the various cases, with variance, kurtosis
and Gini coefficient, which are the best prediction tools, with more linear and regular trends, while
skewness and Shannon entropy show deviations that invalidate the study.

And this confirms the first part of the analysis.

In general, observing the frequency of the prediction errors, these reach a very high level for
errors located in the lower classes and then decrease in a strictly monotonous manner as the error
values increase (higher classes).

The predictive ability is not trivial because the error values with higher frequency are found
when the error is close to zero, and the curve’s trend falls very quickly.

The errors corresponding to 0 and 1 (zero or almost zero errors) are the most frequent. This
confirms our analysis’s effectiveness, which provides a consistent reliability rate with many correct
predictions. The frequencies decrease dramatically in correspondence with high prediction errors.

These graphs give us an overview of the order of magnitude of these curves. In fact, there is
an inversely proportional relationship between the frequency of errors (ordinate axis) and the error
classes (abscissa axis).

The most dense and excessive errors are those concerning the symmetric Beta distributions with
v = B = 2 and the asymmetric one with v = 1 and 8 = 0.5. In these cases, the frequency of
the lowest errors is much higher than in other scenarios. Very often, our predictions are correct.
However, the high number of error classes gives us the perception of the high probability of making
very large errors when the predictions are wrong.

Best predictive gain ever for Beta distribution with v = 1 and § = 3. This confirms that the

negative exponential distribution is the one that is most suitable in the context of forecasting failure
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Figure 6: Histograms of the frequency of the variance prediction errors. In the first sub-graph we

show the frequency for error classes of width 10 (each bar contains 10 error values in ascending order,

except the last class where the final error values are inserted). In the second sub-graph, instead,

we have the error frequency of each single value excluding zero from the representation. These are

the errors related to the analysis of variance considering all the initial weight distributions. [Top]
(Left) Uniform distribution; (Right) Beta distribution with v = 1 and 3 = 3. [Center| (Left) Beta
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times. And also, with this aspect of the analysis, we are consistent with the study of the first part,

which deals with each individual indicator in relation to errors in absolute value.

6 Conclusions

In the context of reliability systems, our goal is to improve prediction performance using rational ex-
pectations by conditioning the residual failure times of simulated stochastic systems to the memory
of past events. The key to our approach is the information stored over time through rational expec-
tations with a particular focus on the effect of different levels of statistical indicators on prediction
results. We make a transversal analysis over time: we emphasize the contribution of the statistical
indicator, showing how the error varies as a function of the measure considered aggregated based on
time.

We examine how the paths of the errors are influenced by several indicators very important for
the informative content they provide, the different levels of these indicators and the initial weight
distribution used in the study.

To deeply investigate our predictions, we take into account three different quantiles of the error
distribution: 10%, 50% and 90% of the distribution. We thus have a comparison between small,
medium and large errors.

It was interesting to understand how results change depending on the characteristic considered
for the analysis and the initial distribution of the configurations’ weights.

To our knowledge, this has not been done before.

Some results are in agreement with what is stated in the literature, such as, for example, ideal ini-
tial distributions in the predictor field (the negative exponential distribution is the best performing).

In contrast, other results offer new and original perspectives.
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