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Telemedicine is often put forward as a solution to medical deserts. Recently, telemedicine has allowed to limit physical contacts during a pandemic. We analyze within a theoretical model the setting of physicians' fees in the presence of distant medicine and public health insurance, as well as the resulting patients' surplus, access and public expenses. Concretely, we consider that distant medicine is provided either by the same physician as in-person medicine or by another one specialized in distant medicine. We compare the outcomes of these two market structures with each other and with a benchmark monopoly with no distant medicine. This comparison allows to discuss the effects of a recent French reform concerning insurance reimbursements for distant medicine, as well as those of cross-border high-quality remote health services.

❀ D c = L ❀ Π A = dc-tL αc L ❼ CS = tL 2 2 ❀ P E = 1-αc αc (d c -tL)L ✷✳ ❲❤❡♥ d c ≤ 2tL✱ t❤❡♥ ❼ p c = dc 2αc ❀ D c = x = dc 2t ❀ Π A = (dc) 2 4αct ❼ CS = (dc) 2 8t ❀ P E = 1-αc αc (dc) 2 4t ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ d c < 2tL✱ ♣❛rt ♦❢ t❤❡ ♠❛r❦❡t ✐s ♥♦t ❝♦✈❡r❡❞✱ D c < L✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛ ♠❡❞✐❝❛• ❞❡s❡rt✳ ▲❡♠♠❛ ✷ ♣r♦✈✐❞❡s ❛ ✈❡r❜❛• ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s♦♠❡ s❡•❡❝t❡❞ ✐t❡♠s ♦❢ t❤❡ s♦•✉t✐♦♥✱ ✐♥❝•✉❞✐♥❣ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ▲❡♠♠❛ ✷✳ ✭❙✐♥❣•❡ ❝•✐♥✐❝✐❛♥✱ ✐♥t❡r♣r❡t❛t✐♦♥✮ ■❢ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ❛♥❞✴♦r ❞✐st❛♥❝❡ ❛r❡ •❛r❣❡✱ t❤❡♥ ♣❛rt ♦❢ t❤❡ ♠❛r❦❡t ✐s ♥♦t ❝♦✈❡r❡❞✳ ❚❤❡ ♠❡❞✐❝❛• ❞❡s❡rt ✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♣❛t✐❡♥t✬s ❝♦✲♣❛②♠❡♥t✳ ❋❡❡ ❛♥❞ ♣r♦✜t ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ♣❛t✐❡♥t✬s ❝♦✲♣❛②♠❡♥t ❛♥❞ t❤❡② ❛r❡ ❜♦t❤ •♦✇❡st ✇❤❡♥ ❛ ♠❡❞✐❝❛• ❞❡s❡rt ❡①✐st✳ ❚❤❡ ❝♦♥s✉♠❡r s✉r♣•✉s ✐s ✜rst ✐♥❝r❡❛s✐♥❣ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s✐♥❣ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✱ t✳ ❈❡♥tr❛• t♦ t❤✐s ❛♥❛•②s✐s ✐s t❤❡ ♣♦ss✐❜•❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❡❞✐❝❛• ❞❡s❡rt✳ ■t ✐s ✈❡r② ✐♥t✉✐t✐✈❡ t❤❛t ❛ ♠❡❞✐❝❛• ❞❡s❡rt ❡①✐sts ✇❤❡♥ ❞✐st❛♥❝❡ ❛♥❞ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ❛r❡ ❤✐❣❤ ❡♥♦✉❣❤✱ ❛s st❛t❡❞ ✐♥ ▲❡♠♠❛ ✶✳ ❈♦✲♣❛②♠❡♥ts ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠❡❞✐❝❛• ❞❡s❡rts ❜❡❝❛✉s❡ ❡✈❡♥ ✐❢ ❝♦✲♣❛②♠❡♥ts ❞❡❝r❡❛s❡ ❢❡❡s✱ t❤❡ ♣❛rt ♦❢ t❤❡ ❢❡❡ t❤❛t ✐s ♣❛✐❞ ❜② ♣❛t✐❡♥ts ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❝♦✲♣❛②♠❡♥ts ✭s❡❡ ❙❡❝t✐♦♥ ✻ ❢♦r ❛ ❣❡♥❡r❛• ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤❡ ❡✛❡❝t ♦❢ ❝♦✲♣❛②♠❡♥ts✮✳ ❲❤❡♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ❛♥❞ ❞✐st❛♥❝❡ ❛r❡ s♦ •♦✇ t❤❛t ❛ ♠❡❞✐❝❛• ❞❡s❡rt ❞♦❡s ♥♦t ❡①✐st✱ t❤❡♥ t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts t ✐s t♦ ✐♥❝r❡❛s❡ ♣❛t✐❡♥ts✬ ✉t✐•✐t②✳ ❋♦r •♦✇ t✱ ✐t ✐s ✇♦rt❤✇❤✐•❡ ❢♦r t❤❡ ♣❤②s✐❝✐❛♥ t♦ •♦✇❡r ✐ts ❢❡❡ p t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ❤✐❣❤❡r tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts t ❛♥❞ ❦❡❡♣ t❤❡ ❞❡♠❛♥❞ ❢r♦♠ ❛•• ♣❛t✐❡♥ts✱ ❡✈❡♥ ❢♦r t❤♦s❡ •♦❝❛t❡❞ ❢✉rt❤❡st ❛✇❛②✱ ❛t L✳ ❚❤❡ ❞❡❝r❡❛s❡ ✐♥ ❢❡❡ ✐s t❤❡r❡❢♦r❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ✐♥❝r❡❛s❡ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✳ ❚❤✐s ❡①♣•❛✐♥s ✇❤② ❝♦♥s✉♠❡r s✉r♣•✉s ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ♠❡❞✐❝❛• ❞❡s❡rt✳ ■♥❞❡❡❞✱ t❤❡ ❞✐r❡❝t ❡✛❡❝ts ♦❢ ❤✐❣❤❡r tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ♦♥ ✉t✐•✐t② ❛r❡ ♠♦r❡ t❤❛♥ ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❢❡❡✳ ❲❤❡♥ ✐♥st❡❛❞✱ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ❛♥❞ ❞✐st❛♥❝❡ ❛r❡ ❤✐❣❤ ❡♥♦✉❣❤ s♦ t❤❛t ❛ ♠❡❞✐❝❛• ❞❡s❡rt ❛♣♣❡❛rs✱ t❤❡♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts t ✐s ♥♦t ✇♦rt❤ ❛ ❞❡❝r❡❛s❡ ✐♥ ❢❡❡ ❢♦r t❤❡ ♣❤②s✐❝✐❛♥ t♦ ♠❛✐♥t❛✐♥ ❛ ❤✐❣❤ ❞❡♠❛♥❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❡❡ ♥♦✇ ❞♦❡s ♥♦t ✈❛r② ✇✐t❤ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ❛♥❞ t♦t❛• ❞❡♠❛♥❞ ❞❡❝r❡❛s❡s ✐♥ t✳ ❚❤❡ r❡s✉•t✐♥❣ ♣r♦✜t ❛♥❞ ❝♦♥s✉♠❡r s✉r♣•✉s ❛r❡ t❤✉s ❞❡❝r❡❛s✐♥❣ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts ✇❤❡♥ t❤❡ •❛tt❡r ❛r❡ ❤✐❣❤✳ ✸✳✷✳ ❙✐♥❣•❡ ♣❤②s✐❝✐❛♥ ✇✐t❤ ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♣❤②s✐❝✐❛♥ A✱ •♦❝❛t❡❞ ❛t x = 0✱ ♣r♦✈✐❞❡s ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✇✐t❤♦✉t ❛♥② ❝❛♣❛❝✐t② ❝♦♥str❛✐♥t✳ ❆♥ ✐♥❞✐✈✐❞✉❛• ♣❛t✐❡♥t •♦❝❛t❡❞ ❛t x ❞❡❝✐❞❡s ✇❤❡t❤❡r ♦r ♥♦t t♦ ✈✐s✐t ♣❤②s✐❝✐❛♥ A✱ ❡✐t❤❡r ♣❤②s✐❝❛••②✱ ✐♥❝✉rr✐♥❣ ❛ tr❛✈❡•✐♥❣ ❝♦st ♦❢ tx✱ ♦r ✈✐rt✉❛••②✱ ✐♥❝✉rr✐♥❣ ♥♦ tr❛✈❡•✐♥❣ ❝♦st✳ ❍✐s ✉t✐•✐t② ✐s t❤❡r❡❢♦r❡ U = max{d c -α c p c -tx; d e -α e p e ; 0} ✭✸✳✹✮ ❍❡r❡✱ t❤❡ ♣❛t✐❡♥t ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✐♥✲♣❡rs♦♥ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s •♦❝❛t❡❞ ❛t x2 = M in{M ax{0; d c -d e + α e p e -α c p c t }; L}. ✭✸✳✺✮ ✻ ❊✳ ❉❛r❣❛✉❞ ❛♥❞ ■✳ ❏❡•♦✈❛❝ ❚❤❡ ♣❤②s✐❝✐❛♥✬s ♣r♦✜t ✐s t❤❡r❡❢♦r❡ Π A = p c x2 + p e (L -x2 ). ✭✸✳✻✮ ❚❤❡ s♦•✉t✐♦♥ t❤❛t ♠❛①✐♠✐③❡s t❤❡ s✐♥❣•❡ ♣❤②s✐❝✐❛♥✬s ♣r♦✜ts ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ▲❡♠♠❛ ✸✳ ✹ ▲❡♠♠❛ ✸✳ ✭❙✐♥❣•❡ ♣❤②s✐❝✐❛♥✱ s♦•✉t✐♦♥✮ ✶✳ ❲❤❡♥ 2tL ≤ d c -αc αe d e ✱ t❤❡♥ ❼ p c = dc-tL αc ❀ D c = L ❼ p e = de αe ❀ D e = 0 ❼ Π A = dc-tL αc L ❼ CS = t 2 L 2 ❀ P E = 1-αc αc (d c -tL)L ✷✳ ❲❤❡♥ 0 ≤ d c -αc αe d e ≤ 2tL✱ t❤❡♥ ❼ p c = αedc+αcde 2αcαe ❀ D c = αedc-αcde 2αet ❼ p e = de αe ❀ D e = L -αedc-αcde 2αet ❼ Π A = de αe L + 1 αct ( αedc-αcde 2αe ) 2 ❼ CS = 1 2t ( αedc-αcde 2αe ) 2 ❀ P E = (1 -α c ) αedc+αcde 2αcαe αedc-αcde 2αet + (1 -α e ) de αe (L - αedc-αcde 2αet ) ✸✳ ❲❤❡♥ d c -αc αe d e ≤ 0✱ t❤❡♥ ❼ p c > dc αc ❀ D c = 0 ❼ p e = de αe ❀ D e = L ❼ Π A = de αe L ❼ CS = 0 ❀ P E = 1-αe αe d e L P❛rt ✸ ♦❢ ▲❡♠♠❛ ✸ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s s♦ ❜❡tt❡r r❡✐♠❜✉rs❡❞ t❤❛♥ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ t❤❛t ❛•• ♣❛t✐❡♥ts ❝❤♦♦s❡ ❞✐st❛♥t ✈✐s✐ts ❞❡s♣✐t❡ t❤❡ •♦✇❡r q✉❛•✐t② ♦❢ ❞✐❛❣♥♦s✐s✳ ❋♦r t❤❡ ♦t❤❡r ❝❛s❡s✱ ❢❡❡s ❛r❡ ❛•✇❛②s ❤✐❣❤❡r ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ✈✐s✐ts t❤❛♥ ❢♦r ❞✐st❛♥t ♦♥❡s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ q✉❛•✐t② ♦❢ t❤❡ ❞✐❛❣♥♦s✐s t❤❛t ✐s ❤✐❣❤❡r ❢❛❝❡✲ t♦✲❢❛❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ❢❡❡s ❢♦r ❞✐st❛♥t ✈✐s✐ts ❛r❡ ❛•✇❛②s s❡t s♦ ❛s t♦ ❢✉••② ❡①tr❛❝t s✉r♣•✉s ❢r♦♠ ♣❛t✐❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ •♦❝❛t✐♦♥ ♦❢ ❞✐st❛♥t ♣❛t✐❡♥ts ✐s ♥♦t ✐♠♣♦rt❛♥t ❛♥②♠♦r❡ ✇❤❡♥ t❤❡② ✉s❡ r❡♠♦t❡ ♠❡❞✐❝✐♥❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❛•• ❤❛✈❡ t❤❡ s❛♠❡ ✉t✐•✐t② ❛♥❞ ❛ ♣❤②s✐❝✐❛♥ ❝❛♥ ♣❡r❢❡❝t•② ❞✐s❝r✐♠✐♥❛t❡ ❛•• ♦❢ t❤❡♠ ✭✜rst✲❞❡❣r❡❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✮✳ ▲❡♠♠❛ ✹✳ ✭❙✐♥❣•❡ ♣❤②s✐❝✐❛♥✱ ✐♥t❡r♣r❡t❛t✐♦♥✮ ❚❤❡r❡ ✐s ♥♦ ♠❡❞✐❝❛• ❞❡s❡rt ✐❢ t❤❡ ♣❤②s✐❝✐❛♥ ❝❛♥ ✉s❡ ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❚❤❡ ❢❡❡ ✐s ❤✐❣❤❡r ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ✈✐s✐ts ❛s ❝♦♠♣❛r❡❞ t♦ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❚❤❡ ❞❡♠❛♥❞ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ❬❞✐st❛♥t( ♠❡❞✐❝✐♥❡ ❞❡❝r❡❛s❡s ❬✐♥❝r❡❛s❡s( ✐♥ αc αe ❛♥❞ ✐♥ t❤❡ ✈❛•✉❡ ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ d e ✱ ❛♥❞ ✐t ✐♥❝r❡❛s❡s ❬❞❡❝r❡❛s❡s( ✐♥ t❤❡ ✈❛•✉❡ ♦❢ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✱ ✹ Pr♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ✾✳✶✳ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✼ d c ✳ ❚❤❡ s✐♥❣•❡ ♣❤②s✐❝✐❛♥ ♣r♦✈✐❞❡s ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ♦♥•② ✇❤❡♥ α e ❛♥❞ d c ❛r❡ •♦✇ ❡♥♦✉❣❤ r❡•❛t✐✈❡ t♦ α c ❛♥❞ d e ✳ ❋❡❡s ❛♥❞ ♣r♦✜ts ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ✈❛•✉❡ ♦❢ ♠❡❞✐❝✐♥❡ ✭d c ❛♥❞ d e ✮ ❛♥❞ t❤❡② ❞❡❝r❡❛s❡ ✇✐t❤ ❝♦✲♣❛②♠❡♥t r❛t❡s✳ ❚❤❡ ❝♦♥s✉♠❡r s✉r♣•✉s ✐♥❝r❡❛s❡s ✐♥ d c ❛♥❞ ✐t ❞❡❝r❡❛s❡s ✐♥ ❜♦t❤ d e ❛♥❞ αc αe ✳ ■t ✐♥❝r❡❛s❡s ♦r ❞❡❝r❡❛s❡s ✐♥ tr❛♥s♣♦rt ✉♥✐t ❝♦st t✳ P✉❜•✐❝ ❡①♣❡♥s❡s ❞❡❝r❡❛s❡ ✇✐t❤ ❝♦✲♣❛②♠❡♥t r❛t❡s ❛♥❞ ✇✐t❤ d e ❛♥❞ t❤❡② ✐♥❝r❡❛s❡ ✇✐t❤ d c ✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ❢❡❡s ✐s ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❞✐❛❣♥♦s✐s q✉❛•✐t✐❡s✳ ❆♥ ✐♥t❡r❡st✐♥❣ r❡s✉•t ✐s t❤❡ ✐♠♣❛❝t ♦❢ d e ❛♥❞ α e ✳ ■t ✐s str✐❦✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥s✉♠❡r s✉r♣•✉s ✐s ✭✇❡❛❦•②✮ ✐♥❝r❡❛s✐♥❣ ✐♥ α e ✱ t❤❡ ❝♦✲♣❛②♠❡♥t ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ ✇❤✐•❡ ✐t ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ d e ✱ t❤❡ ✈❛•✉❡ ♦❢ ❛ ❞✐st❛♥t ❞✐❛❣♥♦s✐s✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❜♦t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ α e ❛♥❞ ❛ ❞❡❝r❡❛s❡ ✐♥ d e ♠❛❦❡ s♦♠❡ ♣❛t✐❡♥ts s✇✐t❝❤ ❢r♦♠ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ t♦ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ❉✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s ♣r✐❝❡❞ s♦ ❛s t♦ ❡①tr❛❝t t❤❡ ❢✉•• s✉r♣•✉s ❛✇❛② ❢r♦♠ ❝♦♥s✉♠❡rs ✭p e = de αe •❡❛❞✐♥❣ t♦ ③❡r♦ ✉t✐•✐t②✮✱ ✇❤✐•❡ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ✐s ♣r✐❝❡❞ s♦ ❛s t♦ ❡①tr❛❝t t❤❡ s✉r♣•✉s ❢r♦♠ t❤❡ ♠❛r❣✐♥❛• ❝♦♥s✉♠❡r ♦♥•②✳ ❚❤❡♥ ♦♥•② ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ♣r♦✈✐❞❡s ♣♦s✐t✐✈❡ s✉r♣•✉s t♦ ♣❛t✐❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ α e ✭♦r ❛ ❞❡❝r❡❛s❡ ✐♥ d c ✮ ✐♥❝r❡❛s❡s ✐♥❞✐✈✐❞✉❛• s✉r♣•✉s ❢♦r ❛•• s✇✐t❝❤❡rs ❜✉t t❤❡ ♠❛r❣✐♥❛• ♦♥❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❡❡ ✭p c ✮ ❞❡❝r❡❛s❡s ✐♥ ❜♦t❤ ❝♦♣❛②♠❡♥ts ✇❤✐•❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♠❛♥❞ ✭D c ✮ ❞❡❝r❡❛s❡s ✐♥ α c ❛♥❞ ✐♥❝r❡❛s❡s ✐♥ α e ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡✛❡❝t ♦♥ ❝♦♥s✉♠❡rs✬ s✉r♣•✉s✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ tr❛♥s♣♦rt❛t✐♦♥ ❝♦st ♦♥ t❤❡ ❝♦♥s✉♠❡r s✉r♣•✉s ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ❛♥❞ ❡①♣•❛✐♥❡❞ ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦ s✐t✉❛t✐♦♥ ✇✐t❤ ♥♦ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ P✉❜•✐❝ ❡①♣❡♥s❡s ✐♥❝r❡❛s❡ ✐♥ t❤❡ •❡♥❣t❤ ♦❢ t❤❡ ❣❡♦❣r❛♣❤✐❝❛• •✐♥❡✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡ s✐♥❝❡ t❤❡ ❡♥t✐r❡ ♣♦♣✉•❛t✐♦♥ ✐s ♥♦✇ s❡r✈❡❞ ❛♥❞ ❞❡♠❛♥❞ t❤❡r❡❢♦r❡ ♠❡❝❤❛♥✐❝❛••② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✳ ❲❡ ❛•s♦ ♦❜s❡r✈❡ t❤❛t t♦t❛• ❡①♣❡♥s❡s ✭p c D c + p e D e ✮ ❞❡❝r❡❛s❡ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✱ t✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❢❡❡s ❛r❡ ❤✐❣❤❡r ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ✈✐s✐ts ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤❡r q✉❛•✐t②✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♦✈❡r❛•• •❡ss ❡①♣❡♥s✐✈❡ ✇❤❡♥ ♣❡♦♣•❡ ✉s❡ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❇❡s✐❞❡s✱ ❞❡♠❛♥❞ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ •♦❣✐❝❛••② ❞❡❝r❡❛s❡s ✇✐t❤ tr❛♥s♣♦rt ❝♦sts✳ ❚❤❡r❡❢♦r❡✱ t♦t❛• ❡①♣❡♥s❡s ❞❡❝r❡❛s❡ ✐♥ t✳ ❙♦ ❞♦ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛s •♦♥❣ ❛s ❝♦♣❛②♠❡♥t ❛r❡ ♥♦t t♦♦ ✉♥❜❛•❛♥❝❡❞ ✐♥ ❢❛✈♦r ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❢❡❡s ❛♥❞ r❡✐♠❜✉rs❡♠❡♥ts ❢♦r ❞✐st❛♥t ✈✐s✐ts ✇♦✉•❞ ❛❞•✉st ✉♣✇❛r❞✳ ✸✳✸✳ ❈♦♠♣❛r✐s♦♥ ❚❤❡r❡ ✐s ♥♦ ♠❡❞✐❝❛• ❞❡s❡rt ❛♥②♠♦r❡ ✇❤❡♥ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s ♣♦ss✐❜•❡✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ d c ≥ αc αe d e ✱ ✇✐t❤ ♣♦s✐t✐✈❡ ❞❡♠❛♥❞ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ❚❤❡ ❢❡❡ ❢♦r ❢❛❝❡✲ t♦✲❢❛❝❡ ✈✐s✐ts✱ p c ✱ ❛s ✇❡•• ❛s ♣r♦✈✐❞❡r✬s ♣r♦✜ts ❛r❡ ❤✐❣❤❡r ✇❤❡♥ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s ♣♦ss✐❜•❡✱ ✇❤✐❝❤ ✐s ✐♥t✉✐t✐✈❡ s✐♥❝❡ ❤❛✈✐♥❣ t✇♦ t②♣❡s ♦❢ ♠❡❞✐❝✐♥❡s ❛••♦✇s t❤❡ ♣r♦✈✐❞❡r t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ♥❡❛r❜② ❛♥❞ ❞✐st❛♥t ♣❛t✐❡♥ts✳ ❙✉r♣r✐s✐♥❣•②✱ t❤❡ ❝♦♥s✉♠❡r s✉r♣•✉s ❞❡❝r❡❛s❡s ✇❤❡♥ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s ♣♦ss✐❜•❡✱ ❡✈❡♥ ✇❤❡♥ ✐t ♦✈❡r❝♦♠❡s t❤❡ ♠❡❞✐❝❛• ❞❡s❡rt ✐ss✉❡✳ ❆❣❛✐♥✱ t❤✐s ✐s r❡•❛t❡❞ t♦ t❤✐r❞✲❞❡❣r❡❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❛ ❢❡❡ ❢♦r ❞✐st❛♥t ✈✐s✐ts t❤❛t ❢✉••② ❡①tr❛❝ts t❤❡ s✉r♣•✉s ❛✇❛② ❢r♦♠ ❝♦♥s✉♠❡rs✳ ❆❝t✉❛••②✱ t❤❡ ♣❛t✐❡♥ts ✇❤♦ ❛r❡ ❝•♦s❡st t♦ t❤❡ ♣❤②s✐❝✐❛♥ ♦❜t❛✐♥ ❛ •♦✇❡r ✉t✐•✐t② ✇❤❡♥ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❡①✐sts✱ ❜❡❝❛✉s❡ t❤❡ ❢❡❡ ❢♦r ✐♥✲♣❡rs♦♥ ♠❡❞✐❝✐♥❡ ❤❛s ✐♥❝r❡❛s❡❞ ❞✉❡ t♦ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✳ ❚❤❡ ❢✉rt❤❡st ♣❛t✐❡♥ts ✇❤♦ ❛r❡ ✐♥ ❛ ♠❡❞✐❝❛• ❞❡s❡rt ✇❤❡♥ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❞♦❡s ♥♦t ❡①✐st ❦❡❡♣ t❤❡ s❛♠❡ ✉t✐•✐t② ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ s✐♥❝❡ ✐t ✐s ♣r✐❝❡❞ ❛t t❤❡✐r ♠❛①✐♠✉♠ ✇✐••✐♥❣♥❡ss✲t♦✲♣❛②✳ ❚❤❡ ♣❛t✐❡♥ts ✐♥ ✐♥t❡r♠❡❞✐❛t❡ •♦❝❛t✐♦♥s ❛r❡ t❤♦s❡ ✇❤♦ s✇✐t❝❤ ❢r♦♠ ✐♥✲♣❡rs♦♥ t♦ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✇❤❡♥ t❤❡ •❛tt❡r ✐s ❛✈❛✐•❛❜•❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡•❛t✐✈❡ ❢❡❡s ✐♥ ❢❛✈♦r ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❜✉t st✐•• ✇✐t❤ ❛ •♦✇❡r ✉t✐•✐t② ❞✉❡ t♦ ❢✉•• s✉r♣•✉s ❡①tr❛❝t✐♦♥✳ ■♥ t♦t❛•✱ ♣❛t✐❡♥ts ❡✐t❤❡r •♦♦s❡ ✉t✐•✐t② ♦❢ ❦❡❡♣ t❤❡ s❛♠❡ ♦♥❡ ❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❡•❡♠❡❞✐❝✐♥❡✳ ✽ ❊✳ ❉❛r❣❛✉❞ ❛♥❞ ■✳ ❏❡•♦✈❛❝ ✹✳ ❉✉♦♣♦•② ✇✐t❤ s♣❡❝✐❛•✐③❡❞ ♣❤②s✐❝✐❛♥s ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t A✱ •♦❝❛t❡❞ ❛t ❛❞❞r❡ss x = 0✱ ♣❡r❢♦r♠s ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ✇❤✐•❡ B ♣❡r❢♦r♠s ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❢r♦♠ ✇❤❛t❡✈❡r •♦❝❛t✐♦♥✳ ❍❡r❡✱ t❤❡ ✉t✐•✐t② ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ♣❛t✐❡♥t •♦❝❛t❡❞ ❛t x ✐s U = max{d c -α c p c -tx; d e -α e p e ; 0}. ✭✹✳✶✮ ❲❡ st❛rt ❝♦♥s✐❞❡r✐♥❣ t❤❛t d e -α e p e ≥ 0✳ ❚❤❡ •♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣•❡ ♣❤②s✐❝✐❛♥ ✇✐t❤ ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✿ x = M in{M ax{0; ∆d + α e p e -α c p c t }; L} ✭✹✳✷✮ ✇✐t❤ ∆d = d c -d e ✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡ ♣❤②s✐❝✐❛♥s✬ ♣r♦✜ts ❛s Π A = p c x ✭✹✳✸✮ ❛♥❞ Π B = p e (L -x). ✭✹✳✹✮ P❤②s✐❝✐❛♥s ♠❛①✐♠✐③❡ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r♦✜ts s✐♠✉•t❛♥❡♦✉s•② ❛♥❞ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦•✉t✐♦♥ ✐♥ ▲❡♠♠❛ ✺✿ ▲❡♠♠❛ ✺✳ ✭❙♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•②✱ s♦•✉t✐♦♥✮ ✶✳ ❲❤❡♥ 0 ≤ 2tL ≤ d c -d e ✿ ❼ p c = ∆d-tL αc ❀ D c = L ❀ Π A = ∆d-tL αc L ❼ p e ≥ 0 ❀ D e = 0 ❀ Π B = 0 ❼ Π A + Π B = ∆d-tL αc L ❼ CS = L(d e + tL 2 ) ❀ P E = 1-αc αc (∆d -tL)L ✷✳ ❲❤❡♥ d c -d e ≤ 2tL ≤ d c + 2d e ✿ ❼ p c = tL+∆d 3αc ❀ D c = tL+∆d 3t ❀ Π A = (tL+∆d) 2 9αct ❼ p e = 2tL-∆d 3αe ❀ D e = 2tL-∆d 3t ❀ Π B = (2tL-∆d) 2 9αet ❼ Π A + Π B = (tL+∆d) 2 9αct + (2tL-∆d) 2 9αet ❼ CS = t 2 ( tL+∆d 3t ) 2 + L 3 (d c + 2d e -2tL) ❀ P E = 1-αc αc 1 t ( ∆d+tL 3 ) 2 + 1-αe αe 1 t ( 2tL-∆d 3 ) 2 ✸✳ ❲❤❡♥ d c + 2d e ≤ 2tL✿ ❼ p c = dc 2αc ❀ D c = dc 2t ❀ Π A = (dc) 2 4αct ❼ p e = de αe ❀ D e = 2tL-dc 2t ❀ Π B = de(2tL-dc) 2αet ❼ Π A + Π B = 1 2t ( d 2 c 2αc + de(2tL-dc) αe ) ❼ CS = d 2 c 8t ❀ P E = 1-αc αc 1 t ( dc 2 ) 2 + 1-αe αe 1 t d e 2tL-dc p c = (d c -d e ) + α e p e 2α c ✭✹✳✺✮ ❛♥❞ p e = tL -(d c -d e ) + α c p c 2α e . ✭✹✳✻✮ •✐✈❡♥ t❤❛t t❤❡ q✉❛•✐t② ♦❢ ❞✐❛❣♥♦s✐s ✐s ❤✐❣❤❡r ❢♦r ✐♥✲♣❡rs♦♥ t❤❛♥ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ ✐t ✐s ✐♥ t❤❡ ❜❡st ✐♥t❡r❡st ♦❢ ♣❤②s✐❝✐❛♥ A t♦ ♣r♦✈✐❞❡ ✐♥✲♣❡rs♦♥ ♠❡❞✐❝✐♥❡ ❛t ❛ ❢❡❡ ✐♥❝r❡❛s✐♥❣ ✐♥ (d c -d e )✳ ❚❤❡ ♦♣♣♦s✐t❡ ✐♥ tr✉❡ ❢♦r t❤❡ ♣❤②s✐❝✐❛♥ ♣r♦✈✐❞✐♥❣ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❋✉rt❤❡r♠♦r❡✱ ❤✐❣❤❡r ❞✐st❛♥❝❡ ❛♥❞ tr❛✈❡• ❝♦st ♣•❛② ✐♥ ❢❛✈♦r ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♥ t❤❡ ❜❡st ✐♥t❡r❡st ♦❢ ♣❤②s✐❝✐❛♥ B t♦ ✐♥❝r❡❛s❡ ❤❡r ❢❡❡ ❛s tL ✐♥❝r❡❛s❡s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ (d c -d e ) ❝♦♠♣❛r❡s ✇✐t❤ tL ❛♥❞ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦✲♣❛②♠❡♥ts✱ ✇❡ ❤❛✈❡ ❛ ❢❡❡ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ t❤❛t ❝❛♥ ❜❡ •♦✇❡r ♦r ❤✐❣❤❡r t❤❛♥ t❤❛t ❢♦r ✐♥✲♣❡rs♦♥ ♠❡❞✐❝✐♥❡✳ ✺✳ ❖✈❡r❛•• ❝♦♠♣❛r✐s♦♥ ❚♦ ❛♣♣r❡❝✐❛t❡ ✇❤❡t❤❡r ❛ ♣❤②s✐❝✐❛♥ s❤♦✉•❞ ❡✐t❤❡r s✉♣♣•② ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ♦r s♣❡❝✐❛•✐③❡ ✐♥ ❡✐t❤❡r t②♣❡ ♦❢ ♠❡❞✐❝✐♥❡✱ ✇❡ ♣r♦❝❡❡❞ t♦ ❛♥ ♦✈❡r❛•• ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t❤r❡❡ ❝❛s❡s ✇❡ ❤❛✈❡ ❛♥❛•②③❡❞ s♦ ❢❛r✳ ❲❡ ❤❛✈❡ ❛•r❡❛❞② ❡st❛❜•✐s❤❡❞ t❤❛t ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐♥ ♦✉r s❡tt✐♥❣ ❛•✇❛②s s♦•✈❡ t❤❡ ✐ss✉❡ ♦❢ ♠❡❞✐❝❛• ❞❡s❡rts✱ ♥♦ ♠❛tt❡r ✇❤♦ ♣r♦✈✐❞❡s ✐t✱ ❡✐t❤❡r ♣❤②s✐❝✐❛♥ A ♦r B✳ ❲❡ t❤❡r❡❢♦r❡ ❢♦❝✉s ♦♥ t❤❡ ❢❡❡s✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✱ D c ✱ ❛♥❞ t❤❡ ♦✈❡r❛•• ❝♦♥s✉♠❡r s✉r♣•✉s✱ CS✳ ❲❡ ♥♦✇ ✉s❡ t❤❡ s✉♣❡rs❝r✐♣ts M ✱ M 2 ❛♥❞ D t♦ r❡❢❡r t♦ t❤❡ ❝❛s❡s ♦❢ ❛ ♠♦♥♦♣♦•② ✇✐t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ♦♥•②✱ ❛ ♠♦♥♦♣♦•② ✇✐t❤ ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❛ ❞✉♦♣♦•②✱ r❡s♣❡❝t✐✈❡•②✳ ▲❡♠♠❛ ✼ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♦✈❡r❛•• ❝♦♠♣❛r✐s♦♥✿ ▲❡♠♠❛ ✼✳ ✭❖✈❡r❛•• ❝♦♠♣❛r✐s♦♥✮ ✶✳ L = D M 2 c + D M 2 e = D D c + D D e ≥ D M c ✷✳ p D e ≤ p M 2 e ✸✳ p D c ≤ p M c ≤ p M 2 c ✹✳ CS D ≥ CS M ≥ CS M 2 ✺✳ ❲❤❡♥ ❡✐t❤❡r α c ≥ α e ✱ ♦r α c ≤ α e ❛♥❞ d c + (2 -3 αc αe )d e ≤ 2tL✱ t❤❡♥ ❼ D M 2 c ≤ D D c ≤ D M c ✻✳ ❲❤❡♥ α c ≤ α e ❛♥❞ d c + (2 -3 αc αe )d e ≥ 2tL✱ t❤❡♥ ❼ D D c ≤ D M 2 c ≤ D M c ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② •❡❛❞s t♦ t❤❡ •♦✇❡st ❢❡❡s ❛♥❞ t❤❡ ❤✐❣❤❡st ❝♦♥s✉♠❡r s✉r♣•✉s✱ ✇❤✐❝❤ ✐s ✈❡r② ✐♥t✉✐t✐✈❡✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ✐s ❡✛❡❝t✐✈❡ ✐♥❞❡❡❞✳ ❚❤❡ ♦♣♣♦s✐t❡ ❛♣♣•✐❡s ❢♦r ❛ ♠✉•t✐t❛s❦ ♠♦♥♦♣♦•② s✐♥❝❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✐s ✐♠♣•❡♠❡♥t❡❞✳ ■❢ ✇❡ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ ♣✉❜•✐❝ ❡①♣❡♥s❡s✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t •♦✇❡st ♣✉❜•✐❝ ❡①♣❡♥s❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♠❛①✐♠✉♠ ❝♦♥s✉♠❡r s✉r♣•✉s ✉♥❞❡r ❛ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② ✐❢✱ ❢♦r ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✶✶ α c > α e ✱ ✇❡ ❤❛✈❡ 2tL ≤ ỹ✱ ✇❤❡r❡ ỹ ∈ (d c -d e ; d c + 2d e )✳ ■❢ tr❛♥s♣♦rt❛t✐♦♥ ❝♦st t ♦r ❞✐st❛♥❝❡ L ❛r❡ •❛r❣❡r t❤❡♥ ♣✉❜•✐❝ ❡①♣❡♥s❡ ✐s ♠✐♥✐♠❛• ✐❢ t❤❡r❡ ✐s ❛ s✐♥❣•❡ ♣❤②s✐❝✐❛♥ ♣r♦✈✐❞✐♥❣ ♦♥•② ❢❛❝❡✲t♦✲❢❛❝❡ ❤❡❛•t❤ s❡r✈✐❝❡s✳ ❲❡ ✐❞❡♥t✐❢② ❤❡r❡ ❛ ✜rst ❡✛❡❝t t♦ ✐♥t❡r♣r❡t ❤♦✇ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❝♦♠♣❛r❡ ❛❝r♦ss ♠❛r❦❡t str✉❝t✉r❡s✳ ❲❤❡♥ t ❛♥❞ L ❛r❡ r❡•❛t✐✈❡•② •♦✇✱ ♠❡❞✐❝❛• ❞❡s❡rts ❛r❡ ♥♦t ❛♥ ✐ss✉❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ❛ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② ✐s ❝❤❡❛♣❡r t❤❛♥ ❛ s✐♠♣•❡ ♠♦♥♦♣♦•② ✐♥ t❡r♠s ♦❢ ♣✉❜•✐❝ ❡①♣❡♥s❡s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❡t✐t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ❞✉♦♣♦•②✱ ✇❤✐❝❤ •❡❛❞s t♦ •♦✇❡r ♣r✐❝❡s ❛♥❞ ❡①♣❡♥s❡s✳ ■❢ ✐♥st❡❛❞✱ t ❛♥❞ L ❛r❡ ❤✐❣❤❡r✱ t❤❡♥ t❤❡ ❞✉♦♣♦•② ❝♦✈❡rs ❛ •❛r❣❡r ♣♦♣✉•❛t✐♦♥✱ ✇❤✐❝❤ ❜❡❝♦♠❡s ♠♦r❡ ❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ♣✉❜•✐❝ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ r❡✐♠❜✉rs❡♠❡♥ts✳ ❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❛t t❤❡ s❤❛r❡ ♦❢ t❤❡ ❢❡❡s ♣❛✐❞ ❜② ♣❛t✐❡♥ts ✐s ❤✐❣❤❡r ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✭α e > α c ✮✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❤♦✇ t❤❡ ♠✉•t✐t❛s❦ ♠♦♥♦♣♦•② ❝♦♠♣❛r❡s ✇✐t❤ t❤❡ ♦t❤❡r t✇♦ ♠❛r❦❡t str✉❝t✉r❡s ✐♥ t❡r♠s ♦❢ ♣✉❜•✐❝ ❡①♣❡♥s❡s✳ ❍❡r❡ ❛ s❡❝♦♥❞ ❡✛❡❝t ❝♦♠❡s ✐♥t♦ ♣•❛②✱ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ♦♥❡✳ ❲❤❡♥ t❤❡ ♣❛t✐❡♥ts✬ ❝♦✲♣❛②♠❡♥t ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s r❡•❛t✐✈❡•② ❤✐❣❤✱ t❤❡ ♠✉•t✐✲t❛s❦ ♠♦♥♦♣♦•② ✐s r❡•❛t✐✈❡•② ✐♥❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ♣✉❜•✐❝ ❡①♣❡♥s❡s✱ ❜❡❝❛✉s❡ ♣❛t✐❡♥ts ♣❛② t❤❡ ❜✉•❦ ♦❢ t♦t❛• ❡①♣❡♥s❡s ✇❤❡♥ t ❛♥❞ L ❛r❡ ❤✐❣❤✱ ❛♥❞ ❝♦♥✈❡rs❡•②✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❡✛❡❝ts ❡①♣•❛✐♥ ✇❤② t❤❡ r❛♥❦✐♥❣ ♦❢ ♠❛r❦❡t str✉❝t✉r❡s r❡❣❛r❞✐♥❣ ♣✉❜•✐❝ ❡①♣❡♥s❡s ✈❛r② ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ✺ ▲❡♠♠❛ ✽✳ ✭❖✈❡r❛•• ❝♦♠♣❛r✐s♦♥ ♦❢ ♣✉❜•✐❝ ❡①♣❡♥s❡s✮ ✶✳ ■♥ ❣❡♥❡r❛•✱ ♣✉❜•✐❝ ❡①♣❡♥❞✐t✉r❡ P E ❛r❡ •♦✇❡st ✇✐t❤ ❡✐t❤❡r ❛ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② ♦r ❛ s✐♥❣•❡ ♠♦♥♦♣♦•② ♣r♦✈✐❞✐♥❣ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ♦♥•②✿ ❼ P E D ≤ P E M ⇐⇒ 2tL ≤ ỹ ∈ (d c -d e ; d c + 2d e ) ❼ P E D ≥ P E M ⇐⇒ 2tL ≥ ỹ ∈ (d c -d e ; d c + 2d e ) ✷✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣❛rt✐❝✉•❛r ♣❛r❛♠❡t❡r ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✇❤✐❝❤ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛r❡ •♦✇❡st ✇✐t❤ ❛ ♠✉•t✐t❛s❦ ♠♦♥♦♣♦•②✿ ❼ α c ≤ 2α e -1 ≤ α e ✱ α c (2α e -1 -α c ) ≥ 4α e (1 -α e ) ❛♥❞ t❤❡ ✈❛•✉❡ ♦❢ tL ✐s ✐♥t❡r♠❡❞✐❛t❡ ❼ α e = 1 ❛♥❞ t❤❡ ✈❛•✉❡ ♦❢ tL ✐s ✐♥t❡r♠❡❞✐❛t❡ ♦r ❤✐❣❤ ✻✳ ❚❤❡ ❡❢❢❡❝t ♦❢ ❞✐❢❢❡r❡♥t✐❛t❡❞ ❝♦♣❛②♠❡♥ts ■♥ ❛•• ❝❛s❡s ❜✉t ♦♥❡✱ t❤❡ ❡✛❡❝t ♦❢ ❝♦♣❛②♠❡♥ts ✐s t②♣✐❝❛• ♦❢ ♠♦❞❡•s ✇❤❡r❡ ❞❡♠❛♥❞ ✐s •✐♥❡❛r✿ t❤❡ ♣r✐❝❡s t❤❛t ♠❛①✐♠✐③❡ ♣r♦✈✐❞❡rs✬ ♣r♦✜ts ❛•✇❛②s ❛❞•✉st t♦ ❝♦♣❛②♠❡♥ts ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❜♦t❤ ❞❡♠❛♥❞s ❛♥❞ ♣❛t✐❡♥ts✬ ♣r✐❝❡s ✭αp✮ ❛r❡ ✐♥✈❛r✐❛♥t t♦ ❝♦♣❛②♠❡♥ts✳ ✻ ❚❤❡ r❡❛s♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ❈♦♣❛②♠❡♥ts ❤❛✈❡ ❛ ❞✐r❡❝t ✐♥✢✉❡♥❝❡ ♦♥ ❜♦t❤ ❝♦♥s✉♠❡rs✬ ❢❡❡s ✭♣♦s✐t✐✈❡ ❡✛❡❝t✮ ❛♥❞ ❞❡♠❛♥❞s ✭♥❡❣❛t✐✈❡ ❡✛❡❝t✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦✈✐❞❡r✭s✮ ❝❤❛r❣❡ ❤✐❣❤❡r ♣r✐❝❡s ✇❤❡♥ t❤❡ ❝♦✲♣❛②♠❡♥t r❛t❡ ✐s •♦✇❡r✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ •♦✇❡r ♣r✐❝❡ ❡•❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞ ✇❤❡♥ t❤❡ ❝♦✲♣❛②♠❡♥t ✐s •♦✇❡r✳ ❚❤❡r❡❢♦r❡✱ t❤r♦✉❣❤ ♣r✐❝❡s✱ ❝♦♣❛②♠❡♥ts ❤❛✈❡ ❛•s♦ ❛♥ ✐♥❞✐r❡❝t ❡✛❡❝t ♦♥ ❜♦t❤ ❝♦♥s✉♠❡rs✬ ❢❡❡s ❛♥❞ ❞❡♠❛♥❞s✱ ✇❤✐❝❤ ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ❞✐r❡❝t ❡✛❡❝ts✳ ❲✐t❤ •✐♥❡❛r ❞❡♠❛♥❞s✱ ❜♦t❤ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❡✛❡❝ts ❝❛♥❝❡• ♦✉t ❛♥❞ ❜♦t❤ ❝♦♥s✉♠❡rs✬ ♣r✐❝❡s ✺ Pr♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ✾✳✷✳ ✻ ❙❡❡ ❏❡•♦✈❛❝ ❛♥❞ ❇♦r❞♦② ✭✷✵✵✺✮ ❢♦r ❛♥ ✐••✉str❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ✜r♠s ❞❡❝✐❞❡ ♣❤❛r♠❛❝❡✉t✐❝❛• ♣r✐❝❡s✳ ❚❤✐s r❡s✉•t ❞♦❡s ♥♦t ❤♦•❞ ❛♥②♠♦r❡ ✇❤❡♥ ♣r✐❝❡s ❛r❡ ♥❡❣♦t✐❛t❡❞✱ s❡❡ ❏❡•♦✈❛❝ ✭✷✵✶✺❛✮✳ ❛♥❞ ❞❡♠❛♥❞s ❛r❡ ✐♥✈❛r✐❛♥t t♦ ❝♦♣❛②♠❡♥ts✳ ❈♦♥s❡q✉❡♥t•②✱ ✐♥ ❛•• ❝❛s❡s ❜✉t ♦♥❡✱ ❝♦♥s✉♠❡r s✉r♣•✉s ✐s ✐♥✈❛r✐❛♥t t♦ ❝♦♣❛②♠❡♥ts ✇❤✐•❡ ♣r♦✜ts ❞❡❝r❡❛s❡ ✐♥ ❝♦♣❛②♠❡♥ts✳ ❍♦✇❡✈❡r✱ ✇❡ ✜♥❞ ♦♥❡ ❡①❝❡♣t✐♦♥ t♦ s✉❝❤ r❡❣✉•❛r✐t②✳ ■♥❞❡❡❞✱ ♣❛rt ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✸ st❛t❡s t❤❛t ❛ ♠♦♥♦♣♦•✐st ✇❤♦ ♣r♦✈✐❞❡s ❜♦t❤ ❞✐st❛♥t ❛♥❞ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ s❡ts ♣r✐❝❡s ✐♥ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ✇❛②✳ ❚❤❡ ♣❛rt ♦❢ t❤❡ ❢❡❡ t❤❛t ✐s ♣❛✐❞ ❜② ♣❛t✐❡♥ts ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ✈✐s✐ts ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ α c ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ α e ✳ ❙♦ ✐s t❤❡ ❞❡♠❛♥❞ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ ✇❤✐•❡ t❤❡ ♦♣♣♦s✐t❡ ❤♦•❞s r❡❣❛r❞✐♥❣ ❞❡♠❛♥❞ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ❲❤❡♥ ❛ s✐♥❣•❡ ♣❤②s✐❝✐❛♥ ♦✛❡rs ❜♦t❤ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ✐❢ t❤❡ ❞❡♠❛♥❞ ❢♦r ❡❛❝❤ t②♣❡ ✐s str✐❝t•② ♣♦s✐t✐✈❡✱ t❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ✐s ❛•✇❛②s ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r✐❝❡ ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❚❤❡ ♣❤②s✐❝✐❛♥✬s ✐♥t❡r❡st ✐s t♦ ❦❡❡♣ ❢❛❝❡✲t♦✲❢❛❝❡ ♣❛t✐❡♥ts✳ ❚❤❡♥ ❢❛❝✐♥❣ ✈❛r✐❛t✐♦♥ ✐♥ α e ✭♦r d e ✮✱ t❤❡ ♣❤②s✐❝✐❛♥ ♠✉st ❛❞•✉st t❤❡ ♣r✐❝❡ ♦❢ ❝•✐♥✐❝❛• ❡①❛♠✐♥❛t✐♦♥ ❡✐t❤❡r t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❛♥ ❤✐❣❤❡r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ♣r✐❝❡ ♦r✱ ❛•t❡r♥❛t✐✈❡•②✱ t♦ ❛✈♦✐❞ ♣❛t✐❡♥t✬s s✇✐t❝❤ ❢r♦♠ ❢❛❝❡✲t♦✲❢❛❝❡ t♦ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ✼✳ ❉✐s❝✉ss✐♦♥s ❲❡ ❤❛✈❡ s♦ ❢❛r ♣r❡s❡♥t❡❞ ❛ ✈❡r② s✐♠♣•❡ ②❡t ✢❡①✐❜•❡ ♠♦❞❡• t♦ ❞✐s❝✉ss ❤♦✇ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❝❛♥ ✐♥✢✉❡♥❝❡ ♠❡❞✐❝❛• ❢❡❡s✱ ♣❛t✐❡♥ts✬ s✉r♣•✉s ❛♥❞ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈❛•❡♥t ♠❛r❦❡t str✉❝t✉r❡✳ ❉❡s♣✐t❡ s♦♠❡ •✐♠✐t❛t✐♦♥s✱ ✇❤✐❝❤ ✇❡ ❞✐s❝✉ss •❛t❡r ♦♥✱ s✐♠♣•✐❝✐t② ❛♥❞ ✢❡①✐❜✐•✐t② ♦❢ s✉❝❤ ❛ ♠♦❞❡• ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ✐♥ t❡r♠s ♦❢ ❛♣♣•✐❝❛t✐♦♥s t♦ ❝♦♥❝r❡t❡ s✐t✉❛t✐♦♥s✳ ❖✉r r❡s✉•ts✱ ❡✈❡♥ ✐❢ ❝♦♠♣•❡t❡ ❛♥❞ r✐❣♦r♦✉s•② ❞❡r✐✈❡❞✱ s❤♦✉•❞ ♥♦t ❜❡ ❛♣♣•✐❡❞ ❛s ❛ r❡❛❞②✲t♦✲✉s❡ r❡❝❡✐♣t t♦ ❡✈❛•✉❛t❡ ❛♥② ♣♦•✐❝② ❝❤❛♥❣❡✱ ✇✐t❤♦✉t ❛ s♣❡❝✐✜❝ ❛❞❛♣t❛t✐♦♥ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛•✐t②✳ ❚❤✐s s❡❝t✐♦♥ ❛❞❛♣ts ♦✉r ♠♦❞❡• t♦ ❞✐s❝✉ss ❛ r❡❝❡♥t ♣♦•✐❝② ❝❤❛♥❣❡ ✐♥ ❋r❛♥❝❡ ❛s ✇❡•• ❛s ❛ ❝♦♥❝r❡t❡ ✐ss✉❡ r❡•❛t❡❞ t♦ t❤❡ ❛✈❛✐•❛❜✐•✐t② ♦❢ ❝r♦ss✲❜♦r❞❡r t❡•❡♠❡❞✐❝✐♥❡✳ ✼✳✶✳ P♦•✐❝② ❝❤❛♥❣❡ ✐♥ ❋r❛♥❝❡ ❙✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❈♦✈✐❞ ♣❛♥❞❡♠✐❝s✱ t❤❡ ❋r❡♥❝❤ ❤❡❛•t❤ ❛✉t❤♦r✐t② ❤❛s ❞❡❝✐❞❡❞ t❤❛t ❞✐st❛♥t ♠❡❞✐❝✐♥❡ s❤♦✉•❞ ❜❡ t♦t❛••② r❡✐♠❜✉rs❡❞✳ ■♥ ♦✉r s❡tt✐♥❣✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❡❝✐❛• ✈❛•✉❡ ♦❢ ♦✉r ♣❛r❛♠❡t❡r α e = 0✱ ✇❤✐•❡ t❤❡ ♦✉t✲♦❢✲♣♦❝❦❡t ♣❛②♠❡♥t r❛t❡ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ r❡♠❛✐♥❡❞ ❛t ❛r♦✉♥❞ 30% ♦❢ ♠❡❞✐❝❛• ❢❡❡s ✭α c = 0.3✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❋r❡♥❝❤ •❡❣✐s•❛t✐♦♥ ❞♦❡s ♥♦t ❛••♦✇ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ t♦ ❛❝❝♦✉♥t ❢♦r ♠♦r❡ t❤❛♥ 20% ♦❢ ❡❛❝❤ ♣❤②s✐❝✐❛♥✬s t♦t❛• ♠❡❞✐❝❛• ❛❝t✐✈✐t②✳ ❚❤✐s ❛✉t♦♠❛t✐❝❛••② r✉•❡s ♦✉t ♦✉r ❞✉♦♣♦•✐st✐❝ s♣❡❝✐❛•✐③❡❞ ♠❛r❦❡t str✉❝t✉r❡ ✇❤❡r❡ ♣❤②s✐❝✐❛♥ B ♦♥•② ♣r♦✈✐❞❡s ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❖✉r ♠♦❞❡• ❛••♦✇s t♦ ♣r❡❞✐❝t t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ r❡✐♠❜✉rs❡♠❡♥t r✉•❡s✱ st❛rt✐♥❣ ❢r♦♠ ❏✉•② ✸✶✱ ✷✵✷✷✿ r❛t❤❡r t❤❛♥ ❜❡✐♥❣ t♦t❛•✱ t❤❡ r❡✐♠❜✉rs❡♠❡♥t r❛t❡ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❜❡❝♦♠❡s ♣❛rt✐❛• ❛♥❞ ❡q✉❛• t♦ t❤❡ ♦♥❡ ❛♣♣•✐❡❞ t♦ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ■♥ ♦✉r ♠♦❞❡•✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ α c = α e = 0.3✳ ■♥ t❤❡ ✐♥✐t✐❛• s✐t✉❛t✐♦♥ ✇✐t❤ α e = 0✱ ♦✉r ❛♥❛•②s✐s ♣r❡❞✐❝ts t❤❛t ❛ ♠♦♥♦♣♦•② ♣❤②s✐❝✐❛♥ ✇♦✉•❞ s❡t r❡•❛t✐✈❡•② ❤✐❣❤ ❢❡❡s ❢♦r ❜♦t❤ ❞✐st❛♥t ❛♥❞ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ■♥❞❡❡❞✱ t❤❡ ♣❤②s✐❝✐❛♥ ❝❛♥ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❢✉•• r❡✐♠❜✉rs❡♠❡♥t ♦❢ ❤✐s ❢❡❡ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ t♦ s❡t s✉❝❤ ❛ ❢❡❡ ❛t ❛ ✈❡r② ❤✐❣❤ •❡✈❡• ✇✐t❤♦✉t ❞✐s❝♦✉r❛❣✐♥❣ ❞❡♠❛♥❞ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❍❡ ✇♦✉•❞ ❛❝❝♦r❞✐♥❣•② s❡t ❤✐s ❢❡❡ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ❛t s✉❝❤ ❛ •❡✈❡• t❤❛t ♦♥•② 20% ♦❢ t❤❡ ♣❛t✐❡♥ts✬ ♣♦♣✉•❛t✐♦♥ ❝❤♦♦s❡s ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✇❤✐•❡ t❤❡ ♦t❤❡rs ♦♣t ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡✳ ❋♦r♠❛••②✱ x = 0.8L ❛♥❞ d c -0.3p c -0.8tL = d e ✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t t♦ p e ✈❡r② ❤✐❣❤ ❛♥❞ p c = d c -d e -0.8tL 0.3 ✭✼✳✶✮ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✶✸ ❆ ♠♦✈❡ t♦✇❛r❞s ♣❛rt✐❛• r❡✐♠❜✉rs❡♠❡♥t ♦❢ ❜♦t❤ ❞✐st❛♥t ❛♥❞ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ✭α c = α e = 0.3✮ •✐❦❡•② r❡s✉•ts ✐♥ •♦✇❡r ♣r✐❝❡s ❢♦r ❜♦t❤ t②♣❡s ♦❢ ♠❡❞✐❝✐♥❡✱ ❜❡❝❛✉s❡ ❛ ♣❤②s✐❝✐❛♥ ❝❛♥♥♦t t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❢✉•• r❡✐♠❜✉rs❡♠❡♥t ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥②♠♦r❡✳ ❚❤❡r❡❢♦r❡✱ ❞❡♠❛♥❞s ✇♦✉•❞ r❡❛❞•✉st✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♦♥❡ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ❛♥❞ ❞❡❝r❡❛s✐♥❣ t❤❡ ♦♥❡ ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❆•• t♦❣❡t❤❡r ✇❡ ❡①♣❡❝t t❤❛t✱ ❛❢t❡r ❏✉•② ✸✶✱ ✷✵✷✷✱ t♦t❛• ❞❡♠❛♥❞ r❡♠❛✐♥s ❝♦♥st❛♥t ❛♥❞ ❜♦t❤ ❢❡❡s ❞❡❝r❡❛s❡✳ ❲❡ t❤❡r❡❢♦r❡ ❡①♣❡❝t •♦✇❡r ♣✉❜•✐❝ ❡①♣❡♥❞✐t✉r❡ ❜✉t •♦✇❡r ♣❛t✐❡♥ts✬ s✉r♣•✉s ❛s ✇❡•• ❜❡❝❛✉s❡ ♦❢ ♣♦♦r❡r r❡✐♠❜✉rs❡♠❡♥ts✳ ✼✳✷✳ ❈r♦ss✲❜♦r❞❡r ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ■♥ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤✐s ❛rt✐❝•❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛•✉❡ ♦❢ ❢❛❝❡✲t♦✲❢❛❝❡ ❞✐❛❣♥♦s✐s ✐s ❛•✇❛②s ❤✐❣❤❡r t❤❛♥ t❤❡ ✈❛•✉❡ ♦❢ ♦♥•✐♥❡ ❡①❛♠✐♥❛t✐♦♥✳ ❊①♣•❛♥❛t✐♦♥s ❛r❡ ❢♦r ❡①❛♠♣•❡s ♣♦♦r ❛✉❞✐♦✴✈✐❞❡♦ ❝♦♥♥❡❝t✐♦♥s ♦r ♣❤♦t♦ q✉❛•✐t②✱ ✐♥❝r❡❛s❡❞ ♣♦ss✐❜✐•✐t② ♦❢ ♠✐s❞✐❛❣♥♦s✐s ❜❡❝❛✉s❡ ❛ ❝•✐♥✐❝❛• ❡①❛♠✐♥❛t✐♦♥ ✐s ♠✐ss✐♥❣ ❛♥❞ s❡❝✉r✐t② ❜r❡❛❝❤❡s✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥ t♦ ✐••✉str❛t❡ ❛ s♣❡❝✐✜❝ ✐ss✉❡✳ ❋♦r ❡①❛♠♣•❡✱ ▼❛②♦ ❈•✐♥✐❝ ❤❡❛•t❤ s②st❡♠✱ r❛♥❦❡❞ ❛t ♦r ♥❡❛r t❤❡ t♦♣ ♦✈❡r❛•• ❤♦s♣✐t❛• ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ♣r♦✈✐❞❡s t❡•❡❤❡❛•t❤ ❢♦r ❯❙ ♣❛t✐❡♥ts ❛s ✇❡•• ❛s ✐♥t❡r♥❛t✐♦♥❛• ♣❛t✐❡♥ts✳ ❋r♦♠ ❛♥ ✐♥t❡r♥❛t✐♦♥❛• ♣❡rs♣❡❝t✐✈❡✱ s✉❝❤ ❝r♦ss✲❜♦r❞❡r ❝❛r❡ ✐s ♥♦t ❝♦✈❡r❡❞ ❜② t❤❡ ♣✉❜•✐❝ ❤❡❛•t❤ s②st❡♠✳ ❚❤✐s ❝❛♥ ❜❡ r❡✢❡❝t❡❞ ✐♥ ♦✉r ❛♥❛•②s✐s ❜② ❤❛✈✐♥❣ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ♦✛❡r❡❞ ❛❜r♦❛❞ ♦♥•② ❛♥❞ s❡tt✐♥❣ t❤❡ s♣❡❝✐✜❝ ✈❛•✉❡s✿ α e = 1 > α c ❛♥❞ d e > d c ✳ Pr♦✜t ♠❛①✐♠✐③❛t✐♦♥ ✐♥ t❤❡ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② ❝❛s❡ •❡❛❞s t♦ t❤❡ ❢♦••♦✇✐♥❣ s♦•✉t✐♦♥✳ ✶✳ ❲❤❡♥ 0 ≤ tL ≤ d e -d c ✿ ❼ p c = 0 ❀ D c = 0 ❀ Π A = 0 ❼ p e = d e -d c ❀ D e = L ❀ Π B = (d e -d c )L ❼ CS = d c L ❀ P E = 0 ✷✳ ❲❤❡♥ d e -d c ≤ tL✿ ❼ p c = tL-(de-dc) 3αc ❀ D c = tL-(de-dc) 3t ❀ Π A = (tL-(de-dc)) 2 9αct ❼ p e = 2tL+(de-dc) 3 ❀ D e = 2tL+(de-dc) 3t ❀ Π B = (2tL+(de-dc)) 2 9t ❼ CS = t 2 ( tL-(de-dc) 3t ) 2 + L 3 (d c + 2d e -2tL) ❀ P E = 1-αc αc 1 t ( tL-(de-dc) 3 ) 2 ❚❤❡ s❡❝♦♥❞ s✐t✉❛t✐♦♥ ✐s s✐♠✐•❛r t♦ t❤❡ ❞✉♦♣♦•② ❝❛s❡ ❛♥❛•②③❡❞ ♣r❡✈✐♦✉s•② ✭s❡❡ ♣❛rt ✷ ♦❢ ▲❡♠♠❛ ✺✮✳ ❈♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ s♦•✉t✐♦♥ ✐♥ ▲❡♠♠❛ ✶✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❡•❡♠❡❞✐❝✐♥❡ •❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡ ✐♥ ♣r✐❝❡ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ❛♥❞ ❞❡♠❛♥❞ ✐s •♦✇❡r ❡①❝❡♣t ✐❢ tL ✐s s✉✣❝✐❡♥t•② ❤✐❣❤ ✭tL > dc 2 + d e ✮ ♦r ✐❢ t❤❡ ✈❛•✉❡ ♦❢ t❡•❡♠❡❞✐❝✐♥❡ ❞✐❛❣♥♦s✐s ✐s ♥♦t r❡❛••② ❤✐❣❤✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ ❛♥❞ ♥❡✇ s✐t✉❛t✐♦♥ ✐s t❤❡ ✜rst ♦♥❡✿ ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ❝❡❛s❡s t♦ ❡①✐st ❛♥❞ ❛•• ♣❛t✐❡♥ts ✈✐rt✉❛••② ✈✐s✐t t❤❡ ❝r♦ss✲❜♦r❞❡r ❞✐st❛♥t ♣❤②s✐❝✐❛♥✳ ■♥ s✉❝❤ ❛ ❝❛s❡ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛r❡ ♥✐•✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢❡❡ ❢♦r ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ✐s r❡❞✉❝❡❞ t♦ 0 ❛♥❞ ❡✈❡♥ s♦ ♥♦♥❡ ♦❢ t❤❡ ♣❛t✐❡♥ts ✈✐s✐ts t❤❡ ❢❛❝❡✲t♦✲❢❛❝❡ ♣r♦✈✐❞❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤ q✉❛•✐t② ❞✐✛❡r❡♥t✐❛• d e -d c ✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ♠♦♥♦♣♦•② s✐t✉❛t✐♦♥✱ ❝♦♥s✉♠❡r s✉r♣•✉s ✐s ✐♥❝r❡❛s❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❡•❡♠❡❞✐❝✐♥❡✱ ❡✈❡♥ ✇✐t❤♦✉t ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ r❡✐♠❜✉rs❡♠❡♥ts✳ ✶✹ ❊✳ ❉❛r❣❛✉❞ ❛♥❞ ■✳ ❏❡•♦✈❛❝ ✽✳ ❈♦♥❝•✉s✐♦♥ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❡①♣•♦r❡ ❤♦✇ t❡•❡♠❡❞✐❝✐♥❡ ✐♥✢✉❡♥❝❡s ♣❤②s✐❝✐❛♥s✬ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥s ❜♦t❤ ✐♥ ❛ ♠♦♥♦♣♦•✐st✐❝ s❡tt✐♥❣ ❛♥❞ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♦♥❡✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡t✉♣ ✇❤❡r❡ t❡•❡♠❡❞✐❝✐♥❡ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ s❛♠❡ ♣❤②s✐❝✐❛♥ ❛s ❢❛❝❡✲t♦✲❢❛❝❡ ♠❡❞✐❝✐♥❡ ♦r ❜② ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♦♥❡ ❛♥❞ ✇❡ ❤✐❣❤•✐❣❤t ❤♦✇ ❝♦♥s✉♠❡r s✉r♣•✉s ❛♥❞ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡s❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝♦♠♣❡t✐t✐♦♥✳ ❖✉r r❡s✉•ts s❤♦✇ t❤❛t t❡•❡♠❡❞✐❝✐♥❡ ✜❣❤ts ❛❣❛✐♥st ♠❡❞✐❝❛• ❞❡s❡rt✱ ❡✐t❤❡r ✐♥ ❛ ♠♦♥♦♣♦•② ♦r ✐♥ ❛ s♣❡❝✐❛•✐③❡❞ ❞✉♦♣♦•② ❝❛s❡✳ ❚❤❡ ✐♥t❡r❡sts ♦❢ ❝♦♥s✉♠❡rs ❛r❡ ❜❡st s❡r✈❡❞ ✐♥ t❤❡ ❞✉♦♣♦•② s✐t✉❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ♣r♦✈✐❞❡rs ✇❤✐•❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✐♠♣•❡♠❡♥t✐♥❣ ✐♥ ♠♦♥♦♣♦•② ❝❛s❡ ❛••♦✇s t♦ ❢✉••② ❡①tr❛❝t t❤❡ s✉r♣•✉s ❢r♦♠ ❞✐st❛♥t ♣❛t✐❡♥ts✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ♣✉❜•✐❝ ❡①♣❡♥s❡s ✐s ❜❛s❡❞ ♦♥ t✇♦ ❡✛❡❝ts✿ ♦♥❡ ✇❤✐❝❤ ✐s r❡•❛t❡❞ t♦ tr❛♥s♣♦rt❛t✐♦♥ ❝♦st ❛♥❞ ❞✐st❛♥❝❡s ❛♥❞ t❤❡ ♦t❤❡r •✐♥❦❡❞ t♦ ♣❛t✐❡♥t ❝♦✲♣❛②♠❡♥ts✳ ❚❤❡ ❢♦r♠❡r ❡✛❡❝t r❡✈❡❛•s t❤❛t ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛r❡ •❡ss ✐♠♣♦rt❛♥t ✐♥ ❞✉♦♣♦•② ❝❛s❡ ❞✉❡ t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ♣r♦✈✐❞❡rs ✭•❡❛❞✐♥❣ t♦ •♦✇❡r ♣r✐❝❡s✮ ♦♥•② ✐❢ t ❛♥❞ L ❛r❡ r❡•❛t✐✈❡•② •♦✇✳ ❋♦r ✐♥❝r❡❛s❡❞ ✈❛•✉❡s✱ ♣✉❜•✐❝ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ r❡✐♠❜✉rs❡♠❡♥ts ❛r❡ ♠♦r❡ ❡①♣❡♥s✐✈❡ ✇✐t❤ ❞✉♦♣♦•② s✐♥❝❡ ✐t ❝♦✈❡rs ❛ •❛r❣❡r ♣♦♣✉•❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❡✛❡❝t ❞✐s❝•♦s❡s t❤❛t ✐❢ t❤❡ ❝♦✲♣❛②♠❡♥t ❢♦r ❞✐st❛♥t s❡r✈✐❝❡ ✐s •♦✇ t❤❡♥ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛r❡ r❡•❛t✐✈❡•② ❡①♣❡♥s✐✈❡ ✐♥ t❤❡ ❞✉❛• ♠♦♥♦♣♦•② ❝❛s❡ ❜❡❝❛✉s❡ r❡✐♠❜✉rs❡♠❡♥ts ❛r❡ ❣❡♥❡r♦✉s✳ ❋♦r ❛♥ ✐♥❝r❡❛s❡❞ ✈❛•✉❡ ♦❢ ❝♦✲♣❛②♠❡♥t ❢♦r ❞✐st❛♥t ♠❡❞✐❝✐♥❡✱ ♣❛t✐❡♥ts ♣❛② t❤❡ ❜✉•❦ ♦❢ t♦t❛• ❡①♣❡♥s❡s ✇❤❡♥ t ❛♥❞ L ❛r❡ ❤✐❣❤ ❛♥❞ ♠✉•t✐t❛s❦ ♠♦♥♦♣♦•② ❜❡❝♦♠❡s r❡•❛t✐✈❡•② ✐♥❡①♣❡♥s✐✈❡✳ ❲❡ ❛❞❛♣t ♦✉r ✢❡①✐❜•❡ ♠♦❞❡• t♦ ❞✐s❝✉ss ❛ r❡❝❡♥t ♣♦•✐❝② ❝❤❛♥❣❡ ✐♥ t❤❡ ❋r❡♥❝❤ ❤❡❛•t❤ ❝❛r❡ s②st❡♠✳ ❲❤✐•❡ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❤❛s ❜❡❡♥ t♦t❛••② r❡✐♠❜✉rs❡❞ ✉♥t✐• ❏✉•② ✷✵✷✷✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ r❡❝❡♥t ✐♥❝r❡❛s❡ ✐♥ ❝♦✲♣❛②♠❡♥t ❢♦r s✉❝❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ t♦ ❣❡♥❡r❛t❡ •♦
♦ ♥♦t ❝♦♥s✐❞❡r ❛♥② ❝❛♣❛❝✐t② ❝♦♥str❛✐♥t ✇❤✐•❡ t❤❡ ✇♦r❦✐♥❣ t✐♠❡ ♦❢ ♣❤②s✐❝✐❛♥s ✐s ♥♦t ✉♥•✐♠✐t❡❞✳ ❙❡❝♦♥❞✱ t❤❡ q✉❛•✐t② ♦❢ ❞✐❛❣♥♦s❡s ✐s ❡①♦❣❡♥♦✉s ❛♥❞ ✐t ✐s ♥♦t ❝♦st•② ❢♦r t❤❡ ♣❤②s✐❝✐❛♥s✳ ▲❛st✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❤❡❛•t❤ ❝❛r❡ ♣r♦✈✐❞❡rs ❤❛✈❡ s✐♠✐•❛r ❛❜✐•✐t✐❡s t♦ ♦❜t❛✐♥ ♠❛r❦❡t ♣♦✇❡r✳ ❆✈❡♥✉❡s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ♠❛② ❝♦♥s✐❞❡r r❡•❛①✐♥❣ s✉❝❤ ❛ss✉♠♣t✐♦♥s✳ ✾✳ ❆♣♣❡♥❞✐① ✾✳✶✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸ ✾✳✶✳✶ ❚❡•❡♠❡❞✐❝✐♥❡ ✐s ❜❡tt❡r t❤❛♥ ♥♦t❤✐♥❣ ❲❡ ✜rst ✐♠♣♦s❡ t❤❛t d e -α e p e ≥ 0✳ ❚❤❛t ✐s✱ ❛•• ♣❛t✐❡♥ts ♣r❡❢❡r t♦ ♣❛② ❢♦r t❡•❡♠❡❞✐❝✐♥❡ r❛t❤❡r t❤❛♥ s❡❡✐♥❣ ♥♦ ♣❤②s✐❝✐❛♥ ❛t ❛••✳ ❚❤❡ ✐♥❞✐✛❡r❡♥t ♣❛t✐❡♥t ❜❡t✇❡❡♥ ❢❛❝❡✲t♦✲❢❛❝❡ ❛♥❞ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s •♦❝❛t❡❞ ❛t x2 = M in{M ax{0; ∆d + α e p e -α c p c t }; L}. ✭✾✳✶✮ ✇✐t❤ ∆d = d c -d e ✳ ❲❡ ❝❛♥ t❤✉s ✇r✐t❡ t❤❡ ♣❤②s✐❝✐❛♥✬s ♣r♦✜t ❛s Π A = p c x2 + p e (L -x2 ). ✭✾✳✷✮ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✶✺ ❚❤❡ ❝❛♥❞✐❞❛t❡s ❢♦r ❛ s♦•✉t✐♦♥ ❛r❡✿ ✶✳ ❈❛♥❞✐❞❛t❡ ✶ ❼ p c > dc αc ❼ p e = de αe ❼ D c = 0 ❼ D e = L ❼ Π A = de αe L ✷✳ ❈❛♥❞✐❞❛t❡ ✷ ❼ p c = (αc-αe)∆d-(αc+αe)tL (αc-αe) 2 ❼ p e = (αc-αe)∆d-2αctL (αc-αe) 2 ❚❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❞❡♠❛♥❞s D c ❛♥❞ D e t♦ ❜❡ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ [0; L] ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ d c -α c p c -tL ≤ d e -α e p e ≤ d c -α c p c ✳ ❚❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❝❛♥♥♦t ❤♦•❞ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ s✉❝❤ ♣r✐❝❡ ❝❛♥❞✐❞❛t❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r✉•❡ ♦✉t ❈❛♥❞✐❞❛t❡ ✷✳ ✸✳ ❈❛♥❞✐❞❛t❡ ✸ ❼ p c = αedc+αcde 2αcαe ❼ p e = de αe ❼ D c = αedc-αcde 2αet ❼ D e = L -αedc-αcde 2αet ❼ Π A = de αe L + 1 αct ( αedc-αcde 2αe ) 2 ❚❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❞❡♠❛♥❞s D c ❛♥❞ D e t♦ ❜❡ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ [0; L] ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ 0 ≤ α e d c -α c d e ≤ 2α e tL ✹✳ ❈❛♥❞✐❞❛t❡ ✹ ❼ p c = dc-tL αc ❼ p e = de αe ❼ D c = L ❼ D e = 0 ❼ Π A = dc-tL αc L ❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♣r✐❝❡ t♦ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ tL ≤ d c ✳ ❆♥❛•②s✐s✿ ❈❛♥❞✐❞❛t❡ ✸ ❞♦♠✐♥❛t❡s ❈❛♥❞✐❞❛t❡ ✶ ❛♥❞ ❈❛♥❞✐❞❛t❡ ✸ ❞♦♠✐♥❛t❡s ❈❛♥❞✐❞❛t❡ ✹✳ ❈❛♥❞✐❞❛t❡s s♦ ❢❛r ❢♦r ❙✉❜s❡❝t✐♦♥ ✸✳✷ ❞♦♠✐♥❛t❡ t❤❡ ♦✉t❝♦♠❡s ♦❢ ❙✉❜s❡❝t✐♦♥ ✸✳✶✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ d e -α e p e ≤ 0✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ♦✉t❝♦♠❡s ❛s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ s❡❡ ❤❡r❡❛❢t❡r✳ ✶✻ ❊✳ ❉❛r❣❛✉❞ ❛♥❞ ■✳ ❏❡•♦✈❛❝ ✾✳✶✳✷ ◆♦t❤✐♥❣ ✐s ❜❡tt❡r t❤❛♥ t❡•❡♠❡❞✐❝✐♥❡ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❛t d e -α e p e ≤ 0✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♣♦♦r q✉❛•✐t② ♦❢ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ✐s ♥♦t ✇♦rt❤ ✐ts ♣r✐❝❡✳ ❚❤❡ s♦•✉t✐♦♥ t♦ t❤❡ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ r❡s✉•ts ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❚❤❡s❡ ♦✉t❝♦♠❡s ❛r❡ ❛•✇❛②s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❝❛♥❞✐❞❛t❡s s♣❡❝✐✜❡❞ ❛❜♦✈❡✳ ✾✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❛r✐s♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❜❡❛r ✐♥ ♠✐♥❞ t❤❛t α c < α e =⇒ 0 < d c -d e < d c - α c α e d e < d c < d c + 2d e ❛♥❞ α c > α e =⇒ 0 < d c - α c α e d e < d c -d e < d c < d c + 2d e . ❋r♦♠ t❤❡r❡ ✇❡ ❞✐r❡❝t•② ❝♦♠♣❛r❡ t❤❡ ♣✉❜•✐❝ ❡①♣❡♥s❡s P E ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡•❡✈❛♥t r❛♥❣❡s✳ ✼ ❙♦♠❡ ❝♦♠♣❛r✐s♦♥s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❛s ❢♦r ❡①❛♠♣•❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ P E ✇❤❡♥ d c - α c α e d e < 2tL < d c -d e ■♥ s✉❝❤ ❛ ❝❛s❡✱ ❡①♣r❡ss✐♦♥s ♦❢ P E ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ ❼ P E M = 1-αc αc (d c -tL)L✱ ❼ P E M 2 = (1 -α c ) αedc+αcde

  ❆s ❛ ❜❡♥❝❤♠❛r❦ s✐t✉❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❛t A ✐s t❤❡ ✉♥✐q✉❡ ♣❤②s✐❝✐❛♥ ✐♥ t❤❡ ❛r❡❛[0, L] ❛♥❞ s❤❡ ♣r♦✈✐❞❡s ♥♦ ❞✐st❛♥t ♠❡❞✐❝✐♥❡✳ ❆♥ ✐♥❞✐✈✐❞✉❛• ♣❛t✐❡♥t •♦❝❛t❡❞ ❛t x ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ✈✐s✐t ♣❤②s✐❝✐❛♥ A ♦r ♥♦t ❛♥❞ ❤✐s ✉t✐•✐t② ✐s U = max{d cα c p ctx; 0}. ✭✸✳✶✮ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥❞✐✛❡r❡♥t ♣❛t✐❡♥t ✐s •♦❝❛t❡❞ ❛t x = M in{M ax{0; d cα c p c t }; L}.✭✸✳✷✮ ❲❡ ❝❛♥ t❤✉s ✇r✐t❡ t❤❡ ♣❤②s✐❝✐❛♥✬s ♣r♦✜t ❛sΠ A = p c x. ✭✸✳✸✮ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ s✉❝❤ ❛ ♣r♦✜t ❞✐r❡❝t•② •❡❛❞s t♦ t❤❡ s♦•✉t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ▲❡♠♠❛ ✶✱ ✇❤❡r❡ CS ❛♥❞ P E ❞❡♥♦t❡ ❝♦♥s✉♠❡r s✉r♣•✉s ❛♥❞ ♣✉❜•✐❝ ❡①♣❡♥s❡s✱ r❡s♣❡❝t✐✈❡•②✳ ✸ ▲❡♠♠❛ ✶✳ ✭❙✐♥❣•❡ ❝•✐♥✐❝✐❛♥✱ s♦•✉t✐♦♥✮ ✶✳ ❲❤❡♥ 2tL ≤ d c ✱ t❤❡♥ ✶ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❛ ♣❤②s✐❝✐❛♥ ❝❛♥ ♣❡r❢♦r♠ ♠❛♥② ❛s♣❡❝ts ♦❢ ❛ ❞✐❛❣♥♦s✐s ✐♥ ❜♦t❤ ❞✐st❛♥t ❛♥❞ ✐♥✲♣❡rs♦♥ s❡tt✐♥❣s ❡①❝❡♣t t❤❡ ❝•✐♥✐❝❛• ❡①❛♠✐♥❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜•❡ ✐♥✲♣❡rs♦♥ ♦♥•②✳ ▼✐s❞✐❛❣♥♦s❡s ❛♥❞ ♠❡❞✐❝❛t✐♦♥ ♠✐st❛❦❡s ❛r❡ ♥♦t r❛r❡ ✐♥ t❡•❡♠❡❞✐❝✐♥❡✱ s❡❡ ❢♦r ❡①❛♠♣•❡ ❑❤♦♦♥❣ ❡t ❛•✳ ✭✷✵✷✷✮ ❛♥❞ |❡s♥❡❝❦ ❡t ❛•✳ ✭✷✵✶✻✮✳ ✷ ❲❤❡♥ ❞✐s❝✉ss✐♥❣ ❡①t❡♥s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✼✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛•t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥ d c < d e t♦ r❡✢❡❝t s♦♠❡ s♣❡❝✐✜❝ s✐t✉❛t✐♦♥s✳ ✸ ❍❡r❡✱ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❛♠♦✉♥t t♦ t❤❡ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ r❡✐♠❜✉rs❡♠❡♥ts✿ P E = (1α c )p c D c + (1α e )pe D e ✳ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✺ ❼ p c = dc-tL αc

  ✇❡r ❢❡❡s ❢♦r ❜♦t❤ t②♣❡s ♦❢ ❤❡❛•t❤ s❡r✈✐❝❡s✱ ❛ •♦✇❡r ♣❛t✐❡♥ts✬ s✉r♣•✉s ❛♥❞ •♦✇❡r ♣✉❜•✐❝ ❡①♣❡♥s❡s✳ ❆♥♦t❤❡r ❛❞❛♣t❛t✐♦♥ ♦❢ ♦✉r ♠♦❞❡• ❛••♦✇s ✉s t♦ q✉❛•✐❢② t❤❡ ❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ ❤✐❣❤✲q✉❛•✐t② ❝r♦ss✲❜♦r❞❡r ❝❛r❡ ❝❛♥ r❡♣•❛❝❡ ✐♥✲♣❡rs♦♥ ♠❡❞✐❝✐♥❡✱ ❡✈❡♥ ✇✐t❤♦✉t ❤❡❛•t❤ ✐♥s✉r❛♥❝❡✳ ❖✉r r❡s✉•ts r❡st ♦♥ ❛ ♠♦❞❡• t❤❛t ✐s r❡str✐❝t✐✈❡ ♦♥ s❡✈❡r❛• ❣r♦✉♥❞s✳ ❋✐rst✱ ✇❡ ❞

  α e ) de αe (L -αedc-αcde 2αet ) ❼ P E D = 1-αc αc (∆d -tL)L.❉✐r❡❝t ❝♦♠♣❛r✐s♦♥ •❡❛❞s t♦ P E M > P E D ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ✇r✐t❡✱P E M 2 -P E M = 1 4t [2tL -(d c -α c α e d e )][(1 -2α e + α c ) d e α e -1α c α c (d c -2tL)]. ❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ❢♦r P E M 2 -P E M ✐s ♣♦s✐t✐✈❡ s✐♥❝❡ 2tL > d c -αc αe d e ✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s 1α c α c (2tL -(d c -α c α e d e )) + d e α e (2α c -2α e ), ✇❤✐❝❤ ✐s ❛•✇❛②s ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r t❤❡ ♣❛r❛♠❡t❡r ❝♦♥✜❣✉r❛t✐♦♥ d c -αc αe d e < 2tL < d cd e ✱ ♣✉❜•✐❝ ❡①♣❡♥s❡s ❝♦♠♣❛r❡ ❛s ❢♦••♦✇s P E M 2 > P E M > P E D . ✼ ❉❡t❛✐•s ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❛✈❛✐•❛❜•❡ ✉♣♦♥ r❡q✉❡st✳ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ♣❤②s✐❝✐❛♥s✬ s❡r✈✐❝❡s ✇✐t❤ ❞✐st❛♥t ♠❡❞✐❝✐♥❡ ❛♥❞ ❤❡❛•t❤ ✐♥s✉r❛♥❝❡ ✶✼ ❖t❤❡r ❝♦♠♣❛r✐s♦♥s ❛r❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞✳ ❋♦r ❡①❛♠♣•❡✱ ✇❤❡♥ α c > α e ❛♥❞ d cd e < 2tL < d c + 2d e ✱ ❡①♣r❡ss✐♦♥s ♦❢ tP E D ❛♥❞ tP E M ✭✇❡ ♠✉•t✐♣•② P E ❜② t ❢♦r ♥♦t❛t✐♦♥❛• ❡❛s❡✮ ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ ❼ tP E M = 1-αc αc (d c -tL)L ✐❢ d cd e < 2tL < d c ✱ ❼ tP E M = 1-αc αc (dc) 2 4 ✐❢ d c < 2tL✱ ❼ tP E D = 1-αc αc ( ♦♠♣❛r❡ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s✿ tP E D (2tL = d cd e ) < tP E M (2tL = d cd e ) ❛♥❞ tP E D (2tL = d c + 2d e ) > tP E M (2tL = d c + 2d e ). ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t tP E D ❛♥❞ tP E M ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ 2tL✳ ❆•s♦✱ tP E D ✐s ❝♦♥✈❡① ✐♥ 2tL ✇❤❡r❡❛s tP E M ✐s ❝♦♥❝❛✈❡✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ỹ ∈ (d cd e ; d c + 2d e ) s✉❝❤ t❤❛t P E D ≤ P E M ⇐⇒ 2tL ≤ ỹ ❛♥❞ P E D ≥ P E M ⇐⇒ 2tL ≥ ỹ. ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ tP E M 2 ✇✐t❤ tP E M ❛♥❞ tP E D ✐s ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣✳ |❡❢❡r❡♥❝❡s ❬✶( ❇❛•❛s✉❜r❛♠❛♥✐❛♥ ✭✶✾✾✽✮✳ ✏▼❛✐• ✈❡rs✉s ♠❛••✿ ❆ str❛t❡❣✐❝ ❛♥❛•②s✐s ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❞✐r❡❝t ♠❛r❦❡t❡rs ❛♥❞ ❝♦♥✈❡♥t✐♦♥❛• r❡t❛✐•❡rs✑✳ ▼❛r❦❡t✐♥❣ ❙❝✐❡♥❝❡ ✶✼✭✸✮✱ ✶✽✶✕✶✾✺✳ ❬✷( ❇♦✉❝❦❛❡rt ✭✷✵✵✵✮✳ ✏▼♦♥♦♣♦•✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ❛ ♠❛✐• ♦r❞❡r ❜✉s✐♥❡ss✑✳ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs ✻✻✭✸✮✱ ✸✵✸✕✸✶✵✳ ❬✸( ❇r❡❦❦❡✱ ❙✐❝✐•✐❛♥✐✱ ❙tr❛✉♠❡ ✭✷✵✶✶✮✳ ✏❍♦s♣✐t❛• ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ q✉❛•✐t② ✇✐t❤ r❡❣✉•❛t❡❞ ♣r✐❝❡s✑✳ ❙❝❛♥❞✐♥❛✈✐❛♥ ❏♦✉r♥❛• ♦❢ ❊❝♦♥♦♠✐❝s ✶✶✸✭✷✮✱ ✹✹✹✲✹✻✾✳ ❬✹( ❈♦•♦♠❜♦ ✭✷✵✷✵✮✳ ❈•❛ss✐❝ ❙♣❛t✐❛• ▼♦❞❡•s✳ ■♥✿ ❈♦•♦♠❜♦✱ ❙✳ ✭❡❞s✮ ❙♣❛t✐❛• ❊❝♦♥♦♠✐❝s ❱♦•✉♠❡ ■✳ P❛•❣r❛✈❡ ▼❛❝♠✐••❛♥✱ ❈❤❛♠✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴✾✼✽✲✸✲✵✸✵✲✹✵✵✾✽✲ ✾❴✶✳ ❬✺( ❈♦•♦♠❜♦✱ ❍♦✉ ✭✷✵✷✶✮✳ ✏▲♦❝❛t✐♦♥✲Pr✐❝❡ ❊q✉✐•✐❜r✐❛ ✇❤❡♥ ❚r❛❞✐t✐♦♥❛• |❡t❛✐•❡rs ❈♦♠♣❡t❡ ❆❣❛✐♥st ❛♥ ❖♥•✐♥❡ |❡t❛✐•❡r✑✳ |❡✈✐❡✇ ♦❢ ■♥❞✉str✐❛• ❖r❣❛♥✐③❛t✐♦♥ ✺✾✭✸✮✱ ✹✽✸✕✺✵✷✳ ❬✻( ❈♦•♦♠❜♦✱ ▼❛ts✉s❤✐♠❛ ✭✷✵✷✵✮✳ ✏❈♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ♣❤②s✐❝❛• ❛♥❞ ✐♥t❡r♥❡t r❡t❛✐•❡rs ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥s✉♠❡rs✑✳ |❡✈✐❡✇ ♦❢ ■♥❞✉str✐❛• ❖r❣❛♥✐③❛t✐♦♥ ✺✼✭✷✮✱ ✻✹✼✕✻✻✹✳