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We consider nancial markets with heterogeneously ambiguous assets and heterogeneously ambiguity averse investors. Investors' preferences, a version of the smooth ambiguity model, are a parsimonious extension of the standard mean-variance framework. We consider, in a unied setting, portfolio choice, and trade upon arrival of public information, and show, in both cases, there are systematic departures from the predictions of standard theory. These departures are of signicance as they occur in the direction of empirical regularities that belie the standard theory. In particular, our theory speaks to several puzzling phenomena in a unied fashion: the asset allocation puzzle, the observation that earnings announcements are often followed by signicant trading volume with small price change, and that increases in uncertainty are positively associated with increased trading activity and portfolio rebalancing toward safer assets by individual (retail) investors.

Introduction

Modern decision theory uses the term ambiguity to describe uncertainty about a data generating process. The decision-maker believes that the data comes from an unknown member of a set of possible models. [START_REF] Knight | Risk, uncertainty and prot[END_REF] and [START_REF] Ellsberg | Risk, ambiguity, and the Savage axioms[END_REF] intuitively argue that concern about this uncertainty induces a decision-maker to want decision rules that work robustly across the set of models believed to be possible. The argument is formalized in pioneering contributions by [START_REF] Schmeidler | Subjective probability and expected utility without additivity[END_REF] and [START_REF] Gilboa | Maxmin expected utility with a non-unique prior[END_REF] followed by a body of subsequent work including robust control theory [START_REF] Hansen | Fragile beliefs and the price of uncertainty[END_REF]) and the theory of smooth ambiguity aversion (Klibano et al. (2005)).

The nancial literature largely proceeds from the assumption that investors behave as if they know the distributions of returns, ruling out ambiguity. However, this assumption is hard to justify. Finer sampling would, arguably, virtually eliminate estimation errors for second moments of return distributions, but it is well established that rst moments (i.e., means) are extremely dicult to estimate [START_REF] Merton | On estimating the expected return on the market[END_REF], [START_REF] Cochrane | Where is the Market Going? Uncertain Facts and Novel Theories[END_REF], [START_REF] Blanchard | Movements in the Equity Premium[END_REF], and [START_REF] Anderson | A Quarter of Semigroups for Model specication Robustness, Prices of Risk, and Model Detection[END_REF]). This paper considers investors who are concerned about the ambiguity of return distributions, more specically, the ambiguity due to the uncertainty about the means of returns. 1 We conceive of this parameter uncertainty in a Bayesian fashion: unknown means are treated as random variables. More concretely, combining a prior over the means for the set of assets considered with observations from the data, we take the resulting posterior joint distribution of the means to describe the parameter uncertainty, i.e., the ambiguity about the return distributions. 2 The ambiguity averse investor is inclined to choose a portfolio position whose value is less aected by, and hence robust to, the parameter uncertainty.

We use smooth ambiguity, in particular, a specication that simplies to robust meanvariance preferences [START_REF] Maccheroni | Alpha as Ambiguity: Robust Mean-Variance Portfolio Analysis[END_REF]), to model investors' ambiguity aversion. 3 If the data generating process were known, then a smooth ambiguity averse investor would evaluate a portfolio by its expected utility given that process. However, given the parameter uncertainty, the posterior joint distribution of the asset mean returns together with the portfolio induces a distribution over possible expected utility values. If one takes two portfolio 1 [START_REF] Trautmann | Ambiguity Attitudes, in The Wiley Blackwell Handbook of Judgment and Decision Making[END_REF] surveys experimental evidence on ambiguity aversion. [START_REF] Dimmock | Ambiguity aversion and household portfolio choice puzzles: Empirical evidence[END_REF] and [START_REF] Bianchi | Ambiguity preferences and portfolio choices: Evidence from the eld[END_REF] use survey and experimental data to relate evidence on individuals' ambiguity aversion to their behavior in nancial markets, for instance, portfolio holdings. [START_REF] Chew | You Need to Recognise Ambiguity to Avoid It[END_REF] document that ambiguity aversion is more prevalent among analytically sophisticated subjects. positions a and a such that the distribution of expected utility values induced by a is a mean-preserving spread of the distribution induced by a, then the smooth ambiguity-averse investor prefers a to a . The (smooth) ambiguity-neutral investor, on the other hand, is indierent between two such portfolios and hence maximizes his expected utility by investing in a Bayesian optimal portfolio. 4 Recent contributions have demonstrated ambiguity aversion can signicantly help to explain empirical regularities involving price of aggregate uncertainty. 5 In these papers, eectively, there is a single (ambiguously) uncertain asset and homogeneous ambiguity aversion.

Our paper investigates market implications when there are multiple uncertain assets with heterogeneous ambiguity, i.e., assets that can be ranked in terms of uncertainty about mean returns. The paper considers, in a unied setting, portfolio choice and trade upon arrival of public information, given such heterogeneity in the cross-section of assets. We nd that there are signicant departures from the predictions of standard theory, given the presence of another key ingredient a second heterogeneity: multiple agents who are heterogeneously ambiguity averse. Importantly, these departures occur in the direction of empirical regularities that belie the standard theory.

Our theory (supported by quantitative exercises calibrated to data) explains and connects two signicant sets of evidence. The rst is a set of pervasive and puzzling observations about investor behavior and nancial market outcomes which in and of themselves make no reference to ambiguity aversion. One such observation is the so-called asset allocation puzzle, which refers to the nding that in contrast to the mutual fund theorem, the very common advice from nancial advisors is that aggressive investors should hold a lower ratio of bonds to stocks than conservative investors in their risky portfolios [START_REF] Canner | An Asset Allocation Puzzle[END_REF]).

Another observation is that earnings announcements are often followed by signicant trading volume with small price change [START_REF] Kandel | Dierential Interpretation of Public Signals and Trade in Speculative Markets[END_REF]). Also, [START_REF] Giannetti | Local Ownership, Crises, and Asset Prices: Evidence from US Mutual Funds[END_REF] observe that investors rebalance their portfolios toward geographically close rms during periods of high market volatility and that rms with higher local ownership exhibit less sensitivity to innovations in market-wide implied volatility (as measured by changes in VIX). That is, investors change the composition of their uncertain portfolios in a particular way at times of high market volatility. In a similar vein, [START_REF] Kostopoulos | Ambiguity about volatility and investor behavior[END_REF] show that increases in ambiguity, measured by positive innovations in the 30-day implied volatility of VSTOXX, 6 lead to increased trading activity and individual (retail) investors reducing their 4 The pioneering works of [START_REF] Klein | The eect of estimation risk on optimal portfolio choice[END_REF] and [START_REF] Brown | The Eect of Estimation Risk on Capital Market Equilibrium[END_REF] study portfolio choice and pricing implications of parameter uncertainty by modeling investors as choosing Bayesian optimal portfolios.

5 For instance, see [START_REF] Maenhout | Robust portfolio rules and asset pricing[END_REF], [START_REF] Epstein | Ambiguity, Information Quality, and Asset Pricing[END_REF], [START_REF] Illeditsch | Ambiguous information, portfolio inertia, and excess volatility[END_REF], [START_REF] Condie | Information Inertia[END_REF], [START_REF] Mele | Uncertainty, information acquisition, and price swings in asset markets[END_REF] and in a more macro-nance tradition, [START_REF] Ju | Ambiguity, learning, and asset returns[END_REF], [START_REF] Hansen | Fragile beliefs and the price of uncertainty[END_REF], and [START_REF] Collard | Ambiguity and the historical equity premium[END_REF].

6 VSTOXX is the European equivalent of VIX and based on the Euro Stoxx index. Kostopoulos et al. exposure to the security market by trading out of stocks and similarly risky assets.

There is also a second set of evidence from surveys and eld experiments that relates ambiguity aversion to household portfolio choices: [START_REF] Dimmock | Ambiguity aversion and household portfolio choice puzzles: Empirical evidence[END_REF] show that higher ambiguity aversion is associated with lower portfolio fractions allocated to equity and also nd that investors with higher ambiguity aversion were signicantly more likely to actively sell equities during the 2008-09 nancial crisis. [START_REF] Bianchi | Ambiguity preferences and portfolio choices: Evidence from the eld[END_REF] match administrative panel data on portfolio choices with survey data on preferences over ambiguity and produce similar results to [START_REF] Dimmock | Ambiguity aversion and household portfolio choice puzzles: Empirical evidence[END_REF].

Our specication of the smooth ambiguity model simplies to a parsimonious extension of the standard mean-variance framework it adds to this standard formula a third term, involving ambiguity, so that the investor faces a three-way trade-o between expected return, risk and ambiguity. As intuition suggests, we demonstrate through comparative statics exercises that more ambiguity averse investors resolve this trade-o by putting more weight on ambiguity and thus are more partial to the less ambiguous assets. This key, single driving force connects our results on portfolio choice to equilibrium asset prices and trade upon arrival of public information.

In the theory developed here, the nature of trading is dictated by ambiguity sharing considerations. Following the public signal, the return-risk-ambiguity trade-o changes, making investors seek a dierent allocation of more and less ambiguous assets depending on their dierent tolerances for ambiguity. This requires portfolio rebalancing, i.e., changes in the composition of the portfolio of uncertain assets, thus mutually benecial exchange of such assets. In particular, larger uncertainty shocks cause individual portfolios to move further away from the market portfolio, leading to larger trading volumes.

As we noted, investors' response to heterogeneity in the ambiguity of assets is key to our results. Intuitively, this heterogeneity may arise for at least a couple of reasons. One reason may be that some assets are structurally more exposed to uncertainty quite generally, whether it be risk or ambiguity. For instance, a rm's stock return is structurally more exposed to uncertainty than its bond return as stock is a residual claim. Moreover, bond returns are exposed to only downside uncertainty whereas stock returns are exposed to both downside and upside uncertainty. A second reason is about the fundamentals of the underlying asset. For instance, new-technology companies or companies exploring new markets would have fundamentals whose risks have not been fully learned. Also, rms which are more exposed to aggregate uncertainty shocks, for instance, because of nancial distress or reliance on external nancing, would be in this category. The success of the macro-nance (2021) also show that their results are robust to alternative survey-, newspaper-or market-based ambiguity measures.

literature incorporating ambiguity in explaining price dynamics lends support to the idea of treating aggregate uncertainty as ambiguous. 7 In that literature, the assumed source of the ambiguity in the agent's beliefs is the occurrence of periodic, temporary changes in the probability distribution governing next period's growth outcome due to the eect of the business cycle. More precisely, according to this view, macroeconomic (i.e., systematic) ambiguity is essentially the evolving uncertainty about where the economy is with respect to the business cycle; that is, uncertainty about how big the temporary departure of the mean growth rate from the trend growth rate is and how long this departure will last.

The channel governing portfolio choice and trade we study implies a persistence of a pattern of heterogeneity in portfolio allocations among more and less ambiguity averse investors, so long as ambiguity persists. And, following episodes of heightened uncertainty, the heterogeneity in holdings gets exacerbated. Recent empirical evidence has documented striking patterns of persistence in households' investment choices, with potentially serious implications for persistence of wealth inequalities. As noted by [START_REF] Buss | Investor Condence abd Portfolio Dynamics[END_REF], one group of households tilts its investments toward safe and familiar assets, trend chases, and earns lower investment returns, while another group of households holds riskier positions and exhibits superior market-timing abilities, consequently earning higher investment returns [START_REF] Bianchi | Financial literacy and portfolio dynamics[END_REF], [START_REF] Fagereng | Heterogeneity and persistence in returns to wealth[END_REF]). These dierences in investment behavior persist for remarkably long periods and are a crucial determinant of the dynamics of wealth inequality [START_REF] Piketty | Capital in the Twenty-First Century[END_REF], [START_REF] Bach | Rich pickings? Risk, return, and skill in the portfolios of the wealthy[END_REF], [START_REF] Fagereng | Heterogeneity and persistence in returns to wealth[END_REF]). In addition, they have substantial welfare implications for individuals and also for society [START_REF] Campbell | Restoring rational choice: The challenge of consumer nancial regulation[END_REF], [START_REF] Bhamra | Does household nance matter? Small nancial errors with large social costs[END_REF]). These welfare implications provide a reason for an improved understanding of the channel we study in the paper.

We close this introduction with a brief description of our contribution in terms of theoretical model-building. We follow [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF] in setting up our static model: the specication of the assets, and agents' beliefs and preferences. [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF] note that the mutual fund theorem fails when there is heterogeneity in ambiguity aversion. We go beyond them, rst, by introducing a second heterogeneity the [START_REF] Jewitt | Ordering Ambiguous Acts[END_REF] notions of one asset being more ambiguous than another and applying it to characterize the departure from the mutual fund theorem. Second, we build on the insights developed in this characterization to investigate how the interaction between the two heterogeneities, those of ambiguity aversion and asset ambiguity, aects equilibrium trade following public announcements. To that end, we extend the model of [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF], which is static, to a dynamic setup incorporating two dierent types of public signals by applying the 7 See [START_REF] Gallant | Does Smooth Ambiguity Matter for Asset Pricing[END_REF], in particular, for an assessment of the models applying the smooth ambiguity preference framework to this context.

recursive smooth ambiguity framework of Klibano et al. (2009).

The paper is organized as follows: In Section 2, we describe the setup we adopt and describe investors' preferences and common beliefs about asset returns. Then in Section 3, we analyze portfolio choice in a static setting with two uncertain assets and a risk-free asset. In Section 4, we propose two dynamic extensions of the static model in order to study how prices and trade respond to the arrival of public information. In the rst dynamic extension, in the interim period the agents receive a public signal drawn from the same process which governs the realization of the nal-period return. We interpret this signal as an earnings announcement. In the second dynamic extension, we consider uncertainty shocks: the public signal is an event which directly increases or decreases the parameter uncertainty (i.e., ambiguity). Section 5 elaborates on the connection between the mechanism we explore in this paper and that of subjectivity of beliefs in an expected utility framework in the contexts of portfolio choice and trade following public signals. Section 6 concludes.

Appendix A contains details on the calibration of the quantitative exercises. Proofs of the results and Lemmas can be found in Appendix B .

The Base Setup

In this section we describe the domain of choice, agents, their beliefs and preferences. We consider a model with two uncertain assets i = 1, 2 and a risk-free asset f . The price of the risk-free asset, p f , is normalized to 1. The price of uncertain asset i is denoted by p i . There is a nite set of agents, {1, . . . , n, . . . , N }. Agent n's holdings of the assets are denoted by q i,n ; for convenience, we will write q n = (q 1,n , q 2,n ). 8 We denote by a i,n ≡ p i q i,n the monetary amount invested in asset i by agent n, and write a n = (a 1,n , a 2,n ) to denote the monetary investment (or equivalently, monetary holdings) in uncertain assets. Given the normalization p f = 1, a f,n = q f,n denotes the monetary holding of the risk-free asset by agent n. Agent n's endowment of asset i is e i,n , and the aggregate endowment of the asset is e i . All agents have zero endowment of the risk-free asset, and therefore there is zero aggregate supply of the risk-free asset so that e f = 0. Both risk-free and uncertain returns are exogenous. The gross (monetary) returns of the risk-free asset and uncertain assets are R f and R i , i = 1, 2, respectively. We let R ≡ (R 1 , R 2 ). If agent n invests a j,n in asset j, where j = f, 1, 2, then his payo is R j a j,n .

The uncertain returns are ambiguous in the sense that agents are uncertain about the probability distribution governing each return: they believe that the returns data are generated by an unknown member of a set of possible models. Formally, we have a random vector 8 All vectors are taken to be column vectors. Transposes are row vectors.

M ≡ (M 1 , M 2 ), the model, whose realization xes the vector of conditional distribution of

returns R|M ≡ (R 1 |M 1 , R 2 |M 2 ).
The uncertainty about returns conditional on a model M (i.e., R|M ) is referred to as the rst-order uncertainty while uncertainty about the model M itself is referred to as the second-order uncertainty. We adapt the setup of [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF] to describe the agents' common beliefs about the uncertainty governing returns. 9 In this setup, both rst-and second-order uncertainties are Gaussian. We further impose the following assumptions.

10 Assumption 1. The mean return of asset i conditional on model

M is M i , i = 1, 2. That is, E [R | M ] = M.
Assumption 2. Models and asset returns are jointly normally distributed with

cov (R, M ) = var (M ) ≡ Σ M .
That is,

M R ∼ N E[M ] E[R] , Σ M Σ M Σ M Σ R
where

Σ M = σ M 1 2 σ M 12 σ M 12 σ M 2 2 and Σ R = σ 1 2 σ 12 σ 12 σ 2 2 .
Assumption 2 is actually all about the joint normality of R and M ; the restriction that cov (R, M ) = var (M ) does not result in loss of generality as pointed out by [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF]. The matrix Σ R is the variance-covariance matrix of the unconditional distribution of returns R. Henceforth, we will refer to (σ M i ) 2 and σ M i as the model variance of asset i and model standard deviation of asset i, respectively, and Σ M as the model variance-covariance matrix. The Projection Theorem, together with Assumptions 1 and 2, yields

M = E [R | M ] = E [R] + [cov(R, M )] [var (M )] -1 (M -E[M ]) = E[R] + M -E[M ], which in turn implies that E[R] = E[M ] ≡ µ ≡ (µ 1 , µ 2 ). We assume that µ i > R f , i = 1, 2,
so that risk-and ambiguity-averse agents do not rule out investment into uncertain assets. 9 Assuming common (second-order) beliefs has the consequence, as shown by [START_REF] Rigotti | Subjective Beliefs and Ex-Ante Trade[END_REF], that ambiguity averse agents will not want to enter into speculative trades, in the sense that, absent aggregate uncertainty, the full insurance allocations are Pareto optimal.

10 We slightly abuse notation by denoting both the model random variable and a particular realization of the variable by M . Also, following Assumption 2 and the Projection Theorem, we have

Σ ≡ var (R | M ) = var (R) -[cov(R, M )] [var (M )] -1 [cov(R, M )] = Σ R -Σ M .
(1) Hence, we obtain that the conditional asset return is distributed as:

R | M ∼ N (M, Σ R -Σ M ) .
In particular, the variance of returns conditioned on the realization of M is independent of the realized value. In this setup, the uncertainty about the model only aects the (conditional) mean of the return, not the (conditional) variance, and thus reduces to parameter uncertainty about the mean.

We apply the framework of the smooth model of Klibano et al. (2005) to describe how the agents incorporate uncertainty in the evaluation of portfolios. In this model, if the agent were to know the realization of M and so faced no parameter uncertainty, the evaluation is the usual expected utility evaluation using the random variable R|M . Uncertainty about M makes this expected utility evaluation (based on R|M ) uncertain; the agent is ambiguity averse if he dislikes mean preserving spreads in this uncertainty. More specically, consider a portfolio (a f,n , a 1,n , a 2,n ) which yields a nal contingent wealth equal to

W (a f,n , a 1,n , a 2,n ) = a f,n R f + a 1,n R 1 + a 2,n R 2 .
Agent n evaluates such a portfolio according to: 11

E M φ n E R|M [u n (W (a f,n , a 1,n , a 2,n ))] ,
(2) where u n , a utility function, incorporates the agent's attitude to risk, and φ n , an increasing concave function, reects the agent's ambiguity aversion. Thus, the ambiguity and the ambiguity aversion are represented distinctly through the random variable M and the function φ n , respectively. This parametric separation is useful in that it is possible to hold an agent's beliefs (perceived ambiguity) xed while varying their ambiguity attitude, say from aversion to neutrality (i.e., replacing a concave φ n with an ane one reduces the preference to expected utility while retaining the same beliefs).

12 As in [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF], we further specify u n (x) = -exp(-θ n x) and φ n (y) = -(-y) γn/θn . Denote by

η n ≡ -y φ n (y) φ n (y) = γ n θ n -1 = γ n -θ n θ n ,
the coecient of (relative) ambiguity aversion of the agent. Note, if γ n = θ n , then agent 11 E X denotes an expectation operator which integrates over the realization of the random variable X.

n is ambiguity neutral and a CARA (expected) utility maximizer. If γ n > θ n , the agent is ambiguity averse. In the rest of the paper, we will always assume that η n ≥ 0 for all n, i.e., we never consider ambiguity seeking.

13

We now set up the maximization problem the agents solve. Given Assumptions 1 and 2, and the specications of u n and φ n as above, Lemma 1 of [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF] shows that maximizing (2) is equivalent to choosing a portfolio (a f,n , a 1,n , a 2,n ) that maximizes

V n (a f,n , a 1,n , a 2,n ) ≡ a f,n R f + µ a n mean return - θ n 2 a n Σ R a n risk - γ n -θ n 2 a n Σ M a n ambiguity , (3) 
where a n = (a 1,n , a 2,n ). This formulation therefore generalizes the standard and commonly used mean-variance model of [START_REF] Markowitz | Portfolio selection[END_REF]: θn 2 a n Σ R a n is the standard risk adjustment to the evaluation while γn-θn 2

a n Σ M a n introduces an ambiguity adjustment. [START_REF] Maccheroni | Alpha as Ambiguity: Robust Mean-Variance Portfolio Analysis[END_REF] obtain the formulation (3), which they refer to as the robust mean-variance model, as a second-order (Arrow-Pratt) approximation of the certainty equivalent of a smooth ambiguity evaluation where u n , φ n and beliefs are arbitrarily specied. This is analogous to the fact that the standard mean-variance formulation may be seen as a quadratic approximation of the certainty equivalent of an expected utility evaluation where utility and beliefs are arbitrarily specied.

Observe, we may rewrite the formulation in (3) as

V n (a f,n , a 1,n , a 2,n ) = a f,n R f + µ a n - θ n 2 a n (Σ R + η n Σ M ) a n . (4) 
Hence, our ambiguity averse agent's evaluation of the portfolio can be read as if it were the evaluation of a standard (as opposed to robust) mean-variance utility agent with absolute risk aversion parameter θ n and an as if belief that uncertain assets' return distribution is given by N (µ, Σ R + η n Σ M ).14 Thus, our population of robust mean-variance agents with identical 13 Consider two agents in our model, n = 1, 2, who share the same beliefs about returns and have attitudes parametrized by the tuple (η n , θ n ). Since η n = γn θn -1, only two of the three parameters, η n , γ n and θ n , may be independently varied when comparing preferences (see also Klibano et al. (2005), pp. 1867-68). So, the two agents have the same ambiguity aversion but agent 1 is more risk averse than agent

2 if η 1 = η 2 but θ 1 > θ 2 . Note, this necessarily implies γ 1 = (η 1 + 1) θ 1 > (η 2 + 1) θ 2 = γ 2 .
It is worth emphasizing that η n represents ambiguity aversion but γ n does not. For instance, consider the case where γ 1 > γ 2 , γ 1 < θ 1 and γ 2 > θ 2 . Even though γ 1 > γ 2 , agent 1 is ambiguity seeking (η 1 < 0) while agent 2 is ambiguity averse (η 2 > 0).

beliefs but heterogeneous ambiguity aversion may be equivalently seen as a population of standard mean-variance agents with heterogeneous as if beliefs which dier in the variance but not in the mean of returns. The disagreement in as if beliefs is in the term η n Σ M , hence it stems from dierences in η n and the dierences are magnied by Σ M . Given that the ambiguity is about the mean returns, one might have expected that more ambiguity averse decision makers would behave as if they believe the mean returns were lower, but instead they behave as if the return variances are higher. This as if beliefs interpretation is helpful in gaining intuition for some of the results we obtain in the subsequent analysis. 3 Portfolio choice and the asset allocation puzzle

Portfolio choice

We study here how the composition of the optimal portfolio is determined by ambiguity aversion given exogenous asset prices. Consider agent n with initial wealth W n ≡ p 1 e 1,n + p 2 e 2,n .

The maximization problem he faces is max

a f,n , a 1,n , a 2,n a f,n R f + µ a n - θ n 2 a n Σ R a n - γ n -θ n 2 a n Σ M a n (5) 
s. to

a f,n + a 1,n + a 2,n ≤ W n .
Solving for the optimal monetary holdings of uncertain assets, a n = (a 1,n , a 2,n ), yields:

a n = 1 θ n (Σ R + η n Σ M ) -1 (µ -R f 1), (6) 
or more explicitly,

a i,n = (µ i -R f )A j,n -(µ j -R f )B 12,n A 1,n A 2,n + (B 12,n ) 2 , i = 1, 2, (7) 
where

A i,n = θ n σ 2 i + (γ n -θ n )(σ M i ) 2 = θ n σ 2 i + η n (σ M i ) 2 ,
the ambiguous underlying asset whose unconditional mean return is equal to that of the unambiguous asset.

Then our investor will exhibit the preference A B and A c B c which is inconsistent with subjective expected utility.

15 That the mechanism of ambiguity aversion may act through the channel of as if beliefs has been observed by, for instance, [START_REF] Hansen | Fragile beliefs and the price of uncertainty[END_REF] (p.9, para.3), [START_REF] Strzalecki | Ecient allocations under ambiguity[END_REF], [START_REF] Gollier | Portfolio choices and asset prices: The comparative statics of ambiguity aversion[END_REF] and [START_REF] Collard | Ambiguity and the historical equity premium[END_REF] (Remark 1) in relation to robust control theory, uncertainty sharing, portfolio choice, and asset pricing, respectively.

B 12,n = θ n σ 12 + (γ n -θ n )σ M 12 = θ n σ 12 + η n σ M 12 .
Therefore, we have

a 1,n a 2,n = (µ 1 -R f ) σ 2 2 + η n (σ M 2 ) 2 -(µ 2 -R f ) σ 12 + η n σ M 12 (µ 2 -R f ) [σ 2 1 + η n (σ M 1 ) 2 ] -(µ 1 -R f ) [σ 12 + η n σ M 12 ]
.

So, the ratio of monetary investments in uncertain assets is independent of the agent's risk aversion parameter θ n . If everyone is ambiguity neutral (i.e., η n = 0 for all n), this implies nothing but the classical mutual fund theorem [START_REF] Tobin | Liquidity preference as behavior towards risk[END_REF]): ambiguity neutral agents, regardless of their risk aversion, invest in the same proportion across uncertain assets, and therefore hold the same portfolio of uncertain assets. The ratio in (8) does depend, however, on the agent's ambiguity aversion parameter η n . 16 The mutual fund theorem continues to hold if agents are homogeneously ambiguity averse. However, generically, two agents n and n with dierent ambiguity aversion parameters will have dierent ratios of monetary investments in uncertain assets. Noting

a 1,n a 2,n = p 1 q 1,n p 2 q 2,n
, this also means that they will hold uncertain assets in dierent proportions, i.e., q 1,n

q 2,n = q 1,n q 2,n
. The following remark summarizes these observations:

Remark 1. If agents are homogeneous in ambiguity aversion, i.e., η n = η n for all n, n , then the mutual fund theorem holds, that is, for optimal portfolio choices it holds that a 1,n

a 2,n = a 1,n a 2,n
and q 1,n q 2,n = q 1,n q 2,n for all n, n . If, on the other hand, agents are heterogeneous in ambiguity aversion, then the mutual fund theorem generically fails.

When agents are homogeneously ambiguity averse, equation (4) tells us they act as if they have standard mean-variance preferences with the same beliefs, and hence the mutual fund theorem follows. On the other hand, agents with heterogeneous ambiguity aversion act as if they have dierent beliefs about return variances, which leads them to hold dierent portfolios as they disagree on how to optimally diversify. The latter point is made explicit by ( 6): optimal monetary holdings are a function of η n Σ M , the distinguishing aspect of the as if belief.

That the mutual fund theorem holds with homogeneous ambiguity aversion and fails with heterogeneous ambiguity aversion was already noted in [START_REF] Hara | Implied Ambiguity: Mean-Variance Ineciency and Pricing Errors[END_REF] and can be inferred from Runo (2014). In the next subsection, we go beyond this observation by characterizing the departure from the mutual fund theorem in terms of agents' ambiguity aversion and ambiguity of the assets.

16 Unless non-generic restrictions on the asset return structure hold, such as, obviously, if the two assets

are identical with µ 1 = µ 2 , σ 1 = σ 2 and σ M 1 = σ M 2 , or if σ i = σ M i and σ 12 = σ M 12 .

3.2

Comparative statics

Let S i ≡ µ i -R f σ i and S Amb i ≡ µ i -R f σ M i , i = 1, 2. S i is, of course,
the standard Sharpe ratio of asset i, and we will refer to S Amb i as the ambiguity Sharpe ratio of asset i. We also let

ρ ≡ σ 12 σ 1 σ 2 and ρ M ≡ σ M 12 σ M 1 σ M 2
. Lemma B.1 in the Appendix gives a full characterization of the comparative statics of portfolio choice with respect to ambiguity aversion. The characterizing condition in Lemma B.1 is a mouthful, but at its heart lies a three-way trade-o between excess return, risk and ambiguity glimpsed through the interplay between the (standard and ambiguity) Sharpe ratios and the two correlation terms ρ and ρ M . We explore the content of the characterization through Proposition 1 and a couple of corollaries, to follow.

Proposition 1. Let agent n be more ambiguity averse than agent n , i.e., η n > η n . Then, for optimal portfolio choices it holds that

a 1,n a 2,n < a 1,n a 2,n
and

q 1,n q 2,n < q 1,n q 2,n .
if either of the following conditions holds:

(a) S 1 = S 2 , S Amb 1 < S Amb 2 and ρ = 1, or (b) S Amb 1 /S 1 < S Amb 2 /S 2 and ρ σ M 1 σ M 2 σ 2 σ 1 ≤ ρ M ≤ ρ σ M 2 σ M 1 σ 1 σ 2 .
In (a), we make the agent indierent between the two assets in terms of return compensation per unit risk, but partial to asset 2 in terms of return compensation per unit ambiguity.

If there is no room for risk diversication (i.e., if ρ = 1), then absent ambiguity aversion, agent's choice between the uncertain assets would be indeterminate, hence we could not say how more ambiguity aversion would aect the agent's choice. However, when ρ = 1, risk diversication uniquely determines the optimal portfolio choice absent ambiguity aversion, and introducing ambiguity aversion tilts the optimal choice away from asset 1. Therefore, the agent would hold proportionately less of asset 1 if he were more ambiguity averse. In (b), the restriction ρ

σ M 1 σ M 2 σ 2 σ 1 ≤ ρ M ≤ ρ σ M 2 σ M 1 σ 1 σ 2
implies that the correlations ρ and ρ M have the same sign, and thus, that diversication opportunities in risk are aligned, as would seem plausible, with those in ambiguity. Assuming such an alignment ensures that the trade-o between risk diversication and ambiguity diversication does not play a signicant role in heterogeneously ambiguity averse agents' portfolio choices. The rst-order eect that leads to dierences in dierently ambiguity averse agents' portfolios, instead, comes from these agents' dierent evaluations of each asset's ambiguity in comparison to its risk-return prole. Specically, if asset 1 oers lower return per unit ambiguity in proportion to return per unit risk compared to asset 2, that is, if S Amb 1 /S 1 < S Amb 2 /S 2 , then the more ambiguity averse agent holds proportionately less of asset 1.

Intuition suggests that more ambiguity averse agents should put more weight on ambiguity in the three-way trade-o between return, risk and ambiguity and therefore be more partial to the less ambiguous assets. We articulate this intuition more precisely in the following corollaries, obtained by applying two formal notions of one asset being more aected by ambiguity than another, developed by [START_REF] Jewitt | Ordering Ambiguous Acts[END_REF]. Given the class of preferences in our setup, asset 1 is more ambiguous (I) than asset 2 if and only if

µ 1 = µ 2 , σ 1 = σ 2 and σ M 1 > σ M
2 , and asset 1 is more ambiguous (II) than asset 2 if and only if

σ M 1 > σ M 2 .
17 Using this new vernacular, we have the following result as a direct consequence of Proposition 1:

Corollary 1. Let agent n be more ambiguity averse than agent n , i.e., η n > η n . If (i) asset 1 is more ambiguous (I) than asset 2 and ρ = 1, or (ii) asset 1 is suciently more ambiguous (II) than asset 2 so that σ M

1 > σ M 2 σ 1 σ 2 and ρ σ M 1 σ M 2 σ 2 σ 1 ≤ ρ M ≤ ρ σ M 2 σ M 1 σ 1 σ 2 , then for optimal portfolio choices it holds that a 1,n a 2,n < a 1,n a 2,n
and q 1,n q 2,n < q 1,n q 2,n .

Next, we take one uncertain asset to be more ambiguous (II) and to have a lower ambiguity Sharpe ratio compared to the other one, and ask how an agent would optimally allocate her wealth between the uncertain assets if she were suciently ambiguity averse.

Corollary 2. Let S Amb 1 < S Amb

2

. If agent n is suciently ambiguity averse, and asset 1 is more ambiguous (II) than asset 2, then the agent optimally allocates a smaller portion of his wealth to asset 1 compared to asset 2, that is, a 1,n < a 2,n .

Asset allocation puzzle

Following Corollaries 1 and 2, the departure from the mutual fund theorem is in a particular direction in that more ambiguity aversion leads to a portfolio that has proportionately more of the less ambiguous asset. This seems to accord well with the widely recognized deviation 17 For characterizations of both more ambiguous (I) and more ambiguous (II) for the class of preferences considered here, see Example 4.2 in [START_REF] Jewitt | Ordering Ambiguous Acts[END_REF].

from the mutual fund theorem, the asset allocation puzzle, rst noted in [START_REF] Canner | An Asset Allocation Puzzle[END_REF]:

it is very common to observe in nancial planning advice that more conservative investors are encouraged to hold more bonds, relative to stocks. for each asset class is also ranked the same way. Hence, the condence interval around the estimated mean returns gets wider as we move from Treasury bills to bonds to stocks, suggesting a greater degree of uncertainty or poorer knowledge about what the true mean is. This in turn suggests stock returns may be perceived as more ambiguous than bond returns and bond returns may be perceived as more ambiguous than Treasury bill returns.

Within the standard mean-variance framework, the mutual fund theorem holds and therefore interpreting conservatism as risk aversion does not explain the asset allocation puzzle. On the other hand, the popular nancial advice is accommodated in the robust mean-variance framework when we interpret conservatism as ambiguity aversion.

We now provide an exercise that numerically illustrates how an investor's optimal allocation ratio of bonds to stocks depends on his ambiguity aversion. 8) and plot the derived ratio in Figure 1 as a function of the ambiguity aversion coecient (see Appendix A for details on the parametrization). In particular, the optimal allocation ratio is found to be approximately 0.31, 0.40 and 0.48 when ambiguity aversion coecient is set as 0, 15 and 30, respectively.

These ratios are qualitatively similar and quantitatively comparable to the ratios reported in Table 1 if we interpret conservatism as ambiguity aversion. depending on whom they advise. 19 In their concluding remarks, interestingly, the authors conjecture that non-standard preferences may help explain the puzzle. [START_REF] Dimmock | Ambiguity aversion and household portfolio choice puzzles: Empirical evidence[END_REF] test the relation between ambiguity aversion and the fraction of nancial assets allocated to stocks, and nd it to be statistically and economically signicantly negative, lending support to our explanation. A distinctive feature of our explanation based on the interaction between heterogeneity in asset ambiguity and agent ambiguity aversion is that it also provides a basis for candidate explanations of the nature of trade following earnings announcements and uncertainty shocks, as we show in subsequent analysis.

18 [START_REF] Collard | Ambiguity and the historical equity premium[END_REF], which applies the smooth ambiguity preference framework to explain aggregate price dynamics in a macro-nance context, provides a perspective regarding the plausibility of the range of ambiguity aversion coecients used in our numerical exercise, though ambiguity aversion is modelled as an exponential function rather than power as here: Table 2 of the said paper shows that the rst and second moments of the risk-free rate and the equity premium observed in the data are close to the theoretical predictions for these moments when a range of plausible risk aversion coecients (1 to 5) and a range of calibrated ambiguity aversion coecients (6.65 to 31.5) are employed.

3.4

Discussion: robustness of results

In this section we discuss the robustness of our comparative statics results, in particular Proposition 1, to our modelling assumptions.

Robustness to specications of beliefs and preferences. Firstly, as noted, equation ( 3) is a robust mean-variance formulation. Hence, if an agent had a robust mean-variance preference, Proposition 1 obtains irrespective of the parametric form of agents' beliefs, in particular, agents' beliefs need not be Gaussian.

Secondly, when uncertainty is small in a particular sense, the comparative static results

in Proposition 1 hold for smooth ambiguity preferences quite generally. [START_REF] Campbell | Restoring rational choice: The challenge of consumer nancial regulation[END_REF] (section 2.1), using an Arrow-Pratt methodology considers a risk with small reward to derive a (approximate) formula for dollars invested in the risky asset in the standard portfolio problem with one safe and one risky asset and (arbitrary) expected utility preferences. It is then shown that this formula is exact for mean-variance preferences. We can show an analogous result that relates the ratio of amounts invested in the two uncertain assets in the portfolio choice problem considered in Proposition 1 with robust mean-variance preferences, to the optimal ratio of amounts invested in the same portfolio choice problem with more general smooth ambiguity preferences.

More precisely, let

R ≡ (R 1 , R 2 ) = (R f + X 1 , R f + X 2 ) , X ≡ (X 1 , X 2 ) = (M 1 + 1 , M 2 + 2 ) , M ≡ (M 1 , M 2 ) = (km 1 + ζ 1 , km 2 + ζ 2 ) ,
and assume that k, m 1 , m 2 > 0 are deterministic scalars and i and ζ i , i = 1, 2, are random variables with

E[ i ] = E[ζ i ] = 0.
This rewriting of the parameters of the model is without loss of generality. In this context, X i is the excess return of asset i and M i is the ambiguous mean of this excess return. Assume that u n exhibits constant absolute risk aversion. Then, for any arbitrary distribution of model parameters, M and R|M , and an arbitrary smooth ambiguity aversion function φ n , Proposition 1 holds for suciently small k, that is, if uncertain assets yield suciently small reward for their uncertainty.
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Robustness to the number of assets. Proposition 1 provides a characterization of the comparative statics of portfolio choice with respect to ambiguity aversion and, to this end, uses Sharpe ratio and ambiguity Sharpe ratio of assets as characterizing conditions. However, if the number of uncertain assets is arbitrary, then the portfolio choice is made according to each asset's contributions to portfolio risk and portfolio ambiguity. As we know from 20 Proof of the assertion is available from the authors upon request.

modern portfolio theory (mean-variance analysis), the former contribution is measured by the asset's portfolio beta. In order to measure the latter, similar to the denition of portfolio beta, one can dene portfolio ambiguity beta where the covariance and variance operators in the denition are applied to means of returns instead of returns. There is a one-to-one correspondence between the Sharpe ratios and portfolio betas when there are only 2 uncertain assets, hence for that case the contributions to portfolio risk and portfolio ambiguity are fully captured by the Sharpe ratios. Note that, with mean-variance preferences, all agents hold the market portfolio as their uncertain portfolio and therefore an asset's portfolio beta is the market (portfolio) beta and does not vary across agents. However, as we have shown, with heterogeneity in attitudes towards ambiguity, agents' uncertain portfolio compositions dier. As a consequence, in our model assets' portfolio betas and portfolio ambiguity betas dier across agents, depending on their ambiguity aversion. Hence, it is not possible to give conditions on betas analogous to those on Sharpe ratios as stated in Proposition 1 (as the latter is an asset-specic measure whereas the former depends on both the asset and the agent) and be able to extend the comparative statics to an arbitrary number of assets.

4 Dynamic equilibrium analysis with public signals 

4.1

The common dynamic structure and notion of equilibrium

We model a three-period economy whose structure and timeline are as follows:

• In the initial period, t = 0, agents trade and choose a portfolio of three assets, two uncertain (indexed by 1, 2) and one risk-free (indexed by f ).

• In the interim period, t = 1, agents receive a public signal S = (S 1 , S 2 ) about the liquidating dividends of the uncertain assets, update their beliefs and have an opportunity to trade again in all the assets. The risk-free asset pays o R f for each dollar invested in t = 0. No dividend from the uncertain assets is realized, however their prices change endogenously following the signal. No consumption takes place in this period.

• In the nal period, t = 2, no decisions are taken the risk-free asset pays o R f for each dollar invested in t = 1, liquidating dividends of the uncertain assets realize (more precisely, asset i pays o R i for each dollar invested in t = 1), and agents consume.

In t = 0, asset i's (i = 1, 2, f ) price is denoted by p 0 i , its quantity held by agent n is q 0 i,n , and the corresponding monetary holding is a 0 i,n ≡ p 0 i q 0 i,n . In t = 1, these variables depend on the realization of the signal. When talking about price and holdings conditional on the realization of a signal S, we write p S i , q S i,n and a S i,n ≡ p S i q S i,n . The price of the risk-free asset is normalized to 1 in t = 0, 1. Uncertain asset i's (i = 1, 2) gross return from t = 0 to t = 1 is equal to

p S i p 0 i
. We refer to this as asset i's interim return. Abusing notation, we let

p S p 0 ≡ p S 1 p 0 1 , p S 2 p 0 2
. The uncertain asset i pays o R i in t = 2 for each dollar invested in t = 1.

We refer to this as asset i's return. Note, the asset i pays o p S i

p 0 i R i in t = 2 for each dollar invested in t = 0.
As in the static model, the aggregate endowment of the uncertain asset i is denoted by e i to simplify, we take the endowment to be the same for both uncertain assets so that e i = e for i = 1, 2. There is zero aggregate supply of the risk-free asset so that e f = 0.

An equilibrium is given by prices and holdings of uncertain and risk-free assets in periods 0 and 1 such that the holdings are optimal, given the prices and information, and clear the markets in both periods. We refer to equilibrium prices and holdings in period 0 and in period 1 as ex ante equilibrium and interim equilibrium, respectively. We say that an equilibrium entails trivial trading if the composition of the uncertain portfolio stays the same across periods 0 and 1, but the quantity of the risk-free asset held changes. An equilibrium entails non-trivial trading if the composition of the uncertain portfolio changes from period 0 to period 1. Formally,

• an equilibrium entails trivial trading at signal realization S if, at the equilibrium,

q S 1,n q S 2,n = q 0 1,n q 0 2,n
for all n and q S f,n = q 0 f,n for some n ,

• an equilibrium entails non-trivial trading at signal realization S if, at the equilibrium,

q S 1,n q S 2,n = q 0 1,n q 0 2,n
for some n,

• an equilibrium entails no trade at signal realization S if it entails neither trivial nor non-trivial trading.

We now dene interim and ex ante preferences according to the recursive smooth ambiguity formulation of Klibano et al. (2009) which, given the recursive construction, guarantees dynamically consistent behavior. After realization of the signal S, the agent updates his beliefs through Bayes rule. Let M ≡ M |S and R ≡ R|S denote the updated beliefs over M and R. Then, the interim utility from an interim portfolio (a S f,n , a S n ) is given by

U S n (a S f,n , a S n ) ≡ φ -1 n E M φ n (E R |M u n W 2 n (a S f,n , a S n ) ) , (9) 
where 

W 2 n (a S f,n , a S n ) = (a S n ) R+a S f,n R f
U 0 n (a 0 f,n , a 0 n ) ≡ φ -1 n E M φ n E S|M U S n (a * ,S f,n , a * ,S n ) , (10) 
where

(a * ,S f,n , a * ,S n ) is a solution to max a S n ,a S f,n U S n (a S f,n , a S n ) (11)
subject to the budget constraint

(a S n ) 1 + a S f,n ≤ (a 0 n ) p S p 0 + a 0 f,n R f ≡ W S n (a 0 f,n , a 0 n ). (12) 
Observe that (a * ,S f,n , a * ,S n ) depends on (a 0 f,n , a 0 n ). In (9) and in (10), we assume u n (x) = -exp(-θ n x) and φ n (y) = -(-y) γn/θn as in the static analysis of Section 2. Note, ( 9) is a robust mean-variance formulation while (10) is a recursive robust mean-variance formulation.

4.2

Earnings announcements

Modeling earnings announcements

We formalize an earnings announcement as a publicly observed signal drawn from the same stochastic process governing uncertain asset returns. This signal allows the agents to update their common prior on models believed to generate returns thus leaving them better informed about returns. We let S = (S 1 , S 2 ) be the public signal about uncertain assets 1 and 2. Conditional on a model M , return R and signal S are i.i.d. Consistent with the notation in (1) of the static setup, we let Σ = Σ R -Σ M where Σ R and Σ M are as given in Assumption 2, and assume that the beliefs conditional on the model are

R|M S|M ∼ N M M , Σ 0 0 Σ . ( 13 
)
As is the case in the static setup, let M ∼ N (µ, Σ M ). Then, it follows from Bayes' Rule that M ≡ M |S ∼ N (µ S , Σ S ), where

µ S = Σ -1 M + Σ -1 -1 Σ -1 M µ + Σ -1 S , (14) 
Σ -1

S = Σ -1 M + Σ -1 . ( 15 
)
Notice that µ S is a linear function of S while Σ S does not depend on the realized value of S.

However, the precision of model uncertainty increases following the signal as evident from ( 15), where the left hand side shows the precision of M while the precision of M is given by Σ -1 M . Analogous to Assumption 2 of the static setup, we assume that Cov(R , M ) = V ar(M ). Hence, V ar(R ) ≡ Σ R = Σ + Σ S and the updated beliefs are given by

M R ∼ N µ S µ S , Σ S Σ S Σ S Σ + Σ S . (16) 
Also, following from ( 16), R |M ∼ N (M , Σ), which is analogous to (1) in the static model.

Equilibrium analysis

We solve the equilibrium backwards, rst deriving the interim equilibrium and then the ex ante. For the interim analysis, we place ourselves at period 1 once S is realized and observed by all agents. Recalling the interim maximand (11), the equivalent robust mean-variance form (3), the updated beliefs ( 16), and the budget constraint (12), the maximization problem of agent n reduces to

max a S n W S n (a 0 f,n , a 0 n ) -(a S n )1 R f + (a S n ) µ S - θ n 2 (a S n ) (Σ + Σ S )a S n - γ n -θ n 2 (a S n ) Σ S a S n (17) where W S n (a 0 f,n , a 0 n ) = (a 0 n ) p S p 0 + a 0 f,n R f is the wealth agent n derives from his portfolio (a 0 f,n , a 0 n ) when S is realized.
The interim equilibrium is characterized in Lemmas B.2 and B.3. The main take-aways from these results are as follows: agents hold the market portfolio in the interim period if they are homogeneous in ambiguity aversion. Otherwise, they generically hold dierent uncertain portfolios which vary with the realized signal S and their ambiguity aversions.

Also, interim prices are linear functions of the signal.

Ex ante, agent n seeks to maximize U 0 n a 0 f,n , a 0 n as dened in (10) and where (a * ,S f,n , a * ,S n ) is a solution to (17) subject to the budget constraint (q 0 n ) p 0 + q 0 f,n ≤ W 0 n , in which W 0 n is agent n's wealth at time 0. Lemmas B.4 and B.5 characterize the ex ante equilibrium.

We nd that, under homogeneous ambiguity aversion, agents hold the market portfolio in the initial period and their risk-free holdings remain the same across both initial and interim periods. On the other hand, if agents are heterogeneous in ambiguity aversion, ex ante they hold uncertain portfolios which vary only with their ambiguity aversions. Recall that interim portfolios not only depend on ambiguity aversion but also vary with the signal realization. Therefore, there is no trade with homogeneity in ambiguity aversion whereas equilibrium generically entails non-trivial trading with heterogeneity as we formally state in the following proposition:

Proposition 2. If agents are homogeneous in ambiguity aversion, i.e., η n = η n for all n, n , then the equilibrium entails no trade at any signal realization. The equilibrium entails non-trivial trading at almost all signal realizations if agents are heterogeneous in ambiguity aversion, i.e., if there exist n, n such that η n = η n .

Recall from (4), heterogeneously ambiguity averse agents can be interpreted as meanvariance agents with dierent as if beliefs, dierent only with respect to the variance term.

On the other hand, the economy with homogeneously ambiguity averse agents can be formally interpreted as a standard mean-variance economy with common beliefs, and is therefore eectively complete with everyone holding the market portfolio before and after the public signal. 21 This implies that the ex ante equilibrium allocation is Pareto ecient, hence following a public signal there is no trade (not even trivial trading) under homogeneous ambiguity aversion.

For an intuition of why non-trivial trading arises with heterogeneous ambiguity aversion, recall that interim portfolio choice problem is the same as the static one, adapted to updated beliefs. As formalized in ( 16), upon the realization of a signal S, the beliefs get updated and therefore the ratio of interim period monetary holdings, a S 1,n a S

2,n

, varies with S. 22 And, a key take-away from our static analysis is that this ratio would also vary with ambiguity aversion given any signal realization S. The ratio of initial-period monetary holdings,

a 0 1,n a 0 2,n
, on the other hand, does not depend on the signal. Hence, the interim and initial ratios dier for 21 See the discussion of [START_REF] Rubinstein | An aggregation theorem for securities markets[END_REF] in pp. 54-58 of [START_REF] Back | Asset Pricing and Portfolio Choice Theory[END_REF].

22 While adapting the static portfolio choice characterization in (8) to the interim signal, the vector of parameters (µ 1 , µ 2 ; σ 1 , σ 2 , σ 12 ; σ M 1 , σ M 2 , σ M 12 ) gets updated and the update varies with S.

almost all signal realizations. Can the inter-temporal change in the asset prices fully account for the inter-temporal change in the ratio of monetary holdings? The answer is negative if agents are heterogeneously ambiguity averse so that η n = η n for some n, n : then, for a given signal realization, the inter-temporal change in the ratio of asset prices which would completely account for the inter-temporal change in the ratio of monetary holding of agent n cannot be the same as the change in the ratio of prices that would fully account for the ratio change in the monetary holding of agent n .

Dierences in as if beliefs, under heterogeneous ambiguity aversion, explains why there is trade, but the idea is less helpful in understanding the non-trivial trade posited in Proposition 2. 23 For that, an ambiguity sharing perspective takes us further. Following the public signal, the return-risk-ambiguity trade-o changes, making agents seek a dierent allocation of more and less ambiguous assets depending on their dierent tolerances for ambiguity. This prompts portfolio rebalancing and thus trade in uncertain assets. Moreover, in the ambiguity sharing perspective the trade is mutually benecial, that is, welfare increasing.

4.2.3

Trade with and without price movements [START_REF] Kandel | Dierential Interpretation of Public Signals and Trade in Speculative Markets[END_REF] document that earnings announcements are usually followed by a signicant rise in trading volume not necessarily associated with large price changes:

Using the announcement dates of quarterly (interim) earnings from the Compustat quarterly les and daily data on the returns and volumes of common stocks, we nd that there are economically and statistically signicant positive abnormal volumes associated with quarterly earnings announcements even when prices do not change in response to the announcements. It is notable that there appear to be abnormal volumes that are unrelated to the magnitudes of the price changes. This is inconsistent with most existing models of volume around public announcements in which agents have identical interpretations of public signals.

By abnormal volume, the authors refer to the additional volume due to the public information release beyond the usual volume observed in no-announcement days which results

23 [START_REF] Caskey | Information in equity markets with ambiguity-averse investors[END_REF] 2020), shows that ambiguity averse agents' optimal portfolios do not always depend on public information that is worse than expected and hence the equilibrium asset price does not reect such information. What crucially drives this result is the ambiguity of the correlation between the asset payo and the public signal. Such ambiguity is not modeled in our paper (as we focus on the ambiguity of the means) and therefore neither optimal portfolios nor equilibrium prices underreact to worse-than-expected public signals in our model.

from trading due to life-cycle considerations or trading to exploit private information. Since there is no life-cycle consideration or private information in our model, the trading volume attained in our analysis is abnormal in this sense.

We saw our theory gives an explanation for non-trivial trade following public signals (earnings announcements). But what does it have to say about price changes associated with such trade? To that end, rst we have the following proposition:

Proposition 3. With heterogeneous ambiguity aversion, the equilibrium generically entails non-trivial trading at the signal realization which yields no price change across periods.

Since equilibrium prices and holdings are continuous in the signal, it follows from the proposition that, given heterogeneous ambiguity aversion, in the neighbourhood of the signal which yields no price change, there are equilibria entailing non-trivial trading with small price changes. To get an idea of the quantitative signicance of the trading volume and associated price changes, later on in this subsection we report a numerical exercise. Before we do so, we discuss how our theory of trade following public announcements stands in relation to the existing literature.

A number of papers explain trading volume in dynamic settings with heterogeneous prior beliefs. 24 The mechanism in our paper and the insights developed are distinct from those in the heterogeneous beliefs literature. In this literature, the paper closest to ours in terms of results is [START_REF] Cao | Dierences of opinion of public information and speculative trading in stocks and options[END_REF] as it obtains non-trivial trade with little or no price change following a public signal. What crucially drives the result in [START_REF] Cao | Dierences of opinion of public information and speculative trading in stocks and options[END_REF] is that the agents' beliefs about asset payos following the realization of public signal dier both in means and variances, not just variances. Note, in our model the equivalent as if subjective beliefs following the signal dier only in the variances therefore, the mechanism driving trade is dierent. The trading result in Cao and Ou-Yang ( 2009) is driven by speculation, i.e., disagreement about posterior (conditional on the signal) mean payos. On the other hand, the mechanism we posit is driven by diversication or ambiguity sharing needs. The 24 In [START_REF] Harris | Dierences of Opinion Make a Horse Race[END_REF], trade cannot occur in the absence of a price change. However, in [START_REF] Kandel | Dierential Interpretation of Public Signals and Trade in Speculative Markets[END_REF] and [START_REF] Banerjee | Disagreement and Learning: Dynamic Patterns of Trade[END_REF] such trade can occur if and only if agents have dierent priors about the mean of the public signal, thus trade is driven by agents' speculatively betting against each other. Also, in the latter two papers the economies consist of one uncertain asset and one risk-free asset, and therefore any trade generated in these papers is what we refer to as trivial trade in our context. Another strand of literature (e.g., [START_REF] Kim | Market Liquidity and Volume Around Earnings Announcements[END_REF], and [START_REF] He | Dierential Information and Dynamic Behavior of Stock Trading Volume[END_REF]) explains trading volume in dynamic settings with heterogeneous information . In these models, there is no trading volume due to public announcements unless agents also have private information. Also, importantly there is no trade without an associated change in price contrary to the key empirical observation of [START_REF] Kandel | Dierential Interpretation of Public Signals and Trade in Speculative Markets[END_REF]. [START_REF] Ai | Risk Preferences and the Macroeconomic Announcement Premium[END_REF] has a comprehensive analysis of the eects of public announcements on the equity premium with general recursive preferences including preferences under ambiguity. It is a representative agent model, with no analysis of trade.

ambiguity sharing approach makes it absolutely clear that the trade is Pareto-improving, because in this approach the agents have common beliefs.
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In a setting with heterogeneous beliefs, speculative trades (i.e., side-bets) are arguably ex ante Pareto-improving e.g., see [START_REF] Christensen | Information and heterogeneous beliefs: cost of capital, trading volume, and investor welfare[END_REF]. However, this idea has been contested by [START_REF] Mongin | Spurious unanimity and the Pareto principle[END_REF][START_REF] Mongin | Spurious unanimity and the Pareto principle[END_REF] and [START_REF] Gilboa | No-Betting Pareto Dominance[END_REF]. In our setting, there is no possible controversy since beliefs are common. Thus, the trading mechanism driven by ambiguity sharing and the one driven by speculation generate two distinct insights regarding welfare implications; in turn, these have diering policy implications about the desirability of regulation to curb trade around earnings announcements.

We now provide the numerical exercise that reports data, as shown in Figure 2 2). Hence, echoing the observation of [START_REF] Kandel | Dierential Interpretation of Public Signals and Trade in Speculative Markets[END_REF], the more frequent occurrence is relatively small interim period returns accompanied by 2%-3% abnormal trading volume. What accounts for these ndings? Recall from Section 4.2.2 that interim period prices are linear functions of public signal realizations, hence the distribution of interim returns 25 [START_REF] Werner | Speculative Trade under Ambiguity[END_REF] shows that speculative trade may result from ambiguous but homogeneous beliefs when agents have heterogeneous hedging needs. As the paper points out, the latter is a critical condition for generating disagreement of eective beliefs with a common set of priors. the realized value of the signal, unlike interim returns. Thus, even when interim returns are small, the more common occurrence, the trading volume can still be signicant. In summary, the price change is smaller the more the signal conrms expectations, while the trading volume is mostly dictated by the change in ambiguity.

Uncertainty shocks

We next explore the issue of reaction to arrival of information in a somewhat more stylized model, where the signal realizations directly report the ambient ambiguity. More precisely, the signal directly determines the variance of second order beliefs (i.e., model uncertainty)

but not the means of the returns. This modeling strategy allows us to look into the relation between changes in the level of ambiguity and trading volume unencumbered by any change in mean returns. Therefore, the analytical staging of this extension is dierent from that in the previous one where mean returns and the level of ambiguity were aected by the signal but only the mean returns varied with the realized value of the signal.

To x ideas, one may think of such signals as uncertainty shocks: shocks which determine the level of uncertainty in the environment. As a concrete example, think of the Brexit vote outcome as one of two possible signal realizations: Brexit or the status quo. Each realization could determine a distinct level of uncertainty; in particular, a larger parameter uncertainty would follow the Brexit outcome.

Modeling uncertainty shocks

We consider a version of the model introduced in Section 4.1 with a special signal structure to model uncertainty shocks there are three possible realizations of the signal, which we call interim states, S = H(igh), I(ntermediate), L(ow), that directly inform on the level of ambiguity: the dening feature of an interim state is the associated model variance denoted by ΣS . We assume, for simplicity, that the signal realizations are unambiguous events, i.e., the probability of S, denoted by π(S), is the same under any model M . Like in the previous extension, we let R|M ∼ N (M, Σ) where Σ = Σ R -Σ M .

As before, we denote by M = M |S and R = R|S the updated beliefs over M and R and assume that Cov(R , M ) = V ar(M ). Hence, as was the case in ( 16), we have

M R ∼ N µ µ ,

ΣS ΣS ΣS Σ + ΣS

and R |M ∼ N (µ, Σ). Note, however, unlike in ( 16), E[M ] and E[R ] do not depend on S.

Equilibrium analysis and implications

We assume only two agents, n = 1, 2, in our equilibrium analysis. As in Section 4.2.1, we start with the interim period maximization program of agent n, once the signal is realized:

max a S n W S n (a 0 f,n , a 0 n ) -(a S n )1 R f + (a S n ) µ - θ n 2 (a S n ) (Σ + ΣS )a S n - γ n -θ n 2 (a S n ) ΣS a S n where W S n (a 0 f,n , a 0 n ) = (a 0 n ) p S p 0 + a 0 f,n R f is the wealth agent n derives from his portfolio (a 0 f,n , a 0 n ) when S is realized.
The solution of this maximization problem for uncertain assets is:

a * ,S n = 1 θ n (Σ + ΣS + η n ΣS ) -1 (µ -R f 1) (18) 
The interim period market clearing condition is n a S i,n = p S n e i,n . Given our assumption that asset endowments are equal, n e 1,n = n e 2,n ≡ e, we have that at an interim equilibrium

p S = 1 e n 1 θ n (Σ + ΣS + η n ΣS ) -1 (µ -R f 1) (19) 
and asset holding in interim period state S is

q * ,S i,n = a * ,S i,n p S i . (20) 
Ex ante, an agent seeks to maximize U 0 n a 0 f,n , a 0 n as dened in (10) and where (a * ,S f,n , a * ,S n ) is given by ( 18) subject to the budget constraint (q 0 n ) p 0 +q 0 f,n ≤ W 0 n . Given the assumption that the probability of each state S is the same under each model M , (10) simplies to:

U 0 n (a 0 f,n , a 0 n ) = E S U S n (a * ,S f,n , a * ,S n ) .
Lemma B.6 shows that agents hold (a proportion of ) the market portfolio as their uncertain portfolio in period 0 and agent n's market portfolio holding is proportional to his risk tolerance 1 θn . We know from our earlier analysis that interim period holdings will be exactly of the same form if agents are homogeneously ambiguity averse. However, with heterogeneity in ambiguity aversion we have trading over time, just as in Proposition 2.

Proposition 4. The equilibrium entails non-trivial trading if agents are heterogeneous in ambiguity aversion, i.e., η 1 = η 2 . If agents are homogeneous in ambiguity aversion, i.e., η 1 = η 2 , then the equilibrium entails no trade at any signal realization.

Since agents hold the market portfolio in period 0, the ex ante portfolio holdings do not depend on the probabilities of the three interim states. The interim portfolio holdings are chosen after the state realizes, hence they do not depend on the state probabilities either.

Therefore, trading volume does not depend on interim state probabilities. All the action that comes from these probabilities is subsumed by prices: as can be seen from ( 45) in Appendix B, the ex-ante equilibrium price is a weighted sum of the interim equilibrium prices, where the weights are proportional to the probabilities of the states. For instance, if the probability of an interim state tends to 1, then the ex ante price converges to that state's price discounted by the risk-free rate. In this case, we will observe a small price change if the likely state were to arise. Furthermore, we know from ( 19) that the interim equilibrium prices vary with the signal realization S and are inversely related to ΣS , the level of ambiguity embodied by the realized signal. Therefore, if the level of ambiguity varies signicantly across states and a state with small probability but relatively high ambiguity level were to arise, then there would be a signicant drop in the asset prices. The price changes in this model are signicant if and only if the state realizations are surprises and the ambiguity levels vary signicantly across the states.

Next we relate the trading volume generated in our model to the level of ambiguity in the interim period. We focus on a scenario where the uncertainty shock does not aect all assets, in particular, it aects just asset 1, assumed to be more ambiguous (I) than asset 2.

For a clearer statement of the result, we relabel the two agents in the economy as n and n .

Proposition 5. Assume

µ 1 = µ 2 , σ 1 = σ 2 , σH 1 > σI 1 > σL 1 > σ2
, and

ΣS = σS 1 2 σ12 σ12 (σ 2 ) 2 ,
where S = H, I, L. Let η n > η n and Λ be a constant equal to

(σ 2 ) 2 +2 (σ 2 ) 4 + (σ 2 -σ 12 ) 2 + (2 + η n + η n )(σ 2 -σ 12 )((σ 2 ) 2 -σ12 ) + (1 + η n )(1 + η n )σ 12 (σ 12 -2(σ 2 ) 2 ) (1 + η n )(1 + η n ) . If σS 1 2 < Λ for all S, (21) 
then

a * ,H 1,n a * ,H 2,n - a * ,H 1,n a * ,H 2,n > a * ,I 1,n a * ,I 2,n - a * ,I 1,n a * ,I 2,n > a * ,L 1,n a * ,L 2,n - a * ,L 1,n a * ,L 2,n > 0.
This proposition posits that the higher the level of ambiguity following the uncertainty shock, modulo the upper bound ( 21), the bigger is the dierence of the interim asset allocation ratios (i.e., the ratio of monies allocated to asset 1 versus asset 2) between the less and the more ambiguity averse agents. Given that all agents, ex ante, hold the market portfolio, for each agent the change in the asset allocation ratio across time is bigger following a shock resulting in a higher level of ambiguity. This implies that the dollar volume of trading is monotonically increasing in the level of ambiguity (uncertainty shock).

The conclusions we draw from Proposition 5 are tempered by the restriction on the ambiguity level given by ( 21). Why does this restriction arise? Recall from Corollary 1 that, if agent n is more ambiguity averse than agent n and asset 1 is more ambiguous (I) than asset 2, then the dierence in asset allocation ratios,

a * ,S 1,n a * ,S 2,n - a * ,S 1,n a * ,S 2,n
, is strictly positive for any given ambiguity level S. What Proposition 5 adds to that corollary is the implication about how these dierences compare across the ambiguity levels. Notice though, the asset allocation ratios here are the ratios of monetary holdings, i.e., price times quantity, while the corollary was true for quantity allocations, too. Asset prices dier across ambiguity levels (revealed through signal realizations); in particular, typically, the higher the ambiguity level of an asset the lower is that asset's price. Hence it is possible that even if a higher ambiguity level leads to a bigger dierence in the asset allocation ratio in quantities, the lower price attained in that ambiguity level would make the dierence in monies smaller. The role of the restriction (21) is essentially to limit the ambiguity increase to a level that does not depress prices enough to reverse the monotonicity. [START_REF] Dimmock | Ambiguity aversion and household portfolio choice puzzles: Empirical evidence[END_REF] nd empirical support for the notion that ambiguity aversion interacts with time-varying levels of economic uncertainty: in a representative US household survey, conditional on holding stocks prior to the 2008-09 nancial crisis, more ambiguity averse households were more likely to actively reduce their equity holdings following the onset of the crisis. There are also empirical studies which make no reference to ambiguity aversion but nd that investors change the composition of their uncertain portfolios in a particular way at times of high market volatility or ambiguity. Specically, [START_REF] Giannetti | Local Ownership, Crises, and Asset Prices: Evidence from US Mutual Funds[END_REF] observe that investors rebalance their portfolios toward geographically close rms, which may be deemed as safer investments, during periods of high market volatility, while [START_REF] Kostopoulos | Ambiguity about volatility and investor behavior[END_REF] show that increases in ambiguity are positively associated with higher trading activity as well as individual (retail) investors reducing their exposure to the security market by trading out of stocks and similarly risky assets. All these empirical ndings are in line with the main take-away from Proposition 5: the higher the level of ambiguity following an uncertainty shock, the higher is the dollar trading volume as more ambiguity averse agents y to safety, i.e., less ambiguous assets. In addition, the novel insight in Proposition 4, i.e., non-trivial trading following changes in ambiguity, speaks to the nding of [START_REF] Giannetti | Local Ownership, Crises, and Asset Prices: Evidence from US Mutual Funds[END_REF] showing that investors rebalance their portfolios toward stocks which may be deemed safer during times of market turmoil. Such behavior reects non-trivial trading since this involves a change in the uncertain portfolio composition rather than trivial trading which is, simply, trading away from stocks to Treasuries.

To summarize the insights from the discussions in this section, trading volume is positively associated with the variation in ambiguity across periods while price changes are inversely related to the probability of the realized state (the extent to which the state is anticipated). Hence, even if the realized state is not a surprise, the level of trading volume can be signicant because the resolution of ambiguity always changes the return-risk-ambiguity trade-o. If we assume that most announcements are not surprises, then, according to our model, non-negligible trading volume with small price movements would be a common occurrence following announcements. However, on occasion a big surprise transpires, often accompanied by a relatively big change in ambiguity. In such a case, the big surprise would be associated with both a big price change and signicant trading volume.

Discussion: robustness of results

This section discusses the robustness of our results on trade, in particular Proposition 2, to our modelling assumptions.

Robustness of the no-trade result with homogeneity in ambiguity aversion. Proposition 4 of Hara et al. (2022) implies that in the case of risk and ambiguity aversion specications we have in this paper if ambiguity attitudes are homogeneous then there is no trade in an interim period, irrespective of the common belief before and after the public signal, 26 and irrespective of the number of assets. The assertion would extend to arbitrary number of interim periods as long as there is no intertemporal consumption, which is the case in our paper. We outline the proof of the argument as follows: From Hara et al. ( 2022)'s Proposition 4, we know that all Pareto optimal allocations are a linear share of the aggregate endowment whenever agents have homogeneous ambiguity aversion. In our framework, aggregate endowment is equal to the market portfolio since there are no non-tradable endowments (agents are only endowed with tradable assets). Hence, markets are eectively complete, and so all equilibrium allocations, ex ante and interim, are Pareto optimal allocations with agents 26 In particular, neither the rst-nor the second-order uncertainty has to be Gaussian.

holding a share of the market portfolio, negating the possibility of non-trivial trade. Actually, with some algebra, one may show that this assertion extends to trivial trade, implying that there is no trade, neither trivial nor non-trivial, under homogenous ambiguity aversion.
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Robustness of non-trivial trading result with heterogeneity in ambiguity aversion. In Section 4.2, we assume public signals, i.e., earnings announcements, to be normally distributed mainly to simplify the Bayesian updating and thus retain tractability of dynamic analysis of the equilibrium. Our analysis in Section 4.3 shows that heterogeneity in ambiguity aversion gives rise to non-trivial trading even if the public signal is not normally distributed, albeit in a somewhat more stylized model compared to Section 4.2. We do not know if the non-trivial trading result generalizes beyond (recursive) robust mean-variance preferences. However, as we noted earlier, these preferences may be understood as approximations of recursive smooth ambiguity preferences with arbitrary utilities and beliefs (about asset returns).

5 Discussion: Our Mechanism and Subjective Beliefs A way to understand how the mechanism of ambiguity aversion explains the key puzzles investigated in this paper is through the construct of as if beliefs. Agent n's as if beliefs are characterized by the product η n Σ M . The agent's ambiguity aversion, η n , is in principle measurable from observations on the agent's choices over prospects not necessarily related to asset returns (e.g., choices from Ellsberg urns). The ambiguity of assets, M , can be estimated from public data on asset returns.

In [START_REF] Chiarella | A framework for CAPM with heterogeneous beliefs[END_REF] and [START_REF] Gerber | Modelling alpha in a CAPM with heterogenous beliefs[END_REF], agents have mean-variance preferences with subjective beliefs about assets' return variances (and covariances), and it is shown that this leads to departures from the mutual fund theorem. A way to connect our theory to theirs would be through equation ( 4). In their theory the subjective belief is an agent specic primitive, whereas for us, it is a derived object, η n M . Hence, we are able to unpack the departure from the mutual fund theorem in terms of an agent specic characteristic, η n , and an objective characteristic that is specic to assets, M . Whereas, in their theory the departure is wholly characterized in terms of an agent specic characteristic: each agent's subjective estimate of the covariance matrix of asset returns. Objective returns data do not put restrictions on the portfolio choice compatible with the subjective beliefs theory but it does for our theory.

It is natural to ask if our results and explanations could be replicated by real subjective beliefs with common objective means but dierent subjective variances across agents (as opposed to as if beliefs). First, subjective beliefs cannot explain the asset allocation puzzle, as argued by [START_REF] Canner | An Asset Allocation Puzzle[END_REF] 1999)), given that the limit of innitely ne sampling arguably removes all estimation risk. Hence, agents with subjective beliefs about variances should recognize, over time, that their beliefs are not consistent with the true variance because of the relative ease of learning variance from the realized data. Therefore, in the case of portfolio choice implications, any deviation from the mutual fund theorem due to subjective beliefs should eventually die out or at least should not remain signicant for a sustained period of time.

However, one may argue that variances of returns are time-varying and stochastic, which in turn limits ner sampling opportunities and therefore makes estimation of second moments more dicult. Indeed, the macro-nance literature attempted to explain the dynamics of equity premium with stochastic volatility (more precisely, stochastic and timevarying covariance between aggregate consumption growth and market portfolio return).

Even though this approach early on appeared to be compelling subsequent studies have found time-variation/stochasticity in volatility to be economically insignicant or not suciently signicant [START_REF] Campbell | Asset pricing at the millennium[END_REF]; [START_REF] Lettau | Handbook of Financial Econometrics[END_REF]; and Ludvigson (2012)), rendering the required subjective belief about stochasticity of volatility implausible. On the other hand, robustness/ambiguity aversion modelling approach, which starts from the primitive of ambiguity about the mean of the aggregate consumption growth, yields as if beliefs in which the volatility of consumption growth is stochastic and has the right time-variation to quantitatively match the observed dynamics of equity premium.

Concluding Remarks

The main contribution of this paper is to show that ambiguity aversion provides a unied framework to connect and explain seemingly distinct phenomena which constitute key empirical puzzles in the nancial literature. The building block is the portfolio choice behavior under heterogeneous ambiguity aversion which can explain the asset allocation puzzle. This foundation delivers a distinct mechanism for understanding the nature of trade following public announcements, in particular, the signicant trading volume that is accompanied by small price changes following earnings announcements and the positive association between trading activity and variations in ambiguity (i.e., ambiguity shocks). These phenomena can be seen as a consequence of non-trivial trading driven by diering ambiguity sharing needs of heterogeneous ambiguity averse agents responding to a commonly perceived change in ambiguity.

A natural item for future research is to explore whether ambiguity aversion can provide a testable theory which explains cross-sectional asset pricing puzzles such as beta, size and value anomalies, among others. In our model, the systematic departure from the mutual fund theorem is that demands for more and less ambiguous assets dier across heterogeneously ambiguity averse agents. This, of course, aects the equilibrium prices in the cross-section of assets and hence implies a potential for systematic departure from the CAPM. Our model specication, in particular (1), implies that Σ R > Σ M and this condition is satised here. Also, the derived Σ M implies a tight condence interval around the unconditional means µ bonds and µ stocks , hence our numerical result for the optimal allocation ratio does not depend on relatively high levels of ambiguity. Finally, note that a wide range of priors can generate quantitatively comparable results.

Parametrization of Figure 2. The returns of the two uncertain assets are assumed to have the same mean and variance so that M 1 = M 2 and σ 2 1 = σ 2 2 . The uncertainty about the mean (i.e., ambiguity) is assumed to be dierent across the assets so that (σ M 1 ) 2 = (σ M 2 ) 2 . The parameter values for the risk-free asset and the uncertain assets are chosen based on the 1974-2015 nominal annual returns of the 3-month US T-Bills and the S&P500 index, respectively:

R f is rounded up as 1.05 from the sample mean of the 3-month US T-Bill (gross) returns, and σ 2 1 = σ 2 2 are rounded up as 0.04 from the sample variance of the S&P500 returns. We generate a return history for the uncertain assets by taking them to be the same as the 1974-2015 S&P500 index returns. Combining the non-informative prior over the mean with observations from this history, we nd the variance of the resulting posterior distribution to be 0.0010. The parameters (σ M 1 ) 2 = 0.0006 and (σ M 2 ) 2 = 0.0016 are chosen around the latter gure so as to generate an economy with heterogeneously ambiguous assets. By rounding up the expected value of the posterior, we obtain E

[M 1 ] = E[M 2 ] = µ 1 = µ 2 = 1.12 (which is a gross gure). We set ρ = σ 12 σ 1 σ 2 and ρ M = σ M 12 σ M 1 σ M 2
to be 0.5.

Following (1) and ( 13), conditional on the true means of the uncertain assets, the public signals (i.e., earnings announcements) are distributed such that S|M ∼ N (M, Σ R -Σ M ). For our numerical exercise, we take the true means to be the same as the unconditional means, that is, we assume M 1 = M 2 = 1.12, and draw 1000 signal realizations from the distribution 

= 0, η 2 = 3, η 3 = 9, η 4 = 12 and θ 1 = θ 2 = θ 3 = θ 4 = 1.
The aggregate endowments of uncertain assets are normalized to 1. As is standard, asset i's trading volume is given by

n |q S i,n -q 0 i,n | 2
, where q S i,n and q 0 i,n are the quantities of asset i held by agent n after realization of signal S and prior to it, respectively. B Proofs Lemma B.1. Let agent n be more ambiguity averse than agent n , i.e., η n > η n . Then, for optimal portfolio choices it holds that a 1,n a 2,n < a 1,n a 2,n and q 1,n q 2,n < q 1,n q 2,n .

if and only if

S Amb 1 S 1 2 - S Amb 2 S 2 2 S Amb 1 S Amb 2 σ M 1 3 σ M 2 3 + S 2 1 -S 2 2 σ M 12 σ 2 1 σ 2 2 - S Amb 1 2 -S Amb 2 2 σ 12 σ M 1 2 σ M 2 2 < 0. (22) Proof of Lemma B.1. It follows from (8) that ∂ a 1,n a 2,n ∂η n = C [(µ 2 -R f ) (σ 2 1 + η n (σ M 1 ) 2 ) -(µ 1 -R f ) (σ 12 + η n σ M 12 )] 2 , (23) 
where

C = (µ 1 -R f )(σ M 2 ) 2 -(µ 2 -R f )σ M 12 (µ 2 -R f )(σ 1 ) 2 -(µ 1 -R f )σ 12 -(µ 2 -R f )(σ M 1 ) 2 -(µ 1 -R f )σ M 12 (µ 1 -R f )(σ 2 ) 2 -(µ 2 -R f )σ 12 . As S i = µ i -R f σ i and S Amb i = µ i -R f σ M i , i = 1
, 2, we can re-write C as follows after some tedious but straightforward calculations:

C = S Amb 1 S 1 2 - S Amb 2 S 2 2 S Amb 1 S Amb 2 σ M 1 3 σ M 2 3 + S 2 1 -S 2 2 σ M 12 σ 2 1 σ 2 2 -S Amb 1 2 -S Amb 2 2 σ 12 σ M 1 2 σ M 2 2 . ( 24 
)
Therefore, following from ( 23) and ( 24),

∂ a 1,n a 2,n ∂ηn < 0 if and only if S Amb 1 S 1 2 - S Amb 2 S 2 2 S Amb 1 S Amb 2 σ M 1 3 σ M 2 3 + S 2 1 -S 2 2 σ M 12 σ 2 1 σ 2 2 -S Amb 1 2 -S Amb 2 2 σ 12 σ M 1 2 σ M 2 2 < 0. (25) Hence, a 1,n a 2,n < a 1,n a 2,n for η n > η n i (25) holds. Since a 1,n a 2,n = p 1 q 1,n p 2 q 2,n
for all n, it also holds that

q 1,n q 2,n < q 1,n q 2,n
for η n > η n i (25) holds.

Proof of Proposition 1.

(a) Let S 1 = S 2 . Then the left-hand side of ( 22) reduces to

S Amb 1 2 -S Amb 2 2 σ M 1 2 σ M 2 2 σ 1 σ 2 (1 -ρ) ,
which is strictly less than 0 if ρ = 1 and S Amb (b) After somewhat tedious but routine calculations the left-hand side of ( 22) can be rewritten as

(µ 1 -R f ) (µ 2 -R f ) × σ 2 1 σ M 2 2 -σ 2 2 σ M 1 2 + µ 1 -R f µ 2 -R f σ 2 2 σ M 12 -σ M 2 2 σ 12 + µ 2 -R f µ 1 -R f σ M 1 2 σ 12 -σ 2 1 σ M 12 . ( 26 
) Assume that ρ σ M 1 σ M 2 σ 2 σ 1 ≤ ρ M ≤ ρ σ M 2 σ M 1 σ 1 σ 2
. Then the expression in (26), and therefore the left-hand side of ( 22), is less than or equal to

(µ 1 -R f ) (µ 2 -R f ) σ 2 1 σ M 2 2 -σ 2 2 σ M 1 2 = (µ 1 -R f ) (µ 2 -R f ) σ 2 2 σ M 2 2 σ 1 σ 2 2 - σ M 1 σ M 2 2
.

The above expression is strictly less than 0 if S Amb 1 /S 1 < S Amb 2 /S 2 (which is equivalent to σ M 1 /σ M 2 > σ 1 /σ 2 ). Therefore, the desired result follows from Lemma B.1.

Proof of Corollary 1. This is a direct corollary of Proposition 1.

or, recalling that Σ R = Σ + Σ S , a S n = 1 θ n (Σ R + η n Σ S ) -1 (µ S -R f 1) .

Note that µ S is a function of S, whereas Σ S and Σ (and thus Σ R ) are not. Plugging the expression for µ S = Σ -1 M + Σ -1 -1 Σ -1 M µ + Σ -1 S , we obtain:

a S n = 1 θ n (A n + B n S) ,
where

A n = (Σ + (η n + 1)Σ S ) -1 Σ -1 M + Σ -1 -1 Σ -1 M µ -R f 1 , B n = (Σ + (η n + 1)Σ S ) -1 Σ -1 M + Σ -1 -1 Σ -1 .
Also, observe that Lemma B.4. At ex ante equilibrium, for any i ∈ {1, 2} and k, n ∈ {1, • • • , N }, the ratio of agents k and n's asset i holdings is given by:

B n = (Σ + (η n + 1)Σ S ) -1 Σ -1 M + Σ -1 -1 Σ -1 = (Σ + (η n + 1)Σ S ) -1 Σ Σ -1 M + Σ -1 -1 = ΣΣ -
q 0 i,k q 0 i,n =    θn θ k : η n = η k θn θ k (Q(ηk,p 0 )) i (Q(ηn,p 0 )) i : otherwise,
where Q(η n , p 0 ) is a vector whose expression is as given by (31) in the proof below.

Proof of Lemma B.4. First note that, for given monetary holdings (a 0 f,n , a 0 n ):

E R |M u n W 2 n (a S f,s , a S n ) = = E R |M u n (a S n ) R + W 0 n -(q 0 n ) p 0 R 2 f + (q 0 n ) p S -(a S n ) 1 R f = -exp -θ n W 0 n -(q 0 n ) p 0 R 2 f + (q 0 n ) p S -(a S n ) 1 R f + (a S n ) M - θ n 2 (a S n ) Σa n S .
Hence,

E M φ n E R |M u n W 2 n (a S f,s , a S n ) equals -exp -γ n W 0 n -(q 0 n ) p 0 R 2 f + (q 0 n ) p S -(a S n ) 1 R f - θ n 2 (a S n ) Σa S n × exp -γ n (a S n ) µ S + γ 2 n 2 (a S n ) Σ S a S n .
Since φ -1 n (z) = -(-z)

θn γn , we have

U S n (a S f,s , a S n ) = φ -1 n E M φ n E R |M u n W 2 n (a S f,s , a S n ) = -exp -θ n W 0 n -(q 0 n ) p 0 R 2 f + (q 0 n ) p S -(a S n ) 1 R f + (a S n ) µ S - θ n 2 (a S n ) Σa S n - γ n 2 (a S n ) Σ S a S n .
Plugging in a S n and p S from ( 27) and (29), and using the fact that µ S = Σ -1 M + Σ -1 -1 × Σ -1 M µ + Σ -1 S , we obtain:

U S n (a * ,S f,s , a * ,S n ) = -exp -θ n W 0 n -(q 0 n ) p 0 R 2 f + (q 0 n ) (A + BS)R f + 1 θ n (A n + B n S) (µ S -1R f )
29 For a vector V , we to denote the i th component of the vector by (V ) i . where Γ n > 0 does not depend on q 0 n , S or M , and

C n = 1 2 B n ΣB n + 1 2 (η n + 1)B n Σ S B n -Σ -1 M + Σ -1 -1 Σ -1 (Σ + (η n + 1)Σ S ) -1 Σ -1 M + Σ -1 -1 Σ -1 , d n = -θ n (q 0 n ) BR f -A n Σ S Σ -1 -Σ S Σ -1 M µ -1R f B n + A n ΣB n + (η n + 1)A n Σ S B n , e n = -θ n (q 0 n ) AR f + θ n (q 0 n ) p 0 R 2 f .
Note, we rely on the fact that B n is symmetric and on its expression given in Lemma B. We now introduce a well-known result about multivariate normal distributions (e.g., see [START_REF] Anderson | An Introduction to Multivariate Statistical Analysis[END_REF] where Ā is a symmetric matrix, b a vector and c a scalar.

Note that Y |M ∼ N (0, Σ). Also, observe that C n is a symmetric matrix. Therefore, using the Mathematical Preliminary, we get the following: (31)

E S|M U S n (a * ,S f,s , a * ,S n ) = -Γ n E Y |M exp Y n C n Y + (d n + 2M C n )Y + e n + M C n M + d n M = -Γ n |I -2ΣC n | -1/2 exp M D n M + f n M + g n , where D n = 2 (C -1 n Σ -1 C -1 n -2C -1 n ) -1 + C n , f n = 2d n (I -2ΣC n ) -1 ΣC n + d n
Observe that the vector Q(η n , p 0 ) depends neither on θ n nor on S. Taking the ratio of ex ante equilibrium asset i holdings of agents k and n given by (30), we get the desired result.

Lemma B.5. At ex ante equilibrium, for any i ∈ {1, 2} and n ∈ {1, • • • , N }, agent n's holding of asset i is

q 0 i,n =    1 θn n 1 θn × e : η n = η k ∀k ∈ {1, • • • , N } 1 θnR f × (Q (η n )) i : otherwise,
where Q (η n ) is a vector whose expression is as given by (33) in the proof below.

Proof of Lemma B.5. Re-write the vector Q(η n , p 0 ) given by 31) as The market clearing condition implies that k

Q(η n , p 0 ) = (Y n ) -1 (Z n + p 0 R f ), (32) 
1 θ k (Y k ) -1 (Z k + p 0 R f ) = R f e.
Hence, at an ex ante equilibrium, it holds that

p 0 R f = k 1 θ k (Y k ) -1 -1 R f e - k 1 θ k (Y k ) -1 Z k .
Plugging this back into (32) yields

Q (η n ) = (Y n ) -1   Z n + k 1 θ k (Y k ) -1 -1 R f e - k 1 θ k (Y k ) -1 Z k   . (33) 
Hence, it follows from (30) that

q 0 i,n = 1 θ n R f × (Q (η n )) i .
(34) , depends on the signal realization S and is thus generically dierent from the ratio of ex ante asset holdings, q 0 1,n q 0 2,n (which does not depend on S as seen from Lemma B.6).

θ 1 + 1 θ 2 × e, i =
Proof of Proposition 5. 

= (η n -η n )(σ 2 -σ 12 )((σ S 1 ) 2 -σ2 2 ) (σ 2 -σ 12 ) 2 + (2 + η n + η n ) (σ 2 -σ 12 ) ((σ S 1 ) 2 -σ12 ) + (1 + η n )(1 + η n ) ((σ S 1 ) 2 -σ12 ) 2 .
Note that a ,S 
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Figure 1 :

 1 Figure 1: The graph plots an investor's optimal allocation ratio of bonds to stocks in relation to the investor's ambiguity aversion coecient.

  We now turn to two dynamic extensions of our static model where we study how prices and trade respond to the arrival of a public signal. The two dynamic extensions dier in the content of this signal. In the rst extension, the agents receive a public signal drawn from the same process which governs the realization of the liquidating dividends of uncertain assets. Upon receiving the signal, the agents update their beliefs about the distribution of the model M . We interpret these signals as earnings announcements. In the second dynamic extension, the signal informs only about the model variance; we see the realization of such a signal as a realization of a (model) uncertainty shock. The next subsection presents the dynamic structure common to both extensions.

  briey refers to the eect of ambiguity on the possibility of trade following release of public information (see Proposition 2-(c)): the decrease in ambiguity brought about by the public signal can generate (what we call, trivial) trade between the investors despite their having concordant beliefs. A more recent paper, Condie et al. (

Figure 2 :

 2 Figure 2: The graph in the left panel plots abnormal trading volume in relation to (interim period) absolute returns for asset 1 for a thousand draws of public signals. The graph in the right panel shows the frequency distribution of (interim period) returns for asset 1.

  follows that of signals. Extreme interim returns are low probability events, occurring only following signal realizations which are surprises. Small interim returns are more frequent and follow signal realizations which are closer to agents' expectations. The trading volume, on the other hand, follows the portfolio adjustments prompted by the change in returnrisk-ambiguity trade-o following the signals. The change in ambiguity does not depend on

AppendixA

  Parameter values used to derive Figures 1 and 2 Parametrization of Figure 1. Following parameters reported in

  1 M + I (Σ + (η n + 1)Σ S ) Σ + (η n + 1)Σ -1 , which is symmetric since ΣΣ -1 M Σ and Σ are both symmetric. Lemma B.3. At interim equilibrium, for any S ∈ R, i ∈ {1, 2} and n ∈ {1, • • • , N }, agent n's holding of asset i is given by: A n and B n are as dened in Lemma B.2, and p S = A + BS B.3. This lemma follows from Lemma B.2 and market clearing.

  + B n S) Σ(A n + B n S) -γ n 2θ 2 n (A n + B n S) Σ S (A n + B n S) = -Γ n exp S C n S + d n S + e n ,

  2 in the derivation of C n . Next, letting Y ≡ S -M yields U S n (a * ,S f,s , a * ,S n ) = -Γ n exp Y C n Y + (d n + 2M C n )Y + e n + M C n M + d n M .

  , Ch. 2 or[START_REF] Brunnermeier | Asset pricing under asymmetric information: bubbles, crashes, technical analysis, and herding[END_REF], p. 64):Mathematical Preliminary. Let ω ∼ N 0, Σ . Then,E exp ω Āω + b ω + c = |I -2 Σ Ā| -1/2 exp 1 2 b I -2 Σ Ā -1 Σb + c

, and g n = 1 2

 1 d n (I -2ΣC n ) -1 Σd n + e n . Note, D n is symmetric. Making use of the Mathematical Preliminary once again, we get:φ n U 0 n a 0 f,n , a 0 n = E M φ n E S|M U S n (a * ,S f,s , a * ,S n ) = -Γ γn/θn n |I -2ΣC n | -γn/2θn E M exp γ n θ n M D n M + f n M + g n 2(η n + 1)B(2F n C n + I)E n µ D n + BF n G n -A + B(2F n C n + I)µ + p 0 R f .

  whereY n = (η n + 1)B(2F n C n + I)E n (2F n C n + I) B + BF n B , Z n = 2(η n + 1)B(2F n C n + I)E n µ D n + BF n G n -A + B(2F n C n + I)µ.
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  We used Mathematica to carry out the algebraic simplications and derive the result.

  Table 1 reproduced from Canner et al. (1997) illustrates the puzzle.

		Percent of portfolio	
	Advisor and investor type	Cash	Bonds	Stocks	Ratio of bonds to stocks
	A. Fidelity				
	Conservative	50	30	20	1.50
	Moderate	20	40	40	1.00
	Aggressive	5	30	65	0.46
	B. Merrill Lynch				
	Conservative	20	35	45	0.78
	Moderate	5	40	55	0.73
	Aggressive	5	20	75	0.27
	C. Jane Bryant Quinn				
	Conservative	50	30	20	1.50
	Moderate	10	40	50	0.80
	Aggressive	0	0	100	0.00
	D. New York Times				
	Conservative	20	40	40	1.00
	Moderate	10	30	60	0.50
	Aggressive	0	20	80	0.25

Table 1: Asset allocations recommended by nancial advisors As documented by Canner et al. (1997) and as expected, stocks are riskier than longterm government bonds which are in turn riskier than Treasury bills, where risk is proxied by standard deviation. It follows that the standard error of the estimate of mean returns

  Table II in Canner et al.

(1997) 

reports distribution parameters of 1926-1992 real annual returns for Treasury bills, bonds and stocks, and the authors use these parameter values to numerically assess how relaxing underlying assumptions of the mutual fund theorem would aect optimal portfolio allocations. Using the parameter values given and implied by this table, we derive the optimal allocation ratio of bonds to stocks from (

  is the nal wealth obtained after the liquidation of the dividends. Ex ante, prior to the realization of the signal, the utility from an initial portfolio

	(a 0 f,n , a 0

n ) is, via recursion as stipulated by

Klibano et al. (2009), 

  , on interim returns and abnormal trading volume generated by simulated signals in a calibrated dynamic economic equilibrium (see Appendix A for details on the parametrization used to simulate signals). The graph in the left panel of Figure 2 shows substantial abnormal trading volume which is relatively unvarying staying within a narrow band of the 2%-3% of the aggregate endowment and accompanied by both low and high (interim period) absolute returns. Prices may spike or dive following public signals, but more often than not the price changes are modest (see the graph in the right panel of Figure

  , and therefore cannot connect this puzzle to the observed trade patterns following public signals. Second, as we have discussed, the literature which investigates trading volume driven by subjective beliefs relies on a speculation channel for which subjective beliefs with dierent means are necessary. Furthermore, in this literature the economies consist of one uncertain asset and one risk-free asset, and therefore any trade generated is (what we call) trivial trade.It may also be useful to compare the empirical basis for our as if beliefs with that for real subjective beliefs which replicate the former's key features. As we have noted earlier, the diculty of learning means from data justies the assumption of ambiguity about mean returns. The other ingredient for as if beliefs, heterogeneity in attitudes towards ambiguity, is also well-documented in experimental studies. On the other hand, variances (and covariances) of future returns are easier to estimate than means of future returns (e.g., seeChan et al. (

  Table 2 of[START_REF] Canner | An Asset Allocation Puzzle[END_REF], we set R f = 1.06, µ bonds = 1.021, µ stocks = 1.09, and as the prior variance-covariance matrix for the means of bond and stock returns and combine it with the history of returns from 1926-1992. Then the conjugate prior formula for the multivariate normal distribution gives us the model variance-covariance matrix as

		Σ M =	σ M bonds σ M bonds,stocks 2	σ M bonds,stocks σ M stocks 2	=	(0.00775) 2 0.000028 0.000028 (0.02453) 2 .
	Σ R =	(σ bonds ) 2 σ bonds,stocks σ bonds,stocks (σ stocks ) 2	=	(0.101) 2 (0.23)(0.101)(0.208)	(0.23)(0.101)(0.208) (0.208) 2	.
	We take					
			Σ 0 =		(0.01) 2 0	0 (0.158) 2

  1, 2,for S = H, I, L, which are equal to the ex ante equilibrium asset holdings as derived in Lemma B.6. Hence, the equilibrium entails no trade for any signal realization under homogeneous ambiguity aversion. Under heterogeneous ambiguity aversion, it follows from (22) that the

	ratio of interim asset holdings,	q S 1,n q S 2,n	=	a * ,S 1,n a * ,S 2,n

  To prove the result, it suces to show that σS 1 is the only model parameter that varies with S. Let σ = σ 1 = σ 2 . Under the assumption of the proposition,+ (1 + η n )σ 2 2 ) -(σ 12 + (1 + η n )σ 12 ) (σ 2 + (1 + η n )(σ S 1 ) 2 ) -(σ 12 + (1 + η n )σ 12 ).

			∂	a ,S 1,n a ,S 2,n ∂(σ S -1 ) 2 a ,S 1,n a ,S 2,n	> 0
	a ,S 1,n a ,S 2,n (σ 2 Thus, =
	a ,S 1,n a ,S 2,n	-	a ,S 1,n a ,S 2,n

since

An alternative conception of parameter uncertainty, in the classical rather than Bayesian approach, is oered by[START_REF] Garlappi | Portfolio Selection with Parameter and Model Uncertainty: A Multi-Prior Approach[END_REF] in the form of condence intervals around the point estimates of means.

See Cubitt et al. (2020), and references to the literature therein, for experimental evidence comparing the smooth ambiguity model to other alternatives.

An ambiguity neutral, standard expected utility agent cares only about the unconditional uncertainty, represented by the random variable R.

This does not mean that the overall behavior of our ambiguity averse investor can be mimicked by a subjective expected utility maximizer. Consider, for instance, the following two pairs of derivative assets, each pair describing a complementary bet on the return of an underlying asset: in particular, one derivative's payo per dollar invested is 1 if the return of the underlying asset is greater than its mean (according to the unconditional distribution) and 0 otherwise while the other derivative has opposite payos. Let A, A c be the derivatives corresponding to the unambiguous underlying asset while let B, B c be those corresponding to

Typically, when nancial advisors make their portfolio recommendations to their clients, they do so by gauging their clients' general tolerance for uncertainty, not their subjective beliefs about individual asset returns.

Proof of the assertion is available from the authors upon request. Note, Hara et al. (2022)'s analysis allows for a wider class of utility specications.

28 See[START_REF] Hansen | Fragile beliefs and the price of uncertainty[END_REF];[START_REF] Ju | Ambiguity, learning, and asset returns[END_REF],[START_REF] Drechsler | Uncertainty, Time-Varying Fear, and Asset Prices[END_REF],[START_REF] Bidder | Long-run risk is the Worst-Case Scenario[END_REF],[START_REF] Collin-Dufresne | Parameter learning in general equilibrium: Asset pricing implications[END_REF] and especially[START_REF] Collard | Ambiguity and the historical equity premium[END_REF] where preferences are modelled in a similar fashion to our paper.

Elias Bouacida provided excellent research assistance. Mukerji thanks ORA-ESRC award ES/S015299/1 and Tallon thanks ANR Grants 17-CE26-0003 and 17-EURE-0001.

Proof of Corollary 2. Observe from (8) that

This further implies that lim ηn→∞ a 1,n a 2,n < 1.

Lemma B.2. Optimal interim monetary holdings of agent n are given by

where

Furthermore, B n is a symmetric matrix.

Proof of Lemma B.2. Recall from (21), the interim maximization problem of agent n reduces to

First order condition for this problem yields

and thus

Since agent n maximizes over q 0 n (which is equivalent to maximizing over a 0 n given prices),

we can focus only on elements containing q 0 n in the objective function. Therefore,

, which depends only on η n and not on θ n . Next, let

Note, both F n and G n depend only on η n and not on θ n . Observe that

The rst order condition for the above maximization problem yields:

This implies that

where

×

Under homogeneity of ambiguity aversion, we know from Lemma B.4 that q 0

Therefore, for any i = 1, 2, it follows from the market clearing condition that q 0 i,1 θ 1 k

, which in turn implies

under homogeneous ambiguity aversion. ( 34) and ( 35) together yield the desired result.

Proof of Proposition 2. Under homogeneity of ambiguity aversion, Lemmas B.3 and B.5 establish that agents' asset holdings are the same ex ante and interim regardless of the signal realization. Under heterogeneous ambiguity aversion, observe from Lemmas B.3 and

depends on the realization of S whereas

, does not.

Proof of Proposition 3. We know that, upon observing signal S, the interim period equilibrium asset price vector is given by p S = n 1 θn (An+BnS) e

≡ A + BS. Since B, a symmetric matrix, is generically invertible, there generically exists a signal realization, call it Š, such that the interim period equilibrium asset price vector, p S , is equal to the initial period equilibrium asset price vector, p 0 : Š = B -1 (p 0 -A).

It follows from Lemma B.2 that

and therefore

Also, from (30), we know that

where Q(η n , p 0 ) is as dened in (31).

Let

Following ( 36) and ( 37), the equilibrium does not entail non-trivial trading at Š if and only if f {θ k } N k=1 , η n , p 0 = g(η n , p 0 ) for all n.

(38)

Note that f generically depends on {θ k } N k=1 while g does not, therefore

, η n , p 0 = g(η n , p 0 ) for n = n . This violates the condition given in ( 38) and therefore we have the desired result.

Lemma B.6. At ex ante equilibrium, for any i ∈ {1, 2} and n ∈ {1, 2}, agent n's holding of asset i is

Proof of Lemma B.6. Given monetary holdings (a S f,n , a S n ), we have

Then,

where

Note, K S does not depend on q 0 n . Following (39), agent n's maximization problem reduces to:

The rst order condition of this problem is:

Then, the rst order condition above can be re-written as

.

(42) Also, it follows from (40) that

We have two equations with two unknowns, namely q 0 1,n and q 0 2,n , above. Solving for the unknowns, we derive:

where A H A I and A L A I are as given in ( 41) and ( 42), i.e., in terms of prices (not quantities).

Note, ( 43) and ( 44) give us ex ante equilibrium quantities q 0 1,n and q 0 2,n in terms of ex ante equilibrium prices p 0 1 and p 0 2 and interim equilibrium prices p S 1 and p S 2 . Next, we solve for ex ante equilibrium prices p 0 1 and p 0 2 using the market clearing condition q 0 i,1 + q 0 i,2 = e, i = 1, 2.

This yields:

where

In the above equations, erf(z) is the error function encountered in integrating the normal with respect to (σ S 1 ) 2 yields:

Given that η n > η n and σ 2 > σ 12 , the derivative is positive if the term in the curly brackets is positive. The latter is satised if (σ 1 ) 2 < Λ where

Hence, we have the desired result.