N
N

N

HAL

open science

Intertemporal equilibrium with physical capital and
financial asset: role of dividend taxation

Ngoc-Sang Pham

» To cite this version:

Ngoc-Sang Pham. Intertemporal equilibrium with physical capital and financial asset: role of dividend
taxation. Mathematical Social Sciences, 2023, 123, pp.95-104.

halshs-04033250

HAL Id: halshs-04033250
https://shs.hal.science/halshs-04033250
Submitted on 17 Mar 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.1016/j.mathsocsci.2023.03.002 .


https://shs.hal.science/halshs-04033250
https://hal.archives-ouvertes.fr

Intertemporal equilibrium with physical capital and
financial asset: role of dividend taxation®

Ngoc-Sang PHAM'
EM Normandie Business School, Métis Lab (France)

February 18, 2023

Abstract

The paper introduces dividend taxation and productive government spending
in an infinite-horizon general equilibrium model with heterogeneous agents and
financial market imperfections. We point out that imposing a dividend tax and
using the revenue from this tax to finance productive government spending may
prevent economic recession and promote economic growth. We also investigate
the issue of optimal dividend taxation and the role of dividend taxation on the
asset, price bubble.

Keywords: Intertemporal equilibrium, recession, economic growth, productive
government spending, dividend taxation, asset price bubbles.
JEL Classifications: C62, D31, D91, G10, E44.

1 Introduction

The interplay between the financial market and the production sector is an important
issue in economics. On the one hand, the financial market having financial frictions
may amplify the macroeconomic impacts of exogenous changes (Kiyotaki and Moore,
1997), and, in some cases, it is considered as a source of economic recession. On the
other hand, Le Van and Pham (2016) point out that the key factor to prevent recessions
is the productivity of the production sector and that financial assets may be beneficial
to the productive sector by providing financial support for the purchase of physical
capital.

Note that the productivity of firms in the above papers is exogenous and they did
not investigate the role of taxation. While there is an extensive literature on capital
and labor income taxation,! few papers focus on the impacts of dividend taxation on

*The author is grateful to an Associate Editor, two anonymous Reviewers, Stefano Bosi and Cuong
Le Van for their helpful comments and suggestions.

Y E-mail addresses: npham@em-normandie.fr, pns.pham@gmail.com. Tel: +33 2 50 32 04 08.
Address: EM Normandie (campus Caen), 9 Rue Claude Bloch, 14000 Caen, France.

1See Atkinson and Sandmo (1980), Chamley (1986), Judd (1985), Kocherlakota (2010), Straub
and Werning (2020).



economic growth and asset price bubble. Motivated by these observations, we propose
a policy to enhance the firms’ productivity: the government sets a tax on financial asset
dividends and then uses the tax revenue to finance productive government spending
which in turn improves the productivity of firms.? We then investigate the impacts
of this policy on the economic growth and asset price bubble as well as the issue of
optimal dividend taxation.?

To address these questions, we construct an infinite-horizon general equilibrium
model with heterogeneous consumers, a firm, and a government. In this economy, there
are a long-lived asset and a good (which can be consumed or/and used to produce).
If consumers buy the long-lived asset, they may resell it after receiving exogenous
dividends (in term of consumption good). This asset is similar to the Lucas tree
(Lucas, 1978) or security (Santos and Woodford, 1997) or stock (Kocherlakota, 1992).
We will call it the financial asset. The government taxes the dividends on the financial
asset and then spends the tax revenue on financing productive projects (for example,
public infrastructure) that improve the firm’s productivity. This kind of endogenous
growth is in the spirit of Barro (1990). The representative firm maximizes its profit
by choosing its capital demand. Consumers maximize their intertemporal utility by
choosing their allocation of consumption, capital stock and financial asset holding.
They can also borrow by selling financial asset but there is a borrowing constraint: the
repayment cannot exceed a fraction of their (physical) capital income.

Our contribution is three-fold. First, we explore the role of productive government
spending (which is financed by dividend taxation) on economic recessions and growth.
We say that an economic recession appears if the aggregate capital stock used for
production falls below some critical level. We prove that recessions occur at infinitely
many dates if the firm’s productivity is too low. However, when the government
employs the above policy, the productivity of firms is improved. By consequence,
economic recessions can be prevented and we may have economic growth in the long
run. This happens if the governance quality is good and the size of dividend is high. By
contrast, when these conditions are violated (for example, when the tax revenue were
used for wasteful government spending), the economy cannot escape from recession.

These findings contribute to the endogenous growth theory. The added-value
is that our results are obtained in a general equilibrium model with heterogeneous
agents and borrowing constraints, which raises technical difficulties that methods in
the standard optimal growth theory (Le Van and Dana, 2003; Acemoglu, 2009) are
no longer applicable. It should be noticed that our results hold for any equilibrium,
including recursive ones. Although some authors (Acemoglu and Jensen, 2015; Datta
et al., 2018) study comparative statics of recursive equilibria, intertemporal equilibria
in our paper maybe not recursive, and therefore their methods cannot be directly
applied in our framework.

Our second contribution concerns the optimal dividend taxation. This question

2Gourio and Miao (2010, 2011) study the effects of dividend taxation in a dynamic general
equilibrium model which consists of a continuum of corporate firms, a representative household,
and a government. However, unlike our paper, they abstract away from government spending.

3See Alstadsaeter et al. (2017) and references therein for the role of dividend taxes on corporate
investment. However, this is not the aim of our paper.



matters because when the government increases the tax rate (7) on dividends, the net
dividends decrease but the production level may increase. Hence, the total amount of
good may decrease or increase. So, it would be important to study the optimal dividend
taxation to grasp this trade-off. In this respect, we assume that the government
maximizes the total consumption of households at the steady state by choosing the tax
rate. If the productivity of firms or the effect of the productive government spending
are high, the government should choose the highest feasible tax rate on dividends.
By contrast, if these factors are low, the government should apply the lowest tax
rate. In the intermediate case for productivity, the size of dividend and the effect of
the productive government spending, the optimal level of dividend taxation can be
explicitly computed as a function of these three factors. We show that the optimal
dividend tax rate is increasing in the governance quality and the firm’s productivity,
but decreasing in the size of dividend.

This result is closely related to Barro and Sala-i-Martin (1995) (Section 4.4.1) where
they also study the interplay between productive government services and economic
growth. They assume the production function of firms depend on the productive
government services (which are equal to a proportion of the output). While this
spending is financed by the dividend taxation in our paper, it is financed by a lump-sum
tax in Barro and Sala-i-Martin. Another difference is that Barro and Sala-i-Martin
focus on the case where the government maximizes the rate of growth of the balanced
growth path. With specific setups,* they find that the optimal rate of tax equals
the output elasticity of the productive government services. By contrast, the optimal
dividend tax in our paper depends on several factors and we can provide comparative
statics as mentioned above.’

Our third contribution is about the impact of dividend taxation on asset prices and
bubbles. Following Santos and Woodford (1997), we say that an asset price bubble
arises if, at equilibrium the fundamental value (i.e., the sum of discounted values) of
asset dividends (after-tax) exceeds the asset’s equilibrium price. Although there is a
large literature on the non-existence of rational bubble in general equilibrium models,’
few examples of bubbles of assets having positive dividends have been provided. We
present a model where there may be a continuum of equilibria with bubble. Asset
price bubbles may exist if endowments of agents fluctuate over time. Indeed, with
such a fluctuation, at any date there is at least one agent who needs to buy asset
(even when the asset price exceeds the fundamental value) because this agent has to
transfer her wealth from this date to the next date (this is the only way she can smooth

4Cobb-Douglas production function and CRRA utility function

®Recall that Chamley (1986), Judd (1985) study the capital and labor income taxation and show
that if an equilibrium has an asymptotic steady state, then the optimal policy is eventually to set
the tax rate on capital to zero. Recall also that the limiting value of optimal capital tax can be
different from zero in some situations (see (Aiyagari, 1995), Straub and Werning (2020) or Ljungqvist
and Sargent (2018)’s Chapter 16). Observe that in Chamley (1986), Judd (1985), the government
spending does not affect the productivity of firms as in Barro and Sala-i-Martin (1995) (Section 4.4.1)
or in our paper.

6See Tirole (1982), Santos and Woodford (1997) or more recently Bosi et al. (2022). Moreover,
Brunnermeier and Oehmke (2013) and Martin and Ventura (2018) provide more complete surveys on
bubbles.



consumption because she is prevented from borrowing).” Our paper is different from
Le Van and Pham (2016) because the asset’s fundamental value in our model is not
monotonic in dividends while, in Le Van and Pham (2016), it is monotonic. The
reason is that we introduce a dividend taxation which makes the real returns and
discount factors in our example depend on dividends through productive government
investment. Interestingly, we show that asset bubbles are more likely to arise when
dividend taxes increase. The intuition is that if such taxes increase, then the after-tax
dividends decrease, making the asset’s fundamental value decrease and lower than the
asset, price.

The paper is organized as follows. Section 2 presents the model and provides
some basic equilibrium properties. Section 3 investigates the role of dividend taxation
on recessions and economic growth. Section 4 studies the optimal dividend taxation.
Section 5 considers the role of dividend taxation on asset bubbles. Section 6 concludes.
Formal proofs are gathered in Appendix A.

2 Framework

Our model is based on Santos and Woodford (1997), Le Van and Pham (2016). We
consider a deterministic infinite-horizon general equilibrium model a la Ramsey with
three types of agents: a representative firm without market power, m heterogeneous
households and a government. With respect to Le Van and Pham (2016), we introduce
a government who imposes a dividend tax and uses it to finance productive government
spending which in turn improves the productivity of firms.

Households

Each household invests in physical or financial asset, and consumes.

Consumption good: there is a single good which can be consumed or used to
produce. p; is its price at period ¢ and ¢;; the amount of good consumed by agent <.

Physical capital: § € (0,1) denotes the capital depreciation rate, while 7, the return
of capital. If agent 7 buys k;; > 0 units of physical capital at date ¢ — 1, then she will
receive in the following period (1 — §)k;; units of physical capital (after depreciation)
and returns rk; ;.

Financial asset: if agent 7 buys a, + units of financial asset at a price ¢; at date ¢, she
will receive in the following period &, units of consumption good as dividend. Then,
at the next date, she will be able to resell a;; units of financial asset at a price ;.
The government sets a tax on asset dividends: for each unit of dividend, consumers
must pay 7 units of consumption good.

"This mechanism is related to several examples in the literature as Bewley (1980) (Section 13),
Townsend (1980), Kocherlakota (1992) (Example 1), Santos and Woodford (1997) (Example 4.1),
Ljungqvist and Sargent (2018) (Chapter 27). The difference is that we consider a Ramsey model with
physical capital and dividend taxation while these papers focus on exchange economies.

8This long-lived asset takes on different meanings: land or Lucas’ tree (this is the case where f; = 0
for any 4) or security as in Santos and Woodford (1997) or stock as in Kocherlakota (1992)



Household i takes the sequence of prices (p, q,7) := (pi, @i, 7¢)72, as given, and solves
the following program:

(Ppan): e | B (12)
subject to: k;41 > 0, (1b)
(i + ki1 — (L —0)kiy) + quaiy
< rikig + a1+ pe&e(l — T)ai—1 + eiﬂt, (1c)
(Gr+1 + (L = T)pe1besr)aie > — fi [pt+1(1 —9)+ rt-i-l}ki,t—f—ly (1d)

where k; o > 0 and a; _1 > are exogenously given. At date ¢, m; is the firm’s profit,
m

(0)i~, is the exogenous share of profit with 6] > 0 for any i and ¢, and Y 0} = 1 for

=1

any t.

In our model, consumers can borrow by using the financial asset but they face the
borrowing constraint (1d). Precisely, (1d) means that agent ¢ can borrow an amount
but the repayment of this amount does not exceed a fraction, say f;, of the market value
of her physical capital income (including returns and depreciation). Here, the physical
capital stock plays the role of collateral. The fraction f; is less than 1 to ensure that
the market value of collateral of each agent is greater than her debt. The exogenous
parameter f; € [0, 1] represents the borrowing limit of agent ¢ and can be viewed as
an index of financial development. At equilibrium, as we will see (after Lemma 1), the
borrowing constraint (1d) becomes equivalent to q:a;; > — fipiki 1.

The government

In our model, the government levies a constant proportional tax (7) on dividends and
uses it to finance productive government spending (for example, public infrastructure).
The aggregate tax revenue (in terms of consumption good) is denoted by T;. By

construction, we have
m

Ty = Z Tftaz‘,t—l-
i=1
Let us denote by G} the productive government spending at date ¢. In the spirit
of Barro (1990) (see all Barro and Sala-i-Martin (1995), Section 4.4), we assume that
the productive government spending will improve the productivity of all firms at the
next date. More precisely, the production function at date ¢ is given by

Fy(Gi1, K) = f(Gi1) F(K)

where f is an increasing function and f(0) = 1. When there is no productive government
spending, we have F,(G,_1, K) = f(0)F(K) = F(K).

The value f(G) represents the effect of the productive government spending on the
productivity of firms. This effect depends not only on the spending GG but also on the
governance quality:.



Firm

At date t, the representative firm takes prices (p;, ;) and government spending G;_;
as given and maximizes its profit by choosing the physical capital amount K;.

(P(pt,TmGt—l)) LTy = %@% Pth(Gt—bKt) — 1. (2)

2.1 Equilibrium
We denote an infinite-horizon sequence of prices and quantities by
(p7 q,T, (C’L'7 kiv ai)?ila K7 Ga T)

with () := (z¢)>0 for x € {p,q,7,¢;,a;, K, G, T} and (k;) := (kit+1)t>0 for any i.
The economy is denoted by £ and it is characterized by a list of fundamentals

&= ((uzw5@ki,o,ai,—l,fi,Qi)Tl,F, £, (€)%, 6, 7->.

Definition 1. A list <]3t, Gty Tty (Cit, l%i,tﬂ, i)™y, K, Gy, Tt> is an equilibrium of the
t=0
economy & if the following conditions are met.

(i) Price positivity: py, g, 7 > 0 fort > 0.

(ii) Market clearing conditions: for anyt > 0,

good: i(éﬁ + l;:i,t“ —(1- 5)1231‘,1:) = f(Gi)F(Ky) + (1 — 7)&,

i=1

m
capital: K; = Z Ky,
i=1

m
financial asset: > a;; =1,
i=1

(7ii) Optimal consumption plans: for any i, (Gt Kitt1,Git)io i @ solution of the
problem (P;(p, q,7))-

(iv) Optimal production plan: for anyt > 0, K, is a solution of the problem (P (py, 71, Gi—1)).
(v) Government: Gy = T, where T; = f) TE ;11
i=1

At equilibrium, we have G; = T; = 7&;. Therefore, the consumption market clearing
condition writes

Ci+ K1+ Gy = f(Gi)F(Ky) + (1= 0) K + &, (3)

where Cy := Y10 ¢y, Ki = > kiy. The output of the economy is f(Gi—1)F(K;) +
(1 — 0)K; + & and decomposes into three parts: private consumption C;, private
investment K;,; and public expenditure G;.

In the rest of this paper, when we do not explicitly mention, the following assumptions
are required.



Assumption 1. (i) u; is continuously differentiable, strictly increasing and concave
with u;(0) = 0 and u}(0) = oco.

(ii) The function F(-) is continuously differentiable, strictly increasing, concave with
F(0) >0, F(oco) = 00. The function f(-) is continuous, increasing, f(0) =1, f(oco) =
00.

(7ii) 0 < & < oo, Vt. f; €[0,1),Vi.

(v) kig,a;,—1 > 0, and (kip,a;—1) # (0,0), Vi. Moreover, g: a1 =1 and K, :=
i=1

S ki > 0.

i=1

(v) tZ:O Blu;(Dy) < oo where Dy := Fy(&o, Ko) + (1 — 0)Ko + &, Dy := Fy(&—1, Di—1) +

(1 —08)Dyy + &,Vt > 0.

While conditions (i)-(iv) are standard, condition (v) ensures that the intertemporal
utility of consumers is finite because D, is an upper bound of the aggregate consumption.
Before presenting the equilibrium analysis, we prove the existence of equilibrium.

Proposition 1. Under assumptions (H1, H2, H3, H4, H5), there exists an equilibrium.
Proof. See Appendix A.1. ]

The detailed proof of Proposition 1 is presented in Appendix A.

Price normalization: Since p; > 0 V¢ at equilibrium, in the rest of the paper, we will
normalize by setting p; = 1 V¢. In this case, we also call (qt, Tty (Cigy Kigr1, @ig) iy, Ky, Gy, Tt)t>0
an equilibrium. -

2.2 Basic properties of equilibrium

Let (qt, Tty (City Kigg1, @ig) iy, Ky, Gy, Tt)t>o be an equilibrium. Denote by p;+ and v; 441
the multipliers associated to the budget and the borrowing constraint of the agent 7 at
date t. Denote \; ;41 the multiplier associated with constraint k;;,1 > 0. We have

T (Cin) = i (4a)
pig = (Teg1 + 1= 0)(fip1 + fiVigs1) + N1 (4b)
Getip = (Qea1 + (1 = 7)) (g1 + Vigs1). (4c)
Notice that ki,t—i—l)\i,t—i-l = (0 and Vi t4+1 |:(qt+1 + (1 —T)ft+1>(li7t+fi (1 —(5+Tt+1) ki,t+1 = 0.
The following lemma sums up the FOCs.
Lemma 1. The following non-arbitrage condition is obtained
+(1-7 1
Tt+1 + 1 . 5 S qt+1 ( )gt‘f‘l — ; (5)
% {WJM}
max

u;(ciyp)

for any t. Moreover, the inequality holds with equality if K, 1 > 0.



It should be noticed that in the presence of borrowing constraints, we only have the
following Euler inequality, instead of Euler equation as in the representative consumer
model without financial frictions,

12 (req + 11— 6) max {6 Zii:l) } (6)

According to Lemma 1, we have that

Gr1 + (1 — 7)1
qi

fill =0+ 1) ki = fi it (7)

Therefore, borrowing constraint (1d) is equivalent to —qa;; < fiki++1. This means
that, if agent 7 borrows at date ¢ by selling —a,; units of financial asset, the borrowing
amount does not exceed a fraction f; of the value of physical capital stock.

3 Dividend taxation and aggregate production

This section will investigate two questions: (1) Why do economic recessions appear?
(2) How to avoid them and eventually achieve economic growth? First of all, we
introduce the concept of recession.

Definition 2. Let k > 0. We say that there is a /;;—recessjon in the productive sector
at date t if the aggregate capital is less than k, i.e., K; < k.
We say that there is an extreme recession at date t if K, = 0.°

The following result provides conditions under which recessions occur.

Proposition 2. Assume that £ := sup, & < 0o, §:=inf, & > 0.
Let k> 0. If f(7 OVF'(k) < 8, then, there exists an infinite sequence of times (t,)2,
such that K; <k for every n > 0.

Proof. See Appendix A.3 ]

According to this result, recessions frequently occur if f(7€)F’(k) < § which can
happen if (1) the productivity F'(k) is low, and (2) the effect of the productive
government spending f (Tf) is small. The idea is the following. Consumers diversify
their portfolio by investing in capital and the financial asset. During the periods ¢
and t + 1, the real return on physical capital is f(7&)F'(kir1) + 1 — 0 while the real

@1 +(1=)81 - Hoyseholds compare these two returns

return on the financial asset is
when making their investment decision (invest in capital or in financial asset). If the
production sector has a low productivity and hence a low return, households will prefer
to buy financial asset. This phenomenon generates a recession in the production sector

(i.e.7 Kt S ]’1’})

9The notion of extreme recession has been investigated in Le Van and Pham (2016). Notice that
Le Van and Pham (2016) do not introduce dividend taxation.



It is clear that the main cause of economic recessions is not the financial market, but
rather the low productivity and a weak effect of the productive government spending
(for example, when the tax revenue is used for wasteful government spending).

We now examine whether recessions can be avoided. Formally, we will find conditions
under which the aggregate physical capital exceeds the threshold k. Since we are
focusing on intertemporal equilibrium in economies with financial constraint, there is
no easy way to investigate the characteristics of the aggregate capital path (K;) (recall
that we do not have Euler equations as in standard models a la Ramsey). To overcome
this difficulty and get intuitive insights, we introduce an additional assumption on
utility functions.

Assumption 2. There exists the function y;(-): R™ — RT such that
(1) yi(x) > 0 and yi(z) > 0 for any x > 0. Moreover, lim, . y;(x) = c0.
a)

(up) ="
(2) For each x > 0 and i, we have g> > y;(x) for any a > 0, where (u})™"
is the inverse function of u;.

Notice that this assumption is satisfied with standard utility functions (for example,
if u;(c) = ¢77/(1 — 0;) with o; € (0,1), then the function y;(z) = z7 satisfies
Assumption 2). Condition 2 in Assumption 2 leads to an important property: if
zul(b) < ul(a), then b > y;(x)a.'’ This property allows us to obtain the following
result showing that a k—recession can be avoided.

Proposition 3. Assume that & = & > 0 for any t. Consider an equilibrium.

1. 1f

fEF'(0) > 6 + max {E ~1} (8)

then there is no extreme recession, i.e., Kt > 0 for any t.
2. Let Assumption 2 be satisfied and assume that lim, . m < 00t Given
k >0, there exists & such that K, > k for any & > & and for any t > 1.

Proof. See Appendix A.4. ]

If we write 5; = ——, then r; = 2-—1 may be interpreted as the exogenous subjective

interest rate of agent i So COIldltlf)n (8) means that the marginal productivity at the
point zero is higher than the total cost of investment. This happens if the effect of the
productive government spending f(7¢) and the original productivity F’(0) are high
enough. In this case, there is at least one household who invests in physical capital,
and hence we can avoid an extreme recession (i.e., the situation where the aggregate

capital is zero).

1Tndeed, since u/ is decreasing, we have b < (u:)_l(@) According to Assumption 2, we have
(uf)~t (@) > y;(x)a which implies that b > y;(z)a.
"Note that condition limg_s e m < 00 holds for standard utility functions, for example,

when w;(c) = 7% /(1 — o) with o; < 1.



Point 2 of Proposition 3 complements point 1 by focusing on the size of dividend
and indicating that when dividends are high enough, any k-recession can be avoided.
To prove this point, we need Assumption 2 and lim,_, m < 00. Let us explain

key steps of our proof. We have the Euler inequality w(c¢;¢—1) > (f(Tf)F’(Kt) +1-

5) Biui(c;e) Vi. By combining Assumption 2 and the Euler inequality, we can prove
that

C@t Z Yi [(f(Tg)F/<Kt) + 1-— 6)62} Ci’tfl, VZ
Since the total consumption of households depends on the aggregate capital and
dividend (according to the market clearing condition: > ¢;; = F(K;)+(1—0) K+ (1—
i=1

7)), we can find a lower bound of the aggregate capital K;. Then, we use condition 1

in Assumption 2 and lim,_, m < 00, Vi, to prove that this bound is higher

than k& when the asset dividend ¢ is high enough.

We may wonder whether the dividend taxation can lead to unbounded growth.
Observe that, when F’(co) = 0 and sup,§; < oo, we can prove that the aggregate
output is uniformly bounded from above. So, if we assume that sup, & < oo, which
is a natural assumption, then an unbounded growth requires that F’'(co) > 0. The
following result provides conditions under which tlg?o K; = o0.

Proposition 4. Let Assumption 2 be satisfied and & = sup, & < 00, {=inf, & > 0.
Assume also that there exists A so that F'(K) > A > 0 for any K.

Denote x := min {yl (ﬁi (Af(7'§) +1-— (5)) }, where the function y;(-) is defined in

Assumption 2. Then, we have tle Ky = oo at equilibrium if

&

x> =Vt (9a)
§t-1
and  o(Af(r) = 0) > 15+ A. (9b)
Proof. See Appendix A.5. [

Conditions (9a) and (9b) ensure that the rate of growth of the economy is always
higher than 1, which in turns implies that tlim K; = oo. By definition of z and the

function y;, x increases in f(7€) and A. Hence, conditions (9a, 9b) are more likely
satisfied if 7€, b, A are high.'?> By the way, our result shows that the size of dividends
(&) and the effect of the productive government spending f (7€) play a key role on
economic growth. Our theoretical results on the role of the effect of the government
spending are supported by empirical evidences such as Furceri and Li (2017)."

Proposition 4 leads to an interesting implication. To see better the insight, let us
consider a particular case with linear technology F(K) = AK and the productivity is
low in the sense that A < 4.

oy . 1
12In a particular case where u;(c) = S with o; < 1, we find y;(a) = a™% and 2 =

1—0;
1 1
min; Bil_”i (Af(7'§) +1— 5) =i
13For the quality of government, see La Porta et al. (1999).

10



1. If there is no dividend (& = 0 for any ¢), then, according to (3), we have K;,; <
(A+1—9)K; for any t, which implies that tlim K; = 0: the economy collapses.

2. In the case with constant positive dividend (& = & > 0 for any t), Proposition
4 suggests that, if the government levies taxes on asset dividends and invests
in productive projects which improve the productivity of firms (in the sense of
condition (9a), (9b)), the economy may have unbounded growth.

Our result is related to the literature on optimal growth with increasing returns
(Jones and Manuelli, 1990; Kamihigashi and Roy, 2007; Bruno et al., 2009). Our
added-value is twofold. First, we point out the role of dividend taxation which can
finance productive government spending, and thanks to this, the host country may
grow. Second, we consider a decentralized economy while these authors study centralized
economies. Working in a heterogeneous agent model is, in general, more difficult than
in a representative agent model. The reason is that, in general equilibrium models,
there may not exist a representative agent who chooses the level of aggregate capital K,
to maximize her intertemporal utility. So, it is not easy to obtain some nice properties
like monotonicity and convergence of capital stock (K;) as in the standard optimal
growth theory (see Le Van and Dana (2003); Acemoglu (2009) among others).

Acemoglu and Jensen (2015), Datta et al. (2018) study comparative statics of
recursive equilibria. However, intertemporal equilibria in our paper may not be recursive
and therefore their methods cannot be directly applied here. It should also be noticed
that equilibrium indeterminacy may arise in our model (see Proposition 6 in Section
5).

4 Optimal dividend taxation

When the government raises the tax rate 7, the net dividend (1 — 7)& drops but the
output increases. By consequence, the consumption of households may increase or
decrease. It is worthy to deepen this trade-off by studying the optimal taxation on
dividends. To this purpose, we assume that the government chooses 7 € [1, 7| C [0, 1],
where 7 and T are exogenous parameters,'# in order to maximize the total consumption
of households at the steady state.!®

Let us now define the steady state formally.

14The exogenous parameters 7 and 7 represent political or institutional constraints that we do not
microfound in our paper.

15Some authors (see Chapter 16 in Ljungqvist and Sargent (2018) for instance) assume that the
government’s objective function is a positively weighted average of households’ intertemporal utilities.
In our framework, addressing the issue of optimal dividend taxation with this objective function rises
some concerns. The main issue is that, given a tax rate 7, the intertemporal equilibrium may fail to
be unique (see Proposition 6 for instance; see also Bosi et al. (2022) and references therein for real
indeterminacy in infinite-horizon general equilibrium models with financial constraints). Moreover,
finding intertemporal equilibrium is far from trivial because there are heterogeneous agents and
borrowing constraints. For these reasons, we look at the steady state because it is unique in general
setups. Since the private consumption is an important macroeconomic indicator (Stiglitz et al., 2009),
we focus on the total consumption of households.
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Definition 3. Assume that & = & > 0,Vt.
A steady state is an equilibrium (qt,rt, (Ci,t,ki’t+1,ai,t)?;1,Kt,Gt,Tt)t such that ¢ =
q¢,1e =7, Gy =C,kiy =k and a;y = a; for any i andt, and K, =K, Gy =G, T, =T
for any t.

We provide now sufficient conditions for steady state uniqueness.

Lemma 2. Let 51 > (; for any i > 2. Assume also that & = &,Vt and that F' is strictly
concave with F'(0) = oo. Then, there is a unique steady state and it is determined by

1= 8 ( FrE)F(K) +1— 5) (10a)
r= f(r&)F(K) and q = (1;7?51 (10D)
— b1
Fi=K,ai=1andc,=(r—0)K+6r+(1—7)¢ (10c)
a;=k;i=0andc; =6;7 fori=2,...,m (10d)

where the profit is given by m = f(7E) (F(K) - F’(K)K).

Proof. See Appendix A.2. ]

Since 1 > (; for any ¢ = 2,...,m, the borrowing constraints of any consumer
1 = 2,...,m are binding. Moreover, condition f; < 1,Vs, implies that no agent ¢ =
2,...,m will invest in physical capital. Hence, the income of any agent ¢+ = 2,...,m

equals their profit share.'¢

Since the aggregate capital level K is determined by (10a) and F is strictly concave,
we see that K is uniquely determined. Moreover, we also see that K is increasing in
B1, 7 and £, and decreasing in 9.

The total consumption of households is C'= (1 — 7)¢ + f(7&) F(K) — K. For the
sake of simplicity, we consider a Cobb-Douglas production function F(K) = AK® with
a € (0,1). In this case, we have

1

C = f(ré)AK® — 6K + (1 — 7)€ = By (Af@g))“‘ L1=nE  (11b)

JR S T Y —
where B, = aa 2. ( - )

1 T
(3 —1+9)
For the sake of tractability, we consider f(G) = (1 + bG)** with oy € (0,1). Here,

the parameter b represents the governance quality regarding the productive government
spending. In this case, the government’s problem writes

max [BlAlla(l +bET)T — €7 (12)

TE[T,7]

I6Notice that, when there are at least 2 agents, say 1 and 2, whose rates of time preference are
b1 = B2 > B; for any i = 3,...,m, the aggregate capital stock K remains unique and still determined
by (10a) but their income distribution depends on their initial distribution of capital.

12



where 0 := *-. If a; < 1 — «, then, ¢ < 1, which implies in turn that the objective

function in (12) is strictly concave.!” By consequence, we obtain the following result.

Proposition 5. Let 8 > (3;,Vi > 2. Assume also that §& = £, Vt. Let F(K) = AK®
and f(z) = (14 bx)** with a + a; < 1. Then, there are three possibilities.

1. If obBiAT= > (1 + b7€)'=7, then 7% = 7.
2. If obBy AT < (14br&)'"7, then 7% = 1.

3. If (140187 < abBlAﬁ < (14078)17, then T* is the solution of the following
equation obB ATE = (1+ 0787, ie.,

1

(abBlAﬁ)E -1
be '

T =

Comparative statics

Consider the role of parameters b and A that represent the governance quality and the
original TFP respectively. Proposition 5 shows that when the governance quality b
and TFP A are very high (in the sense of the first point in Proposition 5), the optimal
tax rate equals 7, the highest affordable tax rate. But, when b and A are low enough,
the optimal tax rate equals 7 and the government implements the lowest taxation.

The most interesting case corresponds to point 3 in Proposition 5. From the formula
of 7%, we get that:

Corollary 1. In the third case of Proposition 5, the optimal dividend tax rate T is
increasing in B1, A and b, but decreasing in &.

Our result is closely related to Barro and Sala-i-Martin (1995), Section 4.4.1. There
are important differences. First, Barro and Sala-i-Martin assume that the production
function of each firm i takes the Cobb-Douglas form: Y; = AL, “K*G'~®, where
the government spending equals a fraction of the aggregate output: G = 7Y (this in
turn generates an endogenous growth). By contrast, in Proposition 5, the productive
government spending is financed by the dividend tax and the production function
has the form: Y = AK®(1 + bG)*'. Second, Barro and Sala-i-Martin investigate the
optimal level of 7 by maximizing the rate of growth of the balance growth path (i.e.,
when the growth rates of private consumption, capital and output all equal the same
constant) while we maximize the steady-state private consumption. Recall that, in
Barro and Sala-i-Martin (1995)’s Section 4.4.1, they find the optimal value 7* = 1 — a..

In our model, we can use (3) to prove that: if Cictl = % = Ygl =~ > 0, Vt, then

we have 52—:1 = 1, Vt. It means that the rate of growth of the balanced growth path
(if it exists) must equal the rate of growth of dividend. By consequence, in our model
with exogenous dividend, it is not relevant to study the optimal dividend taxation

along the balanced growth path.

Tf a; > 1 — a, the objective function is convex and the solution becomes either 7 or 7.
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5 Dividend taxation and asset price bubbles

This section investigates the impact of the dividend tax on asset price and bubbles.
We allow for non-stationary tax (7;). Before starting, a definition of asset price bubble
is needed. Since Lemma 1 still holds with non-stationary tax rates 7, we have the
following asset-pricing equation:

@ = V1 (@1 + (1 = 741)&41)

ui(Citr1) |

ui(Cit)
t+1. Then, by using ( ), we can decompose the asset price gy (in term of consumption
good at the initial date) into two parts:

where ;41 1= max is the discount factor of the economy from date t to date
7

G =Y Qu(l—7m)&+ jlirn Qrar
=1 — 00

where @; = [['_,7: is the discount factor of the economy from the initial date to
date ¢t. Following Kocherlakota (1992), Santos and Woodford (1997), we define the
fundamental value and bubble of asset.

Definition 4. >7°, Q,(1 — 7)& is the asset fundamental value. Bubbles exist at
equilibrium if the asset price exceeds the fundamental value: qo > 52 Qi(1 — 73)&;.

Apply the same argument by Montrucchio (2004) and Bosi et al. (2022), we can

prove that bubbles exist (i.e., hm Qiq; > 0) if and only if a q”)& < oo. This
=1

implies that there is no bubble at the steady state equilibrium studied in Section
4. By consequence, in order to investigate the role of dividend taxation on bubbles,
we should not focus on the steady state equilibrium. As recognized by Santos and
Woodford (1997), Kocherlakota (2008), and Bosi et al. (2022), it is not easy to find a
general equilibrium model with bubbles. We present here a tractable model, inspired
by Section 6.1 in Le Van and Pham (2016), where bubbles may arise and look at the
role of dividend taxation. We will work under the following assumption.

Assumption 3. Assume that there are 2 consumers H and F. Let u;(c) = In(c),
Bi=p€(0,1) and f; =0 fori={H,F} (so that households cannot borrow). Agents’
initial endowments are given by kyo = 0, ag—1 = 0, krpp > 0 and ap_; = 1, while
their profit shares by:

(65,04,1) =(1,0), (05.65,,)=(0,1) vt>o0.

We assume that F(K) = AK + B, with A,B > 0, and (1 — 0 + f(E)A) < 1 where
£ :=sup, &.18

18Condition B(1 — 6 + f(€£)A) < 1 ensures that FOCs are satisfied. This and condition (8) are not
mutually exclusive since (8) implies K; > 0.
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Notice that Fy(Gi—1, K;) = f(1i-1&-1)(AKy + B) and the firm’s profit equals m, =
f(7:-1&-1)B for any t.

Let us now construct an equilibrium. The allocation of consumer H is given by

kH,Zt =0, QH2t—1 = 0
cot—1 = (1 =0 4+ 7o—1)Kor1 + qoe1 + (1 — Toe-1)62e1
ki1 = Kogy1,am = 1

CHot = Tt — Kot1 — qo
while the allocation of consumer F' by

kpot = Koy, appe = 1

(

Crat—1 = Tot—1 — Koy — qoi—1 (
kpoty1 = 0,ap2 =0 (14c

crar = (1 — 0 + 7)) Kot + qar + (1 — 721) ot (

Prices and the aggregate capital solve the following system: for any ¢,

Ky +q¢ = H%(Ft(Kt) —-rkK) =By (15a)
Gre1 + (L= Teq1)&p1 = @11 + 1 = 9) (15b)
>0, K;>0 (15¢)
_1&-.1)B
pr=1and r, = f(1,_1&-1)A, where B; := CAGSIRY (15d)

1+

By using Lemma 3 in Appendix A.6, we can prove that any sequence of allocations
and prices satisfying the above conditions is an equilibrium.

The asset’s fundamental value equals F'V := %O: (1 — 75)&5Qs where

1
(1 =04 f(080)A) -+ (1 = + f(Te-18-1)A)

is the discount factor of the economy.

We see that the fundamental value F'V is decreasing in 7; for any ¢t. Moreover,
FV is not monotonic in dividend &. Note that, in Le Van and Pham (2016) (Section
6.1), the fundamental value of the asset is increasing in dividends. This difference is
from the fact that the interest rates and discount factors in our economy depend on
dividends through the productive government spending'® while, in Le Van and Pham

Qs =

9Indeed, given &;, we write

o0

t—1 Z (1 - Ts)fsqgiil

. . — )60, s=t+1 )
FV—(%“ DEQ:) + (1= 7)6Q T A0t f (o) A) (1 -0+ [(nE)A)

The first term does not depend on &. The second term increases in & but the last term decreases in

&
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(2016), these variables do not depend on dividends. Notice that if 7, = 0 V¢, we recover
Le Van and Pham (2016).

To find an equilibrium, we have to find a sequence (K41, ¢:)+>0 satisfying the system
(15a, 15b, 15¢). To do so, we choose qo > F'V and (q;);>1 such that

t

g0 = (1—7)&Qs + ¢Q: (16a)
s=1
Bf(Tt—lft—ﬁB

Condition (16b) ensures that K;;; > 0 while condition gy > F'V implies that ¢, > 0
for any ¢. Then, such a sequence (g:):>o is a sequence of equilibrium prices because
it satisfies the system (15a, 15b, 15¢). In this case, a bubble exists when gy > FV.
Summing up, we obtain the following result.

Proposition 6. Let Assumption 3 be satisfied. Any sequence (q;) with qy € [F'V, By)
and (q)i>1 satisfying (16a, 16b) is a sequence of equilibrium asset price. Moreover,
there are two cases:

(1) If qo = FV, then the equilibrium is bubbleless.

(2) If qo > FV, then the equilibrium is bubbly.

Our result is also related to the seminal paper Tirole (1985) where he shows that
there may be a continuum of bubbly equilibria but the difference is that he works in an
overlapping generations model while we consider an infinite-horizon general equilibrium
model.

Let us provide some implications of Proposition 6.

o Asset bubble and dividend taxes. Since ¢y > F'V, Proposition 6 indicates
that F'V is the minimum level above which ¢q is an equilibrium price with bubbles.
Since F'V is decreasing in each 7, we can say that bubbles are more likely to
appear when sequence of tax 7; increases. The intuition is that, when the tax
rates 7y increases, the after-tax dividend (1 — 7;)& decreases and the financial
asset fundamental value may turn out to be lower than its price. In this case, an
asset bubble arises.

» Asset price and dividend taxes. In Proposition 6, let qo = FV + d with
d € [0,By — FV), and then there is an asset price bubble. According to (16a),
we can compute the asset price at date ¢ as follows

@ = ((1=0+ f(r&)A) -+ (1= 0+ f(na&1)A)d

00 (1 — 7'5)65
i s:grl (1=0+ f(n&)A) - (1 =0+ f(Te16-1)A) o

Observe that ¢; is increasing 7, for any s < ¢t — 1 but decreasing in 75 for any
s >t.
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6 Conclusion

We have shown that low productivity entails recessions at infinitely many dates.
However, when the government taxes asset dividends and spends this fiscal revenue to
finance productive government spending, the productivity of firms is enhanced, and
hence, recessions may be avoided. This happens if: (1) the productive government
spending is productive enough and (2) dividends are high. We have also investigated
the optimal dividend taxation. When the government’s objective function is the total
consumption of households at the steady state, the optimal level of dividend taxation
increases in the firm’s productivity and the governance quality but decreases in the size
of dividends. We have presented a simple model where there is room for equilibrium
indeterminacy. In this model, asset price bubbles are more likely to exist if dividend
taxes increase.

We conclude our paper by outlining some avenues for future research. Firstly, in
our current model, R&D and human capital are not treated separately. Therefore, it
would be interesting is to endogenize human capital, as suggested by Lucas (1988),
and incorporate it into our model. Then, we use this multi-sector growth model
to investigate (1) the interaction between productive government spending (partially
financed by dividend taxation), physical and human capital accumulation, and (2) how
this interaction affects the economic development.?’

Secondly, we have considered exogenous dividends. It would be valuable to extend
our analysis for the case of endogenous dividends.?! In such a case, imposing a
dividend tax may affect corporate investment (Alstadsaeter et al., 2017). However,
productive government spending (financed by dividend tax revenues) may improve the
firms’ productivity. So, it is important to study the optimal dividend taxation in this
context.

A Appendix: Formal proofs

A.1 Proof of Proposition 1: The existence of equilibrium.

We consider the intermediate economy E as the economy & but the asset dividend
is & = (1 — 7)&, the production function F; is by Fy(K) := F,(7&_1, K), and the

government is not taken into account. According to Le Van and Pham (2016), there
~ ~ oo ~
exists an equilibrium (ﬁt,qt,ft, (City ki1, Qie)i"y, Kt) of the economy &, i.e., the
t=0
following conditions hold:

1. ﬁtagtaft >0 for ¢ Z 0.

2. For any ¢t > 0, we have gf(ém + /;:i,tﬂ - (1 - 5)/;;i¢) = F(K) + (1 = 7)&,
i=1

20Tt would be relevant to introduce ideas in this multi-sector growth model by using the approach
in Section 4 of Jones (2005).

2I'We can follow Kamihigashi (2008), Gourio and Miao (2010), Gourio and Miao (2011) to model
endogenous dividends

17



Ki=> ki, and X a;, =1
' i=1
3. Optimal consumption plans: for any i, (Eiyt,kwﬂ,di,t)fio is a solution of the
problem (F;(p, G, 7)).

4. Optimal production plan: for any t > 0, K is a solution of the following problem

112?6 e (Ky) — rth} (A.1)
- - o
It is easy to see that (ﬁta Gis Tt (éi,h Kiit1, &i,t)?lla Ky, Gt,Tt) , where Gy = 7§, T} =
=0

7&;, is an equilibrium the economy &.

A.2 Proof of Lemma 2

Let (q, r, (¢, kiya;)"y, K, G, T) be a steady state equilibrium. By FOCs, there exists
multipliers m; > 0, and n; > 0 such that

q=(q¢+ (1=7)(B + my) (A.2b)
kin; =0, m,-((q +(1—=7)8a; + fi(l -0+ T)kz) = 0. (A.2c)

According to (A.2b) and 8; > (; for any i > 2, we have m; = 0 and m; > 0 for any
i > 2 which implies that (¢ + (1 — 7)§)a; + fi(1 = d +r)k; = 0 for any ¢ > 2.

Since F'(0) = oo, we have r + 1 — 4§ = q+(1q775) = ﬂjm According to (A.2a), we
obtain that, for any 1, o

_ Bi + fim;

1
Bi +m;

+y; (A.3)

For each i > 2, since m; > 0, and f; < 1, we obtain that n; > 0. Therefore, we get
that k; = 0, and hence a; = 0 for each 7+ > 2. So, we can compute ¢; = ;7 for each
1> 2.

Since F’'(0) = oo, we have K > 0 which implies that k; = K > 0. According to
(A.2a), we see that K is determined by

- < FETVFI(K) +1— 5) 8. (A.4)

It is now easy to obtain that a; =1 and ¢; = (r — 0)K + 617 + (1 — 7)¢&.

A.3 Proof of Proposition 2

We firstly claim that there exists an infinite increasing sequence (t,)%°, such that

q, + (1 —71)&, > q, 1 for every n > 0. Indeed, if not, there exists ¢y, such that
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Q1+ (1 = 7)&1 < g for every t > t5. Combining with § > £,Vt > 0 and by using
induction argument, we can easily prove that

Qo > Qraty H (1 —T)E

for every t > 0. Let t — oo, we have ¢;, = 0o, then a contradiction is reached.??
Therefore, there exists a sequence (,,) such that for every n >0, ¢;, + (1 —7)&, >
¢, 1. By consequence, we have

Gt =T S P E) +1—0

Gt,—1

where the last inequality is from assumption: f(7 O (k) <4d
We now claim that K; < k for any n. Indeed, if K; > k, then K; > 0. According
to Lemma 1, we see that

G, + (1 —17)&,

p = f(7&, ) F'(K;,) +1—06 < f(rEF' (k) +1 4.
tn—1

This is a contradiction. Therefore, K; < k for any n.

A.4 Proof of Proposition 3
Point 1. If K;1; =0, we have

icm = F(Gio1, K) + (1 =6 K, + (1 — 7)€,
icuﬂ + Ko = (1—1)&
Therefore, we have
ici,t > Fy(Gi1, K) + (1=7)§ > (1 = 7)€ > icm“. (A.5)

Consequently, there exists ¢ € {1,...,m} such that ¢;; > ¢;441. This implies that
ui(Cie1) 2 uglcip), and, hence,

1 ﬁjul-(cj,tﬂ) Biu;(ci,t-i—l)
PO 10 = ™ ) © e

Thus, 1 > ( FrOF'(0)+1— 5) B;, which is a contradiction. By consequence, we have
K1 > 0.

22Qur result is still valid if the condition "¢ > & > 0 for every t > 0" is replaced by a weaker one
o0

||Z Et — mll.

t=0
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Point 2. We see that
BZU;(CU)

Biuji(cie) 1
< max — 1" < )
up(cio—1) — 7 ui(ciee1) T f(TEF(Ky) +1 -6

Let us denote B;(7&, K;) = (f(r&)F’(Kt) +1 - 5)61-. The above inequality

implies that ¢;; > y; (Bi(Tf,Kt))ciyt,l for any i, where the function y;(-) is defined
in Assumption 2.
Denote

z(7¢, K;) := min {yi (Bi(r¢, Kt))}.

Notice that z(7¢, K;) is increasing in f(7€) and 7€ but decreasing in K;.

According to Assumption 2, there exists £* such that z(7£,0) > 1 for any & > £*.
In the following we focus on the case where £ > £*.

Since ¢;¢ > yi(Bi(1€, Ky))cir—1 > x(7E, Ki)cip—q for any . Thus, we have C; >
x(7€, K;)Cy—1. By market clearing conditions, we have

Ot—l + Kt = f(Gt_Q)F(Kt_l) + (]_ - 6)Kt_1 + (]_ - T)g (A6a)
Co+ Kpr = f(Goo)F(K,) + (1 — 8K, + (1 — 7)E. (A.6b)

By consequence, condition C; > z(7¢, K;)Cy_1 implies that
frOF(K) + (1= 6) K+ (1 —7)¢
> O, > (7€, K)Coy = a(7€, K)) ( FOrEOF(K ) + (1= 8) Ky + (1 —7)6 — Kt).
From this, we have

JEOF(E) + (1= 0) K+ (1 - 7)¢

+ K > f(r§)F (K1) + (1= 0)K; 1 + (1= 7)¢

x(T& Kt)
> (L=1)¢.
Thus, we get

By definition of the function x, we see that z(7¢, K;) decreases in Ky, and so does
$(Tf7 Kt) —1

$(T§, Kt)
consequence, we have that: for each £ > £*, there exists a unique K () such that
JEOFKE)) | (L= )K(E) z(r€, K(§)) — 1

x(1€, K(§))  x(7& K(S)) x(7§, K(€))

and, hence, condition (A.7) implies that K; > K(§).

. Hence, the left hand side of (A.7) is an increasing function of K;. By

+ () =(1-7)¢

(A.8)
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Let £ tend to infinity. We prove that 5lim K(§) = oo. Suppose M = sup, K(§) <
—00

0o. By definition of the functions z and y;, we have that lim¢ . z(7, K(£)) = oo.
Thus,

. o(r€, K(€) -1
M= e K@) (A
oy 1=K .
S N ()R A0
Using the assumption lim,_, iG] < 09, We have
lim ————— < lim ———~ =1
SR alERQ) S arE M) S [ (10PN +1-5)5,)
L (7€) FrF (M) +1 -6
S JEOEAD 1 =0 win {y, (£ P/ (M) +1 - 8)5) }
L m % o (A1)

T (M) a>ee min{y; (aﬁi)}

Combining (A.9-A.11), we see that the left hand side of (A.8) is bounded while the

right hand side tends to infinity when & tends to infinity, which is a contradiction. By

consequence, we get that élim K (&) = 0o. So, there exists > 0 such that K(&;) > k
— 00

for any t. Therefore, K; > k for any t.

A.5 Proof of Proposition 4
We see that

Biui(ciy) <m 5;‘“3(%&) < 1 1

dea) = S ) S G (K) T 1-6 = faOAT1 3

where the last inequality comes from the fact that F'(K) > A for any K.

Let us denote B; := ( J(THA+ 1 — 5) B;. The above inequality implies that
Biul(cir) < wj(cit—1). According to Assumption 2, we get that ¢;; > x;¢;4-1 for
any i, where z; := y;(B;). Denote x := miin y;(B;). Using the same argument in the

proof of Proposition 3, we have

&) F(Ky)+ (1 —0) K+ (1 —7)&

+ Ky > f(1&—2) F(Ki—1) + (1 = 0) K1 + (1 — 7)&
which implies that

f(r&)F(Ky) + (1 = 0) Ky + 0Ky > af(1&—0) F (K1) + (1 = 0) Kyoq + (1 — 7)(x€—1 — &)
> x( Flrér o) F(Ki 1) + (1 — 6)Kt1> (A.12)
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where the last inequality is based on condition x&_ 1 — & > 0.

Denote \; := %. We can verify that 4 = %. According to our
assumption x(Af(7{) —6) > 1 -0+ A, we have Af(7§) — 1 > 0 which implies that
AM(1&-1)—1>0and 1 =0+ —A(1—9)>0.

Since F(K) > F'(K)K > AK, we have K; < %. By consequence, we can check
that

FIr& ) F(K) + (1= 0) Ky + 2k < M (f(r&-1) F(KD) + (1= 0)K,). (A.13)
Combining (A.12) and (A.13), we get that

Fr& P + (1= 0K, r(1-0+Af(r&)) y z(1- 0+ Af(7¢))
f(1&—0)F(Kiq) + (1 —0)K—y — l1—-0+z+A - 1-d+z+A

M > 1. By consequence, we get
1-04+z+A . Y X ’ ;

Since z(Af(7€) — ) > 1 — 6+ A, we have
tli)m f(r&-1)F(Ky) + (1 — §)K; = oo. Since sup, & < 0o, we obtain that 1tli)m K; = .

A.6 A sufficient condition for the equilibrium

Let us denote I := {1,2,...,m}. We give sufficient conditions for a sequence

(pt, qt,Tt, (Ci,t7 ki,t+17 az‘,t)ie[ Ky, Gy, Tt)t

to be an equilibrium. This result is used in our model with bubble in Section 5. Notice
that the utility may satisfy ;(0) = —oo.

Lemma 3. Let f; =0 for any i (i.e., consumers cannot borrow).

A sequence (pt, Qt, 7t (Cits Kigy1, Qi) K, Gy, Tt)t is an equilibrium, if the sequence

i€l
(pt, Gt T, (Cits Kitr1, Qi Gots €6t) e » Ko, G, Tt)t satisfies the following conditions.

(i) For anyi andt, c;y >0, kiz1 20, 0,4 >0, Gr =0 and ;4 > 0.

Foranyt, p, =1, ¢ >0 and r, > 0.

(ii) The first-order conditions:

1 Z‘U/- C;
= P ?( t+1) + Gis
Tepr +1—0 u;(cip)

q _ Biui(cipe)
Grr1 + (1 — 7e41)&11 ug(ciy)

+ €it

with Ci,tki,t—‘rl =0 and €Eitdit = 0.
(7ii) The transversality conditions: tlim Blul(cit)kirr = lim Blul(cis)qais = 0.
—00 t—o0

(iv) For any t, Fy(Gi_1, Ki) — ri K = Igp}z(xico{Fg(Gt_l, K)—rK}.

(v) For anyt, ciy+ kigpn — (1 — 0)kiy + quaiy = rekig + (¢ + (1 — 7)&) a1 + Oim,
where 7, = Fy(Gy—1, Ky) — K.
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(vi) For anyt, K; =Y icrkit, Yieraiz = 1.
(vit) For anyt, Gy =T, = (1 — 1)&.

Proof. 1t suffices to prove the optimality of households. This can be done by using the
standard argument in dynamic programming. [
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