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Indian mathematics in the early modern age

Introduction

Like most 'golden ages', the golden age of Indian mathematics during the 12th-14th centuries was sustained by the very tensions that later unmade it. The centripetal force of the Sanskrit śāstra ('treatise', 'science', 'discipline') as a canonical and divinely ordained body of knowledge tethered new discoveries and new works to the traditional core of sacred learning. Meanwhile, the political, linguistic and cultural churn of interactions with the Delhi Sultanate and the Mughals, among other influences, generated centrifugal impulses pushing such knowledge onward and outward. The succeeding period in the mathematical sciences testifies to both these influences: in the increasingly self-conscious 'neoclassicism' of its Sanskrit texts, and in its close engagement with other languages and other traditions as vehicles of mathematical understanding.

The question of how, or whether, these developments in Indian traditions constitute 'early modernity' is a much-debated one. Of course, post-1500 globalization of trade and travel and the resulting encounters between different technologies and languages impacted South Asia along with the rest of the world. Equally of course, the concurrent developments in Indian political and intellectual spheres played out quite differently from the contemporary events in Europe by which the 'early modern' is typically defined. This essay follows [START_REF] Pollock | The languages of science in early modern India[END_REF] and [START_REF] Fisher | Public philology: text criticism and the sectarianization of Hinduism in early modern south India[END_REF], along with the editors of this series, in accepting 'early modernity' as a meaningful concept in the history of Sanskrit śāstras, including mathematical sciences. The śāstras we are primarily concerned with are those of jyotiṣa or jyotiḥśāstra-broadly understood as the astral sciences of astronomy, astrology, divination, and calendrics-and its close kin gaṇita, signifying computational and mathematical methods in general.

This period of Indian mathematical science maintained strong connections with its ancient and medieval past by continuing to study and reinterpret older texts. These reinterpretations were often exegetical, with demonstrations (upapattis) and worked examples (udāharaṇas) strengthening the pedagogical value of the classic works. Annotated translations into various vernacular languages aided some of the established treatises of Sanskrit mathematics to maintain their role as standard textbooks. Nowhere is this more evident than in the persistent influence, and ultimately canonical status, of the works of one of the most prominent figures of medieval Sanskrit mathematics and astronomy, Bhāskara (1114-ca. 1185). (Commonly called Bhāskarācārya or 'Bhāskara the teacher', this scholar often appears in modern histories as 'Bhāskara II' to distinguish him from a 7th-century namesake.)

The mathematical profession and its livelihoods

School and family

The chronological transmission of mathematical works was of course inseparable from the training of mathematicians. Institutions known as maṭha ('school') functioned as local hubs for the teaching of the mathematical sciences to budding jyotiṣīs (specializing in jyotiṣa, astronomy and/or astrology) and gaṇakas (various types of accountants and calculators, i.e., practitioners of gaṇita) (see, e.g., Keller, 2014). For example, a stone inscription from 1207 at Pāṭṇā in Khandesh (modern day Chalisgaon, Maharashtra) reveals that a grandson of the renowned Bhāskara II named Caṅgadeva (fl. ca. 1200/20) founded a maṭha there. He dedicated it to studying and promoting his grandfather's mathematical and astronomical contributions for generations to come: …Caṅgadeva, [who became] chief astrologer of king Siṁghaṇa; who, to spread the doctrines promulgated by the illustrious Bhāskarācārya, he founded a college, [enjoining] that in [this] his college the Siddhāntaśiromaṇi and other works composed by Bhāskara, as well as other works by members of his family, shall be necessarily expounded. The land and whatever else has been given here to the college by the illustrious Soïdeva, by Hemādi and by others, should be protec-ted by future rulers for the great increase of [their] religious merit. (Hayashi, Montelle and Ramasubramanian, 2019, p. 18) The inscription also reveals how this maṭha was financed and supported. A generous gift of land by a local prince provided the grounds on which to establish the school, and other community leaders followed suit, providing the institution with donations, and regular taxes were levied as maintenance. In addition, allocations of crops of nuts, oil seeds, and ladles of oil would be donated to the maṭha for daily support (Hayashi, Montelle and Ramasubramanian, 2019, p. 17 b Astrologer to king Siṃghaṇa (r. 1209-47), the next Yādava ruler of Devagiri beginning ca. 1209/10.

c Astrologer to king Siṃghaṇa (r. 1209-47), possibly after the death of Caṅgadeva.

Figure 1: Patrilineage of Bhāskara II of the Śāṇḍilya gotra.

The last part of the inscription records that Bhāskara's son Lakṣmīdhara, his grandson Caṅgadeva, and Anantadeva (fl. 1222), the grandson of his brother Śrīpati (or Śrīdhara?), all found prestigious posts as court astronomers and scholars (see Figure 1, based on Pingree (1981, p. 124)). This illustrates the pre-eminent importance of patrilineal descent in pre-modern India in ensuring continuity in the professions of mathematics and allied disciplines. Such family lineages or 'kin-schools', sometimes in a formally constituted maṭha but often in private households, might pass down expertise from father to son (and other male family members) for several generations or more. Families and clans as well as maṭhas could receive endowments for their support, in exchange for their services in such functions as calendar-making, astrological prediction, accountancy, and teaching. Wealth accumulated through court service enabled numerous early modern Brahmin families, including some in mathematical professions, to extend their independent land ownership and financial operations, further increasing hereditary wealth and power [START_REF] O'hanlon | Letters home: Banaras pandits and the Maratha regions in early modern India[END_REF].

One prolific kin-school that flourished in the mid-second millennium was centered on the brilliant mathematician-astronomer Gaṇeśa Daivajña (b. 1507, fl. 1520/54) from Nandigrāma (modern Nāndgāon on the Konkan coast; see [START_REF] Sarma | Nandigrāma of Gaṇeśa Daivajña[END_REF]). Gaṇeśa recounts in his astronomical handbook Grahalāghava (epoch 1520) that he owed his training to his father Keśava (fl. 1496/1507), whose own handbook Grahakautuka was the inspiration for Gaṇeśa's text (Rao and Uma, 2007, S1). As Gaṇeśa's reputation spread, practitioners aspiring to master this discipline sought him out for instruction.

One Divākara, a jyotiṣī belonging to the ancient patrilineal clan (gotra) of Bhāradvāja and living in the town Golagrāma in west-central India, travelled to Nandigrāma to study under the tutelage of Gaṇeśa. Divākara then moved to the bustling intellectual center Kāśī (or Banaras, modern-day Varanasi) and in time trained his five sons Viṣṇu (fl. 1608), Mallāri (fl. 1588), Kṛṣṇa (fl. ca. 1575/1600), Keśava, and Viśvanātha (fl. 1612/31). The latter in turn passed on the fundamentals of Gaṇeśa's teachings to the next generation by teaching Kṛṣṇa's son Nṛsiṃha (b. 1586), who subsequently taught his own three sons Divākara II (b. 1606), Kamalākara (fl. 1658), and Raṅganātha (fl. ca. 1630/50) (see Figure 2, based on Pingree (1981, p. 125)).

Among these great-grandsons of Divākara, Raṅganātha and Kamalākara were noted for their commentaries on earlier mathematical texts-e.g., Raṅganātha's Mitabhāṣiṇī (ca. 1640) on Bhāskara II's Līlāvatī-and also for their scholarly clash with another immigrant Brahmin family of Sanskrit mathematicians in Kāśī. This other family was descended from one Ballāla of the Devarātra gotra, who immigrated to Kāśī from Dadhigrāma on the banks of the river Payoṣṇī (in the modern Vidarbha region) in the latter part of the 16th century. There he too instructed five sons, namely Rāma (fl. 1590/1600), Kṛṣṇa (fl. ca. 1600/25), Raṅganātha (fl. 1603), Mahādeva, and Govinda, in mathematics and astronomy. A generation later (see Figure 3, based on Pingree (1981, p. 126)), Raṅganātha's son Munīśvara Viśvarūpa (b. 1603, fl. 1646) and Mahādeva's son Gadādhara (fl. ca. 1650) wrote Sanskrit commentaries and other works critiquing various aspects of Islamicate (Arabic and Persian) astronomy, which sparked the abovementioned dispute with the Bhāradvāja brothers Kamalākara and Raṅganātha. 1Patrilineality also impressed itself on other technical professions which were underpinned by the mathematical sciences. For example, a prominent Muslim family of astrolabe makers based in Lahore was responsible for crafting almost all the earliest surviving astrolabes and celestial globes in India (see, e.g., Sarma, 1994) 1530-1556), this prolific family, led by its patriarch Allāhdād, produced more than a hundred astrolabes over the late sixteenth and seventeenth centuries. These instruments have been noted for their technical execution and aesthetic appeal. Against ornate backgrounds, mathematical features such as sine graphs, equidistant arcs of zodiacal signs, shadow squares, numerical tables, and meridian altitudes for the sun were designed and incorporated with unusual technical precision. Common principles for technical execution and design were evidently handed down within the family to produce the identifiable common elements in the instruments of this corpus.

Patron and court

Activities in the mathematical sciences were often boosted by state investment, which could be initiated by a new ruler celebrating his accession to the throne. Consolidation of power in imperial Delhi and in other political centers beginning in the 16th century increased opportunities for royal service and patronage. Meanwhile the sacred city of Kāśī, poised between the courts of Delhi and the Deccan (and buffered from new pressures such as the Portuguese inquisition on the western coast), grew and flourished as the capital of Brahmin scholarship and influence [START_REF] O'hanlon | Letters home: Banaras pandits and the Maratha regions in early modern India[END_REF], ensuring a steady supply of learned pandits in the various śāstras.

Impressive literary and scientific Sanskrit compositions publicly testified to state success, authority, or prestige; their authors frequently earned high status and titles. Among these intellectual trophies were some astronomical almanacs or table texts (koṣṭhaka, sāraṇī). A notable example of a monumental table text sponsored by a monarch is the Jagadbhūṣaṇa ('Jewel of the Universe') composed by the 17th-century astronomer Haridatta for his patron, the mahārāṇā Jagatsiṃha of Mewar (r. 1628Mewar (r. -1652)). The Jagadbhūṣaṇa opens with a sixteen-verse encomium dedicated to Jagatsiṃha-almost a sixth of the text-before moving on to technical astronomical and mathematical content. The final verse in this effusive praise poem declares its purpose of extolling the fame and legacy of the ruler, and provides insight into the relationship between the astronomerauthor and his patron:

Oh King! The lord of the people, his excellency Sabala by name, told me to think of a means by which your majesty's fame will be widespread, global, and remain forever. Therefore, I, Haridatta-bhaṭṭa by name, [who was] brought into existence [by the grace] of Hari, narrate [the procedure for] the determination [of the longitudes] of the planets along with the calculation of the pañcāṅga [yearly almanac], eclipses, and so on, to [honour] your reign.

Haridatta's Jagadbhūṣaṇa (v. 15) (Melnad, 2018, p. 35) A similar encomium to the Mughal emperor Shāh Jahān (r. 1628-58), the patron of Nityānanda Miśra (fl. 1630/50), appears in Nityānanda's Sanskrit table text Siddhāntasindhu (ca. 1630). Nityānanda, a Gauḍa Brahmin of Mudgala gotra from Indrapurī (old Delhi), entered the service of the Mughal court at the behest of Shāh Jahān's prime minister Āṣaf Khān. His Siddhāntasindhu translated the recently composed Zīj-i Shāh Jahānī, a Persian astronomical canon by one Mullā Farīd (see §4.2). In its introduction Nityānanda extols Shāh Jahān in eleven metrical verses with great éclat, as illustrated in the following excerpt:

The proud [and] most excellent lord of the army who sets forth, being mighty himself; [the one] who does not abandon his own shore with the increasing might of the rising of the moon; [the one] who, [being the lord of] very rare collections of fish and turtles, is the giver of riches among the nobles; he is the excellent Shāh Jahān [and] like the [god of the] ocean he, the lord of Delhi, conducts himself.

Siddhāntasindhu (I.1.17) (Peterson, 1892, p. 231) The employment of mathematical professionals such as Haridatta and Nityānanda to produce technical works as part of a dynastic legacy shows the regard accorded to mathematical sciences in exalted court circles.

The school of Mādhava in Kerala

In the southwest of India, another remarkable pedagogical lineage (guru-paramparā 'succession of teachers') was responsible for many significant insights in the mathematical sciences, flourishing well into the 17th century [START_REF] Sarma | A History of the Kerala School of Hindu Astronomy[END_REF]. This professional cadre is especially interesting due to its complex blending of familial patrilineage, regional caste groups, and domiciliary pedagogical training in illams, the houses of Nampūtiri Brahmin teachers. Referred to in many modern sources as the Kerala (or Niḷā, or Āryabhaṭa) school, it appears to have originated with Mādhava of Saṅgamagrāma (fl. ca. 1380/1420) in Kerala.

The scholarly pre-eminence of Mādhava, an Embranthiri Brahmin from the Ilaññipaḷḷi illam, was never dimmed among the ensuing generations of students; their works admiringly refer to him as gola-vid 'knower of the sphere'. Mādhava trained the Nampūtiri Brahmin Parameśvara (fl. ca. 1380/1460) from the Vaṭaśśeri illam in Ālattūr, who produced an abundance of works on mathematics and astronomy over a long career. In turn, Parameśvara trained his son, Dāmodara (fl. ca. early 15th century), and Dāmodara's student Nīlakaṇṭha Somayājī (b. 1444) from the Keḷallūr illam in Tṛkkaṇṭiyūr (Śrī Kuṇḍapura in Sanskrit). Another student of Dāmodara, Jyeṣṭhadeva (fl. ca. 1500/67) from Ālattūr, produced a substantial compendium of mathematical demonstrations called Yuktibhāṣā 'Vernacular [book of] rationales'. Nīlakaṇṭha and Jyeṣṭhadeva trained Śaṅkara (fl. ca. 1540), an Ambalavāsi ('temple-dweller') of the Vāriyar caste and a prolific scholar who produced several commentaries on the works of his predecessors in Kerala and elsewhere, including (an incomplete) commentary Kriyākramakarī on Bhāskara II's Līlāvatī. Śaṅkara's student Nārāyaṇa (fl. 1529) completed this work and also wrote other commentarial texts following his teacher's oeuvre.

Other scholars (mainly Nampūtiri Brahmins) are also acknowledged as part of this pedagogical lineage through references in Śaṅkara's works: they include (ca. 1550-1621), an Ambalavāsi of the Piṣāraṭi caste who was from the same village as Nīlakaṇṭha, and who was evidently trained by Jyeṣṭhadeva himself.

The Ambalavāsi mathematicians in this school had as hereditary profession the service and administration of local temples, while their Nampūtiri Brahmin colleagues were members of a quasi-feudal social elite with independent estates and ties to royal patrons. Members of both groups were apparently encouraged in their mathematical activities by local rulers such as the abovementioned Netranārāyaṇa, suggesting some amount of decoupling of scholarly vocation from caste occupation. (See Figure 4 for an approximate cladogram of the Kerala school, based in part on Pingree (1981, p. 128)).

Treatises and commentaries: Mathematical foundations and innovations

The fundamentals of mathematics

The second millennium CE saw increasing standardization or canonization of the structure of Sanskrit mathematical texts. A core foundational issue in the discipline of gaṇita or calculation was the distinction between pāṭī (lit. '[writing] board'?), meaning computation with known quantities, and bīja (lit. 'seed'), the manipulation of unknowns to produce solutions. 2 These subjects had been expounded by several earlier authorities, such as Āryabhaṭa (6th century), Brahmagupta (7th century), and Śrīpati (11th century; not the brother of Bhāskarācārya referenced in §2) in separate chapters of comprehensive works on mathematical astronomy. More specialised standalone compositions devoted to pāṭī or bīja are known from the late first millennium onward, and the mathematical sciences of the second millennium furthered their growth as textual genres distinct from their original astronomical context. The most influential works in this process were undoubtedly the seminal Līlāvatī and Bījagaṇita composed by the illustrious Bhāskara II around the middle 2 The categories of pāṭī and bīja are discussed in Hayashi (2008b) and Hayashi (2008a) respectively. Other medieval Sanskrit classifications of mathematics, such as the 'two kinds' of rāśi ('quantity') and kṣetra ('figure'), or the complementary concepts of 'increase' (which covered addition, multiplication and exponentiation) and 'decrease' (such as subtraction, division and root extraction), were discussed in particular by Bhāskara (I) in the 7th century (Keller, 2006, vol. 1, pp. 6-8). But these seem to have remained more or less metaphysical categories within the structural pāṭībīja distinction. Both the numerical computations of rāśi and the geometrical figures of kṣetra, for example, were treated in sections of works on pāṭī. of the 12th century, which treated pāṭī and bīja respectively.3 Nārāyaṇa in the mid-14th century modeled his Gaṇitakaumudī and Bījagaṇitavataṃśa on Bhāskara's canonical texts, and subsequent works such as the 16th-century Bījādhyāya of Jñānarāja and Gaṇitamañjarī of the renowned Gaṇeśa Daivajña (see §2.1) followed this practice.

The topics treated in pāṭī and bīja works also exhibited an increasingly standardised structure based on the treatises of Bhāskara, even as their content expanded. To start with, the eight basic pāṭī 'operations' (addition, subtraction, multiplication, division, square, square-root, cube, cube-root) were explained for integers, fractions and zero. They were followed by various classes of applications or 'practices', namely mixture (in which were included interest calculations and alligation problems), proportion rules, series, geometry of plane figures, and geometric formulas devoted to five specialised metrological contexts handed down from ancient computational tradition: excavations, piled bricks, sawn lumber, heaped grain, and gnomon shadows. The kuṭṭaka 'pulveriser' or linear indeterminate equation, despite its continued association with algebra methods, was often treated among pāṭī topics too, as were rules of permutation and combination.

Works on bīja began with the 'sixfold' operations, omitting the cube and cube-root, and their application to positive and negative quantities, zero, and surds (square-roots of non-square numbers). This knowledge enabled the user to tackle indeterminate equations, both first-(kuṭṭaka) and second-order, as well as the 'four seeds': namely, equations in one unknown, solution of quadratics, equations in multiple unknowns, and equations involving the product of unknowns.

Other computational fields such as trigonometry and iterative approximations remained in the domain of jyotiṣa or mathematical astronomy rather than being incorporated into pāṭī or bīja. Conversely, as the textual genres of pāṭī and bīja diverged from that of jyotiṣa, fewer astronomers (jyotiṣīs) composed entire chapters or works about them. Nonetheless, it is clear that pāṭī and bīja were not relegated to the realm of trivial elementary knowledge silently taken for granted by professionals (a realm including, for example, the writing of numeral digits and the addition or subtraction of single-digit numbers).

Technical commentaries on mathematical texts

Several of the most accomplished mathematician-astronomers of early modern India wrote extensive commentaries on earlier pāṭī and bīja works (particularly those of Bhāskara, as attested by the long list of such commentaries in Appendix A), as well as on mathematical-astronomy siddhāntas (see §4.2). Indeed, commentators in this period continued to expound in prose (and occasionally even in verse) base-texts as ancient as the two-thousand-year-old ritual geometry precepts of the Vedic Śulbasūtra manuals, and as modern as the commentator's own recently composed treatise.

Even when discussing a classic base-text already well provided with exegeses by earlier writers, early modern mathematical commentators tended to follow traditional conventions of the genre. It was customary to begin by praising the commentator's chosen deity/ies and perhaps his teacher(s) and/or progenitor(s), and extolling the author of the base-text and the usefulness of the commentary in understanding it. From at least the middle of the first millennium CE, the three main constituents of such commentaries were the verbal gloss or explanation of meaning(s), the upapatti (or yukti) meaning a rationale or demonstration supporting a rule in the base-text, and the udāharaṇa or numerical worked example illustrating the rule. A commentator might concentrate primarily or exclusively on one or two of these aspects, or combine all three in a highly detailed exposition.

It might be argued that the early modern period in Sanskrit mathematics exhibited a growing tendency to emphasise the centrality of the upapatti or explanatory demonstration, and may have been partly influenced by contemporary developments in logic and epistemology, such as the Navya-Nyāya ('new reasoning') system. As Gaṇeśa Daivajña remarks at the start of his 1545 commentary on the Līlāvatī (Āpaṭe, 1937, p. 1), And [as there is] nothing wonderful in the exposition of an undistinguished commentary on the fully clarified words spoken by the excellent Bhāskara, here let knowledgeable mathematicians see the wonder of my intellect in the exposition of upapatti, [that] being the essence of everything.

But the upapatti retained a flexibility of style and format very different from the rigidly hierarchical series of inferences that characterised proofs in Euclidean geometry, and a commentator still might choose to dispense with it altogether.

The following illustration of the exegetical breadth of such works is taken from two late 16th/early 17th-century commentaries on the 1520 Grahalāghava of Gaṇeśa. These substantial and popular expositions were composed by two of Gaṇeśa's own grand-pupils, Mallāri and Viśvanātha (see section §2.1 and in particular figure 2). Broadly speaking, Mallāri's commentarial style is more theoretical; his explanations appeal to underlying geometry and fundamental numerical parameters to explain base-text algorithms. In contrast, Viśvanātha's approach focuses almost exclusively on worked examples as an adequate explanation of the rules. 4In the verse in question, Gaṇeśa states a formula to compute the (latitudedependent) length of the hypotenuse h of the right triangle formed by a 12-digit vertical gnomon and the perpendicular shadow of length s 0 that it casts at noon on the equinox:

h = 12 + s 2 0 25 ,
an ingenious approximation to the exact Pythagorean relation

h = » 12 2 + s 2 0 .
Mallāri's upapatti begins by invoking the geometry of triangles to derive the formula's numerical quantities (given as usual in sexagesimal place-value notation, represented here with a semicolon separating integer and fractional 'digits'):

Here, the upapatti: The noon equinoctial shadow is the base (of the triangle); the 12-digit gnomon is the upright. Accordingly, the noon equinoctial hypotenuse is the hypotenuse (of the triangle). The square-root of the sum of the square of the noon equinoctial shadow and the square of twelve is the noon equinoctial hypotenuse. Here, the noon equinoctial hypotenuse produced from a noon equinoctial shadow of one digit is 12;2,24. Subtracting twelve from that leaves a remainder of 0;2,24. This is equivalent to a twenty-fifth part of the square of the noon equinoctial shadow.

The explanation appears to imply a Rule of Three argument justifying Gaṇeśa's approximation: since √ 12 2 + 1 2 ≈ 12+1 2 /25, we should infer that √ 12 2 + s 0 2 ≈ 12 + s 0 2 /25 for non-unity values of s 0 as well. Viśvanātha's udāharaṇa, on the other hand, simply assumes the rule's validity to present an example for a specific latitude with a given s 0 value:

The udāharaṇa: …The noon equinoctial shadow is 5;45 (digits). Its square is 33;3,4. Its twenty-fifth part is 1;19. Subtracting that from twelve, 12, the noon equinoctial hypotenuse in digits and [fractional parts] is produced: 13;19.

Neither commentator attempts a detailed reconstruction or rationale for this approximate rule for h, but in their different ways they both reaffirm and corroborate its applicability so that the reader can use it with confidence.

The focus on the upapatti in commentaries may be said to have reached its zenith in the writings of the followers of Mādhava in Kerala (see §2.3). In the 16th century Nīlakaṇṭha, Jyeṣṭhadeva and Śaṅkara in particular recorded some remarkable detailed demonstrations, some of which presumably go back as far as Mādhava himself, of Mādhava's now-famous discoveries of infinite series expressions for trigonometric functions. These rationales, in lengthy Malayalam and Sanskrit verse or prose expositions, ingeniously weave together concepts of infinitesimal quantities and convergence with adroit manipulation of series terms to produce complex and convincing justifications of base-text formulas (Sarma, Ramasubramanian et al., 2008, esp. pp. xxvi-xxxii).

A simpler topic, namely the formula for the area of a triangle stated around 500 CE by the eminent Āryabhaṭa, will serve to illustrate the ongoing development of commentarial exegesis in this school: 5The area-amount of a triangle is half the product of the base and the perpendicular.

Bhāskara (I) in his 629 commentary on the Āryabhaṭīya devoted several sentences to analysing Āryabhaṭa's term for 'perpendicular': samadala-koṭi, literally 'halving upright' or perpendicular bisector, which seems to indicate applicability only to isosceles triangles. Bhāskara pointed out that the rule is in fact equally valid for equilateral, isosceles and scalene triangles, and painstakingly worked through examples for each case.

The 16th-century commentary by Nīlakaṇṭha on the Āryabhaṭīya (by now a thousand-year-old classic) explores its content in painstaking geometric and semantic detail, packed with learned citations of texts both ancient and contemporary, including some of Nīlakaṇṭha's own compositions. His approach to the foregoing passage, clearly acknowledging that of Bhāskara, is illustrated in the following excerpt (Śāstrı ̄, 1930, p. 28):

. . .Here, 'triangle' is intended as 'equilateral triangle'. . . Half the product of the 'halving upright' and the base is indeed the areaamount of the triangle; that is as [follows]: Dividing an equilateral triangle with the line of the 'halving upright' and taking one part, attach it transversely to the other one, so the top side too is equal to half the [original] base. And the other two [sides] equal to the 'halving upright' are the long sides equal to the 'halving upright'. So the product of those two is equal to the area of that [figure].

But here how is the determination of the 'halving upright' [done]? 'Whatever is [the sum of] the square of the base and the square of the upright is the square of the hypotenuse': with [this] rule stated below we [will] explain [it]. And here it is signified just by the terms 'upright' and 'base'. In a triangle, the line that extends straight from the junction of two sides to a location on the other side is the 'upright'. And the two parts of the cut base are its two sides. Here in an equilateral triangle, the two parts of the base are two sides exactly equal to [its] halves. But in all cases, the upright in a triangle is the same for two separate right triangles within it. So in this case, the upright is common to the two [equal] halves, [which is] expressed by the term 'halving'. And thus this halved rectangle equating the two figures [has] the same amount. . . Nīlakaṇṭha's deep engagement with this simple formula is indicative of the importance he attached to the explanatory upapatti or rationale. Without a formal structure of standard definitions, axioms and propositions, Sanskrit mathematical knowledge was nonetheless united by what were perceived as fundamental principles or modes of reasoning (nyāya). The lengthy dissection of formulas to show their relationship to elementary truths such as the righttriangle relation or the Rule of Three was not a mere concession to the 'slowwitted', but a crucial part of mathematical understanding. As Nīlakaṇṭha notes later in the same section (Śāstrı ̄, 1930, p. 156), he undertook his commentary 'to expound the rationales known to [him] and to expound to some extent the effects of [what is] wrongly explained by Bhāskara and others'.

New mathematics in the early modern period

In their own treatises as well as in their commentaries on the works of others, Indian mathematicians in the 16th through 18th centuries were balancing traditional content and structure with the incorporation of new results and approaches. The 'golden age' compendia of Bhāskarācārya, and to a lesser extent Nārāyaṇa, remained the standard representatives of the mature Sanskrit mathematical tradition. But several of their successors experimented with some further developments.

For example, Jñānarāja in the 16th century and Kamalākara in the 17th elaborated somewhat on Bhāskara's treatment of second-order indeterminate equations. Gaṇeśa Daivajña took to its logical extreme the typical practice of bypassing the use of cumbersome trigonometric tables by devising algebraic approximations to trigonometric function expressions, which Bhāskara had used ingeniously in his astronomical handbook Karaṇakutūhala. In his own handbook Grahalāghava, Gaṇeśa replaced every trigonometric quantity by an algebraic approximation. Apostrophizing his readers in his introductory verses he boasts of the uniqueness of this achievement, in a set of carefully crafted Sanskrit puns that can be read either with their mathematical meanings or as references to the sacred narrative of Rāma drawing the great bow of Śiva (Jośı ̄, 1994, p. 5):

Reading 1: Bear in mind the form of Viṣṇu, Rāma, as well as the astronomical handbook which is devoid of sines (maurvikā) and chords (īśacāpa), [which] is decorated with reduced (dṛḍha) multipliers (guṇa) and divisors (hāra), [having] perfect circles and triangle sides (suvṛtta-bāhu). . .

Reading 2: Bear in mind the astronomical handbook as well as the form of Viṣṇu, Rāma, by whom the bow of Śiva (īśacāpa) with the bowstring (maurvikā) was broken, and whose arms are wellshaped (suvṛtta-bāhu), and whose necklace (hāra) glitters with the quality (guṇa) of steadfastness (dṛḍha). . .

The school of Mādhava in Kerala is the best known and most prolific embodiment of mathematical innovation in this period. Besides the brilliant results in trigonometric function power series discovered somewhat earlier by Mādhava himself, the mathematicians of Kerala researched, e.g., iterative numerical approximations, higher-order interpolation methods, solutions to systems of algebraic equations, and error estimation for partial sums of series, as well as models and methods in mathematical astronomy.

Again, it is Nīlakaṇṭha to whom we turn for an explicitly articulated opinion on aspects of these developments. In his Jyotirmīmāṃsā ('Critical investigation of jyotiṣa', not coincidentally echoing the name of the philosophical system Mīmāṃsā), he explains why it is epistemologically necessary to revise the models and systems of earlier authorities (Sarma, 1977, p. 6):

A siddhānta [astronomical treatise/system] is to be sought that is not in contradiction with observation. . . If there is a discrepancy with an earlier siddhānta, [then upon] knowing the number of revolutions and so forth of the planets [by] observing with instruments, a modern siddhānta is to be constructed. [People] are not to be derided for that purpose in this world or punished in the next.

Perhaps the most consciously 'innovative' aspect of Sanskrit mathematical text genres during this period was their occasional explicit engagement with counterparts in other mathematical cultures. Classical Sanskrit śāstras were traditionally, at least theoretically, tightly bound to ideals of linguistic and sociocultural indigeneity and purity, as opposed to the dharmically incorrect speech and customs of mlecchas or foreigners (and sometimes even those of Buddhist or Jain compatriots). Although early Common Era jyotiṣīs had sometimes explicitly attributed some concepts and tools in their śāstra to the Hellenistic astral sciences of Indo-Greeks or 'Yavanas' ('Ionians'), these were soon engulfed by, and naturalised within, the proliferation of indigenous developments in medieval Sanskrit mathematical thought.

In the Delhi Sultanate and Mughal periods, however, the ethnonym 'Yavana' re-emerged as a descriptor for Muslim foreigners and their Greco-Islamic exact sciences (Plofker, 2011). Several eminent scholars of Sanskrit jyotiṣa and gaṇita studied and even translated some of their works. Meanwhile, the domination of South and Southeast Asian learned discourses by Sanskrit (which had never been absolute) yielded ground to numerous vernacular textual traditions. Some of these developments are discussed in more detail in section 4.

Traditions, Translation, and Transmission

Mathematics in Indian vernaculars

The practice of scholarly translation of Sanskrit literary and technical works into local languages seems to have begun with the south Indian Dravidian languages Kannada and Telugu in the early second millennium under various Chalukya rulers. Mallana's 11th-century Telugu translation of the 9th-century mathematics text Gaṇitasārasaṅgraha of Mahāvīra may be the first vernacularised Sanskrit scientific work. It was followed by translations of Bhāskara's Līlāvatī into Kannada in the late 12th century, into Telugu in the 16th (Sarma, 1987, pp. 163-164), and into Oriya in the 18th. Besides translations from Sanskrit, there were various commentaries and original works on mathematics in South Asian languages, both Dravidian and Modern Indo-Aryan; many of them likewise exhibited the influence of Bhāskarācārya. 6 The lasting renown of Bhāskara's works also led to their repeated translation into Persian at the courts of the Mughal emperors, and later (well into the middle of the 19th century) into Urdu (see, e.g., Ansari, 2019;[START_REF] Sarma | On the Persian Translation of Bhāskara's Līlāvatī by Abuʾl Faiẓ Faiẓī at the Court of Akbar[END_REF]. Section 4.2 discusses some of the numerous Sanskrit-Persian scientific interchanges that inspired these translations, beginning in the Tughlaq dynasty (1320-1413) and culminating under the Mughals (1526-1857).

Indic and Greco-Islamicate mathematical astronomy

Mathematics in medieval and early modern India was intimately related to advances in astronomical theories and computational procedures of both indigenous and exogenous origins. As mentioned in §3.1, certain mathematical subjects such as trigonometry developed in the context of Sanskrit astronomy or jyotiṣa, with its Hellenistic substrate of spherical coordinate systems and horoscopic astrology. The Sanskrit theoretical treatises known as siddhāntas where these subjects were expounded carried many medieval Indian mathematical developments, like trigonometry of sines and various calculation techniques, westward into Islamic mathematics. Later, Arabic and Persian elaborations of these and related topics were borne back into Indian jyotiḥśāstra. 7 By the turn of the 17th century, Sanskrit scholars and their Persian-speaking counterparts-along with a newly emergent class of bilingual interpreterswere jostling for imperial sponsorship and employment at the imperial Mughal translation bureaus (maktab-khāna). The Mughal emperors beginning with Akbar (r. 1556-1605) instituted scriptoria where secretaries, scholars, and scribes produced Persian translations of various Sanskrit literary and scientific texts, from religious classics like the Mahābhārata to secular mathematics like Bhāskara II's Līlāvatī and Bījagaṇita. 8 Islamicate elements in Sanskrit mathematical astronomy may go back as far as the start of the second millennium, when Sanskrit astronomical koṣṭhakas or table texts (described in more detail in §5.1) apparently drew crucial inspira- 6 For example, see Pingree (1970-94, pp. 299-311 in Vol. A4 and pp. 254-258 in Vol. A5) for a list of the extant manuscripts, commentaries, and printed editions of Bhāskara II's Līlāvatī and Bījagaṇita. Appendix A includes a list of the main commentaries (in Sanskrit and other vernacular languages) and translations (in vernacular and foreign languages) on Bhāskara II's Līlāvatī and Bījagaṇita composed between 1500 and 1800. See also (Sarma, 2011). 7 See, for instance, (Plofker, 2009, pp. 173-216) on the interconnections of jyotiṣa and gaṇita, and Pingree (1968bPingree ( , 1970b[START_REF] See | [END_REF] on their interactions with their Islamicate counterparts.

8 For a fuller discussion on the nature of intellectual discourse in Mughal India-in particular, interactions between the Sanskrit-speaking Hindu pandits and the Persianate Muslim scholars at the Mughal courts-see Sarma (2009), Alam and Subrahmanyam (2012), [START_REF] Haider | Translating Texts and Straddling Worlds: Intercultural Communication in Mughal India[END_REF], [START_REF] Minkowski | Learned Brahmins and the Mughal Court: The Jyotiṣas[END_REF], [START_REF] Nair | Translating Wisdom: Hindu-Muslim Intellectual Interactions in Early Modern South Asia[END_REF] and Truschke (2016). As early as the late 14th century, the Delhi Sultan Fīrūz Shāh Tughluq (r. 1351-88) had commissioned six Sanskrit astrological texts, including Varāhamihira's 6th-century Bṛhatsaṃhitā and Kalyāṇavarman's 8th-century Sārāvalī, to be translated into Persian (Sarma, 1998, pp. 69-71). For the expansion of such efforts under the Mughals, see, e.g., [START_REF] Hadi | Persian translations of Sanskrit books during the reign of Akbar[END_REF][START_REF] Truschke | The Mughal Book of War: A Persian Translation of the Sanskrit Mahabharata[END_REF]Truschke, , 2016)). tion from the medieval Arabic-Persian genre of the zīj or astronomical canon. 9 By the Mughal period, many Sanskrit astronomers began engaging with versions of these sciences known to their Muslim colleagues at the imperial courts. The most influential Islamicate schools in this context seem to have been those centred upon the observatories of Naṣīr al-Dīn al-Ṭūsī (1207-1274) in Marāgha and Ulugh Beg (1394-1449) in Samarqand. 10 The Persian Zīj-i Shāh Jahānī of Mullā Farīd, based on the famous 1438/39 Zīj-i Jadīd-i Sulṭānī or Zīj-i Ulugh Beg of the Samarqand school, gave rise to one of the earliest Sanskritised presentations of a Persian zīj: namely, the Siddhāntasindhu of Nityānanda, composed around 1630 at the Delhi court of the Mughal emperor Shāh Jahān. In his second major treatise, the 1639 Sarvasiddhāntarāja, Nityānanda discussed an iterative approach to calculating the sine of one degree as the root of a cubic equation which closely resembles a method derived in Islamic trigonometry, likewise by members of the Samarqand school. 11 The exact course of the path between the Sarvasiddhāntarāja's description of this procedure and those of his Samarqand predecessors is yet to be mapped out conclusively (Montelle, Plofker and Van Brummelen, Forthcoming). However, the similarity of their methods points up the active circulation of late medieval Islamicate astronomical texts in Mughal India, and the ongoing vernacularmediated mathematical conversation between the Persian of the Muslim munajjim and the Sanskrit of the Hindu jyotiṣī.

Beyond the metropole: Mathematical encounters in city and court

Islamicate mathematical ideas were discussed not just at the imperial courts but also at other centres of Sanskrit learning. Of particular note was the sacred city of Kāśī or Varanasi whither generations of Sanskrit scholars immigrated from all across India throughout the late medieval and early modern period: e.g., the families of the 17th-century rival jyotiṣīs Munīśvara Viśvarūpa and Kamalākara, referenced in §2.1. The notorious clash of these scholars that reverberated through the world of Kāśī jyotiṣa arose from their divergent views on the appropriateness of including Islamicate ideas in Sanskrit siddhāntas. For instance, while Munīśvara accepted in his 1646 Siddhāntasarvabhauma some specialised trigonometric quantities and physical notions in the astronomy of the Persians, he vigorously argued against the Greco-Islamic theory of precession of the equinoxes. His contemporary Kamalākara in his 1658 Siddhāntatattvaviveka was more accepting of Islamicate astronomy, particularly that of the Marāgha and Samarqand schools. 12 Nor did royal patronage of mathematical astronomy in both Sanskrit and Persian traditions remain confined to the Mughal imperial centre. For example, several Persian zījes based on canonical Sanskrit jyotiṣa works were composed near the turn of the 19th century in Hyderabad (Ansari, 2015). The best known and most ambitious instance of such scientific syncretism is doubtless the research programme at the princely court of Savāī Jayasiṃha or Jai Singh II of Amber/Jaipur in Rajasthan (r. 1699Rajasthan (r. -1743)). Jai Singh's interest in mathematical sciences, nurtured during his early education in Kāśī, inspired the funding of substantial translation projects to make Islamicate and European astronomy accessible in Sanskrit. The three leading figures among his Hindu court astronomers, Jagannātha Samrāṭ, Nayanasukha Upādhyāya, and Kevalarāma the Jyotiṣarāya or chief astronomer, helped advance Jai Singh's vision for Sanskrit astronomy. 13 Jagannātha Samrāṭ, Jai Singh's guru or preceptor in the mathematical sciences, produced in the years around 1730 two major Sanskrit translations of Greco-Islamic texts: the Rekhāgaṇita from Euclid's Elements and the Samrāṭsiddhānta or Siddhāntasārakaustubha from Ptolemy's Almagest, both via 13th-century Arabic recensions by Naṣīr al-Dīn al-Ṭūsī. Nayanasukha in 1729 translated Ṭūsī's Arabic recension of the Hellenistic Greek Sphaerica of Theodosius to the Sanskrit Ukarā, at the end of which he expressly stated that his interpreter and interlocutor Muḥammad Ābida dictated the original text to him, presumably in a mutually understood vernacular. 14 Muḥammad Ābida also worked with Nayanasukha to translate into Sanskrit a chapter of Ṭūsī's al-Tadhkira fī-ʿīlm al-hayʾa ('Memoir on Astronomy') along with the 1507 commentary (sharḥ) of al-Bīrjandī. The 1729 Sanskrit translation Śaraha Tajkara Varjandī describes lunar and planetary models from the Marāgha school in great detail, with expanded explanations not seen in the Arabic texts [START_REF] Kusuba | Arabic Astronomy in Sanskrit: Al-Birjandı̄on Tadhkira II, Chapter 11 and its Sanskrit Translation[END_REF]. Moreover, Nayanasukha is also believed to have made a nāgarī transliteration and/or a Sanskrit translation of al-Ṭūsī's Persian treatise on planar astrolabes. 12 See, e.g., [START_REF] See | [END_REF](Pingree, , pp. 322-323, 1981, pp. 30-31), pp. 30-31). 13 See, e.g., [START_REF] Delire | Astronomes européens à la cour de Savai Jai Singh II[END_REF]Pingree, 1999[START_REF] Pingree | Sanskrit Translations of Arabic and Persian Astronomical Texts at the Court of Jayasiṃha of Jayapura[END_REF]Sarma, 1998;[START_REF] Sharma | Sawai Jai Singh's Hindu Astronomers[END_REF], 1995), and Pingree (1987a, pp. 314-320) on the Jaipur school of Sanskrit mathematical astronomy including brief biographies of these court astronomers, described in more detail in Pingree (1970-94, p. 145a in Volume A3, p. 125a in Volume A4, and p. 159a in Volume A5). 14 The colophon of Nayanasukha's Ukarā (cited in Pingree, 1970-94, p. 122a Jai Singh also commissioned, and probably helped write, Sanskrit translations of (parts of) other Islamicate astronomical treatises. His Muslim court astronomers participated not only in these translation enterprises but also in collecting and recording data in his newly built observatories (see §5.2), and composing a Persian zīj in honour of his Mughal suzerain Muḥammad Shāh (r. 1719-48). This Zīj-i Jadīd-i Muḥammad Shāhī (ca. 1735) was largely based on the Zīj-i Ulugh Beg, with the addition of certain observational inputs derived from these new instruments.

European as well as Islamicate mathematical sciences were incorporated into Jai Singh's ambitious research programme. 15 Kevalarāma partially translated the Tabulae Astronomicae of the French astronomer-mathematician Philippe de La Hire into the Sanskrit Dṛkpakṣasāraṇī (ca. 1732) in metrical verse. This and subsequent Sanskrit recensions of the Tabulae reveal that although Kevalarāma initially struggled with some unfamiliar concepts such as logarithms of trig functions, he and/or his colleagues eventually mastered the complexities of Copernican models and methods. Early modern European astronomy continued to receive a favourable reception among the Indo-Persian and Urdu-speaking elite in precolonial India, largely due to its historical affinities with its better-known Greco-Islamicate counterpart. 16 5 The tools of mathematics: instruments and tables

Tables for numerical computation

Carefully selected sets of precomputed data values had long been recorded in works on Sanskrit astral sciences, most commonly via some kind of verbal encoding in metrical verse. In jyotiḥśāstra and other medieval Sanskrit didactic text genres, it was generally considered desirable to keep compositions as concise as possible, traditionally for ease of memorization. Versified statements of computational algorithms efficiently instructed users how to generate the numerical data they needed. Occasional versified tables or lists of numerical data typically stated only a few data values (or even just the differences between successive values) along with rules for interpolating between them.

But by the end of the first millennium authors and scribes might also include in their productions a graphical version of a versified data set: i.e., an array of rows and columns of numbers. In time, and apparently somewhat influenced by the Greco-Islamic genre of the astronomical canon or zīj (see §4.2), 15 Driven by his ambition for a universal astronomy built from the most perfect contributions of European and Islamic astronomy as well as Sanskrit jyotiḥśāstra, Jai Singh around 1727 had sent a delegation to Portugal headed by Father Miguel Figueiredo of the Jesuit mission at Agra. The company returned in 1730 to the new royal capital Jaipur (Jayapura) with the Portuguese astronomer Pedro da Silva and several astronomical books and instruments, including the 1727 Paris reprint of Philippe de La Hire's Tabulae Astronomicae (Pingree, 2002a, p. 123). For details of the assimilation of this Latin treatise into the jyotiṣa of Jai Singh's Sanskrit scholars as well as into the Zīj-i Jadīd-i Muḥammad Shāhī, see, e.g., (Pingree, 2002b;[START_REF] Van Dalen | Origin of the mean motion tables of Jai Singh[END_REF]Montelle and Plofker, 2023). 16 See, e.g., [START_REF] Ansari | European Astronomy in Indo-Persian Writings[END_REF][START_REF] Khan | Indo-Persian and Urdu Speaking Elites' Discourses on the Modern European Science[END_REF].

practitioners embraced this format more fully, sometimes replacing the versified numbers with more extensive graphical layouts and eventually dispensing altogether with explicit statements of the generating algorithms. A new genre of Sanskrit technical composition emerged: the table text (koṣṭhaka or sāraṇī) comprising extensive row-and-column grids of numerical values. In the centuries that followed, dozens of works centred on such numerical tables were composed. These table texts often contained hundreds if not thousands of computed data values generated from algorithms for a wide variety of mathematical relations, from trigonometric functions to astronomical corrections to astrological forecasts.17 As the genre developed, practitioners increasingly turned their attention to manipulating computational aspects specific to data compilation and retrieval: interpolation and other approximation techniques, table layout, data precision, user interface, and the like.

One of the first major works that represented a notable departure from the purely verbal expression of mathematical data was Bhojarāja's 1042 astronomical handbook Rājamṛgāṅka. In addition to its verse content, this composition included a large collection of numerical tables to which many of the versified algorithms pertained (Pingree, 1987b). The first known canonical table text, the Mahādevī of Mahādeva, appeared much later, around the beginning of the 14th century [START_REF] Neugebauer | The astronomical tables of Mahādeva[END_REF]. In the ensuing centuries many table texts flourished, their popularity attested by the number of their surviving exemplars: for example, the Makaranda of Makaranda composed towards the end of the 15th century is extant in dozens of manuscripts [START_REF] Makaranda | Makarandasāraṇı[END_REF]Sarma, 1997).

In addition, the second half of the second millennium saw the emergence of tabular-format adaptations of earlier standard texts. The Brahmatulyasāraṇī (ca. 17th century) is the first identifiable instance of a complete 'translation' of the versified algorithms from an earlier work, Bhāskara's mathematical-astronomy handbook Karaṇakutūhala, into a set of self-contained numeric-array tables with entries generated by those algorithms [START_REF] Montelle | The transformation of a handbook into tables: The Brahmatulyasāraṇı̄and the Karaṇakutūhala of Bhāskara[END_REF]. Gaṇeśa Daivajña's 1520 handbook Grahalāghava likewise proved inspirational to many table compilers: dozens of Grahalāghava-sāraṇīs were produced in the centuries after its composition. (Montelle and Plofker, 2018, pp. 228-229).

Many table texts blended versified tabular data and graphical tables. The table text Parvadvayasādhana by the 16th-century author Mallāri is a good example of the diverse ways in which Indian practitioners might vary the presentation of numeric arrays of data [START_REF] Montelle | The numerical tables related to eclipse computations in the Parvadvayasādhana of Mallāri[END_REF]. The manuscript tradition of this work on eclipse reckoning amply testifies to the routine use of such arrays alongside versified tabulations of the same data. Often scribes added various graphical elements not explicitly mentioned in the verse text, such as table arguments, units, and row headings. Figure 5 shows one scribe's arrangement of Parvadvayasādhana tables with text wrapped around their grids. Numeric-array tables could also clarify potential ambiguities arising from compressed verbal encodings of numerical data. This is illustrated by the Parvadvayasādhana verse containing twenty-one values of the obscuration of the moon's disk in a lunar eclipse, which employs a practice (attested at least as far back as Varāhamihira in the 6th century and Brahmagupta in the 7th) of splitting up into separate sequences the individual sexagesimal digits of a set of numbers:

[The integer parts] are one [in one place], and two three times, three in five [places], four in twelve places. Now, below: twenty-seven, zero, twenty-seven, forty-eight, three, eighteen, thirty; forty-two, fifty-four, three, eight, fifteen, twenty-one, twenty-seven, thirty-three; thirty-six, forty in five [places]. [This is] the half-duration of the moon [measured] with respect to aṅgulas [i.e., finger-breadths] of obscuration.

-Parvadvayasādhana 9 (Montelle and Ramasubramanian, 2016, pp. 472-3) The two separate verbal lists of integer and fractional parts would have to be correctly aligned in order to reconstruct the table's individual entries. This is exactly what is done in a numeric-array equivalent laid out next to the verse, as shown in figure 6:

By the mid-second millennium, Indian practitioners were experimenting with further elaborations of tabular data layout. One notable example appears in the table text Pātasāraṇī by Gaṇeśa, a work computing auspicious moments based on special configurations of lunar and solar positions (pātas). A large double-entry numeric array (see the excerpt in figure 7) tabulates the possibility of these astronomical events along with their durations: the horizontal Figure 7: A double-entry table in an excerpt from Gaṇeśa's Pātasāraṇī (University of Pennsylvania, UPenn MSColl 390-697, f. 8v).

Not only complicated mathematical-astronomy algorithms but also standard mathematical functions provided numeric arrays of tabular data. Very simple forms such as multiplication tables were clearly a matter of common knowledge, as implied by a passage in Gaṇeśa's commentary on Bhāskara's Līlāvatī setting out a multiplication-table array and noting that its values 'are learnt by all people' (Ramakalyani, 2016, p. 25). Astronomy-specific functions such as the sine, on the other hand, generated tables for specialised astronomical table texts; their many different versions testify to practitioners' experiments with precision and accuracy.

Instrumentation

Instrumentation had always been an integral part of the Sanskrit jyotiṣa tradition. Mostly, instruments described by medieval authors were simple graduated measuring devices, either linear or circular, such as the gnomon or the ring dial. Direct readings from the scales etched on these devices produced useful information to compute, e.g., the time or the altitude of the sun. Many authors also included rather speculative descriptions of more elaborate instruments such as the self-propelled machine (svayaṃvaha yantra) of Āryabhaṭa, powered by water to simulate the diurnal motion of the celestial sphere, and the perpetual motion devices (ajasra-yantra) of Brahmagupta and Bhāskara, selfpropelled by mercury-filled spokes. However, these remained in the realms of imagination, being impossible to physically realise. A decisive shift in the scope of instrumentation, and a step-change in the mathematics underpinning it, came with the arrival of scholars travelling from Islamicate regions who brought with them new and innovative devices. 18An instrument that epitomised this shift was the Greco-Islamic astrolabe. First referenced in an Indian context by Al-Bīrūnī in the 11th century, astrolabes were brought from the Islamic regions by scholars travelling to north India. Astrolabe technology and the mathematical theory underlying it were thrust into greater prominence under the patronage of the 14th-century Sultan Fīrūz Shāh Tughluq, who was evidently attracted by the astrolabe's practical utility as well as its artistic appeal and prestige as an object. Royal chronicles note that the teams commissioned by Fīrūz to produce astrolabes included 'wise philosophers (hukāmā), astronomers (munajjamān) arithmeticians (muhāsabān), geometricians (muhandasān) and craftsmen (sanāa) from all over Hindustan to assist him with his job'. 19 The Mughal Indo-Persian astrolabes made by the renowned scientific-instrument artisans of Lahore (see §2.1 and figure 8) continued this tradition of mathematical craftsmanship.

It was at the Tughluq court around 1380 that the Jain astronomer Mahendra Sūri wrote the first Sanskrit treatise on the astrolabe. He named it Yantrarāja, literally 'king of instruments', indicating the admiration with which this instrument was regarded for its elegant combination of mathematical theory with observational facility and computational efficiency [START_REF] Plofker | The Astrolabe and Spherical Trigonometry in Medieval India[END_REF]. The stereographic projection of the cosmos on the front of the astrolabe served as an analogue computing device to determine celestial times and positions, while the 'shadow square' and sine quadrant on its back graphically expressed trigonometric relationships. Its circular scale of degrees and pivoting alidade with sighting holes allowed angular measurements to be read directly off the instrument, for both elevations of celestial objects and heights of terrestrial ones.

Mahendra's text and its dozens of successors inspired the production of numerous Indian astrolabes (especially in Gujarat and later Rajasthan), many of which were engraved with nāgarī markings including Sanskrit technical terms. Astrolabe designers experimented with a wide range of technical features and computational aids, and mathematicians described the trigonometric models underlying the design. The sine quadrant in particular generated consider-able interest: it was expounded in great detail in the nearly 300 verses of the 1572 Turyayantraprakāśa of Bhūdhara, and more concisely in the much shorter Yantracintāmaṇi written by Cakradhara around the same time (Sarma, 2015(Sarma, , p. 2013)).

Beginning in the early 15th century, astronomers developed new devices similarly embodying mathematical models and computational practices blended with observational measurement. The Dhruvabhrama-yantra or 'polestarturning instrument' of Padmanābha described the eponymous instrument he invented. This device (see figure 9) told the time of night from a rotating pointer aligned with the pole star at a given terrestrial latitude . The mathematical properties of stereographic projection were again ingeniously invoked to allow reading the indicated time directly off a circular scale.

Stereographic projection also provided the model for another popular timekeeping device developed around this time, the cylindrical sundial. The Sanskrit names of this instrument-cābuka-yantra, pratoda-yantra, kaśā-yantra, all meaning 'whip instrument'-seem to have been derived from Arabic cābuk 'whip', suggesting that Islamicate predecessors inspired its design. It consisted of a prism, commonly crafted from wood, on which a horizontal gnomon was mounted; the gnomon's shadow fell onto elaborate seasonal sets of scales etched on the prism's surface, from which the user could read the time. The cylindrical sundial was described by Rāmacandra in the 1428 Yantraprakāśa and by Gaṇeśa Daivajña in the early 16th century (Ohashi, 1998).

A monumental combination of mathematical theory and observational capability was realised on a grand scale in the astronomical observatories commissioned by the 18th-century Rajput king Jai Singh II of Amber (see §4.3). The chief of these, completed in 1734 in Jai Singh's capital of Jaipur, comprised around nineteen large instruments, some almost thirty meters high. Many could produce readings to the precision of arcseconds (see figure 10 for a digital rendering of one of the largest structures in the observatory, the 'Samrat Yantra'). Besides providing astronomers with state-of-the-art facilities to observe celestial phenomena and test and refine their astronomical models, this largescale architectural monument no doubt simultaneously fulfilled another of Jai Singh's ambitions: namely, to publicly celebrate and glorify the importance of time-keeping, mathematical computation, and astronomical observation as central to civil, political, and spiritual life. This aspiration is captured in Jai Singh's own introduction to the Zīj-i Jadīd-i Muḥammad Shāhī composed by his Muslim court astronomers: …since, in this place, by the aid of the unerring artificer, astronomical instruments have been constructed with all the exactness that the heart can desire; and the motions of the stars have, for a long period, been constantly observed with them; agreeably to observation the mean motions and equations were established…And although even to this day the business of the observatory is carried on, a table under the name of his Majesty [i.e., Muḥammad Shāh], the shadow of God, comprehending the most accurate rules, and most (Sarma, 2015, (fig. 191.4) p. 2014)). perfect methods of computation was constructed; that so, when the places of the stars, and the appearance of the new moons, and the eclipses of the sun and moon, and the conjunctions of the heavenly bodies are computed by it, they may arrive as near as possible to the truth, which, in fact, is every day seen and confirmed in the observatory. It therefore behoveth those who excel in this art, in return for so great a benefit, to offer up their prayers for long continuance of the power and prosperity of so good a King, the safeguard of the earth, and thus obtain for themselves a blessing in both worlds. (Hunter, 1799, pp. 188-189) Figure 10: A three dimensional rendering of the Samrat Yantra, a large sundial, found at the Jantar Mantar in Jaipur, Rajasthan. This instrument can be read up to an accuracy of two seconds, and with a gnomon of 22.6m, it produces a shadow that sweeps across the ground at a rate of several centimetres per minute. © 2021 Barry Perlus. jantarmantar.org: The Astronomical Observatories of Jai Singh. https://www.jantarmantar.org/gallery/ renderingsSamrat/index.php.
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  ). Maheśvara (of Śāṇḍilya gotra, ca. late 10 th c.) Bhāskara II (Bhāskarācārya) (b. 1114, at Vijjaḍaviḍa) Astrologer to king Jaitrapāla (r. ca. 1191-1209), the Yādava ruler of Devagiri (modern day Daulatabad in the Deccan).
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 23 Figure 2: Patrilineage of Kamalākara of the Bhāradvāja gotra, and their pedagogical kinship with Gaṇeśa Daivajña of Nandigrāma.
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 5 Figure 5: A folio showing the wrapping of text around tables in a manuscript of Mallāri's table text Parvadvayasādhana (National Archives, Kathmandu, MS. no. 1-1208 Jyotiṣa 521, f. 2v) .
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 6 Figure 6: Excerpt from a manuscript of Mallāri's Parvadvayasādhana showing the table of obscuration of the moon's disk in the half-duration of a lunar eclipse (Bodleian Library, Chandra Shum Shere Collection I 90, f. 2v).
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 8 Figure 8: The back of a late 16th-century Indo-Persian astrolabe (255mm diameter; Oxford University Museum of the History of Science #47376 (Sarma, 2021, (A.002) pp. 105-35)) signed by Allāhdād, head of the Lahore family of craftsmen. A trigonometric quadrant with sixty horizontal parallels is engraved on the upper left, and a set of declination arcs for 30 • arcs of solar longitude on the upper right. The bottom half of the disk contains two shadow squares calibrated for gnomons of 7 feet (right) and 12 digits (left). The lower rim contains two cotangent scales also in feet and digits respectively.

Figure 9 :

 9 Figure 9: An undated dhruvabhrama-yantra made for latitude 20 • (11.2×10.4cm; Raja Dinkar Kelkar Museum, Pune(Sarma, 2015, (fig. 191.4) p. 2014)).

  

Table 1 :

 1 List of mathematical texts, translations, and commentaries composed during 1500 to 1800 CE Līlāvatīvistara of Candraśekhara Paṭṭanāyaka, a Sanskrit commentary ca. mid 18 th c. Līlāvatīgaṇita of Dhanañjaya, an Oriya translation, assisted by Kṛṣṇa Maṅgarāja, Dīnakṛṣṇa Māhānti, and Murāri Paśāyata ca. ante 1760 Līlāvatīvilāsa of Devīsahāya, a Sanskrit commentary ca. 1792 Līlāvatīvivaraṇa (alias Līlāvatīṭīkā) of Kṛpārāma Miśra, a Sanskrit commentary 1798 Khaḍirasavatī (alias Khaḍilīlāvatī) of Lokanātha, an Oriya translation, assisted by Dāmodara and Balabhadra Nāyaka On Bhāskara II's Bījagaṇita (ca. 1150) 1538 Sūryaprakāśa of Sūryadāsa, a Sanskrit commentary ca. 1600 Bījāṅkura (alias Bījapallava, Kalpalatāvatāra, Navāṅkura) of Kṛṣṇa, a Sanskrit commentary ca. 1634-35 Tarjumaʾ-i Bījganit of ʿAṭāullāh Rushdī bin Aḥmad Maʿmār, a Persian translation for the Mughal emperor Shāh Jahān (1628-1659) 1652 Śiśubodhana of Bhāskara, a Sanskrit commentary 1661 Aʿjāz al-Ḥisāb of Muḥammad Amīn bin M. Saʿīd al-ʿAlawī, a Persian translation for the Mughal emperor Aurangzeb 1687 Bījaprabodha of Rāmakṛṣṇa, a Sanskrit commentary 1688-89 Badr al-Ḥisāb of anonymous authorship, a Persian translation ca. 1687-88 Mirāt al-Ḥisāb (Part II) of Ibn Yalb, a Persian translation ca. ante 1725 Vāsanābhāṣya of Haridāsa, a Sanskrit commentary 1739 Mandārthabodhinī of Māguṇi Pāṭhin, an Oriya commentary ca. ante 1770 Vāsanābhāṣya of Haridatta, worked examples based on the Bījagaṇita 1792 Bālabodhinī of Kṛpārāma Miśra, a Sanskrit commentary Bījalavāla of Nijānanda, a Sanskrit commentary On trigonometry in Bhāskara II's Siddhāntaśiromaṇi (1150) 1501 Gaṇitatattvacintāmaṇi of Lakṣmīdāsa Miśra, a Sanskrit commentary ca. 1600/50 Śiromaṇiprakāśa of Gaṇeśa, a Sanskrit commentary 1621 Vāsanāvārttika of Nṛsiṃha, a Sanskrit commentary ca. ante 1638 Marīci of Munīśvara Viśvarūpa, a Sanskrit commentary ca. 1657 Siddhāntaśiromaṇimohanīya of Mohana Miśra (alias Mohanadāsa), a Hindi commentary On Nīlakaṇṭha Somayājī's Tantrasaṅgraha (1501) ca. 1530 Yuktibhāṣā (Part I) of Jyeṣṭhadeva, a Malayālam expository text explaining the rationale of the theories for deriving the (astronomical and mathematical) constants and computations in the Tantrasaṅgraha. Part I includes discussions on arithmetical operations (parikarma), ten problems on arithmetic (daśapraśna), fractions (bhinnagaṇita), rule of three (trairāśika), pulveriser (kuṭṭakāra), the relations between circumference and diameter (paridhivyāsa), and derivation of Sines (jyānayana) Gaṇitayuktibhāṣā of unknown authorship, a Sanskrit recension of the Yuktibhāṣā ca. 1550 Yuktidīpikā of Śaṅkara Vāriyar, a Sanskrit commentary Kuṭṭākāraśirōmaṇi of Dēvarāja, a Sanskrit treatise dedicated to the study of kuṭṭakāra (or kuṭṭaka), an algorithm to find integer solutions to linear Diophantine equations Mahālakṣmīmuktāvalī of Dēvarāja, a self-commentary on the Kuṭṭākāraśirōmaṇi ca. 16 th -17 th c. Kaṇakkusāram of Nīlakaṇṭha II, a Malayālam text based on Bhāskara II's Līlāvatī and other older Malayālam texts like Kaṇakkatikāram. It includes discussions on general mathematical procedures as well as those on economical activities (grain transactions, land tenures, etc.), architecture (masonry), mensuration (land measurements), measurements of weights (gold/silver), etc. ca. 17 th c. Hayatagrantha of anonymous authorship, a Sanskrit rendition of ʿAlī Qūshjī's Persian Risāla dar ʿīlm al-hayʾa (1458) including discussions on Euclidean geometry and Aristotelian physics ca. 1628/30 Siddhāntasindhu of Nityānanda, the Sanskrit translation of Mullā Farīd's Persian astronomical table-text Zīj-i Shāh Jahānī, itself a translation of the tables of Ulugh Beg (Zīji Ulugh Beg, 1438/39), containing various mathematical calculations of Islamicate (Arabic and Persian) origins 1639 Sarvasiddhāntarāja of Nityānanda, one of the earliest Sanskrit canonical treatise (siddhānta) discussing Islamicate mathematical astronomy from the schools of Marāgha and Samarqand, including the derivation of Sine of one degree closely resembling al-Kāshī's method (ca. early fifteenth century CE) ca. mid 17 th c Karaṇapaddhati of Putumana Somayājī (Chapter VI), a text of rationale describing the algorithms required to prepare an astronomical handbook (karaṇa). Chapter VI describes the infinite series expressions for the constant π and infinite series expansions for the trigonometric functions ca. 1727 Rekhāgaṇita of Jagannātha Samrāṭ, a Sanskrit translation of Euclid's Elements (Gk. Στοιχεῖον), based on Naṣīr al-Dīn Ṭūsī's Arabic recension the Taḥrīr Uṣūl al-handasah li-Uqlīdis (ca. 1248) Ukarā (alias Kaṭara) of Nayanasukhopādhyāya, a Sanskrit translation of Sphaerica (Gk. Σφαιριχά) of Theodosius (fl. first c. BCE), via its Arabic recension Ukarr Thawādūsiyūs made by Qusṭā ibn Lūqā al-Baʿal-bakī (ca. early 9 th c.), corrected by Thābit ibn Qurrā (ca. late 9 th c.), and commented by Naṣīr al-Dīn Ṭūsī (ca. 13 th c.)

	Date	Work
	On the Śulbasūtras (ca. first millennium BCE)
	ca. 1500 Sundararājīya of Sundararāja, a Sanskrit commentary on
		the Śulbasūtra of Āpastamba
		untitled Sanskrit commentary on the Śulbasūtra of Mā-
		nava (Manu) by Śivadāsa
		untitled Sanskrit commentary on the Śulbasūtra of
		Maitrāyaṇa (a recension of Mānava) by Śaṅkara Bhaṭṭa
	1590 Śulbasūtravivaraṇa of Mahīdhara, a Sanskrit commentary
		on the Śulbasūtra of Kātyāyana
	ca. 1600 Śulbamīmāṃsā of Veṅkaṭeśvara Dīkṣita, a Sanskrit com-
		mentary on the Śulbasūtra of Baudhāyana
	On Āryabhaṭa I's Āryabhaṭīya (ca. 499), gaṇitapāda
	ca. post 1502 Āryabhaṭīyabhāṣya of Nīlakaṇṭha Somayājī, a Sanskrit
		commentary
	unknown conj. mid 16 th c.	untitled Sanskrit commentary by Bhūtiviṣṇu
	1597 Āryabhaṭīyavyākhyā of Raghunātharāja, a Sanskrit com-
		mentary
	ca. 1800 Āryabhaṭīyavyākhyā of Ghaṭigopa, a Sanskrit comment-
		ary, and two Malayālam commentaries on Āryabhaṭīya
	ca. 1800 Āryabhaṭīyavyākhyā of Kṛṣṇadāsa, a Malayālam com-
		mentary
		On Bhāskara II's Līlāvatī (ca. 1150)
	ca. 1501 an untitled Sanskrit commentary by Lakṣmīdāsa Miśra
	1541 Gaṇitāmṛtakūpikā of Sūryadāsa, a Sanskrit commentary
	1545 Buddhivilāsinī of Gaṇeśa Daivajña of Nandigrāma, a
		Sanskrit commentary
	ca.1550 Karmapradīpikā of Nārāyaṇa, a Sanskrit commentary
		continued

Kamalākara's and Munīśvara's conflicting opinions on Islamicate mathematical sciences, and in particular on the derivation of sine values, are briefly discussed in §4.3.

See Āpaṭe (1937) andHayashi (2009) for the Sanskrit text of the Līlāvatī and the Bījagaṇita respectively. More generally, Hayashi, Montelle and Ramasubramanian (2019) includes a collection of topical essays describing the the life and the works of Bhāskara II in greater detail.

Gaṇeśa Grahalāghava (4.7) in Jośı ̄(1994, pp. 122-3). The fact that Mallāri refers to his own composition as a ṭīkā ('commentary') and vyākhyā ('explanation'), while Viśvanātha entitles his an udāharaṇa (pp. 344-5), illustrates their different exegetical intentions.

The commentary of Bhāskara I on this passage is edited in(Shukla, 1976, pp. 26-28) and discussed in detail in(Keller, 2006, vol. 1, pp. 30-32, 45-46, vol. 2, pp. 22-26, 41-43).

For surveys of the Indian table tradition, see, for instance,[START_REF] Montelle | for an in-depth study of astronomical table texts in Sanskrit[END_REF] andPingree (1968aPingree ( , 1970aPingree ( , 1973) ) 

For surveys of Indian instrumentation, including the evolution of some fundamental ancient measurement tools such as the water clock, sand clock and ring dial, see[START_REF] Ohashi | Astronomical instruments in classical siddhāntas[END_REF] and[START_REF] Sarma | Gaṇita-Yukti-Bhāṣā[END_REF]Sarma ( , 2015Sarma ( , 2021)).

This is a paraphrase of a passage in the anonymous Sīrat-i Fīrūz-Shāhī that describes the construction of a 'north-south' astrolabe(Sarma

, 2008, p. 185).