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Abstract

Normative models of behavior under risk in the framework of expected utility (EU) or
under uncertainty in the framework of subjective expected utility (SEU) are very
limited. In this survey paper, it is shown that non-expected utility (non-EU) models
based on the Choquet integral allow for much more diversified behavior, both under
risk and under uncertainty. Some illustrations by economic applications to insurance

and finance are provided.

Keywords : Non-additive expected utility, risk aversion, uncertainty aversion,

insurance, finance.

Résumé

Les modeles normatifs de décision dans le risque ou dans l'incertain basés sur
l'espérance d'utilité (EU) sont assez rigides. Dans cet article de synthése, nous
montrons que les modéles d'utilité non espérée (non-EU) basés sur l'intégrale de
Choquet permettent des comportements beaucoup plus diversifiés, a la fois dans le
risque et dans l'incertain. Nous illustrons ensuite cette diversités de comportements a

l'aide de quelques applications en assurance et en finance..
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Abstract

Normative models of behavior under risk in the framework of expected utility (EU)
or under uncertainty in the framework of subjective expected utility (SEU) are very
limited. In this survey paper, it is shown that non-expected utility (non-EU) models
based on the Choquet integral allow for much more diversified behavior, both under
risk and under uncertainty. Some illustrations by economic applications to insurance
and finance are provided.

Résumé

Les modeles normatifs de décision dans le risque ou dans lincertain basés sur
I'espérance d’utilité (EU), sont assez rigides.

Dans cet article de synthése, nous montrons que les modeles d'utilité non espérée
(non-EU) basés sur Pintégrale de Choquet permettent des comportements beaucoup
plus diversifiés, & la fois dans le risque et dans I'incertain. Nous illustrons ensuite cette
diversités de comportements & I'aide de quelques applications en assurance et en finance.

1 Introduction

Normative behavior under risk is structurally very limited in the framework of the Expected
Utility (EU) model. For example, for an EU decision maker, weak risk aversion in the sense
of preferring to any random variable its expected value, implies automatically aversion to
any mean preserving increase in risk (MPIR).

In the same spirit, behavior under uncertainty is very rigid in the framework of Sub-
Jective Expected Utility (Savage, 1954), since this model differs from EU theory under risk
only by its interpretation of the underlying probability distribution.

Our main purpose in this survey paper is to show that the stream of non-EU models
based on Choquet integration allows for much more diversified modes of behavior, both
under risk and under uncertainty.

The paper is organized as follows. After introducing the framework and the notations
common both to risk and to uncertainty in section 2, we study in section 3 behavior under
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and detailed. In EU, the notion of increase in risk defined by Rothschild and Stiglitz (1970)
is dominant even if it leads to some paradoxes or counter-intuitive examples in portfolio
choice, partial insurance, measurement of inequality and other economic issues. We will first
define the different notions of increase in risk to be used in this survey, describe their main
properties and characterizations and then define the associated notions of risk aversion,
postulated independently of any model. In the EU model all of these notions of increase in
risk lead to a sole characterization of risk aversion, concavity of u. In contrast, in the Rank
Dependent Expected Utility ( RDEU) model they lead to different characterizations of risk
aversion, even in the particular case of Yaari’'s model, in which the utility on outcomes is
linear.

The impact of these new tools and of the plurality of types of risk aversion will be illus-
trated with some recent economic applications to insurance linked with Jewitt’s Location-
independent Risk order (Jewitt (1989) and Landsberger and Meilijson (1994)), a refinement
of Rothschild and Stiglitz (1970)’s criterion.

Section 4 focusses less formally on behavior under uncertainty, with a description of
some economic applications, far from forming an exhaustive list. The Choquet Expected
Utility (CEU) models, the dominant non-EU models under uncertainty, will be introduced
stressing features of their axiomatization related to hedging effects. The greater flexibility
of CEU models when compared to EU or SEU, will be seen to lead to a more flexible model
of actual behaviors, through economic applications to portfolio choice, optimal risk sharing
rules and asset pricing. More explicitly, CEU models offer a simple theoretical foundation
for the existence of a range of prices at which an investor has no position in a given asset;
full insurance at equilibrium may occur in a re-insurance market in case of non-agreggate
risk, as long as the agents conceive as possible at least one but possibly several common

probability distributions; finally, CEU models offer price functional consistent with the
observed violation of the put-call parity.

2 Notations

Let S be the set of states of the world, A a o-algebra of subsets of S and V the set of all
bounded .A— measurable real functions on S. An element X of V, or act, can be interpreted
as an asset yielding payoff X(s) € R if s € S occurs. Let = be the preference relation of
a decision maker on V. As usual, X > Y reads X is preferred to Y, X > Y means X is
strictly preferred to Y and X ~ Y means that the decision maker is indifferent between
X and Y. The relation > is assumed to be a total preorder, i.e. reflexive, transitive and
complete,

Let us first recall the definition of comonotone functions (Schmeidler (1986 and 1989),
Yaari (1987). It will be used extensively both under risk and under uncertainty.

Definition 1 Two real-valued functions X andY in 'V are comonotone if for any s and s'
in S, [X(s) — X(s)] [Y(s) = Y(s)] > 0.

For example, for any random variable U € V and any two non-decreasing real functions
g and h on R, the A—measurable functions g(U) and h(U) are comonotone.
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3 Behavior under risk and economic applications

We assume that risk prevails and describe it through a set of states of nature S = [0, 1]
endowed with the uniform probability measure P on its Borel o-field. Any X of V is a
random variable and has then a probability distribution: Let Fx denote the cumulative
distribution function of X (Fx(z) = P{X <z}) and E (X) its expected value. Let D be
the set of cumulative probability distribution functions of random variables in V. Moreover,
define F~1 from (0,1] into R by F~1(p) = inf {z € R|F(z) > p}, the highest gain among
the least favourable p% of the outcomes.

If X and Y are comonotone, then cov(X,Y') > 0 for any probability distribution on (S,
A)(at least if all singletons belong to A), (see Chateauneuf, Kast and Lapied(1996)).

The distribution (or law) of a discrete random variable Z will be denoted by

L(Z) = (T1, P15+ - - ;Ths Pii - - - } Try P) (1)

with £; < 29 < ... < zp, p; = 0 and 3 p; = 1. For convenience of exposition, the
distribution £(Z) will also be expressed in the equivalent form :

L(Z) = (x1,1 —v1;22,¥1 —V2}...;Tn—1,Vn-2 — Un—1;Tn, Vn_1) (2)
mn
where v; = Y p;.
j=i+1

3.1 Definition and properties of different notions of increase in risk

In what follows, notions of increase in risk will only compare random variables with the
same mean.

3.1.1 Justification of different notions of increase in risk

There exist many economic situations where the notion of increase in risk in the sense of
Rothschild and Stiglitz (1970) does not seem to be well fitted to the problem; some of
these gave rise to other notions of increase in risk. Let us consider the following example
of Landsberger and Meilijson: The random variables X and Y take the values indicated
respectively in the second and the third rows with probabilities indicated in the first row:

1/1000 1/1000 498/1000 498/1000 1/1000 1/1000

X -2108 0 =q0P 10% 0 2.108
Y —2.106 —2.106 0 0 2,106  2.108

It is easy to check that Y is a mean preserving increase in risk with respect to X, in the
sense of Rothschild and Stiglitz! (1970). However, exchanging X for ¥ makes more than
99% of the distribution move towards the mean. Such a denomination of increase in risk
for this case would seem very inappropriate for some decision makers. Because of this kind
of problem, and also because of counter-intuitive economic examples with the definition of
increase in risk given by Rothschild and Stiglitz (1971), some authors built other possible
definitions of increase in risk. This survey will focus on four of them. To illustrate their

differences, a simple canonical example of each is presented before the formal definition,
that may not be intuitive at first sight.

'A formal definition of MPIR is given in the next subsection.
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3.1.2 Different notions of canonical spread (Generalization of transfers a la
Pigou Dalton)

Let Z be a discrete random variable with

£(Z) = (Z1,P1; - Tks Pk} - - - 3Tny P) (3)
Where/dy € wy €l Likppn € o€ Fis
We want to analyze the effect of perturbing the distribution of Z by a transfer a la

Pigou-Dalton, that preserves the mean of the distribution. Let £(Z*) take the following
increasing values with the same probabilities p1, pa, ..., Pn

L(Z*) = (T1,015 51, Pim15%i — O, D55 s Tj—1 — O, P15 Ty D} -ors (4)
Tk-1: Pk-15 -2k + B, 0k; -y Ti—1 + B, p1-1; T, i ---,En,pn) (5)

Under this type of spread, all the probabilities and the order of the outcomes remain

unchanged, o and 3 are such that the expected value remain the same :
r=j—1 r=I-1

a E pr=p Zk Pr-

Sucrhza spread cra_n be conveniently parametrized by specifying i, 7, k,1 :

General spread:1 < i < j < k <1 < n; This general spread allows the extreme
outcomes not to be spread out. A canonical example can be :

L(Z*) = (x1,p1; T2 — €pa, P2; T3, P3; Ta+, €Pa; T, Ps)

Extreme spread:1 =i < j < k < = n;In this extreme spread, the extreme outcomes
are spread out. A canonical example can be :

L£(Z*) = (z1 — €p3, p1; T2, P2; T3 + €p1, P3)

Left spread : 1 =7 < j <k <l < n;In this "spread of losses”, the minimal outcome
is spread out, but the maximal outcome is not. A canonical example can be :

L(Z*) = (x1 — €ps, p1; Ta, Pa; T3 + €P1, P3; T4, Pa)

Right spread :1 < i < j < k <l = n ; In this "spread of gains”, the maximum
outcome is spread out, but the minimal outcome is not. A canonical example can be :

L(Z*) = (x1,p1; T2 — €pa; T3, p3; T4 + €P2, P4)

3.1.3 Definition of the different notions of increase in risk

Each of the above canonical spreads is a particular case of a specific notion of increase in
risk. These notions will be defined first by integral conditions, expressed in terms of their
integrated distribution functions. Other characterizations which may prove to be more
intuitive and meaningful will be presented later.

For X and Y with the same mean,

Definition 2 Y is a general mean preserving increase in risk (MPIR) of X if [*_ Fy (x)dx >
ffoo Fx(z)dz for allt € R.

This notion was introduced to economics by Rothschild and Stiglitz (1970), (see also
Schmeidler for a historical prospective). X is said to dominate Y in second order (X DS2
Y'), although second order dominance is a more general notion, allowing unequal means. It
is easy to check that each of the spreads above is a particular case of the notion of mean
preserving increase in risk.
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Definition 3 Y is a monotone mean preserving increase in risk with respect to X if E(Y) =

E(X) and Fy'(q) — Fy'(p) > Fx'(g) — Fx'(p) forall0<p < g < 1.

The interquantile intervals are shorter for X than for Y.

This concept, that Quiggin (1992) defined as the statement of Proposition 4, is already
known in Statistics since the 70’s under the denomination of Y more dispersed than X in
the sense of Bickel and Lehmann (1976, 1979), although the latter don’t require equality of
means. The connection with Quiggin’s notion is detailed in (3.1.6). It is easy to check that
canonical extreme spread is a particular case of monotone mean preserving increase in risk.

Remark 1 FEeckhoudt and Hansen (1980) and Meyer and Ormiston (1985) have an eco-

nomic application of the corresponding reduction of risk for a producer, that they call “price
band stabilization”.

=1
Definition 4 Y is a left monotone mean preserving increase in risk of X if fi‘; ) Fy(z)dz >

~1
ff‘fo ®) Fx(z)dx for all p € (0,1).

This definition is due to Jewitt? (1989) under the name of Location-independent Risk.
The motivation of Jewitt was to find a notion of increase in risk that models coherent
behavior in a context of partial insurance (details are given in section 3.3.3.)

It is instructive to notice that in the integral definition above, the upper limits of integra-
tion are arbitrary quantiles corresponding to equal cumulative probabilities p. If the upper
limits of integration are taken to be arbitrary but egqual to each other, the corresponding
integral condition becomes (the usual) Definition 2 of MPIR or Second Degree dominance.

Definition 5 Y is a right monotone mean preserving increase in risk of X if £(Y) = E(X)
and f;f?(p) Fy(z)dx > f;f?(p) Fx(z)dx for all p € [0,1].
¥ X

It is easy to check that canonical left (resp. right) spread is a particular case of mean
preserving left (resp. right) monotone increase in risk.

Remark 2 When X and Y are discrete, with the same mean, it has been proved that each
different increase in risk can be obtained by a finite sequence of corresponding Pigou-Dalton
transfers. For more details on left and right monotone increase in risk, see Jewitt (1989),
Landsberger and Meilijson (1994), Chateauneuf, Cohen and Meilijson (1997a).

3.1.4 Comparison of these different notions of increase in risk
For X and Y in V with E(X) = E(Y), the following implications are obvious:
Y Left monotone MPIR of X

Y monotone MPIR of X = =Y MPIR of X
Y right monotone MPIR of X

*In Jewitt, the notion is given for X and Y with possibly unequal means.
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3.1.5 Characterizations in terms of quantiles

Re-arranging the preceeding formula, the different reductions of risk can be interpreted in
terms of quantiles :

Proposition 1 (Lorentz characterization of Second Degree dominance.) X is less risky
than Y in the sense of Rothschild and Stiglitz (or X DS2Y ) if and only if % JEFL()dt >

3 J§ Byl (t)dt for every p € [0,1].
The expected position for the p% smallest values are greater for X than for Y.

Proposition 2 X is left monotone less risky than Y (or less risky in the sense of Jewitt)
if and only if % IF [F}l(t) - F;l(t)] dt is a non-increasing function of p € [0,1].

The additional expected gain of X upon Y for the p% smallest gains is non-increasing
in p.
Proposition 3 X is right monotone less risky than Y (or less risky in the sense of Dual-
Jewitt) if and only if I—E—p fpl [F)?l(t) - F;l(t)] dt is a non-increasing function of p € [0, 1]

The additional expected gain of X upon Y for the (1 — p)% highest positions is non-
decreasing in (1 — p) (or non-increasing in p).

Proposition 4 X is monotone less risky than Y (or less dispersed in the sense of Bickel
and Lehmann) if and only if F)El(p) - F;l(p)) is non-increasing in p.

3.1.6 Characterization of the different notions of increase in risk in terms of
the addition of noise

With the usual notation Y; = Yy & L(Y7) = L(Y,), noise characterizations are as follows.

Proposition 5 (i) Y is a general MPIR of X if and only if Y - X + Z, where Z is such
that E(Z|X) =0 a.s. (or equivalently E(Y|X) = X );

(ii) Y is a monotone increase in risk of X if and only if Y = X + Z, where Z is such
that E(Z) =0 and X and Z are comonotone;

(iit) Y is a left monotone increase in risk of X if and only if Y = X + Z, where Z is
such that E(Z) = 0 and E(Z|X < Fy'(p)) is non-decreasing in p € (0,1);

(iv) Y is a right monotone increase in risk of X if and only if Y = X + Z, where Z is
such that E(Z) =0 and E(Z|X > Fx'(p)) is non-decreasing in p € (0,1).

Part (ii) of this proposition is the definition given by Quiggin (1992). The equivalence
between this property stated as a definition by Quiggin and the definition of monotone
increase in risk given here, due to Bickel and Lehmann (1976, 1979), has been found in

Landsberger and Meilijson (1994). (see also Cohen (1995), Chateauneuf, Cohen and Kast
(1997)).
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3.1.7 Examples of the different notions of mean preserving increases in risk

To better understand all of these notions, we will compare, in the following table, some
examples of the different ways of reducing risk by replacing the random variable Y by
random variables X;, where each X; is less risky than Y = X, + Z,.

Probability 1/5 1/5 1/6 1/5 1/5
Y -2000 -1000 O 41000 +2000
X1 0 0 0 0 0 Complete reduction

Z1=Y - X1 -2000 -1000 0 41000 42000 of risk

Y -2000 -1000 0  +1000 42000
X2 -1250  -500 0 500 +1250 Monotone
Z2=Y - X2 =750  -500 0 +500 4750 reduction of risk
Y -2000 -1000 0 41000 42000
X3 -1250 -750 0 0 +2000 Left monotone

Z3=Y - X3 =750 =250 0 41000 0 reduction of risk

Y -2000 -1000 0 41000 +2000
X4 -2000 0 0 4750 41250 Right monotone
Z4=Y - X4 0 -1000 0 4250 4750 reduction of risk
Y -2000 -1000 0O +1000 42000
X5 -2000 0 0 0 +2000 Rothschild-Stiglitz

Z5=Y — X5 0 -1000 0 41000 0 reduction of risk

3.1.8 Characterization in terms of comparing functionals

Let F denote the set of non-decreasing functions f from [0, 1] to [0, 1] such that f(0) =0
and f(1) = 1. The notion of a function f star-shaped at a point m is :

Definition 6 A function [ € F is star-shaped at m, if ﬂ%l is a non-decreasing func-
tion of p on [0,m) U (m,1].

Proposition 6 For X andY in 'V with respective cumulative distribution functions F' and
G with the same finite mean,

(i) Y is a general increase in risk of X if and only if for every convez f € F, [ f(P{X > z})dx >
J(P{Y > z})da;

(ii) Y is a monotone increase in risk of X if and only if for every f € F with f(p) <p
for all p € 0,11, [ {(PAX > a)dz > [ f(PY > 2})dz;

(#1) Y is a left monotone increase in risk of X if and only if for every f € F that is
star-shaped at 1, [ f(P{X > z})dz > [ f(P{Y > z})dz;

(iv) Y is a right monotone increase in risk of X if and only if for every f € F that is
star-shaped at 0, [ f(P{X > z})dz > [ f(P{Y > z})dz.

Remark 3 The properties stated in this theorem are independent of any model of choice. It
will be seen in the neat section that the functional V(X) = [ f(P{X > x})dx characterizes

7
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a Yaari DM with perception function f, in the sense that this DM prefers X to Y if and
only if V(X) = V(Y).

3.2 Definition of the corresponding notions of risk aversion and their
characterization in the various models

3.2.1 Definition of different notions of Risk Aversion (RA)

Each concept of risk aversion will now be defined as aversion to the corresponding concept
of increase in risk introduced in 3.1.3.

Definition 7 (i) A DM is strongly risk averse (respectively, strongly risk seeking) if for
any X and Y in 'V such that Y is a MPIR of X, the DM prefers X to Y (respectively, Y
to X).

(ii) A DM is monotone risk averse (respectively, monotone risk seeking) if, for any X
and Y in 'V such that 'Y is a monotone MPIR of X, the DM prefers X to Y (respectively,
Y to X).

(i1i) A DM is left monotone risk averse (respectively, left monotone risk seeking) if for
any X and Y in'V such that Y is a left monotone MPIR of X, the DM prefers X to Y
(respectively, Y to X ).

(iv) A DM is right monotone risk averse (respectively, monotone risk seeking) if for
any X and 'Y in 'V such that Y is a right monotone MPIR of X, the DM prefers X to Y
(respectively, Y to X ).

3.2.2 Comparison of the different notions of risk aversion

Let us first recall the Arrow-Pratt notion of risk aversion, to be called weak risk aversion
and often referred to as aversion to global risk. This notion is expressed independently of
any model of choice between lotteries.

Definition 8 A DM is a weakly risk averse (respectively, a weakly risk seeking ) if for any
X €V, the DM prefers E(X) to X (respectively, X to E(X)).

It is easy to check the following implications:

Left monotone RA

Strong RA= => Monotone RA = Weak RA
Right monotone RA

3.2.3 Characterization of risk aversion in the EU model

Let us recall the essentials of the Expected Utility model:

Definition 9 A DM behaves in accordance with the Expected Utility (EU) model, if the
DM’s preferences are represented by the functional®

Elu(Z)] = [u(z)dF(z) = — fu(z)d(1—F(z)), characterized by a continuous, increasing
utility function u: ‘R — R. This utilily function is uniquely determined up to a positive
affine transformation.

3These formulas are helpful to compare the EU functional with the RDEU functional.
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When Z is a discrete random variable (see formula (2)), E[u(Z)] can be written as:

Elw(Z)] = u(z1)+vifu(wz) — uz1)]
+vg[u(xs) — u(xa)] + - - + vn-1[w(zn) — u(wn-1] (6)

The EU model yields the following very rigid result.

Theorem 7 For an EU DM, each of the previously defined notions of risk aversion is
characterized by the same condition: concavity of the utility function u.

This result can be interpreted in the following way: A DM who behaves in accordance
with EU theory cannot be weakly risk averse without being risk averse for all the other
types of risk aversion. As will be seen, this is not the case in the Rank-Dependent Expected
Utility model. Because of this result, in EU theory, it is common to speak of a risk averse
EU DM, without specifying the type of risk aversion.

3.2.4 Characterization of the various notions of risk aversion in the RDEU
model

Definition of the RDEU model and Yaari’s Dual Theory The RDEU (Rank De-
pendent Expected Utility) model is due to Quiggin (1982) under the denomination of An-
ticipated Uitlity. Variants of this model are due to Yaari (1987), Segal (1987) and Allais
(1988). More general axiomatizations can be found in Wakker (1994), Chateauneuf (1997).

Definition 10 A DM behaves in accordance with the rank-dependent expected utility (RDEU)
model if the DM’s choices between lotteries are characterized by two functions u and f: a
continuous, non-decreasing utility function w : C — R (that plays the role of utility on
certainty ) and an increasing probability -perception function f : [0,1] — [0, 1] that satisfies
f(0) =0, f(1) =1. Such a DM prefers the random variable X to the random variable Y if
and only if V(X) > V(Y), where the functional V is given by

V(@) =Vay(2) == [ @ (PE>)=- [ w@da-F@) @

= [ 000 [f(P(u(Z) > ) — 1] dt + fo T HP(Z) > t)dt . (8)
When Z is discrete, (see (2)), V(Z) can be written as

V(@) = - [u@di(l - F@) = u(er) + fon)lule) — u(o)]
1 (00)[u(@s) = ulz)] + -+ + f(n-1)[u(zn) — u(zn-1] ©)

The DM takes for sure the utility of the worst outcome u(z) and weights the additional
possible increases of utility u(x;) — u(x;—1) by his personal transformation f(v;) of the
probability v; of having at least x;. According to this interpretation of the formula, if
the decision maker is such that f(p) < p, comparing (3,8) with (3,5), it means that he
underestimates all the additional utilities of gains. In this sense, we will call him pessimist
under risk.

*If the perception function f is the identity function f(v) = v, then V(Z) =V, ;(Z) is
the expected utility E[u(Z)] of the random variable.
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*The Yaari functional (see Yaari (1987)) is the special case V(Z) = Vj ;(Z), in which
the utility w is the identity function u(z) = =.

*If both perception and utility are identity functions, then V(Z) = V; ;(Z) is simply
the expected value E[Z] of the random variable.

Characterization of different notions of risk aversion in Yaari’s model We will
focus first on Yaari’s model because this model, although based as EU theory, on only one
function f, is flexible enough to discriminate between the different kinds of risk aversion.

Theorem 8 (i) A Yaari DM is strong risk averse if and only if his perception function f
is convex (see Yaari, 1987).

(ii) A Yaari DM is monotone risk averse if and only if his perception function f is
majorized by the identity function.(see Yaari 1987, Quiggin 1992).

(iii) A Yaari DM is left monotone (respectively right monotone) risk averse if and
only if his perception function f is star-shaped at 1 (respectively star-shaped at 0) (see
Chateauneuf, Cohen and Meilijson 1997a).

As a conclusion to this theorem, the denomonation of Yaari model as Dual Theory under

risk, is not so appropriate since this model is more flexible than EU model : it allows more
diversified behaviors.

Characterization of different notions of increase in risk using Yaari model Ac-
cording to the remark in 3.1.8., the theorem 6 can now be restated in terms of Yaari’s
decision makers:

Theorem 9 For two assets X and Y with respective distributions functions F' and G, and
with the same finite mean :

(i): 'Y is a MPIR of X if and only if all the Yaari’s Decision Makers with convex
probability perception function prefer X to Y.

(ii): Y is a monotone MPIR of X if and only if all the Yaari’s Decision Makers with
probability perception function majorized by the identity function prefer X to Y.

(iii) : Y is a left monotone MPIR of X if and only if all the Yaari’s Decision Makers
with probability perception function star shaped at 1 prefer X to Y

(iv) Y is a right monotone MPIR of X if and only if all the Yaari’s Decision Makers
with probability perception function star shaped at 0 prefer X to Y.

Part (i) is proved in Yaari (1987), (see also Chateauneuf, 1994). Part (ii) can be found

in Quiggin, 1992. Parts (iii) and (iv) are proved in Chateauneuf, Cohen and Meilijson,
1997a.

Characterization of different notions of risk aversion in the RDEU model Each
of the four different notions of aversion to risk considered in this survey has a specific
characterization*. Gathering several results in different papers, we get the following results:

“Machina (1982a, 1982b) was the first to notice that the equivalence between different notions of risk
aversion in the EU model does not carry over to generalized models.
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Theorem 10 Let the two funclions v and f characterizing a RDEU decision maker be
differentiable. Then

(i) The DM is strongly risk averse if and only if the perception function f is convex and
the utility function u is concave (see Chew, Karni and Safra, 1987 ).

(i) The DM is left monotone risk averse if and only if the perception function f is star-
shaped at 1 and the utility function u is concave (see Chateauneuf, Cohen and Meilijson,
1997a).

(i1i)) The DM is right monotone risk averse if and only if the perception function f is

star-shaped at 0 and the utility function u is concave (see Chateauneuf, Cohen and Meilijson,
1997a).

The case of monotone risk aversion is worth treating separately because monotone risk
aversion does not require concavity of w.

This treatment will be based on two indices Py = énf< . [%%l /2=2], called index of
v

pessimism, which is > 1 as soon as f(p) < p, and G, =sup «'(x)/v/(y), called index of
y<z
greediness, which always satisfies G, > 1, and where the value 1 corresponds exclusively to

concavity.
Theorem 11 A RDEU DM with probability perception function f and differentiable utility
u is monotone risk averse if and only if Py > G, (see Chateauneuf, Cohen and Meilijson,

1997).

Remark 4 The most significant feature of this result is that a DM does not need to have
a concave utility function u to be monotone risk averse.

Synthesis of the results The following table summarizes the main results.

Risk aversion Expected Utility Dual Theory (Yaari) Rank-Dependent EU
Characterization u f (u, f)

Weak RA u concave flp)<p (1)
Monotone RA u concave f(p) <p P > Gy(2)
Left monotone RA 1 concave %;1 increasing l—zégil increasing

and u concave (3)

Right monotone RA u concave %@ increasing ﬂﬁl increasing

and u concave (4)

Strong RA u concave f convex f convex
and u concave

(1) : In this case, there is no known characterization but sufficient conditions, not
implying concavity of u (see Chateauneuf and Cohen, 1994).
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(2) holds even if u is not differentiable (see Chateauneuf, Cohen and Meilijson, 1997b),
in which case GG, becomes more complex:

Gu= sup [Hz)—ulzs) ) ulzs) —ulz),
T <To<T3z< Ty g — I3 Ty — Iy

(10)

(3) and (4) : In these cases, if f is not differentiable at 1 (a very strong certainty effect),
u need not to be concave (see Chateauneuf, Cohen and Meilijson (1997a) for details and
proofs ).

3.3 Economic applications

Obviously, a more flexible model such as the RDEU model can be expected to explain more
diversified economic behaviors. We present a short list of economic applications of RDEU
behaviors, without any claim of exhaustivity.

3.3.1 Optimality of insurance with deductible for all left monotone risk averse
insurees

In the framework of EU model, Arrow (1965) proved that for a given premium, the optimal
insurance contract for a EU risk averse decision maker is a contract with deductible. Gollier
and Schlesinger (1996) obtained a nice generalization of this result by proving that this result
holds also under strong aversion, whatever be the DM’s decision model under risk.

Vergnaud, 1997, in this volume, refined this result by proving that for any left monotone
risk averse DM (not necessarily strongly risk averse), whatever be the decision model under
risk, the optimal contract for a given premium is a deductible policy. This last result is
important since, as shown above, strong risk aversion is disputable in some situations (see
Example 1), while Jewitt’s refinement appears to be better adapted to insurance. This adds
further justification to RDEU models that allow the DM to be left monotone risk averse
without being strongly risk averse, which is impossible in the EU model.

As an illustration, the example given by Vergnaud (see infra in this volume), an example
of a preference pattern between lotteries not explainable by a EU model, can be explained
within the Yaari model with a (non-convex) probability perception function f star-shaped at
1. In fact, it can be readily seen that the continuous, piece-wise linear perception function f
with break-points f(0) = 0; f(0.1) = 0.1; £(0.2) = 0.15; f(0.8) = 0.75; £(0.9) = 0.8; f(1) =1
is such a solution. f is star-shaped at 1, non-convex and the associated Yaari functional
V() is such that V(L) — V(L') = 150, V(L") — V(L) = 50 and V(M) — V(M”) = 150.

3.3.2 Computation of deductibles with the Yaari model

Once the optimality of a deductible policy for the insuree has been established, the question
of computing his optimal level of deductible has to be settled. In a very stimulating paper,
Doherty and Eeckhoudt (1995) have shown that this question is very tractable in Yaari’s
model, at least for strongly risk averse insurees (see their formula (4)).

The theorem below (see Chateauneuf, Cohen and Meilijson, 1997a) proves that this
remains true for insurees merely assumed to be left monotone risk averse.

Consider a DM endowed with an initial wealth w € R*, facing an insurable risky loss
L with distribution function F': F'(I) = P(L < 1),Vl € R, supported by the interval [0, w].

12
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Theorem 12 A left monotone risk averse insured Yaari DM will purchase full insurance
if 1+ m)(1 = F(0)) — 1 = f(F(0))] <0.
Otherwise, d is an optimal level of deductible if and only if it satisfies :

A+m) (1= Fd-)) -1 - f(FE)N 202 1+m)(1 - F(d) -1 - f(F@) (11)

Remark 5 If F' is continuous, (11) reduces to the simple equation :

(1+m)(1 = F@) - [1 = f(F@)] =0,

Remark 6 An important feature of this result is that in such a model, left monotone risk
averse decision makers (and naturally also strongly risk averse DM’s, see Doherty and
FEeckhoudt, 1995), can buy full insurance even if the premium is not fair, as long as they
are pessimismic enough and the loading rate is not too high: f(F(0)) < F(0)—m(1— F(0)).

3.3.3 Partial insurance

The following proposition is, in fact, the definition by Jewitt (1989) of his notion of Location-
independent Risk (i.e., the notion of left monotone increase in risk).

Proposition 13 Y is a left monotone increase in risk of (or Location-independent riskier
than) X if and only if for any two utility functions w and v with v more concave than u
(i.e., Arrow-Pratt EU more risk averse), Bu(Y) < Eu(X —=) implies Ev(Y) < Ev(X —m).

Remark 7 We have chosen not to give this result as a definition (as Jewitt did), because

this notion of increase in risk is model-free, that is, can be defined independently of the EU
model or of any other model.

This result can be translated to the language of partial insurance. Consider the following
counter-intuitive example, in the context of partial insurance: If an EU risk averse insuree is
ready to exchange an asset Y for a less risky one X (in the sense of Rothschild and Stiglitz))
at a price m, a EU more risk averse DM should be ready to pay at least 7 to exchange Y
for X. However, this is not always true (see Rothschild and Stiglitz, 1971). Jewitt justifies
his definition of left monotone increase in risk as the kind of increase in risk making this
intuitive result always true.

3.3.4 Porfolio choice

Due to the new notions of increase in risk and the RDEU model, numerous comparative
statics results concerning portfolio choice become much more intuitive (see Quiggin, 1991,
Ormiston and Quiggin,1994, Ormiston and Schlee, 1994, Cohen, 1995).

4 Behavior under uncertainty and economic applications

The preceeding section dealt with risk, i.e., with probabilized uncertainty. We hope to con-
vince readers that non-additive models may also show promise in situations of uncertainty,
i.e., in situations when there does not exist a given objective probability distribution on the
set S of states of the world, available to the decision maker.

The first sub-section contains a review of some non-additive models, more precisely those
models directly connected with the Choquet integral (Choquet, 1953), which have been
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proposed (see e.g. Schmeidler, 1986 and 1989, Gilboa, 1987, Wakker, 1990) as pertinent
subtitutes to Subjective Expected Utility theory. The reader will find in the paper of Jeleva
(1997, in this volume) a presentation of the related model of Jaffray (1989a and 1989b).

Sub-section 4.2 reviews some applications to portfolio choice, optimal risk-sharing rules
and asset pricing.

4.1 Choquet Expected Utility (CEU) models

These are models that quantify preference relations > on V. A proper definition of this
models requires the definition and some properties of a capacity (see Choquet, 1953):

Definition 11 A capacity v is a monotone set function (VA,B € A, A C B = v(A) <
v(B)) from A to [0,1] satisfying v(®) = 0,v(S) = 1.

A capacity v is convex if VA, B € A, v(AUB)+v(ANB) > v(A)+v(B), and is concave
if VA,B € A, v(AUB) +v(ANB) <v(A) +v(B).

Definition 12 The Choguet Expected Utility (C.E.U.) model stipulates that the DM ranks
assets X with the help of a utility-on-wealth function u: R — R, that is continuous, strictly
increasing and cardinal (i.e., defined up to a strictly positive affine transformation) and the
help of a personal evaluation set function v that is a capacity. The ranking of assets X is
performed through I(w(X)) = [u(X)dv, the Choguet integral of w(X) with respect to the
capacity v, defined for X € V by

0 00
f w(X)dv = / [ufuX) )= 1]t 4 / (u(X) > t)] dt (12)
— o0 o

The similarity with the RDEU model under risk (see formula 3.7) is clear, once it is
noticed that if f is a probability perception function, f(P) is a capacity.

Remark 8 Notice that the aviomatic of RDEU can be deduced from the corresponding

ariomatic under uncertainty when merely assuming a first stochastic dominance axiom®
e P(X >t) > P(Y >t),Vte R, entails X = Y.

It should be noted that if v proves to be an additive probability P, [ u(X )dv reduces to
the mathematical expectation of »(X) with respect to P. In this sense, Choquet Expected
Utility is a true generalization of Expected Utility theory.

As for RDEU in section 3, the Choquet formula can be expressed in a simple and
interpretable manner for step functions, i.e., for assets with a finite number of payoffs.

To this effect, let X = 37 x; A} with z1 < .. < 13 < ... < zp, where (4;);c;c, is a
partition of S and A} is the characteristic function of A;, i.e., the asset offering a payoff 1
if s € A; occurs, and 0 otherwise. In this case,

Ju(X)dv = u(z) +v(X > w9)(u(z) — u(z1)) + -

(X 2 z)(w(z:) — u(@i-1)) + .. +0(X 2 2n)(u(@n) — w(zn-1))

The DM takes for sure the utility of the worst outcome u(z;) and weighs the additional
possible increases of utility u(z;) — u(z;—1) by the DM’s personal estimation v(X > z;) of
the occurence of the event X > x;.

®See Wakker, 1990, for a justification of this result.
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Another way to write this formula is

/u(X)dU = (1—v(X = z))ulz)) + ... + (V(X = x;) — (X = z-9))ulm;) + - -
vt (WX = zp) —v(X 2 zp-1))ul(zy) (13)

Thus, the DM valuates the “utility of X7 as a weighted average of the utility of the
payoffs w(z;), with weights v(X > x;) — v(X > z;_1) that are positive and sum up to 1; if
v is a probability P, these weights are nothing else than P(X = ;).

A central feature of the CEU model is that it aims to take into account possible hedg-
ing effects. A crucial axiom for axiomatizations of CEU (see e.g. Gilboa, 1987, Chew
and Wakker, 1996) is the comonotone sure thing principle, a weakening of the sure thing
principle, which can be stated as:

n n

Axiom 1 Let X = Y x;Af and Y = Y y;AY, where {A;} is a partition of S and z, <
=1 i=1

WSz <L STy £ LY £ < Y are such that x, = Yy, for some 1 <19 < n.

Then X =Y implies X' = Y’ for acts X' and Y’ obtained from the acts X andY by merely

replacing the ip th common outcome by any other common outcome that preserves the rank

ig in each of the two sequences x and y.

This axiom expresses that as long as assets remain comonotone (i.e., no hedging effect

happens), there is no reason to change the direction of preferences when a common outcome
is modified.

Note, however, that even jointly with standard axioms, the comonotone sure-thing prin-
ciple fails to fully characterize CEU.

Things are much more clear-cut if marginal utility of wealth is assumed to be constant
(u(x) = z,Vx € R). By the way, this entails that VX € V, I(X) = [ Xdv can be interpreted
as the certainty equivalent of X. In such a case (see e.g. Chateauneuf, 1994), CEU is mainly
characterized through the following comonotone Independence Azxiom:

Axiom 2

ForX,Y,Z €V, Xand Y comonolone, Y and Z comonotone, then,
X~Y = X+ Z7~Y+ 2

This axiom can be easily interpreted as : the direction of preferences has to be main-
tained under adding payments, provided hedging is not involved.

Such an axiom allows for taking into account hedging effects, as the following uncertainty
aversion aTiom :

Axiom 3 [For X,Y,Z € V,X ~ Y, Z comonotone withY]| =X+ 2 =Y + Z

Since 7 is not a hedge against ¥ but may be a hedge against X, then X + Z displays
a reduction of uncertainty with respect to Y + Z.

Note that Axiom 3 entails Axiom 2, hence in case of uncertainty aversion, Axiom 3 can
be substituted to Axiom 2 .

Under Axiom 3, v proves to be convex and this is a nice property, since as shown by

Schmeidler (1986), if v is convex, then, /(X) = [ Xdv is equal to min { [ XdP, P € core(v)},
where
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core(v) = {additive probabilities measures P on A s.t. P(A) > v(A),VA € A}

This offers an attractive interpretation of uncertainty aversion in terms of pessimism:
the DM conceives as possible any probability distribution in the core of v, and by pes-
simism, feels that the worst of these distributions (in terms of mathematical expectation)
will happen.

4.2 Some applications
4.2.1 Optimal portfolio choice

A major economic application of the Choquet Expected Utility model was obtained by
Dow and Werlang (1992), when revisiting the basic portfolio problem. Let w > 0 be the
initial certain wealth of a DM facing the question of buying or selling short an uncertain
asset X € V, whose price is p > 0. Under EU theory, the agent is assumed to assign
probabilities P(A) to events A and to rank assets X € V by comparing expected utilities
of X, with a concave utility function u - concavity of u conveying, in the framework of EU
model, uncertainty aversion. According to a famous result of Arrow (1965), an EU agent
will invest in an asset X if and only if the expected value Ep(X) of this asset exceeds the
price, and will wish to sell the asset short if and only if the expected value is lower than
the price of the asset. Consequently, the investor will have no position in the asset if and
only if the price is exactly Ep(X).

Dow and Werlang (1992) used Choquet Expected Utility theory to show a result in-
tuitively plausible and compatible with observed investment behavior: there is a range of
prices at which the investor has no position in the asset. At prices below these, the investor
holds a positive amount of the asset and at higher prices he holds a short position.

More precisely, the agent is assumed to rank assets X by performing the Choquet
Expected Utility I(u(X)) of X, with concave u and convex v. This expresses uncertainty
aversion, since I(u(X)) can then be expressed by the following formula (see Schmeidler,
1986, Shapley, 1971):

I(u(X)) = s, (Fpluk)

In fact (see Chateauneuf, Dana and Tallon, 1997), u concave and v convex is equivalent
to the well-known axiom of convexity of preferences: VX,Y € V,Va € [0,1],X ~ Y =
aX+(1-a)Y = X.

Such an axiom does express uncertainty aversion, since as pointed out by Schmeidler
(Schmeidler, 1986 and 1989), this axiom means that “smoothing” or averaging potential
gains makes the DM better off. Then, Dow and Werlang proved that for any asset X,
the reservation prices only depend of the DM’s attitudes towards uncertainty, They are
respectively

I(X) = Min{Ep(X),P € core(v)} and —I(—X) = Maz {Ep(X), P € core(v)}

Hence, the length of the no-trade interval (/(X), —I(—X)) is intimately connected with

the size of core(v). Obviously, if core(v) reduces to a single probability law, one obtains
the result of Arrow (Arrow, 1965).

4.2.2 Optimal risk-sharing rules and equilibria

Assume that the set of states of nature S = {1,...,7,...,n} is finite and consider m agents
endowed respectively with initial portfolios X; e V. X; >0, =1,...,m.
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Suppose also that these agents are engaged in exchanges in order to increase their
satisfaction. A possible interpretation of such a market is a re-insurance market for m
insurance companies, as suggested by Borch (Borch, 1962). Let us confine ourselves here

m m
to the case of non-agreggate risk, i.e., 3 X;(s) = 3 X;(t),Vs,t € S2.
i=1 i=1

Under Subjective Expected Utility, where uncertainty aversion is characterized by a con-
cave u, a well-known result is that uncertainty averse decision makers with common belief,
i.e., with the same probability distribution P on (S,.A), are fully insured at equilibrium
(i.e., will have ex-post uncertain endowments Y; > 0 satisfying Y;(s) = Yi(t),Vs,t € S2, for
any equilibrium price p belonging to R% ).

In a very stimulating paper, Tallon (Tallon, 1997) proved that this result remains true

under CEU theory, as long as the agents conceive as possible at least one common probability
distribution.

More precisely, let the agents be uncertainty averse, i.e., let their choices be represented
by convex capacities v; and concave utility functions u;,1 < i < m. Assume further that

A core(v;) # ®. Then there exists an equilibrium price p € R, and at any equilibrium
price agents are fully insured.
Notice (see Chateauneuf, Dana and Tallon, 1997) that this result generalizes to the case

of non-convex preferences, i.e., to the case when only A core(v;) # ®. Note also that in case
of a common set of probability beliefs with a convex v (i.e., Vi,v; = v where v is convex),
equilibrium prices can be identified with probability laws in core(v).

In the papers of Tallon, 1997a and 1997b, Chateauneuf, Dana and Tallon, 1997 and
Dana, 1997, the reader will find extensions of the previous results to the multidimensional
case, agreggate risk and risky situations.

4.2.3 Asset pricing

In Chateauneuf, Kast and Lapied, 1996, for any asset X, I(X) (resp. —I(—X)) denotes the
selling (resp. buying) price of asset X by a broker®.

Three axioms on the functional I : ¥V — R are proposed in order to model the dealer’s
behavior. The first two ones are standard: requiring on one hand that if an asset Y pays
more in all states than an asset X, its price must be higher, and on the other hand assuming
no transaction costs on riskless assets, i.e., I{aS*) = a, Va € R. The third axiom, named
“comonotonicity premium” stipulates that VXY € V, (X +Y) < I(X) + I(Y), with
equality holding if X and Y are comonotone. This axiom aims at taking into account a
potential reduction of uncertainty (when the portfolio X + Y is sold instead of X or Y
alone), which would induce the dealer to sell X +Y at a discount compared to X and Y.
However, there are situations where no hedging effects occur when adding two assets X and
Y: this happens when X and Y are comonotone.

These axioms are equivalent to I(X) = [ Xdv with v concave.

Such a pricing scheme provides an explanation for possible positive profits for the
broker: since I(X) > —I(—X), all the more so the dealer behaves as if he conceived
as possible all the probabilities P s.t. P < v and evaluates the selling price 1(X) by
I(X) = Maz {Ep(X), P <v} and the buying price by —I(—X) = Min{Ep(X), P < v}.
Furthermore, as usual in finance, no arbritrage opportunity is left to the consumer (i.e., in-

®Notice that this notation is consistent with the fact that selling asset X is the same as buying the short
position —X.
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vestor) in the sense that he cannot form a portfolio yielding positive payments at a strictly
negative cost; this can be easily checked from subadditivity, positive homogeneity and pos-
itivity of the price function 7.

Lastly, such a price functional is consistent with the observed violation of the put-
call parity (see e.g. Gould and Galai, 1974, Galai, 1983, and Lefoll, 1994), namely, with
I(P) < I(C)+ I(—S) + K, i.e., it is consistent with the observed fact that for a call C and
a put P with exercise price K and underlying security S, the price of the put P is smaller
than the price of the replicating portfolio C' — § + KS§*.

4.3 Concluding remarks

This paper has been devoted to present some aspects of research concerning the use of the
Choquet integral in decision theory under risk and under uncertainty, and its economic
applications. It was our purpose, in particular, to shed some light on a number of economic
behaviors not explainable by Expected Utility theory but explainable by Rank Dependent
Expected Utility theory or Choquet Expected Utility theory.

We are grateful to an anonymous referee for helful comments.
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