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EQUILIBRIUM WITH ASYMMETRIC INFORMATION AND RESTRICTED
PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION

Lionel de Boisdeffre,!

Abstract

The paper presents a pure exchange economy, where consumers may have asym-
metric information, non-ordered preferences and a restricted access to purely fi-
nancial markets. Under standard conditions, it shows that the two concepts of no-
arbitrage price and equilibrium asset price coincide. Namely, any collection of state
prices in realizable states is proved to support a sequential equiltbrium. This result ex-
tends Cass (2006), De Boisdeffre (2007) and similar results of symmetric informa-
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).
Moreover, the definition and existence of the sequential equilibrium do not rely on

Radner’s (1972, 1979) rational expectation assumptions, which may be dropped.

Key words: incomplete markets, restricted participation, arbitrage, existence of
equilibrium, rational expectations, perfect foresight, asymmetric information.

JEL Classification: D52

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
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1 EdvodustionITH ASYMMETRIC INFORMATION AND RESTRICTED

PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION

The current paper extends Cornet-De Boisdeffre’s (2002) step concept of purely
Lionel de Boisdeffre,!

financial equilibrium with asymmetric information to non-ordered preferences and
restricted participation, and refines its existence characterization. Generalizing Cass
(2006), it shows that equilibrium exists, not only for one collection of state prices, as

in De Boisdeffre (2007), but for every collection of state prices in realizable states.

With nominal assets, the literaturéXdfFeGh essential real indeterminacy of equi-

librium (see, e.g., Balasko-Cass, 1989, and Geanakoplos-Mas-Colell, 1989), while

Th, er presents a pure exchgnge economy, where consumers may have asym-
Cass (626)88) plr)oves that the sets 0? e‘(qluffl ﬁumyésset prices an no—arabyltrage przl/ces

metric, information, non—,%rdered preferences and resg,z'cted ccess to pﬁre fi-
coincide. ‘Moreover, equilibrium exists in standard conditions (see, e.g., Radnér,

o i 1 T LR e U R A LR G P
e e St R DGR N e Mo St it

rices in.realizable states is proved to support a_sequential equilibrium, This resylt ex-
gx%st and are genericatl(fy Zfogaﬁy un?qugzplgut do %ot assesg z@lassZ price equivalfence.

nds Cass QOO‘Qé dlé)g ?ﬁé’sgeﬁre 2007 cmfl éimi,l r &%gstlts of sg{mmetm’c informa-

o my best kno St extension ot Cass’ (2 equivalence to nuréraire

tion, such as Martins-dg-Rocha and Triki’s éggOf%) 8 %orngt fﬁ%d <9002b10)lan 's (2010).

assets and asymmetric information is provi oisde
Moreover, the definition and existence of the sequential equilibrium do not rely on

Rad¥ihaqalommiyed pssatsrihcspitanss o e mhprism smetsiasssectas phown
by Hart (1975). Hart’s counterexample is based on the collapse of the span of assets’
payoffs, that occurs exceptionally at market-clearing prices. One response to that
problem is to show, along Duffie and Shafer (1985), that it is indeed exceptional, in
the sense that equilibria exist generically in payoffs and endowments. This argument
K ayedvbydseannkoppsdstenchSlkefer (£990¢taddpBitieipadi&iorati(R200d, 3000nawidf
sypuililstiieninfetivasions saclie Boisdefffec (20243 ghitt nepimisatvidiifdoarmeiton.
JEL Classification: D52

When agents have asymmetric or incomplete information, they seek to learn in-

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
fonativa o ahser Hngiritemahd anvulkdiefirdte tiaditionial inference mechanism,
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referrel U as gReUNR adneH iAfevenes | Hsct Hel found atioonforvheRResdienc (959) “ra-
tional expePtakipreseqwilinviurm HIR KE) Ageneraliced 03nthr so-caked Aeoomnon knowl-
edge of rationality and market Ilemahde BN, 'models. These include, among
others, McAllister’s (1990), Dutta-Morris’ (1997) and Ben Porath-Heifetz’ (2011).

Rational expectations, along Radner (1979) or CKRMC models, assume that
agents are aware of a correspondence (or a map) between private information signals

and the equilibrium prices observed on markets. Following Radner’s (1979) seminal
Abstract
paper, an abundant literature studied the (generic) existence and the information

revealed by equilibrium prices (see, e.g., Allen, 1921; Mischel, Polemarchakis and
e paper presents a pure exchange economy, where consumers may have asym-

Siconolfi, 1990; Polemarchakis and Siconolfi, 199(;;; Pietra, and Siconolfi, 1997 an
metric information, non-ordered preferences and ‘a restricted access to purely fi-

1998; or Cit d Vill i, 2000a and 2000b, t t ly afew). Id thi
nanczc(z)lr mizﬁ:%?g alrflnde;’ s%fg%((:i(;zlrd con%izat?ons, 1t sho?ug lzlfga% ?ﬁeytioeggnceptgogf nﬁ

as%umption to shoyw, along Cornet and De Boisdeffre (2009), that a%fnts, observin
arbitrage price and equilibrium asset price coincide. Namely, any collection of state

markets with ng price model m%ly refine their inform,a‘%ion ntil ﬁnan(ﬁi,a,l markets
le states 1s proved t

prices in realiza o support a sequential equilibrium. This result ex-

]t)rec u arb'tra% . The _relevance of the lattctfr inferences is argued in Section 6.
ends Cass (200 5, De Boisdeffre ?200’7 ) and similar results of symmetric informa-

tiofosslebwast id aritisedenBothetwoeh Trokaishi B(ke) andCarmidibrindhGppickendn (BAE6l)
Meneordrmthkelefiwithogy andetristmforoAtion s€Gasn(R006)uakbsiantrdok hdbyrethioh
Raengeiss HEQT2 siH$18 Amatiemblebrpachuidept assustpdinn st whédhrst gietio droglidd.the
other agents are constrained a la Radner (1972), that is, in every state of nature.
That ‘trick’ implies that the first agent has a full access to financial markets. Not
surprinsingly, Balasko, Cass and Siconolfi (1990) show that the equivalence between

no-arbitrage and equilibrium prices fails under restricted participation, in general.

Key words: incomplete markets, restricted participation, arbitrage, existence of
However, Cornet and Gopalan (2010) provide a condition on the accessibility of

equilibrium, rational expectations, perfect foresight, asymmetric information.

assets’ payoffs by agents, which guarantees the latter equivalence under restricted

JEL Classification: D52

participation. The current paper proposes an alternative - in my view milder - ac-
! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,

co&xiBiParisorditiee, Tindeil whiteblde Ihoisd eldrd@atemesdalsdiholds. Namely, it shows
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that aljqedllestiomofwiate Priaes MprerizalNe eratesopp ards&penRiEd eaDilibria.
The latter Papeirs EreTdoN pared A INSedivRI D RinGith € SyaRnEtTIRRIITaTIC 0N case.

Lionel de Boisdeffre,!
None of Radner’s (1972 and 1979) rational expectation assumptions are assumed

in the current model. The sequential equilibrium is proved to exist, even when
these standard assumptions are dropped. This outcome has an interest of its own.
For expositional purposes, I present a two-period model. Its extension to multiple
periods is standard and straightforward. But it is differed as requiring additional
Abstract
nodes and notations into the model, which would hamper its simplicity and focus.
The paper R6r6atAL YETSHEMEN BelrtrT i SHSIS L HRTHIBTETS SBOU AP SC TS
TR (8 T Eb198bt 1 B9 SUASERIAPPEERISIGS et eficheetdGtesh aopeih tofamils f6
BaReih Teliels o AHbeTistAIRE! SeRAGH RS plbstiR WS B AL H0s: TR GG N B
AEBIT s I U ERHABRT Y8 S tieh RrEI GaiRcidg ApHlanopyoiactionak state
prices in realizable states is proved to support a sequential equiltbrium. This result ex-
ten@s " Olwe @0€leDe Boisdeffre (2007 ) and similar results of symmetric informa-
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).
Throughout, a pure-exchange economy is considered, with two periods, t € {0,1},
Moreover, the definition and existence of the sequential equilibrium do not rely on
and an uncertainty, at ¢ = 0, upon which state of nature will randomly prevail
Radner’s (1972, 1979) rational expectation assumptions, which may be dropped.
at t = 1. Agents exchange consumption goods, on spot markets of both periods,
and assets, on financial markets at ¢+ = 0, which transfer wealth across periods and
states. The economy is finite, in the sense that the sets, I, S, L and J, respectively,

of consumers, states of nature, consumption goods and assets are all finite. The

observed state, at t =0, is denoted by s =0 and ¥’ denotes {0} U X, whenever ¥ C S,
ey words: incomplete markets, restricted participation, arbitrage, existence of

equlibiviaxketioanldeipfethintivperfect foresight, asymmetric information.

JEL Classification: D52

Agents consume or exchange (the same) consumption goods, I € L, on spot
! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,

nd kb IRaais bbrhneeribdsail tliorea,deabbisgefite @wanadweifes privately the correct
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informBtionLiRRI tomeirory A st MEta willNzoinagubsets ¥p ESTRIGT@&stlessly
assumed tEaRS1EIRPATION Hanite, MbeAmniled AcforOimsipn GEERSZATTON S;, always

contains the true state, and thelrelatbdeS Bofsdhffracterizes symmetric information.

Agents need not be aware of the economy’s or other agents’ characteristics. Their
beliefs and characteristics are private. They need not have a price model a la Radner
(1972, 1979) or CKRMC models. The current paper therefore drops both the per-

fect foresight assumption, of symmetric information, and the Radner’s inferences,
Abstract
of asymmetric information. Whenever appropriate, agents update their beliefs from

observing exchange opportunities on financial markets, along Cornet and De Bois-
e paper presents a pure exchange economy, where consumers may have asym-

deffre’s (2009) inferences. The lgtter, which lead to arbitrage-free markets, do not
metric information, non-ordered preferences and a restricted access to purely fi-

depend, on agents’ beliefs, preferences or anticipations of future prices (see below).
na%cial mar%ets nder stgndar§ conditions, z%) s%ows that the t%o con(cepts 0 n%—

aroageastiietmedycqrilibripm @set piptecainisdehe\swndf),admyissiliketéomaofcdity
prices onrendergbbpstatesikptrovellith sepagorigestqicnisahagedliboivhselVes atsult-eo;
benids Earsct 3M6AtdBe Bowsaddffatat20ie anticipatier: ©siditsshé fimstrpéricdnfoicmdas
bioger vadh tdeddiorersoranBacho alb dgbrits.s TROGKeheri € viragands Gojeel enfseLATiGh
¥ heewefor tih eeteftodiby mnd guistene? Of e veegoeribi ik edualibriuonadel rrbgehmen
dnitmathe (¢AHSrAH Pauitibriehenpesdeli Fonsswnptinry,cuhick; mgy beplespmpes.the
(unique) anticipation of the spot price in state s by agent i. Whenever the relation
pis = pjs holds for every triple (i,j,s) € I x I x S, agents are said to share the same

beliefs. This outcome may occur ‘by chance’, or with no exchange between agents.

Agents may operate financial transfers across states in S’ (actually in §') by
Key words: incomplete markets, restricted participation, arbitrage, existence of
exchanging, at ¢t = 0, finitely many nominal assets, j € J, which pay off, at t = 1,
equilibrium, rational expectations, perfect foresight, asymmetric information.
conditionally on the realization of the state. Assets’ payoffs define a S x J matrix,
JEL Classification: D52
V, whose generic row in a state s € S, denoted by V(s) := (V{);c; € R, does not

1 University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
deptdParispHrancd Hmailt lisswutl geidwisdeffrd Quparadométy buy or sell portfolios
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of assdfQ BRIV E RV I Tier AjS eMnits Rif AocDORMaLT I0N 04 MgaRiBs TheCpRinise of
delivery of BAR®ICIPETIO Nf: comidi tiomal pajoffsaitobsst&tes, ER & ATThe xchange of
assets may be restricted. For edclone Hetbopddffobd set, Y; c R/, or the it agent’s
set of admissible portfolios, is henceforth given. Restrictions to trade are typically
encountered on financial markets. Some may be institutional, such as short sale
constraints, transaction costs, bid-ask spreads or ratio regulations (see Elsinger and

Summer’s 2001 overview). Others may be behavioural or informational.

Abstract
2.2 The consumer’s behaviour and concept of equilibrium

Fhewpapenpresents fedtileLoel R REABATI, WhEKRE FORSUMSEE TH9d boRftsaTty
Bistttiesingranation.: nap-ghrderedenrelenensih W Jesuidrs, presmilio @uaytlic
s anaskrts Jrrdsrastondprdasnaitivay foshsseathahdhg dwo crspespdsssf (it
HEb RS S BRtatlabpReRs agseL priseccpmcitie JNABREY angerrllcelASut g
e aes X reqitzdblesstatpeisiaged etsiwnetine degeatisksquilibrium. This result ex-
tends Cass (2006), De Boisdeffre (2007) cmd similar results of symmetric informa-

Bi(p,q) = {(z = (25),2) € XixY; :p-(zo—eip) < —q-z and_pis-(zs—ei5) < V(s)z, Vs € S;}.
tion, such as Martins-da- Rocha and Triki’s ( 2005) or Cornet and Gopalan’s (2010).

Mdregbeconsandefinition wnehdowbehweitdy dheovepletet jmlcoyddibmgyng; domobnslgnpn
Rordnerépyd@iRingg 1) mutmeheapetiatistrictsprefeionsesphichaneyebs afeoppeld. for
all = € X;, by the set, Pi(z) :={y € X;: 2 <; y }, of consumptions that she strictly
prefers to x. To simplify presentation, the latter set only depends on the agent’s

own consumption (and not on other agents’ consumptions).

The economy is denoted by &,y = {(1,5,L,J),V,(Si), (p:), (e;), (<:)}. Henceforth,
Key words: incomplete markets restrlcted part1c1pat10n arbitrage, existence of
the structural characteristics, {(I, S L,J),V,(S;), (e:), (=)}, of the economy are fixed
equilibrium, rational expectations, perfect foresight, asymmetric information.
and always referred to. Only agents’ exogenous expectations, (p;) € P%*!, may
JEL Classification: D52
vary and distiguish economies. When agents share the same beliefs, a sequential

1 University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,

#qUil3bHamis , id rhafneedan ail miaoket-dtehrisd eftraforampdemilibrium, namely:

5
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DefinitisnU1L (BienMh e eTpecAsvons] Kk i PERFQ Rl agamts wxDsRIES thea G@imp beliefs
(i.e., pis = PARDheTRARTAN j; sSTHH N G-ARB 1@ RAl COMRAN NI TRRIZGICNP xR, and
decisions, (z; == (i5), zi) € Bi(p, diialefindd Poisdeffies 1, is a (sequential) equilibrium
of the economy, &y, if the following Assertions hold:

(a) Vi€ I, (x4, 2) € Bi(p,q) and P;(z;) x R/ N B;(p,q) = 9;

() Vs €S, Yo (wia—eis) = 0;

(¢) Dier #i =0.

) Abstract )
Remark 1 Since no state s ¢ S := N;c;S; may prevail, no spot market may open

or clear in any state s € S\S. This explains Condition (b) of Definition 1, and why
The paper presents a pure exchange economy, where consumers may have asym-

agents’ expectations are all exogenous. In particular, a spot price in a state s € S\S
metric information, non-ordered preferences and a restricted access to purely fi-

is subjective and never observed. Since agents’ exogenous forecasts are ex ante given,
nancial markets. Under standard conditions, it shows that the two concepts of no-

Definition 1 does not need to assume that common expectations are self-fulfilling.
arbitrage price and equilibrium asset price coincide. Namely, any collection of state

This outcome is natural and contradicted by no specification in a pure exchange
prices in realizable states is proved to support a sequential equiltbrium. This result ex-
economy, such as &,,). It lets agents’ decisions coincide ex ante and ex post.

tends Cass (2000), %e Boisdeffre (2007) and similar results of symmetric informa-

tioROBwIeIRs Maktihe dollRvihe aRdtTr-#paces0us) dofidednadhgrGelnldn $Y2010).
Moregyef, {thg ﬁgﬁq}f 19 anexésge?cgn(g 1%%‘%%%%%@3 eguzlz%zum o nf);t rely on

seS;

Radner’s (1972, 1979) rational expectation assumptions, which may be dropped.
o 2°:={2eR’:V(s)2=0, Vs € 8}, and its orthogonal, Z =" .4 RV (s);

o 7°:=3 s Z¢,its orthogonal complement, Z = N;c;Z;, and Z* := Z N Z°.

To the generic it* agent, Z¢ is the subjective space of redundant (or worthless)
portfolios. The latter is always included in the actual set of redundant (or worthless)
EKevionerdse | IMomRlstedakkelncBESiHE R PRI AERANI 9Bl KR 3 S SRS ERICE1RS
sAniibRT, TREpRBbETPSatians:. I8xiaehdgresight, asymmmetids dadomatiobte the
dEkoSolassifisatiom: B5R7 on z, and serve later.

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
750I B Peavsiobirgn e, Fisatkllbdrickdedaritdafide® slha doldowfing Assumptions:

6
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o AHQ(stiBR 1BonoYORITI LYY MY EIR K TIN PO RMKAT 0 X 4,NDARYDSF RECZ B

PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION
A2 (strong survzvallj.' Viel, e € RE{;{%;
Lionel de Boisdeffre,!

A3 for every i € I, <; is lower semi-continuous, convezr-open-valued and such

that = <; x+ ANy — ), for every (z,y,\) € X; x P;(z)x ]0,1];

A4 for every ic1,Y; is closed, convex and contains zero;

A5 A= {(z) e RI*: doicr % €2° V(si)z 20, V(i,s:) € I x 8;} C XierYs
Abstract
and Z* C Nier cone(Y;);

T Gopiskass asiset) piie dechangeYecohlomy, wherélesnSumers may have asym-

metric information, non-ordereq preferences and ¢ restricted. access to purely fi-

emark 2 XSSHIﬁptCI)ODS ﬁ[—gé—jfleg are stangarg. ssumption Al, retgynedy f](?r
nancial markets. dUnder sf{andard conditions, it shows, that the two concepts of no-
convenience, could be weakened to the non-satiation of agents in any state. Asstmp-

arbitrage price and equilibrium gsset price cqingide. Namely, any collection of stat
tion XZ r%age, e.g.,%y §iconohgi (19§93 an ornet—&opall%n (21/0106, 14 mifn?ma
rices in reglizable states 1s proved to support a sequential equilibrium. This result ex-
gon ition oc%l most port oﬁopc%o?ce mo gls W%til %nanc%aleqconstraquts see Elsinger
tends, Cass (2006),. De Boisdeffre (2007) and similar results of symmetric informa-
andd ummeg, 20021). gssumpt‘]lﬁcc)n 1612 ) 1s)techn1czﬁl, andr dsroppeé V%%n one agefnt %Las
19, such as Martins-da-Rocha, a riki’s (2005) or Cornet.and Gopalgn’s (2010).
%u(fflmf%rmatlon (see Section E?) ?fln er syrﬁmetr{c {n ormation, 1t vgou%g t plca?l)y
]Mo(i‘eover, t f deﬁrﬁ'tion air,zd exz'lstence of the sequent%'al equﬁlibm’u do not rely o
ead agents (from the implied relations Z¢ = Z° C V;, for each i € I') to be aware of,
Radner’s (1972, 1979) rationa expectation assumptions, which mqy be dropped.
and e imin(ate, r’eéun ant port ofio% t1s ‘?hen Wezﬁ«ened’ to a Stang[%rd COIl(%ngOD of

restricted participations models, namely: Z° c U;c;Y;. The latter condition always
holds if redundant assets are eliminated (Z° = {0}). Why is Assumption A5 met 7
Because financial intermediaries, possibly better informed, typically emit and pro-

pose riskless clearing-market claims to agents when they exist (possibly freely), and
Key words: incomplete markets, restricted participation, arbitrage, existence of
other limited claims against their idiosyncratic risks. When it is met, agents typ-
equilibrium, rational expectations, perfect foresight, asymmetric information.

ically refine their information from observing exchange opportunities on financial

JEL Classification: D52
markets, until no arbitrage remains (see Claim 2). Along Assumption A6, agents

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de 1'Hopital,
B0t hdeesss o rasete oniag: ilisnohdenboisbeth-aCatwiayd dbdicase on actual markets.
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3 Ehemiedel 'sarbitrage vondeptsramnd propdities cTED
PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION

This Section defines no—arbi@@&@epggeg%gé%%ws their existence.

Definition 2 For each i € I, As(Y;) :={z € R : {2} +Y; C Y;} is the asymptotic cone of
Y;. A price ¢ € R is a no-arbitrage price if the following equivalent Conditions hold:
(i) V(i,2) € I x As(Y;), (—q-2>0 and V(s)-2>0,Vse€ S;) = (2 € Z? and q-z =0)

(i) Vie I, I\ = (\is) €ERYL, -2 = NisV (s) - 25, Yz € As(Y;).

SES;
Let N A be the set of no-arbitrage pric‘e%bd%gg\?a@) ={qeNA:7(q) =Y 5 AV (s) },

for every X := (\,) e RS, be given. Financial markets, are said to be arbitrage-free if

The paper presents a pure exchange economy, where consumers may have asym-
A 15 non-empty. Given q € NA, scalars \js € Ry, for (i,s) € I x S;, which meet the

metric_information, non-ordered preferences and a restricted access. to pure% fi-
above Condition (ii), are called supporting state prices of price q. Scalars A\, € Ry,

nancial markets. Under standard conditions, it shows that the two concepts of no-
for s €8, are called supporting state prices of the set NA((\,)) and of its elements.

arbitrage price and equilibrium asset price coincide. Namely, any collection of state
A price g € NA 1s said to be frictionless, if the following equivalent Conditions hold:

rices in realizable states is proved to support a sequential equilibrium. This result ex-
822) V(i,2) EI xR, (—q-220and V(s)-2>0,VYs€S;) = (€ Z? and q- z = 0)

tends Cass (2000 8, De Bgisdeffre (2007) and similar results of symmetric informa-
(iv) Vi€ I, I\ = (Nis) ERYY, g 20 =D e, NisV () 2i, Vzi € RY.

tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).
Markets are frictionless arbitrage-free if there exists a frictionless no-arbitrage price.

Moreover, the definition and existence of the sequential equilibrium do not rely on

Remark, 3 The equivalences between Conditions (i) and (i), and Conditions (i
Radners (1972, 1 9%9 rational expectation assumpt%)ns, w;;z‘zgh may be mpped.( i)

and (iv), of the above Definition 2 follow from a standard separation argument. A

frictionless no-arbitrage price is akin to a no-arbitrage price on frictionless financial

markets, that is, where agents’ participation is unrestricted (v; = R”, for each i € I).

Martins-da-Rocha and Triki (2005) provide a sufficient condition for no-arbitrage
Keraswonslsrittsomietermay ketfuiresthintest as thepatiosi vl g ostast eneq 1of
senudli iy rapipnal igxpectalignsparéechfenssightd asyiommetriatummationult:

JEL Classification: D52
Claim 1 In a standard economy, &y,,, financial markets are arbitrage-free if and
1 University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,

oo} 3fRAris, dreaficetimbeds: diditelide-fretsdeffreQwanadoo. fr
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Praéofuietprstandsirdrecohsyiy MR loe biveon If Ammicialnnabkess e fricbionless
arbitrage-flertheyrareioby oty avbitAagpifirae dio wwrthe tarvzrseldNe economy,
E(p,) is henceforth assumed to HaveelbitrBgestheffrmarkets. From Assumptions A4-
A), the relation A := {(z;) e R7 : 3, ;2 € Z°, V(si)zi 2 0, V(i,s;) € I x S;} C XierVs

holds and implies, since A is a cone: x;c;Z? C A C x;e1As(Ys).
Let ¢ € NA be given. Then, the following relation (I) holds:

((Zz) S XieIAS(Y;'), Zie] zi =0 and %(Bs)t,,ﬁ& 0, V(Z, Si) el x Sz) = ((ZZ) S XieIZiO)

Indeed, assume by contraposition that there exists (z;) € x;crAs(Y;), such that

The papeT prgsents a pw“e ez ange econom , where consy; e ay have asym-
)z = or évery ( e T x Si, Wit east one strict

el R =

etric. information,. non-ordered preferenc nd.a restricte ccess to purel -
{ﬁequa 1tyf T‘hen from cﬂtcllog {z 7% %eﬁm(‘lclon % (appfieg{ to ¢ € ﬁ/ Af yﬂ]j

ncial markets. Under, standayd_conditions, hows that the two concepts. of no-
re(iatlon q D er2i >0 olgs véil ﬁ ’ﬁﬁss contraca{fctlon proves r fatlon

arbitrage price and, equilibrium asset price coincide. Namely, any collection o state
whic 1'gm1%ghes the C%oi?ow%ng rolation ]12I Y any /

ZEI Zi _O

prices in realizable states is proved to support a sequential equiltbrium. This result ex-
ten%gi &%750%%’177& Boisdfre e (! 505@7% ahj Zcezrlres% ts 0%?&7%7%%125 )informa-
tioTndeed, esdMatdingy dodtoshositidn] rikii’s (ROROddst&ornet andrdopalan s7241¢h
Mateyver, the definetivisgnd, exiolefore exeitfie(iseguential squittberyrohd oddefhitidn ot
Roadner sAl95andi 918 rational experiatinn lussolloptiofronivketationy be absoppedhat
(21) € x;e1Z?, which contradicts the opposite relation, (z;) € x;e/R7*I\ x;cr Z2, as-
sumed above. This contradiction proves that relation (17) holds, which characterizes

frictionless arbitrage-free markets, from Cornet and De Boisdeffre (2002, p. 401).

Remark 4 Claim 1 does not imply that all no-arbitrage prices are frictionless,
Key words: incomplete markets, restricted participation, arbitrage, existence of
in a standard economy. Consider a standard economy with two agents, three states
equilibrium, rational expectations, perfect foresight, asymmetric information.
and two assets, such that: I = {1,2}, S = {1,2,3}, S; = {1,2}, So = S, V(1) = (1,1),
JEL Classification: D52
V(2) = (0,1); V(3) = (—1,1), Y1 = {0} x R and Y = R2. Then, obviously, p = (1,4) and

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de 1'Hopital,
#3913 Paaie, Fespeetituhailridttonelads. hnibdeffrdistinaldso fiv-arbitrage prices.
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Thdugliritessers af woar bitsagenand Hric thiveleranoraobitaage Rixesriiffer,nn gen-
eral, any stAnaard doonony .camberssir&] ta haw Qitbitragerfreadinbnoial markets.
This property generalizes Cornéticmd Be Beisdeffre’s (2009) to the economy &,,):

Claim 2 In a standard economy, the information structure, (S;), admits a coarsest
refinement, (S;), which makes financial markets arbitrage-free. Agents with no price

model can infer the refinement (S7) by ruling out unlimited arbitrage opportunities.

Proof Let a standard economy, éf}pll’.ﬁtﬁécéiven, whose information structure is
denoted by (SY) = (S;). Assume, that markets fail to be arbitrage-free. Then, from
ehe TAGBOBERECAEBYR CRATE TSRO AT o Riters moy have asym-
metric information, non-ordered preferences and a restricted access to purely fi-

nm%zzial ?‘k’élfs(ybn%;?ﬂsfdnﬂarf condgfign . %t 3ho<ws zh%nl e )two éd}wep ﬁ')zo
UL UL ST assel i Gipgsy. Nl A legheneod Hske
gmc%s ché) g%alﬁz&bé% g%(}zftgaseziz pl’r’%zfd to{gugg@rtacz swgg&tzg} e?%hbr&?rg tThzs g”es%letn(%x
N D B A b L A KUt s s
Reghg ulotnthasinasonaslsa i b e perSierme! 9mnglem€n bR
e veredh e shmitlomanhsislspscs ol e raneniisl sudlivriies daak lyad
fang e e e R Bt R s T 4 S (S ARRE e
refinement (S!) = (S9\S,) of their initial information structure, (S°) = (S;). This

refinement process proceeds as long as financial markets fail to preclude arbitrage.

After the initial sets above, we define by induction, on n € N, the sets: (S?) =

7

Key \v(\';'o)vdgn ndémipletsiandrkbns; Estrlcﬁedmgr%ﬁ)z% &n, arbitPaplé; sekiSténeeof
aadilfrium, Fafichial ke dfionk (Perfect BredkBt 8CysATIRE REGHENSRAGOT) Fner,
gt sskifie stidipnmyoand converges to a minimal element, say (S7). Since the

refinemeptsRECSSPEINPY at PankHduh follsyringsikelatieny (5 Bhalds fore abaspital,
75013 Paris, France. Email: lionel.de.boisdeffreQwanadoo.fr
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((z:) € EQUABIBRITY] WATH 0A $YMMEBROIE (INPHORMSTICN (WD) RESCRI(CFHE 1XxS])
PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION

By the same token as for the proof of Claim 1, relation (117) implies the following:
Lionel de Boisdeffre,!

((Zl) € RJXI, Zie] 2 = 0, V(Sz) C 2 = 0, V(Z,Sl) el x Sz*) = (V(SZ) c 2 = 0, V(Z,Sl) elx Sz*)7

which characterizes frictionless arbitrage-free markets, from Cornet-De Boisdeftre
(2002, p. 401). Moreover, by construction, the refinement (S}) inferred by rational
agents is the coarsest refinement of fi%) making financial markets arbitrage-free.

stract
Thus, arbitrage-free markets at the outset reveal no information and let (S;) = (S;).0

PG RIBET PSS & RUTEEHCRARIS (eConQmmy IIETEcansymers mat have agim:
LG AT 00 AT AT % LS ISTenessanhth Tesmiehof Aaeessof g Uil
nengishinabeis. Uneks dandand enditiongo ooy Bk the b ceneeRii g

Sibitrage prase frshequiionm Eset Rrice frmgde. Mmslv- Sy atlcqtion o stats

Brised i TRaloatlt Lol R SRS S oo iy s result ex-

tends Cass (2006), De Boisdeffre (2007) and similar results of symmetric informa-
. § e .

70, B LT 0 T SR Roe Gt YN Yol T DRl R CBPRR s (2010).

Mojrgyet he fefritioryedisgigencestf dsmasnusntisd souibmium do noksdnan

fadoar 507 972 ntionah emsetian assumiigngolich may SdepPRidies

G-z = 0 whenever z € Z°. For each i € I, let ¢; € Z be defined by ¢, = sesis Aism(V(s)),

if S; #8, and ¢; = 0 otherwise.

Since ¢; € Z =Y. RV (s), for every i € I, there is a vector (u,;,) € RS, such that

seES

Key words: Vifidodiplete aiirdange sagughedhsarelatiam zrisittadeoldyifes fent
BgiHl bk *Sidnhaexisbatations; effest M1defined afSmeardtii € ibthymations: » for
TELY Cassifcalbis 5w — 5+, for every s € S. By construction, the state prices,

7 Uiivb Ry ofdPiprdifor Pl RebrsUBRAHotaee Tosar P RERIVIEH A6 MDA,
75013 Paris, France. Email: lionel.de.boisdeffreQwanadoo.fr
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4 Eheexastenee 1l heoremRIC INFORMATION AND RESTRICTED
PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION
Arbitrary vectors, A = (\,) € RS, and 5, € PS\S, for i € {i € [ : S, # S}, are

Lionel de Boisdeffre,!
henceforth set as given. Under Assumptions A1 to A6, the following Theorem 1

guarantees the existence of a sequential equilibrium, consistent with the state prices,

(Xs), and the subjective expectations (p,):

Theorem 1 Let arbitray vectors of state prices, \ = (\,) € R% +, and subjective

expectations, p; := (b;s) € P%\S, of unAbktrnafdrmed agents, i € I* .= {i € I : S; # S},
be given. Under Assumptions A1 to A6, there exists a collection of market prices,
(p, pL 126 (BEPGE LTBSCTHS O PUTS CTGRATI SRS, (T8 AT WRERH SHYB BRE P Y,
U R ST OF TR0 S 1708k O Seljetb TG EGIARE - ML OF M TEENTRGF B, 10 del, By
pancial mgrksfsr, ndsiestandand copditions. it shpwseihpt;the g goncepts of no-

arbitrage price and equilibrium asset price coincide. Namely, any collection of state

The proof a}))lplies Gale-Mas-Colell’s (1975, 1979) fixed-point-like theorem to
prices in realizable states is proved to support a sequential equiltbrium. This result ex-

lower semi-continuous correspondences representing agents’ behaviours in an aux-
tends Cass (2006), De Boisdeffre (2007) and similar results of symmetric informa-

iliary compact economy, and derives the equilibrium from a pseudo ﬁxed—point.
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).

MotebvaAm thaxddfany complaet: georonhy hwitdguansdified: bdget ket rely on

Radner’s (1972, 1979) rational expectation assumptions, which may be dropped.
Let Q:={qe Z*:|q]| <1} and P*:= {p € RE : |]p|| < 1}® be given convex compact

sets. From Assumptions A4-Ab, for every i € I, the portfolio set Y; contains Z¢ and
its orthogonal projection on Z; (hence, equal to Y; n Z;). Therefore, the following
convex sets are well defined for every (p, p! = (pl)ses) € P* and every ¢ € Q:
Bl(p.p',q):={ (2,2) € Xi xY;NZ;: p- (w0 — ein) +q 2+ s Asph - (x5 —eis) < 1,
ey words: incomplete markets, restricted participation, arbitrage, existence of

plo(ws—eis) <V(s)-2, Vs €S, and D,y (s —eis) < V(s)-2, Vs € S;\S };
equilibrium, rational expectations, perfect foresight, asymmetric information.

A(p7p17Q) ::.{ [(137,:2’2)} € Xier Bil(p7p17q) : Zie[ (zisfei,s) = 07 Vs € SI and Zie] 2; € 4° }
JEL Classification: D52

! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
Feihhdzaddiss I rance((Hptil) Horebdg, boigdefipg@vtipadog.s”, ;. (||lzil + [|z]) <

12
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PraafuiSestilievApperdiksYMMETRIC INFORMATION AND RESTRICTED 0
PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION
Along Lemma 1, let X} := {(x,) € X; : ||z <r} and Z} :={z€V;nZ; : |z|| <r}, and

Lionel de Boisdeffre,!
define, for every (i, (p,p' := (pl)),q) € I x P* x Q, the following convex bounded sets:

Bi(p,p",q) ={ (x,2) € X;xZ} :p-(v0 —€in) + ¢ 2+ Y eg AP (Ts — €is) < V(ppiog)
plo (s —eis) <V(s)-2, Vs €S, and Py, (15 —eis5) < V(s)-2, Vs € S;\S };
B!'(p,p',q) :={ (z,2) € X;XZ} :p- (0 —€i0) +q- 2+ Dees Aspy-(Ts — €is) < Y(p,q and
Pl (w5 —eis) < V(s)- 2, %@Eaﬁtzd Dis - (s —€55) <V(s)- 2, Vs € S;\S };

where v, 1 o = 1 —min(L, [[pl| + [p"[| + [l4l])-
The paper presents a pure exchange economy, where consumers may have asym-

Claim 4 For every i € I, B is upper semicontinuous. .
M hfotmatsd , wori-orderéP %references and’ a restricted access to purely fi-

OGO A e PR BT e GO B el B LA e R Yo
ESRHTRASRI 165 SR AL A HERT S5sh TS SRS sofYamety, amy collection of state

prices in realizable states is proved to support a sequential equiltbrium. This result ex-
%;Ladsnbésg ](2507%‘5?%@93%255935]?’79@ “F’M% é%d%%ih? Tesults of symmetric informa-
%%n\?(gu%lﬁ G W atif LadPREeR e Bl Friki's (2005) or Cornet and Gopalan’s (2010).
bt 5o TGP ABASHES Danid KRS aFmET G i1 eluitibrivm do not rely on
Rafgzreor(’)sf (1972, 1979) rational expectation assumptions, which may be dropped.

Assertion (i): let (i, (p,p'),q) € I x P* x Q be given. Assume, that (p,p') # 0 or that
Yot = 1. Then, from Assumptions A2-A4-A6, there exists (A, z) € R;; x X7, such
that (z,A\z;") € BY(p,p',q). Assume, alternatively, that (p,p!) =0 and q € Z*\{0}. The
portfolios of Z* ¢ z° yield zero payoffs on S. It follows from Assumptions A2-A4-A5-

ey words: incomplete markets, restricted particitpation arbitrage, existence of
6 that there exists ?)\,p) e R2_, small enough, such that: (0, \z]" — uq) € B/ (p,p", ¢)-0

equilibrium, rational expectations, perfect foresight, asymmetric information.
JEDSeThisnfextilsh: (D@p').q) € I x P* x Q, an open subset, V, of X7 x Z;, and

(za2UmiNersiy He BRI sugbathabkds 2) Sokifafiér pheot IBramdibedafiaitionsliai;
75013 Paris, France. Email: lionel.de.boisdeffreQwanadoo.fr
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there dsdpts1aBmdaighiowriciodA £, ofl B RLEG ) | ROl Mheat1 N 20 XDV RESTR1I@TRD) holds
whenever (PART YA GrhiclT Hieax® tARB Bl Ra GEvEL Bami-CORRIAATSCGN (p, p', q). o

Lionel de Boisdeffre,!
4.2 The fixed-point-like argument

A convex compact set, © := P*xQx(x;e;X;xZ}), and ls.c. correspondences are
introduced. Namely, for each i € I and every 6 := ([p,p* := (p})], ¢, [(x:, z:)]) € O, we let:

Bi(p,p",q) if (xs,2) ¢ Bj(p,p',q)

Abstract
B! (p,p*,q) N Pi(z;) x Z} if (zi,2) € Bi(p,p*,q)

\117(9) =

%’%(9) ={ ((¢t',p"),d) € P* xQ:

e paper presents a pure exchange economy, where consumers may have asym-
%q/._ q) - Eie] 2+ (' —p)- %ie[(xio — ¢io) + ZSES 8721 —p;) : Zied(xis —eis) >0}
metric information, non-ordered preferences and a restricted access to purely fi-

nancial markets. Under standard conditions, it shows that the two concepts of no-

Lemma 2 For each i € 1U{0}, the correspondence ¥, is lower semicontinuous.
arbitrage price and equilibrium asset price coincide. Namely, any collection of state

pri®pcofl Sdezthle Atgpendiproved to support a sequential equilibrium. This result ez;

tends Cass (2006), De Boisdeffre (2007) and similar results of symmetric informa-
The above correspondences display a remarkable element, 6* € ©, which meets
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).
the properties of Claim 6, and is henceforth set as given and always referred to:
Moreover, the definition and existence of the sequential equilibrium do not rely on

Rldiver 6 1272, et Jaratiendrdupectatipn, Ssenpitione; wiachzmay e dsoppethat :
(i) ¥(p, p' = (ps) ) € P*, Vg € Q,
(¢ —q)- Zie[ zi 4+ (p* —p)- Zie[ (z}p — €io) + Zs€§ (pi* —p;) : Zie[ (w7, — eis) = 05

(i) Vie I, (7, 27) € Bj(p*,p**,q¢*) and B} (p*,p*',q*) N Pi(z}) x Z} = @.

Proof Quoting Gale-Mas-Colell (1975, 1979): “Given X = x!*, Xi, where X; is a
Key words: incomplete markets, restricted participation, arbitrage, existence of
non-empty compact convex subset of R™, let p, : X — X; be m convex (possibly empty)
equilibrium, rational expectations, perfect foresight, asymmetric information.

valued correspondences, which are lower semicontinuous. Then, there exists z :=
JEL Classification: D52

(z;) € X such that, for each i, either z; € ¢, (x) or ¢,(z) = @”. The correspondences
! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,

0 10r ParisuKoaneeedtmHikoliditgbde . bbiddefheaviheclemfand yield Claim 6.
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ClainEGuGammi oM - ([H, XS M BETRIG INEQRVAT O AdlenR EamiCcGERt ¢ =
(¢" +7) := (PARDICIPAGION)): beHfvE- KR@LT HreGfbl DwiyAd sertions1hold:

() Yoo 5 €26 2° and Y., (dijonel, e Bofsdaffony s € S';

(ii) (z,2}) € Bi(p*,p*t,q*) and B.i(p*,p*t,q*) N Pi(x}) x ZF = @, for every i€ I;

(i68) D ier 25 € Z° and we let (20) € xie1Z? and (z) = (2f —27) be such that Y, ; 2z =0;
(iv) (p*,p*t) € P x PS and (p*,q,[(zf,2)]) 1S a sequential equilibrium of the economy
Epy)s defined by pis = b, for (i,s) € I* x S;\S, and p;s = pi*, for (i,s) e I xS;

(v) g € NA(N). Abstract

l%/%e paper presents a pure exchange economy, where consumers may have asym-

meﬁ%&%ﬁ%&t the} rﬁ})%lgrgeg"edz;??éfe?“eﬁcésp “andicd Fstied accessp %0 %’ﬂﬁé(l Usfi-
fitthidl IS YU G sth it Wb il O, ot SO SAT 6 e DS 2 e YR BN GE
g:r'ﬁ‘trdgg pmcé il %%mg’r'%)u%Oa%egjé‘%%?%o_iﬁiéfaiéONamely, any collection of state

pmges m reaszable tates zgl ﬁo%%agoiupp&rj a se%u;z%t}gl (é%uzgzbmum Thz@resulgﬁxt—

§ACh AP st or some s'¢
{ends a5 (2009), e PRisel sl O 67) al’s &‘?é“%’ﬁ Yeitspstye miorma
twéL,Osucl], ailel r@ms dcg Rog;hf:glld ;T m@ise s( Q/QSO? zel @et_ %Zsl gqaalﬁnom( %qal 1&1

éM Z{e 11537”, @gﬁ% 011 an d ex%stgnceews) the ;e%fgstzﬁzl ggzgzlgbmmgl <d%)(pn<;t rely ogz

Hednend, (ffo%”&cﬁg’f%) TG R TPeGHSHOT PP E RS, AT, %%%réfdflc%qggeﬁrom

above, namely: 0 < p* D ier@iy—eio) Fa" Y i 2 +ES€§ As Eiejpi* (zf,—ei5) 0. g

Assertion (i): from Claim 6, it suffices to show: B.(p*,p*!,¢*)N Pi(z})xZ; = @. By
contraposition, assume that there exists a strategy (z;,z;) € Bl(p*,p*', ¢*) N P;(z})x Z}.
kedylswen dis Bt o plEte IR, HBg GdaimgaptiEpatonsspintiens ¢kistdscansd
CRRYERIHLAT SRS B Eslb S Eiteet foTdsibtit Zasythmatfie mtbsBationy ™ ¢°)
FRL(C a5 R4 o1:2D¥@uld hold, for n € N big enough, contradicting Claim 6. o

1 Un1ver31ty of Paris Panthéon - Sorbonne, 106-112 Bouleyard de I'Hopital
(ﬁgspgﬁ Fin ko ?u%@@é‘go@éﬁ% 101, b0 Fhe budget constralnts of
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(zf, 25 EQRIpIRR L) (for H ARyarealh biadingoSumminy them Rp{aricTEDyields,
from AsselPioRT@TINEIGN X THE; NOe ARBMRAGE, (1A Rfoe BR&ny ATASN The latter
relations are written Y°,.; z; € Lilondhidh Belddeffrerth Assertion (i): .., 2 € Z°. o

Assertion (iv): summing up the binding (from above) budget constraints at ¢t =0

yields, from Assertions (i)-(ii), 0= pg - ;e (@l — €i0) + 0" Yier 27+ Deeg As Doier PE* -
(z}, — €is) = #I7y(p- 4y~ The relations (z},z) € Bi(p*,q), for each i € I, in the economy

E(p,) (defined in Assertion (iv)), follow from the definitions, Assumptions A4-A5 and
Abstract
the relation ¢* + g€ Z* @ Z , where ¢ == (¢" +9) == ¢" + X g A:V(s) and (z) € xerVi

is de}‘lined along Assertion (iii). From Assertions ( )z iii) and above, the collection,
e paper presents a pure exchange economy, where consumers may have asym:

C:= )]), meets Conditions of Definition 1 in the economy &
metr<zc i oxrnfa)t]z)on non-ordered pre%)rérgces and a restricted access to pU ('Fe>ly fi-

nafithel aollektion Uraleo staetadotatidisions) of Mefinittort the lhidecbnthptsebitivn
arbitrayeprige gl equitidhdsntrasseA paertionsnideii) Namedpovnyaoed liotslies) Stohe
brereasanl reddeetaple stotes wstprivredd &supgortor segelentea . cfbidibelagionl s peudt ems-
sl lowsstY@R0 Bkséreidlosileivd (G pdns Tl dissesnlls tof syntragiositionortinat
thwre sudbtasdVl aati $=da=/RecBaiend) Trikiss (2005 lrotiéoabetarddtionafasi s \(2Pidkh
Absroonptionke AlRfih4tids, ahé etistegse @f, thy wegydndichogemlibuukimsldet wat beldgen
Foudeaint$I Bl 2K }irationd kepeclatinne assbigpéionsghyhtied relutibnsliapper) =
[L(af,2]) + (1= 2)(x}, 2)] € Bl(p*,p**,q*) N Pi(z}) x z; would hold, from the definitions,

Assumptions A3-A/4 and above. The latter relations contradict Assertion (ii). o

Assertion (v): Assertion (v) states the relations 7(¢) = ¢ and ¢ € N A. The former

follows from the definitions, which imply: ¢ := ¢* +§ € Z* © Z. The latter is the

Key words: incomplete markets, restricted participation, arbitrage, existence of

standard no-arbitrage property of equilibrium prices: if there existed (i, z) € I'x As(Y;),

equilibrium, rational expectations, perfect foresight, asymmetric information.

such that —¢-2z > 0 and V(s) -z > 0 for every s € S;, with one strict inequality,

JEL Classification: D52

the strategy (z},z) would not (from Assumption A7) be optimal in B;(p*,q), in
1 University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de 1H0p1ta1,

ol BationRraticd dsentidn l(iﬂi)elﬂhnbeisﬂefﬁfe@@l:ﬁﬁiemfi is proved completely.q
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5 Ehemmedel s 0w tcomes whdnrore sagent Ns Ruebys indfiormed

PARTICIPATION : THE NO-ARBITRAGE CHARACTERIZATION

Throughout this Section, ondagwat, dedtstisdeffeer, is fully informed (i.e., S;, = S).

All structural characteristics of a standard economy, {(I, S, L, J),V,(S:), (e:), (=)},
are unchanged from Section 2, except Assumption A5, which is dropped without
changing the result of Theorem 1. With one informed agent, the relation z° = z°
hol implies: zZ =2 H =g, f . Th h

olds, and implies: N A Cc Z nggi’a%@) q, for every ¢ € N A us, the

no-arbitrage prices in the current economy identify to the standard no-arbitrage

prices Opaistinplessinankets of HaRRCbEBHAFMAIoR- RGPS ity tRadhak ihe
Jatties COIpsidRsh, CABHBRIBRPYIFeRe AR Y, PG SHpRIted vy eollsarion pf
stateRE s RE AR TR ARt conHORSIOR Aduls DY HRPIAGEA.bY BpHapfais
A BB RE TR E PRI RRE Y, PR el Yl SYNAREIHIC AR EMRIAB R 5REdYe
pricesyip reghizagle siates b Proued. 0 SpROn & SoIGR ARSI S e 98 TESUL 67
tends Cass (2006), De Boisde 4 [:2007) and similar results of symmetric informa-

Uier Y; 18 a vecto
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).

MO g s SR On cistésicd o) the segbential cquilib i da ol el oh
B?ag;;ecr %Z?IJ 5%2/2)19:7& ) e%a%o%élﬁ]ezx%e}c a%o%%%s %%%eotng’n ?Ui%gfz) af;z%rgb’ f9 t rbzﬁ))j)e%ié.w)'

Under Assumptions A1-A2-A3-A4-A5’-A6, Section 5.1 proves that sequential
equilibria exist consistently with any state prices in realizable states, and any given

expectations in the other states. Section 5.2 relates this result to the literature.

K& Whralibrium with, ope. fully infermed agention arbitrage, existence of

e A R A RS H o oSt PR SEl R PR RS RO afioRe omly

g}%&wg}% A ﬁ%%lr(l)sr,l:tge&reader may refer, e.g., to Balasko-Cass-Siconolfi (1990),
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establiElQ UilL ipaittion ] 5 Tith oA Seianpiir seasirdots voar tha trde RE $EsaTRRY lead
to a real iRleramaipacyoof edqrilibNorARBIiTRAEt i A0t AndaRpleteromrkets. The
present focus is different. It isLoontheleddelitdorifand steps used to extend Cass’
(2006) price equivalence theorem, and, in particular, to restricted participation.
As shown by Balasko, Cass and Siconolfi (1990), that price equivalence fails with
restricted participation, in general. Few contributions have investigated this issue.

Martins-da-Rocha and Triki (2005) and Cornet and Gopalan (2010) are exceptions.

Abstract
In the latter papers, a weak form of equilibrium is proved to exist first, which

R A e e T e b R

ahae. Deimision; b Crisa- 5rde bl YRS B2 e0MPd Wit cPede udess o Lo AR
scilibyivm, i cellod 2, weak capikibrinam, by Martins aRacha, angd ol (FP05)
Wk R Sssaunts earing cauilibein, by Comet andyGonalan, (2010). ‘Their proofs
deriys thesristonss ok she.weaten souilibrinm, from a technical conditinp, on aspnis’
2o B M0 a55° P PRV O BB P AT RSO e sk eh sauilibrinm
e i M et A s O Y 7 3 i M e M S ey
Moypgquer, She definilion, anglsevistnee ofsthe sequentiol cquigibrium. do not rely on
At oo LTy R eRes i S RE A o Dl AR s,
when agents, with one informed, may have non-ordered preferences and restricted

participation. No other assumptions than A1-A2-A3-A4-A5-A6 are required to

prove the existence of a sequential equilibrium and the desired price equivalence.

Ky wesitde dhebrhitetdrtitdpodedstmeing pardsiuptionsbitéadd, dHet8aneTdf
squaBeRimP aEHRlios wepesestideiehloftbe Rl asiRisaTtHGHER MR pssible
hEpue dssiitaizsd itp gvthogonal projection on z;. Without Assumption AJ, this
possihiliirsiapisheparbieh rpay.mesme. bosumslaryepraiger 4 sBe tha Arapae dixepliais

75013 Paris, France. Email: lionel.de.boisdeffreQwanadoo.fr
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probleliqdisamiars whenmiedd st an Besits dxFaiminatod (AsD RESZRCTHD.? Yet,
Won and Harr(Q008T1show tlat reduAdmit résets Oy Roatrimietoaisk sharing.

Lionel de Boisdeffre,!
Moreover, restricted participation models typically keep the set Z° non-trivial,

so, I leave this possibility open. To circumvent the above problem, I introduce an
auxiliary economy, which only changes portfolio sets. The latter are replaced, for
eachi e I, by: Y/ :=Y;+7?2. When one agent is fully informed, both relations Z* = {0}
and A :={(z;) e R : ¥, 2z =0, V(sjzi >0, V(i,s;) € IxS;} C Xie1Z? C X4ierY] hold,

bstract
from the definitions and the above assumption that markets are arbitrage-free.?

FhE RO R S K SRS SANATYG MAETEASQTSUIISTS I Iy %supTy:
TREHTIf 5 IRAQITR AR T QTdGTE PRl e T Ce S i STt S ee S b i e s
tttsial anbeka Gpder stemdard opditions, dbehosis Mhgh hephue qpselielni
gr%itr%%e gric angf %%wlzqu%m assezé price cgigzc(ilde. N%melg @En coll tz'%n Oé” state

e1nl 1S and nota 1S O ection ,excep u get sets’ notati IlS, WnNICcn are now:
Prfces in realizable statqs isproveghte gupport a sqquential cquifibrium, Ahisresult ca-
R s (R G R L R
tion, such as Martins-da-Rocha and Triki’s (2005) or Cornet and Gopalan’s (2010).
MV 1 delingion gnd srstenss, ol fiesavsitiol cquilibrigmpdesnof rely on
Radper’s (1972, 19794 rafional cxpeghationjgssumptipng, which may, be dropmed,
D, q, [(z:,2:)]) € PxNAN) x (xie1Bl(p,q)) of an auxiliary economy, &/ ., be given, such

(pi)

that pis = p;5, for every (i,s) € I* x S;\S. Then, there exist portfolios, (z}) € xic1Yi,

such that (p,q,[(z:, 27)]) 15 a sequential equilibrium of the initial economy, &gp,).

Ke?r%f}&se:t ﬁléoﬁ‘}gpde%lﬁln%rk*et@w)e&ﬁgﬁé%’ Igﬁlft?@ﬁ}éﬁq&n,[ “arbitt£gd, ‘eXisteRite 7'

equifilomutheratétnilienpebeasicing, -peptert foresight, asynumetsie,; infarmatipa.r x s;}
is always included in z°’. In the current economy, the relations z* = {0} and z° = z°
I#d. Giassification: DHP holds, Assumption A5 is implied by A4.

o %%%élé‘gégé%?f‘fﬁ%iﬂifia‘éﬁﬁ eg&ﬁr{ﬁj%g S BRRNRR Ao PHEL A
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given. BQongi B hsoverw IT BetA@GYMNiE BRI R BORMAT O ; ANT)(REI Deia BeEdquential
equilibriunk aRANCEEATONNY, :Sgl;gg sNch ARt DR AGE, oA RCT BRI ATTONS;\S. From
the definition of budget sets, tHeiwnexides Befisdeffiea.z?, such that 20 .=, 20 € Z°

and (z;, 2 + 20) € Bi(p,q), for all i € I, since g e N A C Z = z°* holds from above.

Assume, from Assumption A5’ and Remark 5, that the relation Z° c ¥;, holds
or that Z° c Ujer As(Y;) and agents have symmetric (full) information. Then, there

exists a fully informed agent, i’ € I, such that (2,429 —2°) € Yir. Let (2}) € x;e1Y; be de-
Abstract
fined by 2z} := (2i+2% —2°) and 2} := z;+ 22 for every i € I\{i'}. Then, C := (p,q, [(x:, 2})])

is a_sequential equilibrium of the economy &,). Indeed, ¢ meets conditions (b)-(c)
e paper presents a pure exchange econo%&, where consumers may have asym-

of Definition 1, hy construction. Moreover, the relation ¢ € 7 gnd the oLptimali}y f
metric information, non-ordered preferences and a restricted access to purely ]%—

(i, 2) in Bi(p,q) D Bi(p, q), imply that of (z;,2¥) € Bi(p,q) in B/‘](Lp, qt), for each i e I
e

nancial mdarkets” Under standard conditions' it shows that wo concepts of no-

arbitsegmprickandtgellibthat &sset pricy;cigncivectdtaspeles ang edlidectigenty hote
pyiesctricdtorbiasiones Thpreter tontpipsrt g sequesptidhegueldisoyme Ly rasalt e
derdd it Gmssy (BE0Ags e dis degfivts(2088henthdmiskdorrassdt s gty nineetricsieforthnat
tinw, suchios Monténs-diiec vom A\ Esikipti8804) priCGentiet dnd, Gopylar s.{20d ).
Wobdeforres, cthic atedinition( gnd eristercy, diolds. sEiecrdstloljomshideont dalrtot atsbyeon

Radner’s (1972, 1979) rational expectation assumptions, which may be dmﬁped. )
Remark 6 Tt follows from the above proof, resuming its notations, that the equi-

librium, ¢’ := (p,q, [(z:, 2:)]), of the economy Eépi), along Claim 8, yields an accounts
clearing equilbrium of the economy &;,,), namely, C° := (p, ¢, [(z, z:+20)]). The equilib-
rium, C := (p,q, [(z:, 27)]), of the economy, £,,), is derived from the latter, C°, owing to

Assumption A5’ The condition to apply Proposition 1 (p. 234) in Cornet-Gopalan
Key words: incomplete markets, restricted participation, arbitrage, existence of
(2010), which derives an equilibrium from an accounts clearing equilibrium, is ex-
equilibrium, rational expectations, perfect foresight, asymmetric information.
actly the same: Assumption A5’. The latter paper builds the existence of its ac-
JEL Classification: D52
counts clearing equilibrium on an additional condition on the accesssibility of asset
! University of Paris 1 - Panthéon - Sorbonne, 106-112 Boulevard de I'Hopital,
pagoEP ariichrdreentimailimbdekdelhaisdefitd@ wemadkoel fmild Assumption A6.
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5.2 The above results with reference to previous ones of the literature

The literature is abundant on asymmetric information and restricted participa-
tion. When it introduces asymmetric information, agents would have the perfect
beliefs, and make the Radner inferences, described in De Boisdeffre (2022). The
two conditions are linked and highly theoretical. The current paper prefers to tackle
asymmetric information with the Cornet-De Boisdeffre’s (2009) inferences, which
require no price model nor structural knowledge on the economy. On restricted
participation, the literature typically assesses conditions under which equilibrium
exists, the limits to Cass’ (2006) theorem, and conditions leading, either to the

generic regularity of equilibrium, or to its indeterminacy (see Section 1 and above).

The current paper has a different focus. It aims to extend Cass’ (2006) theorem
to a fairly general model of restricted participation, where agents may have non-
ordered preferences, asymmetric information and no price expectations a la Radner
or CKRMC models. Since the same issue was investigated, under symmetric infor-
mation, by Martins-da-Rocha-Triki (2005) and Cornet-Gopalan (2010) it is relevant

to compare the latter papers and the current one when agents are fully informed.

Cornet-Gopalan (2010) weakens slightly Martins-da-Rocha-Triki’s (2005) assump-
tions for the existence of equilibrium prices, but uses a similar approach for the
proof, which is not so far from the current paper’s. The main differences stem from
the fact that the former drop Assumption A6, at a significant cost. Technically,
the authors have to insure that auxiliary budget sets, similar to those in Section 4,
have non-empty interiors, which is far more complex than proving Claim 5, above.
Replacing Assumption A6, Cornet-Gopalan (2010) assumes that the closed cone
spanned by agents’ accessible payoffs is a vector space, and Martins-da-Rocha-Triki

(2005), that all available payoffs in the aggregate are accessible in reduced amount
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to an agent. Those technical assumptions are sufficient conditions for the existence

of the weaker equilibrium, but neither necessary nor transparent conditions.

With symmetric information, the current paper replaces the latter accessibility
conditions by Assumption A6, which is met on all actual markets. Doing so yields
a direct existence proof along Theorem 1, in the sense that no weak form of equilib-
rium is required as a first step. An auxiliary economy can be used instead, where an
accounts clearing equilibrium is only implicit (Remark 6). The notion of sequential
equilibrium does not require that frictions be technically restricted as above, but
that an agent might purchase any accessible portfolio, which she desires at market

4

prices. In either models, equilibrium prices adapt to insure that condition.” Prices

would prevent accessible transfers to take place, which cannot clear under frictions.

Another issue, which deserves attention, is the notion of no-arbitrage price. De-
finition 2 presents two standard concepts: the frictionless no-arbitrage price, and
the no-arbitrage price, to which Martins-da-Rocha and Triki (2005) refer. Cornet
and Gopalan (2010) introduce an intermediate concept of ‘aggregate no-arbitrage
price’, which refers to the vector space, (U;c;Y;) ¢ R, spanned by U,c;Y;. A price
g € R’ is said to be ‘aggregate arbitrage-free’ if there exists a vector of state prices,

A= (As) € Ry, such that -2 = )} AV (s) - z, for every z € (UicY;). Cornet-

seS
Gopalan’s theorem states the equivalence between equilibrium prices and aggregate

no-arbitrage prices, under the payoff accessibility condition above.

Theorem 1 states, more precisely, the equivalence between the sets of equilib-

rium prices (on markets with or without frictions) and of frictionless no-arbitrage

prices (i.e., {3 ,cg AsV(s) : (As) € RY,}), which also define no-arbitrage prices and

+ Consider the economy of Remark 4, where s, = s, = s instead. This economy
meets Cornet and Gopalan’s accessibility condition, above. But no trade in the first
asset may take place at equilibrium. Prices need to insure that condition.
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aggregate no-arbitrage prices through a vector of state prices, (A,) € R{,. Up to mild
changes, Theorem 1 thus embeds the latest developments on Cass’ price equivalence
given by Martins-da-Rocha and Triki (2005), that no-arbitrage prices character-
ize equilibrium prices provided financial markets be locally collectively frictionless
(cone Ujer VY; = ImV), or by Cornet and Gopalan (2010), who state that aggre-
gate no-arbitrage prices characterize equilibrium prices whenever the closed cone
spanned by agents’ accessible payoffs is a linear space. Theorem 1 mainly replaces

the above accessibility conditions by Assumption A6.

6 Concluding remarks

Section 5 shows that Theorem 1 and Claim 8 complement the existing results of
the literature of symmetric information on Cass’ price equivalence. Theorem 1 also
refines and extends De Boisdeffre’s (2007), which establishes that an equilibrium
with asymmetric information on frictionless purely financial markets exists and is
supported by one (unknown) collection of state prices. Theorem 1 now states that
any collection of state prices in realizable states supports a sequential equilibrium,
whether agents had a restricted or full access to financial markets. Finally, Theorem
1 proves the existence of a sequential equilibrium without assuming any form of
rational expectations a la Radner (1972 and 1979). Agents’ expectations are private

exogenous in the current paper, as in the standard temporary equilibrium model.

The latter result is of self-interest. First, it contradicts the view that the sequen-
tial and temporary equilibria are two dichotomous concepts (Grandmont, 1982).
The sequential equilibrium of Definition 1 is a temporary equilibrium, which lets

agents’ demands clear markets ex post.

23



Documents de travail du Centre d'Economie de la Sorbonne 2024.05

Second, it suggests a response to the standard criticism of Radner’s (1972) perfect
foresight assumption, stated, e.g., by Kurz and Wu (1996): “agents need to know the
maps from states at future dates to prices in the future and it is entirely unrealistic
to assume that agents can find out what this sequence of maps is.” Radner (1982)
himself acknowledges that perfect price foresight “seems to require of the traders a
capacity for imagination and computation far beyond what is realistic." Theorem 1
makes perfect foresight unnecessary to insure the existence of sequential equilibria.

This result had been intuitive so far, but, to my best knowledge, never proved.

Under asymmetric information, Theorem 1 avoids agents to detain the structural
knowledge of the ex ante characteristics of the economy and of the other agents’
beliefs. This assumed knowledge is typically used to justify the Radner (1979) in-
ferences in rational expectations’ and CKRMC models (see De Boisdefire, 2022).
Moreover, given the indeterminacy of equilibrium with nominal assets, the infer-
ences in Radner (1979) are questionable from the theoretical viewpoint also. The
latter are based on the assumption that there exists a map between the state of
nature to be revealed and one selected equilibrium price to be observed - a map

which all agents agree upon and reveals information.

With many other possible outcomes, how can one particular revealing price
emerge as a market equilibrium outcome, Polemarchakis and Siconolfi (1993) ask,
when alternative equilibrium prices are non-revealing 7 Why not agree on one of
the latter prices, which would reveal no information ? CKRMC models typically let
agents anticipate finitely many possible equilibrium prices in any state of nature
(instead of one price with certainty) and apply the same inferences as Radner’s to
the correspondence relating states to multiple selected prices. But this new selection

would not change the conundrum, when there are infinitely many equilibria.
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In the current paper, agents endowed with no price model, but with private ex-
ogenous expectations, infer information from observing financial markets along the
Cornet-De Boisdeffre (2009) inferences. The latter demand very little in terms of ra-
tionality. Agents only have to realize that a lasting unlimited arbitrage opportunity
cannot exist, and, therefore, to rule out the states, which would offer a free lunch.
The latter inferences and their properties extend to arbitrary financial structures
and state spaces (possibly infinite). They seem to describe the actual refinement of

information, which takes place on most financial markets (De Boisdeffre, 2016).

The current model drops rational expectations completely, that is, both the per-
fect foresight and Radner inference assumptions. But this does not solve one major
problem of the standard sequential equilibrium concept, which stems from the de-
generate (i.e., unique) price expectations. Because of insufficiently many observed
parameters, no rational agent could infer, in general, which particular spot prices
might obtain tomorrow, amongst all equilibrium possibilities. In case of indetermi-
nacy, uncountably many market-clearing prices exist. Yet, the standard definition
of sequential equilibrium in the literature lets agents commonly expect one price on
every spot market. The common selection of a unique equilibrium price, amongst
uncountably many, is a mysterious process. It could only be explained, theoreti-
cally, if the unique spot prices were the necessary outcomes of the economy’s ex
ante characteristics and agents’ beliefs, under their common knowledge of rational-
ity and unlimited forecast abilities. Such an assumption is, indeed, at the core of

CKRMC models, but would not lead to degenerate expectations in such models.

In the current model, no such rationality is assumed. Future market-clearing
prices always exist, from Theorem 1. But the probability that agents had expected

them uniquely ex ante (as required at equilibrium), say ‘by chance’, is as negligible
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as above. This problem vanishes when agents anticipate exogenous sets of spot
prices (endowed with a probability distribution), which always contain (but may
not be limited to) the true equilibrium price. Facing uncountably many equilibrium
possibilities, rational agents should also have uncountable anticipation sets. When

the latter always contain the true spot price, agents are said to have correct foresight.

Correct foresight may replace perfect foresight in the definition of the sequential
equilibrium. With smooth preferences, the set of all market-clearing prices is shown
to be non-empty, fixed and bounded above zero (whatever agents’ beliefs). Having
no price model, and no awareness of other agents’ characteristics and beliefs, the
latter set is argued, in De Boisdeffre (2022), to represent agents’ minimum uncer-
tainty about the future spot prices. To agents, the location of tomorrow’s spot
price within the minimum uncertainty set is undetermined until it is observed. In
the latter paper, a correct foresight equilibrium is shown to exist whenever agents’
anticipation sets embed the minimum uncertainty set. By a same technique of proof,
the result of Theorem 1 could be used and extended to an economy, where agents’
degenerate anticipations are replaced by anticipation sets. The extended theorem
would state that any collection of state prices in realizable states supports a ‘correct
foresight’ sequential equilibrium, in an economy which fully discards rational ex-
pectations. The latter equilibrium would exist when agents’ anticipation sets embed

the minimum uncertainty set. Theorem 1 is also a step in the proof of this outcome.

Appendix

Lemma 1 3 > 0:V((p,p'),q) € P*xQ, ¥V [(xi,2:)] € A(p, p*, q), Yoier Ulzill +lzl) <,

whe'r@ A(p»pI»Q) = {[(xzvzz)] € Xier le(pvplvq) : Zie](l.is_eis) = 07 Vs € SI? Zie[ Z; € ZO}~

26



Documents de travail du Centre d'Economie de la Sorbonne 2024.05

Proof Referring to the notations of Theorem 1, let 6 := (14>, .. I5]1) Xse llell
be given. From the market-clearing conditions in A(p, p',q), the relations z;; € [0, d]"
hold, for every (p,p',q) € P* x Q, every [(z;,2)] € A(p,p',q) and every (i,s) € I x S'.
Moreover, the idiosyncratic expectations, (p;,), for i € I*, have a postive lower bound.

Lemma 1 will, hence, be implied by the following Assertion:

I’ >0, V(p,p',q) € P* x Q, ¥V [(zi,2:)] € Alp,p". q), Sier llzill <7’

Assume, by contraposition, that the above Assertion fails, that is, for every k ¢ N
(k> 0), there exist prices, (p*,p'*, ¢*) € P* x Q, and strategies, [(zF, zF)] € A(P*,p'*, ¢*),
such that oy, := Y,c; [IzF| > k. Then, the relations 2% := (2¥) € x;;¥i N Z; and
2% = 2k o = (2F/ar) € xie1Yi N Z; hold, for every k € N, from the definition of
A(p*,p**, ¢*) and Assumption A4. The bounded sequence, {z’*}, may be assumed to
converge in a closed set, say to z := (z;) € x;¢7Y;NZ;, such that ||z|| = 1. The relations

[(F, 2F)] € A(p¥,p'*, ¢%) hold, for every k € N, and imply, for every (i,s) € I x S;:

19

V(s)-zF > -6, that is, V(s)-2/* > —2, hence, in the limit, V(s)-z; > 0, for each s € 5;,

while }°,.; zF € Z° implies Y, ; 2/* € Z°, hence, in the limit, >, ; z € Z°.

Let (2¢) € x;er2¢ satisfy >,.; 2F =3, 20 € Z° and define (2}) = (2; — 2¢). Then,
the relations V(s)-z; > 0, for each (i,s) € I x S;, and Y, ; 27 =0 hold and imply, from
Cornet and De Boisdeffre (2002, p. 401) and the fact that markets are frictionless
arbitrage-free along Claim 1: (z}) € x;c;2?. The relation (z;) € xier(Z2 N Z;) = {0}

follows by construction, contradicting the above: |z|| = 1. This completes the proof.;
Lemma 2 For each i € U {0}, ¥, is lower semicontinuous.
Proof The correspondence ¥ is lower semicontinuous for having an open graph.

We now set as given i € I and 0 := (p,p', q, [(z;,2:)]) € O := P* x Q x (Xie1 X} X Z}).
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e Assume that (z;,2) ¢ Bli(p,p',q). Then, ¥;(0) = Bi(p,p*,q).

Let V be an open set in X7 x Z7, such that V n Bl(p,p!,q) # @. It follows from the
convexity of Bl(p,p!,q) and the non-emptyness of the open set B/ (p,p',q) C Bi(p,p*,q)
that vV n BY(p,p',q) is non-empty. From Claim 5, there exists a neighborhood U of

(p,p',q), such that V n Bi(p',pt,¢) D VN B! (Y, pt,¢) # 2, for every (p/,p',¢') € U.

Since Bl(p,p',q) is non-empty, closed, convex in the compact set X7 x Z, there
exist two open sets, Vi and Vs, in X x Z7, such that (z;,2;) € Vi, Bli(p,p',q) C Vo
and V; NV, = @. From Claim 4, there exists a neighborhood, U; c U, of (p,p!,q),
such that Bi(p',pt,q¢') C Va, for every (p/,pt,¢') € U;. Let W = Uy x(x;e;W;), where
W; := Vi, and W; := X7xZ7, for each j € I\{i}, be a neighbourhood of ¢ in ©.
Then, the joint relations, ¥,;(0") = Bi(p',p",¢') and V N ¥,;(¢') # @, hold, for every

0 = (', p'", ¢, [(2},2])]) € W, and imply that ¥, is lower semicontinuous at 6. O

o Assume that (z;,2;) € Bj(p,p'.q). Then, ¥;(0) = B (p,p',q) N P;(w:)x Z}.

The lower semicontinuity of ¥; at 6 results from the definition if ¥;(0) = &.
Assume, now, that ¥,;(¢) # . The correspondence P; is lower semicontinuous with
open values, from Assumption A3, and B/ has an open graph in P* x Q x X} x Z.
As a corollary, the correspondence (p',p't, ¢, [(z},2])]) € © — BY(p',p"t, ¢ )N Pi(al) x ZF C

177

Bi(p',p't, ') is lower semicontinuous at 0; and so is also ¥;, from the latter inclusions.
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