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 ! πi
′ = [πi1, ..., πir]" Ft = [F1t, ..., Frt]

′
#$ eit % &&#'( )* +, $#&-# *.#&&#,& /*/ 0

'1)%&+$/2,# '(3%/42,# 5 6./)*/7/*, i #$ ) ,' +7 )' E (etet
′) = Φ" +7#% Φ 6+ -+$&/%#

*#' % 7+&/+)%#' *#' #&&#,&' /*/ '1)%&+$/2,#'8 9)# +,$&# :1( $:;'# *# <+'# *, - 0

*;6# 5 '$&,%$,&# =+%$ &/#66# '$&/%$# #'$ 2,# 6+ % -( '+)$# et % )'$/$,# ,) 7#%$#,&

*.#&&#,&' /*/ '1)%&+$/2,#' ) ) % &&363#' *+)' 6+ */-#)'/ ) /)*/7/*,#66#8 >+ -+$&/%#

*# % 7+&/+)%# *#' #&&#,&' Φ #'$ +/)'/ ,)# -+$&/%# %+&&3# *. &*&# N

Φ =




σ2
1 0 ... 0

0 σ2
2 ... ...

... ... ... 0

0 ... 0 σ2
N



.

?+& +/66#,&'" 6.:1( $:;'# *./)*3(#)*+)%# *.,)# (+&$ #)$&# 6#' =+%$#,&' #$ 6#'

$#&-#' /*/ '1)%&+$/2,#' #$ *.+,$&# (+&$ #)$&# 6#' =+%$#,&' % --,)' (#&-#$ *.3%&/&#

E (Ftet
′) = 0 #$ E (FtFt

′) = Ξ"  ! Ξ #'$ 6+ -+$&/%# *# % 7+&/+)%# #)$&# 6#' =+%$#,&'

% --,)' 2,/ #'$ ,)# -+$&/%# (r × r) */+@ )+6#8 A) % )'/*3&+)$ 6+ = &-# -+$&/%/#66#

*, - *;6# BC8DE" ) ,' +7 )'

y = Fπ′ + e BC8CE

 ! π = [π1, ..., πN ]
′
" y = [y1, ..., yN ]

′
#$ F = [F1, ..., FT ]

′
#$ e = [e1, ..., eN ]

′
8 F#

- *;6# /-(6/2,# 2,# 6+ -+$&/%# *# % 7+&/+)%# *# y ) $3# Ω (#,$ G$&# *3% -( '3#

#) ,)# -+$&/%# *# &+)@ r #$ ,)# -+$&/%# */+@ )+6# BΦE

Ω = πΞπ′ + Φ. BC8HE
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*')2!

G  ! -1" #. )'#/&! 01-+',2!& "+1+25.! 3$*$,1&2"$
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. 0P9Q5

O#." 6) ! *)6 )*'%)"@ *#.+  (#*+
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 !" #$%&$' !" "()*+$"(&,-!" *)."&/0%0!" $11$%(&!..!.( 2  3!"1$*! /! 4& '!%(

 

!(  !"

5)5!.(" /3)%/%!" 6 !( 7 ").( 8.&"

yit = bi1(L)F1t + bi2(L)F2t + ...+ bir(L)Frt + eit . 97:;<

=! 1%)*!""-" #!*()%&! /! /&5!."&). r> Ft = (F1t, F2t, . . . , Frt)
′

!"( )%(+).)%5$ !(

 !" ?$*(!-%" ").( &./01!./$.("> /3)@ E(Fjt) = 0 A V ar(Fjt) = 1 1)-% ()-( j !( t:

Fjt⊥Fj,t−k 1)-% ()-( j !( t> !( k 6= 0: B. )-(%! Fjt⊥Fs,t−k 1)-% ()-( s 6= j> t !( k

: =!" +C1)(+D"!" "-%  !" (!%5!" &/&)"C.*%$(&,-!" e = (e1t, e2t....eNt)
′

").( (!  !" ,-!

1)-% *+$,-! i ). $ -. 1%)*!""-" #!*()%&! "($(&)..$&%!> /! 5)C!..! .-  ! !( $-""&

eit⊥Fj,t−k 1)-% ()-( i> j> t !( k: E)-" *!" +C1)(+D"!"> ). $ -. 1%)*!""-" #!*()%&! 

/! /&5!."&). N > yt = (y1t, ..., yNt)
′

,-& !"( /! 5)C!..! .-  ! !( "($(&)..$&%! 1)-% i:

F$."  ! 5)/D ! 97:;<>  !" #$%&$' !" Fjt j = 1, ..., r ").( $11! 0!" *+)*" *)55-.":

=!" *)51)"$.(!" *)55-.! !( &/&)"C.*%$(&,-! /! yit "!%).( .)(0!" %!"1!*(&#!5!.(

χit !( eit> $#!* χit = yit − eit: G&."&> *! 5)/D ! 1!-( H(%! %!1%0"!.(0 *)55! 0($.(  $

")55! /! /!-I *)51)"$.(!" /&"(&.*(!"

yit = bi(L)Ft + eit = [bi0, ..., bis] (Ft, ..., Ft−s)
′ + eit, 97:J<

/).(  $ ?)%5! 5$(%&*&!  ! !"(  $ "-&#$.(!

yt = B(L)Ft + et = [B0, ..., Bs] (Ft, ..., Ft−s)
′ + et, 97:K<

)@ B(L) = B0+B1(L)+...+BsL
s

!"( -.! 5$(%&*! /! /&5!."&)." (N × r) /! 8 (%!" /!

($&  ! s: L).(%$&%!5!.( $-I 5)/D !" ?$*()%&! " * $""&,-!">  ! 5)/D ! M0.0%$ &"0 1!%5!(

/! (!.&% *)51(! /3-.! 0#!.(-!  ! *)%%0 $(&). !.(%!  !" *)51)"$.(!" &/&)"C.*%$(&,-!":

N+0)%&,-!5!.(> ). 1!-( "-11)"!% ,-!  $ /&5!."&). &./&#&/-!  ! N !"( &.8.&!: B.

!O!(> 2 *!%($&." 0M$%/">  )%",-!  ! .)5'%! /3&./&#&/-" N !"( 8.& & "3$#D%! /&P*& !

/! Q-"(&8!%  3+C1)(+D"! "! ).  $,-!  ! & !I&"(! /!" *)51)"$.(!" *)55-.!" !( /!"

*)51)"$.(!" "10*&8,-!" /&"(&.*(!" ()-( !. $/5!(($.( ,-!  !" *)51)"$.(!" &/&)"C.R

*%$(&,-!" ").( *)%%0 0!" 9S$& !( TM 7UU7<: E)&( Σ(θ)  $ 5$(%&*! /! /!."&(0 "1!*(%$ ! /-

1%)*!""-" #!*()%&! y !( Σχ (θ) !( Σe (θ)  !" 5$(%&*!" /! /!."&(0 "1!*(%$ !" *)55-.!

 ! "#$%&' ('&)*+,'- +.'- */ &*0$-'1' 0/2, 34/2 $+*3/,) #&%-%,+'!
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 ! "#"$%&'()*!"+, ) %- (!". / '!0 1$,% *.$'%

Σ (θ) = b
(
e−iθ

)
b̃
(
e−iθ

)
+ Σe (θ) . 23045

678'*9&%  ' :$/-$%*'! % ;)"'("-*9 % <&'*/"+, % *--9"+,= #*'% ( (*#)  ! +,"

 %! >*%= %,) 9 % .*9 ,)% -)$-) % #&'*/"+, % # Σ(θ) '=( %%"! 9* #=?'"!"$' #7,'

( )!*"' '$/>) #7@&-$!@A% %0 B' *#/ ! *"'%" +, -$,) !$,! i "9  C"%! ,' )= 9 ci ≻ 0

! 9 +, σi(θ) ≤ ci D !$,! E)=+, '( θ ! 99 +, θ ∈ [−π, π]0 F$"! ϑj 9* E$'(!"$'

G='=)*'! 9* jHA/ .*9 ,) -)$-) '$' '=G*!". # Σ(θ) %,".*'! ,' $)#) #=()$"%%*'!0

ϑj #$'' *"'%" 9 % .*9 ,)% -)$-) % #&'*/"+, % # Σ0 67 '% />9 # % .*9 ,)% -)$-) %

#&'*/"+, % # ( % ($/-$%*'! % ($//,'  ! "#"$%&'()*!"+, %$'! ) %- (!". / '!

'$!= % ϑχ
j  ! ϑe

j 0 B' %,--$% +, 9* -) /"A) .*9 ,) -)$-) #&'*/"+, # 9* ($/-$H

%*'! "#"$%&'()*!"+, ϑe
1 *#/ ! ,' 9"/"! -$,) !$,! i0 I' #7*,!) % ! )/ %J "9  C"%! 

,' )= 9 a ! 9 +, ϑe
1(θ) ≤ a -$,) !$,! θ ∈ [−π, π]  ! !$,! i0 : !! @&-$!@A% "/-9"+, 

+, 9 % (*,% % "#"$%&'()*!"+, % # % .*)"*!"$'% - ,. '! K!) 9 % /K/ % -$,) ( )!*"'%

"'#"."#,% #, -*' 9  ! *,)$'! ! '#*'( D %7*'',9 ) 9$)%+, N ! '# . )% 97"'?'"0 8"'%"

 99  %! %*!"%E*"! %" var (eit) = 1J cov (eit, ei+1,t) = ($.*) 6= 0  ! cov (eit, ei+h,t) = 0

*. ( h ,'  '!" ) ! 9 +, h ≻ 10 B' %,--$% *,%%" +, 9 % r -) /"A) % .*9 ,)% -)$-) %

#&'*/"+, % #". )G '! -$,) θ ∈ [−π, π] (7 %!HDH#") lim
N→∞

ϑe
j(θ) = ∞ -$,) !$,! j ≤ r

 ! θ ∈ [−π, π]0 ;)=("%$'% +, ( !! ($'#"!"$' ) 9*!". D 9* #". )G '( # % .*9 ,)%

-)$-) % - ,! ' -*% % .=)"? ) -$,) ( )!*"'% -$"'!% # 97"'! ).*99 [−π, π]0 I'  L !J

"9 '7 %! -*% '=( %%*") +, θ -,"%% -) '#) !$,! % 9 % .*9 ,)% # ( ! "'! ).*99 0 8

-*)!") # % @&-$!@A% % ) 9*!= %J M$)'"  ! *90 23NNN5 E$'! 97*O)/*!"$' %,".*'! P

 !" r #$!%&'$!" ()*!+$" #$,#$!" -! Σ -&(!$.!/01 0)/-&" 2+! *) (r + 1)3'%! ()*!+$

#$,#$! )-%!0 +/! *&%&0! +/&4,$%!5 6* !7&"0! )&/"& +/ $8!* 9 0!* 2+! ϑr+1(θ) ≤ M

#,+$ 0,+0 θ ∈ [−π, π] !0 0,+0 i5
: !! "/-9"(*!"$'  %! "/-$)!*'! #*'% 9* / %,) $Q  99 - )/ ! # ($'%"#=) )

+, 9 ($/-$)! / '! # % .*9 ,)% -)$-) % #&'*/"+, % *%%$("= % *,C ($/-$%*'! %

"'$>% ).*>9 % χ  ! e - ,! K!) (*-!= D !)*. )% 97=!,# #, ($/-$)! / '! # % .*9 ,)%

-)$-) % #&'*/"+, % ) 9*!". % D yJ +,"  %! %,--$%= K!) $>% ).*>9 0 8"'%"J %" 97*'*9&% 

# % .*9 ,)% -)$-) % #&'*/"+, % # ( % -)$( %%,% $>% ).*>9 % ($'#,"! D 9* ($'(9,%"$'

% 9$' 9*+, 99 9 % r -) /"A) % .*9 ,)% -)$-) % # Σ #". )G '!J !*'#"% +, 9* (r + 1)H
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 !" #$!"% &'" ()!)%" &')*+,!"- #(+,. (/012+%0 ." $/&' !+$ (" *#3%+,)"( 2"&% 4%,"

,"%"'&"5

 ! "#$%&'() '*()$+,-$+&. '() /-0$(12) 0&,,1.) ($

'( )#3(0$+&. '1 .&,42( '( /-0$(12)

6' !#3,+73+'+!)" (" !+$ (" 8 *#3%"&,. 3+!!&'. ".% .+&9"'% &%)().7 "' :7'7,#;

().#'% (". 012+%0 .". 3(#..)<&". "% )( ".% ".%)!7 .&, (# =#." $/&'" >?@ A >'#(1." "'

?+!2+.#'%". @,)'3)2#(". B%#%)<&". 2+&, (" !+$ (" .%#%)<&" "% >'#(1." "' ?+!2+;

.#'%". @,)'3)2#(". C1'#!)<&". $#'. (" 3#. $/&' !+$ (" $1'#!)<&"5 C#'. 3" $",')",
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 !"#$%& '%('%#& )# "! *!+%,-# yy′ )# ),*#.&,(.& T × T /

0.# 1(,& F̃ )2+#%*,.2#3 "! *!+%,-# )# -(#4-,#.+& )# -#& 1!-+#$%& #&+ (5+#.$# '!%

"#& 6(,.)%#& 7!%%2& 8%),.!,%#&3 #+ !,.&, π̃′ =
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F̃ ′F

)−1

F̃ ′y = F̃ ′y/T / 0.# !$+%#
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*!+%,-# y′y )# ),*#.&,(. N×N / >+ #.&$,+#3 #. +#.!.+ #. -(*'+# )# "! .(%*!",&!+,(.

π̄′π̄/N = Iq (. ! F̄ = yπ̄/N / ?!, #+ @< ABCCBD 2+!5",&&#.+ ;$# "! *(E#..# +#*'(%#""#

)#& -!%%2& )#& 2-!%+& #.+%# "#& 1!-+#$%& #&+,*2& #+ -#$= !''!%+#.!.+ !$ *F*# #&'!-#

;$# "#&  %!,& 1!-+#$%& &:!..$"# "(%&;$# N, T → ∞/ G!  ,+#&&# )# -(. #%<#.-# )2'#.)

!,.&, )# "! &+%$-+$%# )$ '!.#" #+ #&+ )2+#%*,.2# '!% min {N, T} /
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&'#-+%!"# )$ '!.#"/ @(+(.& ;$# "! *!+%,-# Σ(θ) !)*#+ !,.&, N  #-+#$%& '%('%#& 9

 !"#$%& -(*'"#=#&

pj(θ) = (pj,1(θ), pj,2(θ), . . . , pj,N(θ)) , j = 1, 2, . . . , N. AB/MMD

H!.& -# -!&3 pj(θ) #&+ $.  #-+#$% '%('%# -("(..# )# Σ(θ) -(%%#&'(.)!.+ 9 ϑj N !,.&,

pj(θ)Σ(θ) = ϑj(θ)pj(θ) '($% +($+ θ ∈ [−π, π] . AB/MBD

O #- ":(%+P(<(.!",+2 )#& -(*'(&!.+#& -(**$.#& '($% "#&  !"#$%& '!&&2#& #+ 1$+$%#&3

"! '%(L#-+,(. )# "! -(*'(&!.+# -(**$.# #&+

⌣
χit = Ki(L)yt. AB/MQD
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RB



 !"#$%&' () *+,-.$/"%$+0 '% "0".1/' ,'/  +2*+34'*'0%/

- +0+*$53'/

Ki(θ) = p̃1,i(θ)p1(θ) + p̃2,i(θ)p2(θ) + . . . + p̃r,i(θ)pr(θ)  !" #$ % &" #' (1×N) ( 

&) *&+ $"! ( ,)$(-'."+)$!/ 0)'$+  " .1/ 234445 6)$"' $" 7# & "" ,')8 &"+)$

⌣
χit
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 M = M(T )B 1. ,')&-(#' &)$!+!" C (-" '6+$ ' 1; $! 6>1 ( ! 6."'+& !

( &)%.'+.$& ,)#' k = 0 , 1 , 2 , . . . , M  " &.1&#1 ' 1. "'.$!D)'6."+)$ ( 0)#'+ '

(+!&'?" !#' (2M +1) ,)+$"! &)'' !,)$(.$" .#@ !-7# $& ! Ω̂−M , . . . , Ω̂0 , . . . , Ω̂M

.% & Ω−k = Ω′
k/ E1 !;.9+" ,'-&+!-6 $" ( (-" '6+$ '
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M∑

k=−M
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−ikθh , 23/FG5

)H θh = 2πh/(2M +1)  " h = 0 , 1 , . . . , 2M / = ! -1-6 $"! ωk = 1− [|k| /(M + 1)]

!)$" ( ! ,)$(-'."+)$! &)'' !,)$(.$" C 1. D $I"' ( ' ".'( ( J.'"1 "" ( ".+11 

M / E1 D.#"  $!#+" (-" '6+$ ' 1 ! r ,' 6+ '! % &" #'! ,'),' ! p̂j(θh) ( Σ(θh) ,)#'

j = 1 , . . . , r  " h = 0, 1 , . . . , 2M / K)$!+(-')$! .+$!+ 1 ! <1"' ! Kj(L)B j =

1 , . . . , r/ L)#' h = 0, 1 , . . . , 2M B )$ .

K̂i(θh) =
˜̂p1,i(θh)p̂1(θh) + . . . . + ˜̂pr,i(θh)p̂r(θh). 23/FM5
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1
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 ! "#$%#&!'() "#$$*') +) ",!-*) ."#'#$/) )&( !/'&/ +#''.) %!0
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 !"#$% &$' (!%)!#)*+' ,$ y- .#!+# ,*++/ 01$ &$ 2*,3&$ $'# &)+/!)%$4 $+ '1""*'!+#

01$ &$' 5! #$1%' '*+# *6'$%(/' &$'  *$7 )$+#' πi "$1($+# 8#%$ $'#)2/' $+ !""&)01!+#

&$' 9*)+,%$' :!%%/' ;%,)+!)%$' "*1%  <!01$ i- ;+ $'# !)+')  *+5%*+#/ = 1+ ')2"&$

"%*6&32$ ,$ '/&$ #)*+ ,$ 2*,3&$ $# 1+ 2*,3&$ = q + 1 5! #$1%' "$1# 8#%$ !1'') (!>

&!6&$ 01?1+ 2*,3&$ = q 5! #$1%'- 9!)' )& "$1# '$ "*'$% 1+ "%*6&32$ ,?$7 )$+ $ ,$'

$'#)2!#$1%' $+ )+ &1!+# 1+ 5! #$1% ,$ "&1' @*1 ,$ 2*)+'A 01$ &$ +*26%$ *"#)2!& ,$

5! #$1%'- B*)# F 1+$ 2!#%) $ = q 5! #$1%' $# '*)#

V (q, F ) = min
π

1

NT

N∑

i=1

T∑

t=1

(yit − π′
iFt)

2
@C-DEA

&! '*22$ ,$'  !%%/' ,$' %/'),1' @,)()'/$ "!% NT A ,$ &! %/F%$'')*+ #$2"*%$&&$ ,$ yi

'1% &$' q 5! #$1%' $# "*1%  <!01$ i- G*1% ,/#$%2)+$% &$ +*26%$ *"#)2!& ,$ 5! #$1%'

q∗ = r4 *+ "$1# 1#)&)'$% &! 5*+ #)*+ '1)(!+#$

V (q, F ) + qg(N, T ), @C-CHA

*I g(N, T )  *+'#)#1$ 1+$  *+#%!)+#$- B) &$' 5! #$1%' '*+# *6'$%(/'4 &$  %)#3%$ ,$ '/>

&$ #)*+ BIC "$%2$# ,?$'#)2$% r $+ 1#)&)'!+# g(N, T ) = ln(T )/T $# q = 0, 1, ..., qmax

,!+' &?$J"%$'')*+ @C-CHA- K! F%!+,$1% qmax /#!+# &$ +*26%$ 2!J)2!& ,$ 5! #$1%'

 *221+' !1#*%)'/ $#  *+'#)#1!+# 1+ $+#)$% +!#1%$& #$& 01$ r ≤ qmax- ;+ %$#%*1($ &$'

282$'  *+ &1')*+' 01$ ,!+' L$M$N$ $# 9$$'$ @DEODA "*1% N = 1- .+ $P$#4 &*%'01$

&$' 5! #$1%' '*+# *6'$%(/'4 )& +?$'# "!' +/ $''!)%$ ,$ "%$+,%$ $+  *2"#$ &! ,)2$+')*+

)+,)(),1$&&$ ,1 "!+$&- 9!)'  $ ) +?$'# "&1' (!&!6&$ &*%'01$ &$' 5! #$1%' ,*)($+# 8#%$

$'#)2/' $# ,!+'  $  !' *+ "$1# 1#)&)'$% &! 5*+ #)*+ '1)(!+#$

V (q, F̂ ) = min
π

1

NT

N∑

i=1

T∑

t=1

(yit − π
′

iF̂t)
2

@C-CDA

01) ,/')F+$ &! '*22$ ,$'  !%%/' ,$' %/'),1' @,)()'/ "!% QRA &*%'01$ q 5! #$1%' '*+#

$'#)2/'- S& '?!F)# ,$ #%*1($% &! 5*+ #)*+ ,$  *+#%!)+#$ "$%2$##!+# ,$ 2)+)2)'$% &$

 %)#3%$ '1)(!+#

 

PC(q) = V (q, F̂ ) + qg(N, T ). @C-CCA

 ! "# $ "%&'( #)*+')*,-!
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 !"# $%&'( %) $!)*+,-#'). qmax( /'+ %. 01 234435 -.'6&+**%). &% .7-!#89% *"+:').

 ! "#$$%"&!' (#) *)" q +&,')#-" "%!' )"'./0" $&- #!) 1!&*2") )! 3%/$%"&!')"

4-.!,.$&*)"5 %! ,%!".67-) (#) q̂ = argmin0≤q≤qmaxPC(q) )' limN,T→∞ Pr ob [q̂ = r] =

1 ". i) g(N, T ) → ∞5 ii) C2
NT g(N, T ) → ∞ &8), CNT = min

{√
N,

√
T
}
9

;%* $!),+.+!)* (i) %. (ii) *!). )-$%**'+#%* ,')* &' 9%*"#% !< *+ &=")% ,% $%*

$!),+.+!)* %*. :+!&-%( &% )!96#% ,% >'$.%"#* )% ?!"##'+. @.#% %*.+9-A B ?'#.+# ,%

,+C-#%).%* >!#9"&'.+!)* ,% g(N, T ) %. %) $!)*+,-#'). σ̂2
D"+ %*. &=%*.+9'.%"# ,%

(NT )−1 ∑N
i=1

∑T
t=1E(eit)

2
':%$ qmax >'$.%"#* $!99")*( &%* '".%"#* ,-E)+**%). ")

$%#.'+) )!96#% ,% $#+.8#%* ,')* ") $',#% %9?+#+D"%A F%?%),').( $%#.'+)* ,% $%*

$#+.8#%* ,=+)>!#9'.+!) )% *'.+*>!). ?'* '"G $!),+.+!)* (i) %. (ii) ," .7-!#89%A H)

1-)-#'&( &% 9%+&&%"# '" #%1'#, ," .7-!#89% ?#-$-,%). $!##%*?!), ,='6!#, '" $#+.8#%

)!.- IC1 D"+ *=-$#+.
 

IC1(q) = ln(V (q, F̂ )) + q

(
N + T

NT

)
ln

(
NT

N + T

)
. 23A3I5

J) $#+.8#% ,% .K?% BIC 9!,+E- ?!"# ?#%),#% %) $!9?.% $%* ?#!6&89%* &+-* L &'

*.#"$."#% ," ?')%& %*. -1'&%9%). ?#!?!*-A M& *=-$#+.

BIC3(q) = V (q, F̂ ) + qσ̂2

(
(N + T − q) ln(NT )

NT

)
. 23A3N5

 '# '+&&%"#*( *!"&+1)!)* D"% 9@9% *+ BIC3 *%96&% @.#% ','?.- 1#O$% '" >'+. D"=+&

*'.+*>'+. L .!".%* &%* ,%"G $!),+.+!)* ," .7-!#89%( $%&"+P$+ )% .+%). ?&"* &!#*D"%

N = exp(T ) !" T = exp(N) $'# ,')* $% $'*( &' ?#%9+8#% $!),+.+!) ," .7-!#89%

)% *%#'+. ?'* #%9?&+%A F%?%),').( $!99% &%* #-*"&.'.* ,%* *+9"&'.+!)* Q!).% F'#&!

#-'&+*-%* ?'# /'+ %. 01 234435 %. Q!!) %.  %##!) 2344N5 &=!). 9!).#-( BIC3 %*. &%

$#+.8#% ',-D"'. )!.'99%). &!#*D"=!) %*. ,')* ") $'* !< &% )!96#% ,=+),+:+,"* %*.

#%&'.+:%9%). &+9+.-A

 ! V (q,
⌢

F ) = N−1
∑N
i=1

⌢
σ
2

i "#$%

⌢
σ
2

i =
⌢
e
′

i
⌢
e i/T !
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 !"#$%&'( )* ('+,-# )# ./$%#*-0 )/(0 "# $/0 )1*( +')2"# ./$%'-&#" )3(/4

+&5*# 6!(!-/"&0!

 !"# $% &!'(% '% $)*"!$+#% %" ,-./-#!"0%# 1(2"&2/!$%#  +"!.234%#5 $! #6$%&02-"

'4 "-.7(% '% 8!&0%4(# &-..4"# /%40 #% 8!2(% 9 /!(02( '% $)%:/$-20!02-" '% $)!;(<

.!02-" '% =-("2 %0 !$> ?@AAAB /(6#%"06% '!"# $! #-4#<#%&02-" ?@>C>@B #%$-" $!34%$$% #2

$% "-.7(% '% 8!&0%4(# %#0 6D!$ 9 r !$-(# $%# r /(%.2E(%# F!$%4(# /(-/(%# '+"!.234%#

'% Σ(θ) '2F%(D%"0 0!"'2# 34% $! (r+ 1)<E.% &-"F%(D% 4"28-(.6.%"0>  % &% 8!205 4"%

#-$402-" &-"#2#0% 9 !"!$+#%( &%# F!$%4(# /(-/(%# (%$!02F%.%"0 !4 "-.7(% '% #6(2%# N >

1!( %:%./$% #2 T -7#%(F!02-"# #-"0 '2#/-"27$%# /-4( N #6(2%# yit5 $%# .!0(2&%# '%

'%"#206 #/%&0(!$% Σ̂q ? !F%& q ≤ NB /%4F%"0 G0(% %#02.6%# /-4( %"#420% '60%(.2"%(

$%# F!$%4(# /(-/(%# '+"!.234%# ϑ̂j >

*2"#25 /-4( '60%(.2"%( r %./2(234%.%"05 -" /%40 &-"#2'6(%( 34% $%# F!$%4(#

/(-/(%# '+"!.234%# &!$&4$6%# 9 /!(02( '% Σ̂q5 q = 1 , . . . , N !'.%00%"0 $%# '%4:
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)* +&*,-./01 231 41, 100130, -,,31, .1 45 06701,,-&* 89: ,&*; ,60-1441<1*; *&* +&006=

461, .1 <&>1**1 *3441 1; .1 ?50-5*+1 67541 @ (" A1B1*.5*; 1441, B13?1*; C;01 +&006461,

.5*, 45 .-<1*,-&* -*.-?-.31441 1; ,&3, 4DE>B&;E/,1 *3441 &* 5 E (p̂ij) = 0" F1,505*

 !$$G% <&*;01H ,30 45 I5,1 .1 ,-<345;-&*, .1 J&*;1=A504&H 231 41, B0&B0-6;6, 1* B1;-;

6+E5*;-44&* ,&*; ,5;-,K5-,5*;1, <C<1 B&30 .1 B1;-;1, ?54130, .1 T "

 !" #$$%&'()&*+ ,-$&.&/01

A&<<1*; .&B10 45 +0&-,,5*+1 6+&*&<-231 .1, B5>, <1<I01, .1 45 L&*1 A:8

5M* .D5++646010 41 B0&+1,,3, .D-*;6705;-&* N A1;;1 231,;-&* +&*,;-;31 4D3*1 .1, B0-*=

+-B541, B06&++3B5;-&*, .1, 53;&0-;6, .1 +1; 1,B5+1 6+&*&<-231" O5 L&*1 A:8 6;5*;

3* <&./41 .D-*;6705;-&* <&*6;5-01H -4 1,; K&*.5<1*;54 .1 ,5-,-0 +&<<1*; +E5231

B5>, ,D> -*,/01 1* <5;-/01 .1 +0&-,,5*+1 6+&*&<-231" P*1 B&4-;-231 .1 +0&-,,5*+1

I-1* +-I461 1,; I5,61 ,30 3*1 544&+5;-&* 1Q+5+1 .1, 01,,&30+1, 1* -.1*;-M5*; 41, K5+=

;130, 5R1+;5*; 4D6?&43;-&* .3 FST" A1, .10*-/01, 5**61, 45 <34;-B4-+-;6 .1, -*-;-5;-?1,

.D-*;6705;-&* 6+&*&<-231 1; <&*6;5-01 5++&<B57*61, .D3* 544671<1*; .1, I500-/01,

+&<<10+-541, .1?05-; 06.3-01 4D-<B&0;5*+1 .1, K5+;130, *5;-&*53U 1; 5++0&V;01 45 B10=
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.1 *5;301 +&<<3*1 1*71*.061, B50 41, B&4-;-231, +&<<3*1, 1; .D53;01, <1;;1*;

4D5++1*; ,30 41, +53,1, .&*; 4D&0-7-*1 1,; ,B6+-M231 @ +E5231 B5>," OD6;3.1 .1 4D6;1*=

.31 .1, +&=<&3?1<1*;, 6+&*&<-231, .1, B5>, <1<I01, B&3005-; C;01 .D3* 705*.

-*;60C; .D3*1 B50; B&30 41, .6+-.130, B&4-;-231, 1* 41, 5-.5*; @ <-13U 01K&0<3410

4130, B&4-;-231, .1 06B&*,1 53U +E&+, 6+&*&<-231,H 1; .D53;01 B50; B&30 41, -*?1,;-,=

,130, 1* <1;;5*; @ 4130, .-,B&,-;-&*, .1, 646<1*;, .D5BB06+-5;-&* .1 4D1*?-0&**1<1*;
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5.(()*2 2&92$(-*2 2&/ 4*2 :$;2"

 <" =.&/ .8-*('/ 4*- $>/)>$-? (.&2 $@.(2 56$8./5 5)-*/A'() 06'(@*2-'22*A*(- :$/ -B-* C :$/-'/ 5*

0$ :$/- 5* 06'(@*2-'22*A*(- 2&/ 0* =D1E-B-* F5'2:.('80* 5'/*4-*A*(- 2&/ 0* =GH I"!J" K.&2 $@.(2

*(2&'-* A&0-':0') 0$ @$0*&/ .8-*(&* :$/ 0* ('@*$& 5* 0$ :.:&0$-'.( )>$0*A*(- 5'2:.('80* 2&/ =GH

I"!"

^?



 !"#$%&' () *+,-.$/"%$+0 '% "0".1/' ,'/  +2*+34'*'0%/

- +0+*$53'/

 !"#$!% &'( ) *+,-./+"+#+01 2$, ,13+$,

4!5, 467 6/8' 6/2' 9./,' 64

71/+/ + + + + −

7%3:+/! ;!,. + + + + +

9$/03!<3+=%$ + + + − −

9>0$ 2?68.+3$ + + + + +

9!@$3.%/ + + + + +

A1-' 9./B. + + − − −

C!"./ + + + + +

D!#+ + + + + −

E+B$3 + + + − +

F1/1B!# + + + + +

 GH!2 + + + + −

 .B. + + + + +

E.0$, ) IJK ) ,13+$, 2+,-./+"#$,' ILK ) ,13+$, +/2+,-./+"#$,'

 ! "#$%&! '( "(%)"$*)$&!% %+" ,# '$%-&!$.$,$)/ '(% '&!!/(%0 *(")#$!(% %/"$(% %&!)

(1*,+(% 23&$" 4#.,(#+ 56786 9$!%$0 !&+% #3&!% +! !&:."( '( 3#"$#.,(% N = 51 () +!(

,&!;+(+" '( )(:-% T = 426 <&+" )(!$" *&:-)( '( ,=>?-&)>@%( '( %)#)$&!!#"$)/ ()

'( :&?(!!( !+,,(0 )&+)(% ,(% 3#"$#.,(% %&!) -"$%(% (! ,&;#"$)>:(0 -+$% '$A/"(!*$/(%6

 ,,(% %&!) (!%+$)( !&":#,$%/(% (! %&+%)"#?#!) ,# :&?(!!( -&+" *>#B+( %/"$(0 () (!

'$3$%#!) -#" ,=/*#")C)?-(6

 !"#$!% &'& ) A1,%#0!0, 2$, 0$,0, 2$ 21-$/2!/G$ +/0$3+/2+8+2%$##$

F0!0+,0+=%$, 9*

467 %/+=%$@$/0  .%0$, #$, 8!3+!"#$,

 !" #$$%&'$ ADF (p) p = 1 p = 2 p = 3 p = 1 p = 2 p = 3

()*+, &'MN O'PQ O'(P (('&R (P'M& (P'MN

-)*,- P'QP P'OS P'&& S'OM N'&O N'PQ

-., O'NS O'NN O'MS (Q'MQ (Q'OT (Q'Q&

E.0$, ) CD G.33$,-./2 U #! ,0!0+,0+=%$ 2$ 4$,!3!/ I&PPQK' V! ,0!0+,0+=%$ 2$ 0$,0 $,0

"!,1$ ,%3 #! @.5$//$ 2$, G.$WG+$/0, 2$ G.331#!0+./ 2$ 4$!3,./ 2$, 31,+2%, $,0+@1,

U -!30+3 2$, 1=%!0+./, 2$ 31B3$,,+./ 2$ 05-$ X*;' E.%, G./,+213./, 2+Y13$/0, .323$,

p 2$ #! 31B3$,,+./ X*;' V! ,0!0+,0+=%$ $,0 G.@-!31$ U #! 2+,03+"%0+./ /.3@!#$ ,0!/2!32'

V?H5-.0HZ,$ /%##$ 2?+/21-$/2!/G$ $,0 3$[$01$ ,+ |CD| ≥ 1.96.

D&)"( #!#,?%( )$(!) *&:-)( '(% '(+1 %&+% E&!(% -"$!*$-#,(% *&:-&%#!) ,# E&!(

FG9 (! '$%)$!;+#!) )"&$% /*>#!)$,,&!% !&)/%  !"#$0 %!"$% () %&$ () "(%-(*C

)$3(:(!) *&:-&%/% '(% -#?% '( ,=H!$&!  *&!&:$B+( () I&!/)#$"( J+(%) 9K"$*#$!(0

'(% -#?% '( ,# F&::+!#+)/  *&!&:$B+( () I&!/)#$"( '=9K"$B+( F(!)"#,( () '(

,=(!%(:.,( '(% -#?% '( ,# E&!( FG96

L#--(,&!% B+( ,# "(-"/%(!)#)$&! M -#")$" '=+! -"&*(%%+% #':())#!) +!( %)"+*)+"(

K#*)&"$(,,( !=(%) -(")$!(!)( B+( %=$, (1$%)( +! '(;"/ '=$!)("'/-(!'#!*( #%%(E %$;!$N*#)$K
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 !"# $ % &'#(')$ % (!*$+% % ,'!% $-'!'$.% / 01+% '&1!% '(!%( 2#1*3,3 '+ 2#3'$')$ 4

, % " %"% , ,32 !,'!* (!" #(!,(&(,+ $$ #3'$(%3% %+# $' )'% , $' %"'"(%"(5+ CD

, 6 %'#'! 7899:;  "  ! *1!%(,3#'!" ,(<3# !"% 1#,# % p , $' #3=# %%(1! >?@ 7A')$ 

8/8;/ B % " %"% %1!" #3'$(%3%  ! *1!%(,3#'!" ,-+! 2'#" +! 2'! $ , &'#(')$ % *1C21%3

+!(5+ C !" , % %3#( % ,+ 6DE  " ,-'+"# 2'#"  ! +"($(%'!" $' "1"'$("3 , % &'#(')$ %

,1!" !1+% ,(%21%1!%/ F'+G 21+# $ *'% , % %3#( % ,+ 6DE , % 2'.% , $' HIJ>HK

$ % %"'"(%"(5+ % H? %1!" "1+" % %+23#( +# % 4 $' &'$ +# *#("(5+ , $' $1( !1#C'$ 

'+ % +($ %"'!,'#, , LM 21+# p = 1, 2, 3 / H 5+( *1!,+(" 4 # N " # $-O.21"OP% 

!+$$ ,-(!,32 !,'!* (!" #(!,(&(,+ $$ / >(!%(K $-O.21"OP% ,-+! 2#1* %%+% =3!3#'" +#

, ,1!!3 % ',C ""'!" +! %"#+*"+# G'*"1#( $$ !- %" # N "3 5+ 21+# $ % %3#( % ,+

6DE , % 2'.% , $' HIJ>H/ H 2 !,'!"K $ # N " , $-O.21"OP% ,-(!" #,32 !,'!* 

2 +" Q"# $(3 4 $' "'($$ "#P% #3,+(" , * " 3*O'!"($$1! 7L %3#( % ,+ 6DE;/ B-(!*$+%(1!

, % '+"# % &'#(')$ % C'*#1R3*1!1C(5+ % ' 2 #C(% ,-'** 2" # $'#= C !" $' 2#3% !* 

,-(!" #,32 !,'!* '+ % (! , $-3*O'!"($$1! HIJ>H 5+ $5+ %1(" $-1#,# , # "'#,

*1!%(,3#3 ,'!% $' #3=# %%(1! >?@/

 !"! #$%&'() *)( )+),( *) -./-%0%,1/$ *)( 23/2( *) 2./1(4

(%$2) 52/$/6178) %8 ()1$ *) &% 9/$) :;#

I! +"($(%'!" $ % ,1!!3 % 2#3% !"3 % ,'!% $' %1+% % *"(1! 2#3*3, !" K !1+% 3"+,( R

#1!%  ! 2# C(P# 2'#"( $-3" !,+ , % *1RC1+& C !"%  !"# $ % S8 2'.% , $' T1! 

H@> *1!* #!3%/ 01+% 3"+,( #1!% '(!%( $ !(& '+ , 2#12'='"(1! , % *O1*% 5+( %1+%R

" !, !" * % *1RU+*"+'"(1!%  ! ,(%%1*('!" $ % *O1*% , !'"+# *1CC+! , % *O1*%

(,(1%.!*#'"(5+ %/ 01+% G #1!% '22 $ ,-+! 2'#" '+ C1,P$ G'*"1#( $ %"'"(5+ , ".2 

%"1*V  " W'"%1! 7SXXY;  " ,-'+"# 2'#"K '+ C1,P$ G'*"1#( $ ,.!'C(5+ , @1#!(  "

'$/ 78999;/

 !"#!$%&#&'() *&) (+$, *& -.!/))+'-& 0-!'!#/1$& *&) 2+3) *& 4+ 5!'&

 67

Z 8)(/#+(/!' *$ '!#9.& *& :+-(&$.) -!##$')

B !1C)# , G'*" +#%  %" ,-')1#,  %"(C3 21+# qmax = 2 , . . . , 8 %+# $' )'% ,+

C1,P$ G'*"1#( $ %"'"(5+ / B % #3%+$"'"% , %3$ *"(1! ,+ !1C)# 12"(C'$ , G'*" +#%
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r  !"#$%& '()*#$" &#+ $ +# ,)*"-)# #" +# $ .!)# .(/*.(+ 0# 1(,"#%)& qmax , $&*02)2&3

4($& ,5(,%$ 0#& &#6" ,(&7 +#& ,)*"-)#& AIC37 IC37 PC1 #" PC3 0 $$#$" r = qmax

"($0*& 8%# +# $ .!)#  6"*.(+ 0# 1(,"#%)& #&"*.2& &%) +( !(&# 0#& ,)*"-)#& IC1 #" PC2

'()*# #$")# 9 #" :3 ;%($" < BIC37 *+ 6#).#" 0# 02"#,"#) &%*'($" qmax7 %$ $ .!)# 0#

1(,"#%)& , ..%$& , .6)*& #$")# = #" >3 ?#%+ +# ,)*"-)# 0# &2+#,"* $ IC2 1 %)$*" %$

$ .!)# 0# 1(,"#%)& @/# 2A(+ < 9 #" 8%#+8%# & *" qmax = 2 , . . . , 83

 !"#$!% &'( ) *+,%#-!-, .$, $,-/0!-/12, .% 210"3$ .$ 4!5-$%3, 5100%2, ,%3 #! "!,$

.% 01.6#$ ,-!-/7%$

8,-/0!-/12 ,%/9!2- #$, 53/-63$, .$ ,+#$5-/12

V (qmax,
⌢

F ) ICj PCj BIC3 AIC3

j = 1 j = 2 j = 3 j = 1 j = 2 j = 3

qmax = 2 :':;<= & & & & & & ; &

qmax = 3 :':;&> ( & ( ( ( ( ; (

qmax = 4 :':;:? < & < < < < & <

qmax = 5 :'::@& A & A A < A & A

qmax = 6 :'::?@ > & > > > > & >

qmax = 7 :'::>= ? & ? ? > ? & ?

qmax = 8 :'::A@ ? & = = ? = < =

B1-$, ) qmax $,- #$ 210"3$ 0!C/0!# .$ 4!5-$%3, !%-13/,+,' V (qmax,
⌢

F ) $,- #! 9!3/!25$ $,-/0+$

$2 4125-/12 .$ qmax $- .$
⌢

F '

B$ 6#%" , $&"("#) (*$&* 8%C*+ #&" 6()1 *& 0*D,*+# 0C#&"*.#) +# $ .!)# 0# 1(,"#%)&

, ..%$& &%) +( !(&# 0#& ,)*"-)#& 0# E(* #" FA G9HH9I

;<

3 J#6#$0($"7 $ " $& 8%#

8%#++# 8%# & *" +( ,()(,"2)*&"*8%# 0K$(.*8%#  % &"("*8%# 0% . 0-+# 1(," )*#+ A2$2)(L

+*&27 +( &2+#,"* $ 0% $ .!)# 0# 1(,"#%)& 6#%" M")# #N#,"%2# #$ #/6+ *"($" +#& )2&%+"("&

0# +CO$(+K&# #$ J .6 &($"#& P)*$,*6(+#&3 Q$ #N#"7 &* +# 6) ,#&&%& A2$2)("#%) 0#

0 $$2#& 6#%" M")# )#6)2&#$"2 & %& 1 ).# 0# . 0-+# < 1(,"#%)&7 %$ 6#"*" $ .!)# 0#

, .6 &($"#& 6)*$,*6(+#& 6#).#" (+3 )& 0# ,(6"#) %$# *.6 )"($"# 6()" 0# '()*($,# 0%

6($#+ "($0*& 8%# +( , $")*!%"* $ .()A*$(+# 0# ,5(,%$# 0#& , .6 &($"#& 6)*$,*6(+#&

)#&"($"#& (%)( "#$0($,# < &C($$%+#)3 O*$&*7 &* ,5(8%# , .6 &($"# 6)*$,*6(+# $C#/L

6+*8%# 8%C%$# 6()" ")-& )20%*"# 0# '()*($,#7 ,#+( *.6+*8%# 8%C*+ 1(%0)( %$ $ .!)#

*.6 )"($" 0# , .6 &($"#& 6 %) (66)25#$0#) %$# 6()" &%D&($"# 0# '()*($,#3 J# 8%*

)#R-"# %$ 1(*!+# 0#A)2 0# , L. %'#.#$" 0#& '()*(!+#&3 4# ,# 1(*"7 +# ,)*"-)# +# 6+%&

&*.6+# #" +# 6+%& 6)2,*& 6 %) &2+#,"* $$#) +# $ .!)# 0# 1(,"#%)& #&" +# 6 %),#$"(A#

0# '()*($,# 0 $" "*#$$#$" , .6"# +#& , .6 &($"#& , ..%$#& , ..# +C $" 6)2, $*&2

 !" #$%& '())$*& +,*& -( ./,012)( ! 3%( 4(41 (&2 &$%'(*2 +5 6 -, 0)7&(*4( +( ),41*( %*12,1)( &%)

-(& &7)1(& (2 3%( -, &$-%21$* 4$*&1&2( 6 8(*() %*( 9.: &%) -(& &7)1(& +1;7)(*217(&"
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 !"#$ %& '() *+,,,- .'#/ (% 0'."% .1 2!.3(% .4#'2$51%) 6# %7%&8 1#% /&"10&1"% 9'0&!:

"$%((% #% &$%#& 51% /;$( %<$/&% 1# =%&$& #!2>"% .% 9!"0%/ 0!221#%/ 51$ /!1/:&%#.%#& (%/

0!:2!1?%2%#& .%/ ?'"$'>(%/ 2'0"!:@0!#!2$51%/) 6# '==($51'#& 0% ="$#0$=% =!1" (%

2!.3(% .4#'2$51%8 #!1/ !>&%#!#/ .%/ "@/1(&'&/ .;%/&$2'&$!# .1 #!2>"% .% 9'0&%1"/

=(1/ ="@0$/) A;%/&$2'&$!# .% (' 2'&"$0% .% .%#/$&@ /=%0&"'(% *%# 1&$($/'#& M(T ) = 2-

' =%"2$/ .% /@(%0&$!##%" B 9'0&%1"/ 0!221#/ (r = 4) C ='"&$" .% (;@&1.% .%/ ?'(%1"/

="!="%/ .4#'2$51%/ %& %# 0!#/$.@"'#& (% 0"$&3"% .% /@(%0&$!# >'/@ /1" (% "'&$! .%

?'"$'#0% %<=($51@% ='" (%/ 9'0&%1"/ 0!221#/)

 !"#$!% &'( )*+%#,!,+ -$+ $+,./!,.01+ -% 10/"2$ -$ 3403+ 30//%1+ +%2 #! "!+$

-% /0-5#$ -61!/.7%$

ϑ̂r(θh)
∑

2M
h=0

ϑ̂r(θh)

2M+1

ϑ̂r∑
N
i=1

ϑ̂
i

∑r
i=1

ϑ̂i∑
N
i=1

ϑ̂
i

h = 0 h = 1 h = 2 h = 3 h = 4

r = 1 8&'9: 9';; <':( <':( 9';; 9'8: ;'8= ;'8=

r = 2 ='>? >'&9 ?'9> ?'9> >'&9 >'>: ;'8: ;':8

r = 3 >';9 ?'?( ('>9 ('>9 ?'?( ?':8 ;'8; ;'(&

r = 4 ('(9 ('?9 :'99 :'99 ('?9 (':: ;';= ;'?;

@0,$+ A B! 7%!1,.,* ϑ̂r/
∑N

i=1 ϑ̂i 3022$+C01- D #! E!2.!13$ $FC#.7%*$ C!2 #! r−*/$

30/C0+!1,$ C2.13.C!#$ -61!/.7%$ $,

∑r
i=1 ϑ̂i/

∑N
i=1 ϑ̂i #! E!2.!13$ $FC#.7%*$ C!2 #$+

r C2$/.52$+ 30/C0+!1,$+ C2.13.C!#$+ -61!/.7%$+'

6# &%#'#& 0!2=&% .% (' ?'"$'#0% %<=($51@% ='" (%/ r 9'0&%1"/ 0!221#/8 1# @0'"&

∆α = 0.10 %#&"% (' ?'"$'#0% %<=($51@% ='" (%/ r:32% %& (r + 1):32% 0!2=!/'#&%/

0!221#%/ ' @&@ D<@) E% 51$ =%"2%& .;!>&%#$" r = 4) E%0$ 0!""%/=!#. '1 2F2%

#!2>"% .% 9'0&%1"/ /@(%0&$!##@/ ='" (% 0"$&3"% BIC3 1&$($/@ .'#/ (% 0'."% .1 2!.3(%

/&'&$51%) E!22% #!1/ (;'?!#/ /!1($G#@ .'#/ (' ='"&$% &H@!"$51%8 BIC3 %/& (% 2%$((%1"

0"$&3"% .% /@(%0&$!# .1 #!2>"% .% 9'0&%1"/ 0!221#/ (!"/51% N ≤ 20 !1 (!"/51% N

%& T !#& .%/ ?'(%1"/ ?!$/$#%/ 0!22% 0;%/& (% 0'/ =!1" #!&"% ='#%() I!1/ '?!#/ '$#/$

"%&%#1 1# #!2>"% .% 9'0&%1"/ 0!221#/ @G'( C B .'#/ (' /1$&% .% 0% 0H'=$&"%) A'

 $G1"% /1$?'#&% =%"2%& .% 0!2='"%" (;@?!(1&$!# .%/ 0!2=!/'#&%/ 0!221#%/ !>&%#1%/

C ='"&$" .%/ .%1< 2@&H!.%/)

A%/ .%1< 0!1">%/ 0!##'$//%#& .%/ @?!(1&$!#/ 9!"&%2%#& /$2$('$"%/ '?%0 1# 0!%J:

0$%#& .% 0!""@('&$!# @G'( C ,)K,) E%=%#.'#&8 0!#&"'$"%2%#& C (' 0!2=!/'#&% 0!221#%

!>&%#1% C ='"&$" .1 2!.3(% .4#'2$51% 51$ %#"%G$/&"% /!# #$?%'1 (% =(1/ >'/ %# LKM,8

0%((% !>&%#1% C ='"&$" .1 2!.3(% /&'&$51% '&&%$#& /!# #$?%'1 (% =(1/ >'/ %# LKMN) O'"

'$((%1"/8 !# =%1& '1//$ 0!#/&'&%" 51% .;1#% 2'#$3"% G@#@"'(%8 (%/ '2=($&1.%/ .%/ 0!:

P10&1'&$!#/ /!#& %# G@#@"'( "%('&$?%2%#& =(1/ $2=!"&'#&%/ (!"/51;!# 1&$($/% (% 2!.3(%
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 !"#$%  !" # $%&'%()*+, -%&&.*, /0+)+12., 3( 45*)&12.,6

75*)&12.,! 8* ,9,+: -, &%7;<, ,(+ '<.( (,*(1=<, ).> -?%-( (.=1( ')@ <AB-%*%&1, B+)*+

7%**B (%* -)@)-+;@, 75*)&12., 2.1 ',@&,+ 7, +,*1@ -%&'+, 7, '<.( 7, 3)@1)=1<1+B 7,

<) 3)@1)=<, 7A1*+B@C+! 4)*( <) (%.(D(,-+1%* (.13)*+,: *%.( .+1<1(,@%*( -, &%7;<, '%.@

E)1@, .*, )*)<5(, '<.( )''@%E%*71, 7,( ,9,+( 7, '@%')F)+1%* 7,( -?%-( 7, -@%1(()*-,

B-%*%&12., ). (,1* 7, <) G%*, $HI

#  !"#$%&"' ($ )*)#+ (,-.-&/+ (+ #- 0"'+ 123 +% -'-#*4+ (+4 %/-'45&46

4&"'4 (+4 )7")4 ($ %-$8 (+ )/"&44-')+ ($ 9:;

i)  !"#$%& '& #()*+#,-.+! ', /$/#& '("0".1& '& #" 2+!& 34 

4)*( .* '@,&1,@ +,&'(: *%.( )3%*( )''<12.B <AI*)<5(, ,* $%&'%()*+,( J@1*-1D

')<,( 45*)&12.,( /I$J46 )K* 7AB+.71,@ <) *)+.@, ,+ <AB+,*7., 7,( -%D&%.3,&,*+(

7,( +).> 7, -@%1(()*-, B-%*%&12., 7,( " ')5( 7, <) G%*, $HI! J)@ <) &C&, %-D

-)(1%*: <, 7,F@B 7, (5*-?@%*1()+1%* 7,( 7,.> (%.( G%*,( /L8MNI ,+ $8MI$6 ,(+

).((1 ,>)&1*B! OA,(+1&)+1%* 7,( -%&'%()*+,( -%&&.*,( 7,( JPQ 7,( " ')5( ,(+

=)(B, (.@ <) '@1(, ,* -%&'+, 7, 2.)+@, E)-+,.@( -%&&.*( ,>'<12.)*+ RST 7, <) 3)D

@1)*-, 7. +).> 7, -@%1(()*-, 7. JPQ 7)*( -,++, @BF1%* /U)=<,).  !"S6! $%&&, <A%*+

(.FFB@B H%@*1 ,+ )<! / SSS6: <,( -%&'%()*+,( -%&&.*,( 7, -?)-.* 7, -,( ')5( (%*+

.+1<1(B,( '%.@ 7B+,@&1*,@ <) -%&'%()*+, -%&&.*, V <A,*(,&=<, 7, <) G%*, $HI! L*

1*71-, 7, 719.(1%* ,(+ )1*(1 %=+,*. ,* .+1<1()*+ <) &%5,**, '%*7B@B, ')@ <, *13,).

7. JPQ! J%.@ 3B@1K,@ <) ',@+1*,*-, 7. -?%1> 7. JPQ -%&&, 1*71-, 7, @BEB@,*-, ',@D
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 !""#$" %! %&'()(! *!+ ,#()#")-$+ '.'*)/0!+ %! *1&'-$- )! %! '!""! 0$)-$  -$&"#)(!2

0$! !+") #")-$ %! *# '- 3-+#$"! '-  0$! %!+ #0"(!+ ,#()#4*!+ %0 +.+"5 ! !+" &6#7

*! !$" (&#*)+&!8 9-0( ':#/0! ,#()#4*! %! ':#/0! 3#.+2 $-0+ #,-$+ #0++) %&"!( )$& *#

 -.!$$! %!+ '-!;')!$"+ %! '-((&*#")-$ #,!' *!+ #0"(!+ ,#()#4*!+ %0 3#.+ '-((!+3-$7

%#$"8 <!+ (&+0*"#"+ +-$" 3(&+!$"&+ %#$+ *! =#4*!#0 >8? !" 3!( !""!$" %!  !+0(!( *!

%!6(& %! +.$':(-$)+#")-$ %! ':#/0! +&()! #,!' *!+ #0"(!+ ,#()#4*!+ %0  @ ! 3#.+8
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B%,C/0! D!1+ E'EF E'GHI(
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 +@+ E'JL E'EFFM

:!#/ E'ME E'E&LJ

B-0/0 NE'J( E'(LLJ

 !"#$!% &'(J ) *+,,-#!./+01 2+34+1!0.$1 2+33%0$1 *!3$,+%0 7!%.,$1 3$3",$1 *9:<*

=!>1 *+,,-#!.' ?/@0/A'

O-4' *+0@+ E'JG E'EIGG

*$0.,!A,/P%$ E'(F E'ME(F

 2Q!R E'EI E'&FME

S!"+0 NE'JL E'ELEL
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,*%'1%$+0 ,' 1!"02'.'0%- -%&31%3&'/-

"4'1%"0% /'- -*&$'- ."1&+*1+0+.$53'-

 !"#$%&'"($!

 ! "#$$%&!$'&( %)*+*,#-'( ! ,*+$&% -'( "! &%.')$#*+ .(/ 0!&&#1&(/ )*,,(&)#!"(/

-'2(+3(+.&(+$ "(/ 4*"#$#-'(/ .2#+$%3&!$#*+ %)*+*,#-'( ($ ,*+%$!#&( #,4"#-'( %3!"(5

,(+$ .(/ )6!+3(,(+$/ .!+/ "! /$&')$'&( 4&*.')$#7( +*$!,,(+$ 8 $&!7(&/ .(/ )6!+5

3(,(+$/ .!+/ "! /$&')$'&( .(/ (94*&$!$#*+/ ($ .(/ (,4"*#/ 4!& /()$('&: ;+ (<($= "!

&%!""*)!$#*+ .(/ >!)$('&/ .( 4&*.')$#*+ .2'+ /()$('& 8 '+ !'$&( .( "2%)*+*,#( )*+/$#5

$'( '+( )!&!)$%&#/$#-'( -'# !))*,4!3+( 3%+%&!"(,(+$ "( 4&*)(//'/ .( .%7("*44(,(+$

%)*+*,#-'(: ?!& (9(,4"( @'A+($/ BCDEEF +*$( -'2(+ 3%+%&!"= "! 4!&$ .( "2!3&#)'"5

$'&( /'& "! 4&*.')$#*+ ! $(+.!+)( 8 .#,#+'(& "*&/-'( "( +#7(!' .( .%7("*44(,(+$

%)*+*,#-'( !'3,(+$(:  (/ ,(/'&(/ .( 4*"#$#-'( %)*+*,#-'( /*+$ .*+) /'/)(4$#0"(/

.( 4&*7*-'(& .(/ 4(&$'&0!$#*+/ /'& "2%7*"'$#*+ .(/ 7!&#!0"(/ ,!)&*5%)*+*,#-'(/ -'#

/( ,!+#>(/$(+$ 4!& "! 4&%/(+)( .( )6!+3(,(+$ /$&')$'&(" ($ .( 4*#+$ .( &'4$'&(:

G+ !3&%3!$ ,!)&*5%)*+*,#-'( !<()$% .2'+( 4(&$'&0!$#*+ 4('$ /'#7&( '+ 4&*)(/5

/'/ HI..#$#7( J'$"#(&H BIJF *' '+ 4&*)(//'/ HK++*7!$#*+!" J'$"#(&H BKJF: G+ 4&*5

)(//'/ (/$ .#$ IJ /# "! /%&#( (/$ "! /*,,( .2'+( )*,4*/!+$( .%$(&,#+#/$( #+)"'!+$

'+( 4(&$'&0!$#*+ ($ .2'+( )*,4*/!+$( /$*)6!/$#-'( $!+.#/ -'( .!+/ "2!44&*)6( KJ= "!

4(&$'&0!$#*+ 4*&$( 4"'$L$ /'& "! 4!&$#( .%$(&,#+#/$( .(/ #++*7!$#*+/: M#<%&(+$(/ 4&*5

)%.'&(/ .( .%$()$#*+ .( $(""(/ *0/(&7!$#*+/ /*+$ 4&*4*/%(/ .!+/ "! "#$$%&!$'&( BN/!O

CDPP= Q6(+ ($ N#!* CDDR= S*3("/!+3 CDDD!F ,!#/ #)#= +*'/ ,($$*+/ 4!&$#)'"#1&(,(+$
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 !"##$%& '()  $' *+&,-.$' .$ .+&$#&/-% .$  !$0/'&$%#$ .$ #,"%1$*$%&' '&)(#&()$ '

2 (&3& 4($ '()  " *"%/5)$ .-%& #$' 2$)&()6"&/-%' "7$#&$%&  " '+)/$8 9($ 4($ '-/&  $

2)-#$''(' :;< -( =<>?  !$0/'&$%#$ .!(%$ /%&$)@$%&/-% $0&+)/$()$ A (%$ ."&$ Tb 2$(&

B&)$ *-.+ /'+$ $% (&/ /'"%& (%$ @")/"6 $ .+&$)*/%/'&$ 4(/ 2)$%. 2-() @" $() C -( D

'$ -%  " 2)+'$%#$ -(  !"6'$%#$ .!/%&$)@$%&/-%8 E-)'4($ #$&&$ @")/"6 $ 4($ %-(' %-&-%'

Cs 2)$%.  " F-)*$ Cs =





0 '/ t ≤ Tb

1 '/ t > Tb

? -% 2") $ .$ F-%#&/-% .$ '"(& ."%'  "4($  $

Cs = DUt8 G% )$@"%#,$?  -)'4($  " @")/"6 $ 2)$%.  " F-)*$ Cs =





0 '/ t 6= Tb

1 '/ t = Tb + 1
?

/ '!"1/& .!(%$ F-%#&/-% /*2( '/-% ."%'  "4($  $ Cs = DTb,t8

E$ F"/& 4($ #$' 2,+%-*5%$' "7$#&$%&  $' 2)-2)/+&+' .$' '+)/$' #,)-%- -1/4($' $'&

*/' $% $0$)1($ 2")  " &,+-)/$ +#-%-*+&)/4($ %-&"**$%& ."%'  $ #".)$ .$  !"%" H'$

.$  " #)-/''"%#$ $& .$  " #-%@$)1$%#$ +#-%-*/4($' 6"'+$ '()  $' 2)-2)/+&+' .$' '+)/$'

%-% '&"&/-%%"/)$'8 I-1$ '"%1 :CJJJ6> " *-%&)+ #-**$%&  $' #,"%1$*$%&' '&)(#&(K

)$ ' 2$(@$%& #-%.(/)$ A .$ '+)/$('$' ./'&-)'/-%' .$ &"/  $  -)'4(!-% "22 /4($ .$' &$'&'

.$ )"#/%$ (%/&"/)$8 9("%& A L$))-% :CJMJ>? / '-( /1%$ 4($  " 2)+'$%#$ .$ 2$)&()K

6"&/-%' ."%' (%$ '+)/$ #-%.(/& '-(@$%& A  !"##$2&"&/-% A &-)& .$  !,H2-&,5'$ %(  $

.$ )"#/%$ (%/&"/)$ '/ $  $ %!$'& 2"' 2)/'$ $% #-*2&$8 N$ 4(/ 2$(& "/%'/ F"(''$)  $'

&$'&' .$ #-%@$)1$%#$ +#-%-*/4($ 6"'+' '()  $' 2)-2)/+&+' .$' '+)/$' #,)-%- -1/4($'

%-% '&"&/-%%"/)$'8 E$' #,-#' .$ 2- /&/4($ +#-%-*/4($ 2)-@-4($%& .$' O(#&("&/-%'

.$' @")/"6 $' *"#)-K+#-%-*/4($' "@$# .$' "*2 /&(.$' 4(/ 2$(@$%& B&)$ ./7+)$%&$'

$% F-%#&/-% .$' '+)/$'8 L") $0$*2 $? '/  $' 2- /&/4($' 2)-.(/'$%& .$' $7$&' %+1"&/F'

'() .$' @")/"6 $' ".*$&&"%& "( .+2")& (%$ &$%."%#$ '&-#,"'&/4($ :)"#/%$ (%/&"/)$>?

$  $' 2$(@$%& "@-/) &$%."%#$ A )$&)-(@$)  $() '$%&/$) .!-)/1/%$ :%-% '&"&/-%%")/&+>

"2)5' #,"4($ /%&$)@$%&/-% $& @/#$ @$)'"8 G& #$ '-%& P('&$*$%& #$' $7$&' 4(/ #-%&"K

*/%$%&  $' *$'()$' '&"&/'&/4($' ."%'  " *$'()$ -Q #$' #,-#' .$ 2- /&/4($ +#-%-*/4($

2$(@$%& #)+$) (%$ '-)&$ .$ F"(0K'$*6 "%& .$ )$&-() A  " *-H$%%$ -( *B*$ /%.(/)$

(%$ &$%."%#$ $02 -'/@$ .$  " @")/"6 $8

G&"%& .-%%+ 4($  $' &$'&' .$ #,"%1$*$%& '&)(#&()$ -%& #-%%( #$' .$)%/5)$' "%K

%+$' .!/*2-)&"%&' .+@$ -22$*$%&'? / %-(' '$*6 $ /*2-)&"%& .$ F-()%/) &)-/' 2)+K

#/'/-%' $''$%&/$  $' "R% .$ .+R%/)  $ #".)$ ."%'  $4($ #$ #,"2/&)$ '$)" &)"/&+8 L)$K

*/5)$*$%&? *B*$ '/  !$0/'&$%#$ .$ #,"%1$*$%& '&)(#&()$ 2$(& /*2 /4($) .$' #,"%K
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 !"!#$% %&' () "*+!##!, () $!#-)#.! *& () /)'0)#.! -!% %1'0!% ").'*21.*#*"03&!%,

*& )(*'% -!% .4)# !"!#$% %&' (!% .*!5.0!#$% %$'&.$&'!(% -& "*-6(!, .! .4)70$'! -0%2

.&$! &#03&!"!#$ -!% $!%$% -! -1$!.$0*# -8&# .4)# !"!#$ %$'&.$&'!( 3&0 %! ")#09!%$!

: $')/!'% () "*+!##! *& () $!#-)#.! -8&#! %1'0!; <!&=06"!"!#$, .! .4)70$'! %8)$2

$).4! : 9*&'#0' (!% )77'*.4!% -!%$0#1!% : -1$!.$!' &# %!&( %)&$ : &#! -)$! .*##&!

*& 0#.*##&!; >!7!#-)#$, %0 #)(*#% 3&! ?)0 @ABBCD !$ ?)0 !$ E!''*# @ABBF, GHHID

*#$ 1()J*'1 -!% $!%$% -! .4)# !"!#$% %$'&.$&'!(% "&($07(!%; K!&'% 7'*.1-&'!% %*#$

J)%1!% %&' &#! -1")'.4! %13&!#$0!((! 3&0 .*#%0%$! : $!%$!' (84+7*$46%! #&((! -! m

.4)# !"!#$% %$'&.$&'!(% .*#$'! (8)($!'#)$0/! -! m+ 1 .4)# !"!#$% %$'&.$&'!(%; L#2

M#, () -!'#06'! 7'1.0%0*# !%$ '!()$0/! )&= $+7!% -! $!%$% -! "&$)$0*#% %$'&.$&'!((!%

3&0 %!'*#$ .*#%0-1'1%; >*#$')0'!"!#$ : () 7(&7)'$ -!% )77'*.4!% ).$&!((!%, (!% 7'!2

"0!'% $!%$% 1$)0!#$ J)%1% %&' -!% 7'*.1-&'!% 3&0 #! 7!'"!$$)0!#$ 7)% -! "*-1(0%!'

!=7(0.0$!"!#$ () '&7$&'!; N( %8) 0$ #*$)""!#$ -& $!%$ Q -! O)'-#!' @ABPBD, -& $!%$

>QRQS 7'*7*%1 7)' ?'*T#, <&'J0# !$ L/)#% @ABCUD; R!(*# E!''*# @GHHPD, () ')0%*#

7'0#.07)(! !%$ (01! )& 9)0$ 3&8: (817*3&! *V .!% )77'*.4!% 1$)0!#$ 1()J*'1!% .!'$)0#%

*&$0(% %$)$0%$03&!% #81$)0!#$ 7)% !#.*'! -0%7*#0J(!% !$ 7)' .*#%13&!#$, 0( 1$)0$ -05.0(!

-81$)J(0' () -0%$'0J&$0*# -!% %$)$0%$03&!% J)%1!% %&' (8!%$0")$0*# -!% -)$!% -! '&7$&'!;

E&0%3&! .!% $!%$% *#$ $!#-)#.! : 7'1%!#$!' -80"7*'$)#$% 7'*J(6"!% %$)$0%$03&!%, #*&%

#*&% 9*.)(0%!'*#% %&' (!% "1$4*-!% ).$&!((!% -! -1$!.$0*# -8&#! 7!'$&'J)$0*# -)#%

&#! /)'0)J(! ").'*21.*#*"03&! 3&0 %80#%70'!#$  1#1')(!"!#$ -!% $')/)&= -! >4*T

@ABPHD; >!% $')/)&= *#$ .*##& -!% )"1(0*')$0*#% )/!. () %1'0! -! .*#$'0J&$0*#% -!

W* !(%)# @ABBC, ABBF, ABBB, GHHAD 3&0 *#$ 7!'"0% -81$)J(0' &#! .()%%! -! $!%$% -!

$+7! X#-'!T% !$ E(*J!' !' @ABBYD )+)#$ .!'$)0#!% 7'*7'01$1% -8*7$0")(0$1;

Q#! !=.!((!#$! )#)(+%! -! .!% $!%$% -! .4)# !"!#$ %$'&.$&'!( ) 1$1 !Z!.$&1! 7)'

9!& S)'.!((0# L-[* -*#$ #*&% %)(&*#% 0.0 () "1"*0'!; >! .4)70$'! %80#%.'0$ -)#% .!

.)-'! !$ 9)0$ )0#%0 &#! %+#$46%! -!% -0Z1'!#$!% 7'*.1-&'!% -! -1$!.$0*# -8&# &#03&!

.4)# !"!#$ %$'&.$&'!( )Z!.$)#$ &#! %1'0! ").'*1.*#*"03&!; E*&' .! 9)0'!, 0( %!')

-0/0%1 !# -!&= %!.$0*#%; <)#% () 7'!"06'! %!.$0*#, #*&% )#)(+%!'*#% (!% $!%$% -! .4)#2

 !"!#$ %$'&.$&'!( %! '17!'.&$)#$ %&' () "*+!##! -8&#! %1'0!, $)#-0% 3&! () -!&=06"!

%!.$0*# %80#$1'!%%! )&= .)% -! .4)# !"!#$ %$'&.$&'!( %! ")#09!%$)#$ %&' () 9*#.$0*#

-! $!#-)#.!;
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 !" #$%&% '$ ()*+,$-$+& %&./(&/.$0 %/. 0* -12$++$

'3/+$ 4*.5*60$ -*(.17(1+1-58/$

 !"# $%&&% '!(&)%* )+ #,!-)& .% '(/#%"&%( +%# #&!&)#&)01%# .% &%#& '%(2%&&!"& .%

./&%$&%( +! '(/#%"$% .,1" #!1& .!"# +! 234%""% .,1"% #/()% &%2'3(%++%5 6%# #&!&)#7

&)01%# /&1.)/%# #3"& +%# #&!&)#&)01%# .% 893: %& .% +! #322% '!(&)%++% ;<=> 01) #3"&

'(/#%"&/%# .!"# .%1? $!.(%# @ .!&% .% (1'&1(% $3""1% %& .!&% .% (1'&1(% )"$3""1%5

 !"!" #$ %&'()$

A" (%#&!"& .!"# +% $!.(% .%# .3""/%# .% '!"%+ !B%$ ./'%".!"$% )"&%(7/$3"32)%#*

)+ %#& '3##)C+% .,)"&(3.1)(% .%# D!$&%1(# $3221"# .!"# +! (%'(/#%"&!&)3" .1 23.E+%

#%(B!"& F ./&%$&%( +% $9!"-%2%"& #&(1$&1(%+ ;G3)( H!) %& 8!(()3"7)7=)+B%#&(%* IJJK>5

L!)# /&!"& .3""/ 01% +%# &%#&# 01% "31# '(/#%"&3"# )$) #,%M%$&1%"& .% 2!")E(% )"7

.)B).1%++% %& )"./'%".!"&%* "31# "31# C!#3"# '!( #31$) .% #)2'+)N$!&)3"* #1( 1"%

(%'(/#%"&!&)3" $+!##)01% .%# #/()%# $9(3"3+3-)01%# )".)B).1%++%# '31( ./$()(% +% '(37

$%##1# -/"/(!&%1( .% .3""/%#

 

yt = κ+ γDUt + ut, ;O5P>

3Q κ %#& 1"% $3"#&!"&%5 DUt = 1 #) t ≻ Tb %& J #)"3"* Tb /&!"& +! .!&% .,)"&%(B%"&)3" .%

+! '3+)&)01% !4!"& 3$$!#)3""/ +! '%(&1(C!&)3"5 R '(3'3# .1 &%(2% .,%((%1( ut* .%1?

$!# .% N-1(%# #3"& %"B)#!-/# %& ./'%".%"& .1 D!)& 01% $% &%(2% .,%((%1( '3##E.%

1"% (!$)"% 1")&!)(% 31 "3"5 R)"#) .!"# 1" '(%2)%( '3#&1+!&* 3" #1''3#% 01% ut %#&

#&!&)3""!)(% !B%$ 1"% B!()!"$% σ2
5  !"# 1" #%$3". '3#&1+!&* 3" %"B)#!-% +% $!# 3Q

ut %#& 1" '(3$%##1# )"&/-(/ .,3(.(% P .% B!()!"$% σ
2
u %& #,/$()B!"& ut = ut−1 + ηt* %&

01% +%# %((%1(# ηt (%2'+)##%"& +%# $3".)&)3"# .1 '(%2)%( '3#&1+!&5

 !"# $% 01) #1)&* +! .!&% .% (1'&1(% #%(! "3&/% Tb +3(#01,%++% %#& )"$3""1%* .!"#

+% $!# $3"&(!)(% %++% %#& "3&/%

! T c
b 5 6%# D(!$&)3"# .% (1'&1(% $3((%#'3".!"&%# #3"&

(%#'%$&)B%2%"& α = Tb/T %& αc = T c
b /T %& 3" #1''3#% 01,%++%# (%#&%"& $3"#&!"&%#

 ! "#$#%&'%() *+ ,'-( ./-+*0%#1 2-# 3'*) 4-5.&'*%# #( 6(/78 9 ::;< #( 3'* 9=>>?< /%( $1/$/.@

&'%. +# 7'&1# &#. &/%%@#. &# $'%#+) &#. (#.(. &# &@(#7(*/% &# 7A'%0#5#%( .(1-7(-1#+ .-1B#%- C -%#

&'(# 7/55-%# C +D#%.#5E+# &#. @7/%/5*#.!

=! F/(/%. 2-# Tb $#-( G(1# &*H@1#%(# &# T cb !

ST



 !"#$%&' () *+%!,-'. -' *,-+/$."%$,0 '% -' -+%' %$,0 -'

 !"01'*'0%. .%&2 %2&'/. "33' %"0% /'. .+&$'.

*" &,+ ,0,*$42'.

 !"#$%&  ' (')  & *&  +,-.'/()  !/ -"!0(1

 !"!#$!#%&'$ (' !'$!$ (")$ *' +"$ ,- *" ("!' (' .&/!&.' '$! +,))&'

2  !"!#$!#%&' (' !'$! (' 01,2

3!4& #'/4 567789: ' -!/#("%)( %/& #('()#()$%& *& (&#( *&  +.;<!(.=#& /%  & γ = 01

> #+'4)( *+%/& #('()#()$%& *& ?.!@ 9'#,& #%"  &# &""&%"# #%<<!#,&# #('()!//')"&# *&

 ' ",4"&##)!/ <'"  &# A?B *&  +,$%'()!/ 5C16:1 D' <"!-,*%"& 4,/,"' &E&/( '*!<(,&

-!/#)#(& F %() )#&" %/& #('()#()$%& #('/*'"* *& G' *1 ?&<&/*'/(H -&-) /+&#( I' '9 &

$%& #)  &# &""&%"# #!/( )*&/()$%&E&/( &( )/*,<&/*'EE&/( *)#(")9%,&#1 J'/# -& -'#H

 ' #('()#()$%& *& (&#( &#(  )9"& *&# <'"'E=("&# *& /%)#'/-&1 K) ut /+&#( <'# i.i.dH

) #& <!#&  & <"!9 =E& *+!9(&/)" %/ &#()E'(&%" -!""&-( *% "'()! σ2/σ2
u $%) &#(  '

I'")'/-& *&  ' *)#(")9%()!/ *&  ' #('()#()$%& *& (&#( -!""&#<!/*'/( F %/& L.) *&%M

'I&- %/ *&4", *&  )9&"(,1 J'/# -&# -!/*)()!/#H /!%# 'I!/# σ2
u = lim

T→∞
E

(
T−1

T∑
t=1

u2t

)

&( σ2 = lim
T→∞

E

((
T−1

T∑
t=1

ut

)2
)

&( *&%M '<<"!-.&# <&%I&/( N("& E)#&# &/ !&%I"&1 D'

<"&E)="& #%<<!#& $%&  ' #,")& ut #%)( %/ <"!-&##%# OPAO -!/*%)#'/( F  ' ",4"&##)!/

'%4E&/(,& #%)I'/(&

yt = κ+ γDU c
t +

k∑

j=1

cjyt−j + et, 5C1Q:

!% DU c
t #&"( F E!*, )#&" %/& )/(&"I&/()!/ *!/(  ' *'(& &#( -!//%&1 O <'"()" *& -&((&

",4"&##)!/H %/& #('()#()$%& *& ?.!@ '#;E<(!()$%&E&/( )/I'")'/(& '%M <'"'E=("&#

σ2
&( σ2

u <&%( N("& -!/#("%)(&1 R  & '*E&( %/& *)#(")9%()!/ *& L.)S*&%M 'I&- %/

*&4", *&  )9&"(, 5χ2
1:1 3!4& #'/4 567789: <"!<!#& ,4' &E&/( *& *,T/)" %/& '%("&

#('()#()$%& &/ "&E< 'U'/(  +&#()E'(&%" <'"  &# A?B *&  ' I'")'/-& σ2
*&  +&""&%" ut

*&  ' #('()#()$%& *& G' * <'" #!/ &#()E'(&%" -!/I&"4&/( σ̂2
1 K!%#  +.;<!(.=#& $%&  &#

&""&%"# #!/( #('()!//')"&#H  ' #('()#()$%& *& ?.!@ !9(&/%& F <'"()" *&  +&#()E'(&%"

-!/I&"4&/( σ̂2
<&%( N("& *,T/)& *&  ' E'/)="& #%)I'/(&

ChowT (T
c
b ) =




T∑

T c
b
+1

(yt − ȳ)



2

/
[
σ̂2T c

b (T − T c
b )
]
⇒ χ2

1. 5C1C:

V/ &#()E'(&%" -!/I&"4&/( *& σ2
&#( W!%"/) <'" O/*"&@# &( A!/'.'/ 5677Q: &( &#(
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 !"#$% & ''# (%)"

σ̂2 =
T−1∑

j=−T+1

w(j/L)ϑ̂(j), *+,-.

 / w(.) #(" %$ $ 01% #" ϑ̂(j) = T−1
T−j∑
t=1

ûtût−1 ( $" 2#( 1%" & 314)1$&#( 5#( 46()5%(

5# 21 4674#(() $ *+,8. #" L 2# 9141':"4# 5# 4#"145, ;#" #(")'1"#%4 #(" 4 !%("# < 2=1%>

" & 44621") $ (64)#22# #" < 2=?6"64 (&651(")&)"6,

@  !"!#$!#%&' (' !'$! (' )"  *++' ,"-!#'))'

A1 ("1")(")B%# 5# 21 C ''# D14")#22# *DC. #(" 621! 46# < 914")4 5# 21 "41$(E 4'1") $

914")#22# 5# 21 4674#(() $ *+,8. #" (1 ')(# #$  #%34# $# $6&#(()"# 91( 2=#(")'1") $ 5#(

9141':"4#( 5# 21 (64)# 5=#44#%4( ut, F$ $ "1$" st =
t∑

j=1

uj 21 ( ''# 914")#22# 5# ut

#" #$ 9 (1$" zt =
t∑

j=1

yjG 21 4674#(() $ *+,8. 5#3)#$"

zt = κt+ γDT c
t + st, *+,H.

 / DT c
t = t − T c

b () t ≻ T c
b #" I ()$ $, A=#J94#(() $ *+,H. ' $"4# B%# zt #(" %$

94 &#((%( 13#& "#$51$&# #" 41&)$# %$)"1)4# 101$" κ & ''# 9#$"# 131$" 2# &? & Tb #"

κ+ γ 194:(, A=?09 "?:(# $%22# "#("6# #(" 21 ("1!)2)"6 5# 21 ' 0#$$# 5# 21 (64)# yt  %

#$& 4# 21 ("1!)2)"6 5# 21 "#$51$&# 5# 21 (64)# zt, ;# B%) 6B%)31%" 6712#'#$" < "#("#4

2=?09 "?:(# $%22# H0 : γ = 0, A1 ("1")(")B%# 5# K125 (#431$" < "#("#4 &#""# ?09 "?:(#

$%22# #("  !"#$%# #$ #(")'1$" 21 4674#(() $ *+,H. 914 2#( L;M, ;#""# ("1")(")B%# B%#

$ %( $ " $( PST (T
c
b ) #(" 6712# < T−1

E )( 21 ("1")(")B%# &21(()B%# 5# K125, A1 $ 4>

'12)(1") $ *5)3)() $ 914 21 "1)22# 5# 2=6&?1$")22 $. 9#4'#" 5=13 )4 %$# 5)("4)!%") $

1(0'9" ")B%# $ $ 5676$646# #$ 41)( $ 5# 21 946(#$&# 5=%$# 41&)$# %$)"1)4# 51$( 21

(64)# st, PST (T
c
b ) 15'#" %$# 5)("4)!%") $ $ $ ("1$5145G )$569#$51$"# 5# σ2

#" 5#

σ2
u #" 2#( 312#%4( &4)")B%#( 1(( &)6#( ( $" ()'%26#( 914 N 7#2(1$7 *8OOP!. 9 %4 &#4>

"1)$#( E41&") $( 5# 4%9"%4# & $$%#( 1221$" 5# I,8 < I,O, D14 1)22#%4(G ()7$12 $( B%=#$

946(#$&# 5# 41&)$# %$)"1)4# (%4 2#( #44#%4( &#""# 5)("4)!%") $ 2)')"# #(" 6712#'#$" 1E>

E#&"6#, Q)$()G 'R'# () #22# 4#("# 2)!4# 5#( 9141':"4#( 5# $%)(1$&#G 2#( 312#%4( &4)")B%#(

"1!%26#( ( $" 5)S64#$"#( 5# &#22#(  !"#$%#( 51$( 2# &1( 5=#44#%4( ("1") $$1)4#(,

;#9#$51$"G %$# 3#4() $ 92%( 941")B%# 5# 21 ("1")(")B%# PST (T
c
b ) #(" 94 9 (6# 914

N 7#2(1$7 *8OOP!., T2 (=17)" 5=%$# ("1")(")B%# ' 5)U6# B%# $ %( $ "#4 $( PSm
T (T c

b )
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 ! "#$ % #! &!' #!$($)* )+,) )+-.$' + %'$.'$ )$ (+ )*'$ / )  '' #')  )! )!+!$.,,+$' 

.# %.))0/ #, '+1$, #,$!+$' 2 3+ 1.'' 1!$.,  )! 4+)* )#' (+ )!+!$)!$"# JT (T
c
b )

/ '+1$, #,$!+$' / 5+'6  ! 78.$ 9:;<<=  ! 5+'6 9:;;>= 1.,)!'#$!  , #!$($)+,! (+

'*?' ))$., 9@2A=  )!$B* %+' ( ) C7D

yt = κ+ γDU c
t +

9∑

i=1

γit
i + ut. 9@2A=

JT (T
c
b )  )! /*E,$ 1.BB *!+,! (+ )!+!$)!$"# )!+,/+'/ / F+(/ %.#' ! )! ' (G8H%.I

!80) ,#(( γ1 = γ2 = ... = γ9J B#(!$%($* %+' T−1
.K JT  )! $,-+'$+,! %+' '+%%.'!

L γ2 3+ - ')$., B./$E* / (+ )!+!$)!$"# PST %'.%.)* %+' M.? ()+,? 9:;;<4=  )!

PSm
T (T c

b ) = PST (T
c
b ) exp (−bJT (T c

b )) , 9@2N=

.K b  )! #, 1.,)!+,! E,$ 2 3.')"# ( )  '' #') ).,! )!+!$.,,+$' )J (+ /$)!'$4#!$.,

($B$! / PSm
T  )! *"#$-+( ,! L 1 (( / PST 2 O+,) 1 1+)J (+ B./$E1+!$., ,G+P 1! 

%+) / B+,$0' +)HB%!.!$"# ( ! )!2 7 !! *"#$-+( ,1 ,G )! !.#! Q.$) %(#) -+(+4( 

/+,) ( 1+) .K ut  )! )!+!$.,,+$' 2 R( ' )).'! /.,1 "# (.')"# ( )  '' #') ut %'*) ,! ,!

#, '+1$, #,$!+$' J (+ 1.,)!+,! b % #! &!' 18.$)$ / ! (( B+,$0' "# %.#' #,

,$- +# ,.B$,+( /.,,*J PSm
T +$! +)HB%!.!$"# B ,! (+ B&B -+( #' 1'$!$"# %.#' ( )

 '' #') )!+!$.,,+$' )  ! ( )  '' #') +- 1 '+1$, #,$!+$' 2

 !"!#$!#%&'$ (' !'$!$ (")$ *' +"$ ,- *" ("!' (' .&/!&.' '$! #)+,))&'

S 0'$ $!"!#$!#%&'$ (' 12,3 '! (' *"  ,44' 5".!#'**'

O+,) ( 1+) .K (+ /+! / '#%!#'  )! $,1.,,# J T,/' U)  ! 5(.4 '? ' 9 = 1.,)$I

/0' ,! #, 1(+)) / ! )!) .%!$B+#V /+,) ( ) ,) .K $() % 'B !! ,! / B+V$B$) ' (+

%#$))+,1 B.H ,, 2 R( )G+?$! /G+4.'/ /G P 1!# ' / ) ! )!) / 18+,? B ,! )!'#1!#' (

%.#' !.#! ) ( ) /+! ) / '#%!#' %.))$4( ) /+,) (G$,! '-+(( 

Λ = {Tb∗, Tb∗ + 1, Tb
∗ + 2, ...., T − Tb

∗}

)#' (+ 4+) / (+ )!+!$)!$"# )!+,/+'/ / F+(/  !  ,)#$! / /*E,$' / ) )!+!$)!$"# )

.%!$B+( ) WC +, XV%., ,!$+(W2 7 !! %'.1*/#'  )!  ,)#$! *! ,/# %+' M.? ()+,?

9:;;<4= "#$ ) 4+) )#' / ) )!+!$)!$"# ) Chow  ! PSm
T ).#) ( ) 1.,/$!$.,) / )!+I
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 !"##$%! & '() (%%(*%) ( '+$,)(#-( '(  (#'$#-(. /() ) $ !) !0*() "1 !2$3() '( 45"6

)"# 

7($#Chow = T−1
∑

Tb∈Λ
Chow (Tb),

891ChowT = log

{
T−1

∑
Tb∈Λ

exp

(
1

2
ChowT (Tb)

)}
.

:;.<=

>( 3$ 2?2( 2$#!@%(A B"C(3)$#C :DEE<,= 2"# %( 0*( '() ) $ !) !0*() FG "1 !2$3()

1(*H(# &C$3(2(# ? %( * !3!)&(). 833() )"# '&I#!() -"22( )*! 

7($#PST =
{
T−1

∑
Tb∈Λ

PST (Tb)
}
exp (−bJ∗

T ) ,

891PST = log

{
T−1

∑
Tb∈Λ

exp

(
1

2
PST (Tb)

)}
exp(−bJ∗

T ).
:;.E=

/( -5"!9 '( b '&1(#' '* #!H($* '( )!C#!I-$ !H! & '&)!%&

 

. /() '!) %!,* !"#) 3!2! ()

'() ) $ !) !0*() FG )"# #"# ) $#'$%') 2$!) -() ) $ !) !0*() '"##(# *#( 2(!33(*%(

1*!))$#-( $)J21 " !0*( -"21$%&( K -(33() '*  () '( 45"6A 0*! #( )"# "1 !2$3()

0*( 3"%)0*( 3$ '$ ( '( %*1 *%( () -"##*( ( 3"%)0*( 3() (%%(*%) )"# !'(# !0*(2(# 

( !#'&1(#'$22(# '!) %!,*&() )*!H$# *#( 3"! #"%2$3(. /() ) $ !) !0*() "1 !2$3()

)"# $3"%) %(-"22$#'&() 3"%)0*( 3$ '$ ( '( %*1 *%( () !#-"##*(. /$ -"21$%$!)"#

'() 1*!))$#-() '( -()  () ) %&H@3( 0*( 1"*% T → ∞A L7($#L '"##( '( 2(!33(*%()

1*!))$#-() '(  () 1"*% '( 1( ! () 1(% *%,$ !"#)  $#'!) 0*( L891L () 13*) 1*!)M

)$# ( 3"%)0*( 3$ 1(% *%,$ !"# () $))(N !21"% $# ( :F(%%"#A OPPQ=. 8# '(5"%) '( -()

H(%)!"#) "1 !2$3()A *#  () LG*1%(2*2L '+R#'%(6) :DEE;= C&#&%$3(2(# )*1&%!(*%

$*9  () ) "1 !2$*9 1%&-&'(# ) () &C$3(2(# 1%"1")& 1$% B"C(3)$#C :DEE<,=. /()

) $ !) !0*() LG*1%(2*2L '( 45"6 ( '( 3$ G"22( F$% !(33( )+&-%!H(# -"22( )*! 

G*1Chow = sup
Tb∈Λ

Chow (Tb)

G*1PST =

{
sup
Tb∈Λ

Chow (Tb)

}
exp (−bJ∗

T ) .

:;.DP=

R #" (% 0*+$H(- 3$ ) $ !) !0*( G*1ChowA 3$ '$ ( '( %*1 *%( 0*! )(% K 2$9!2!)(% 3$

) $ !) !0*( '( S$3' -"%%()1"#' K 3$ '$ ( '( %*1 *%( () !2&(.

 ! "#$%#& '$ $()*$) P +' ,(-./'$)*0' /(..'%,($1*$) *- $#2'*- 1' %#0$#3/*)#2#)4& 5(0'+%*$0

67889:; ,.(,(%' 1<-)#+#%'. b (P ) = −8.989+42.543P−60.427P 2+29.432P 3+exp (−99.324 + 100P )
! =* ,>2*+-' *%%(/#4' '%) 1*$% /' /*% 1($$4' ,*. 1− P !
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  !"!#$!#%&'$ ()*+,'$ $&- .'$ -,/-'$$#)*$ $!"!#%&' '! +0*"1#%&'

!" #$%&$"& '( )$ %*+%(,,-." /01234 ." #(5& (6(7&5(% '(, '*8().##(9("&, #.5%

'*'5-%( )( 9.':)( ';"$9-<5( ,5-8$"&

yt = κ∗ + γ∗DU c
t + θDT c

b,t + βyt−1 + et, /01223

.= DT c
b,t = 1(t = Tb+1)4 κ∗ = κ(1−β)4 γ∗ = γ(1−β) (& θ = βγ1 >) (,& $-",- #.,,-?)(

'( ,( ?$,(% ,5% )$ %*+%(,,-." /0123 .5 ,5% ,$ 8(%,-." ';"$9-<5( /01223 $@" '( 9("(%

'(, &(,&, '( )AB;#.&B:,( "5))( H0 : γ = 01

i)  !"#$%&'$(!" )*# #$+$(#$(,&*# )* $*#$ -+#.*# #&% /+ %.0%*##(!" #$+$(,&* 12345

C$", 7( 7$,4 D.+(),$"+ /2EEE?3 ,5##.,( <5( )$ ,*%-( 'A(%%(5%, ut (,& 9.'*)-,*(

,5-8$"& 5" #%.7(,,5, $5&.%*+%(,,-F 'A.%'%( 2

ut = βut−1 + et, /012G3

.= et ,5-& 5"( ).- ".%9$)( 'A(,#*%$"7( 9$&B*9$&-<5( "5))( (& '( 8$%-$"7( σ2
e 1 H.5%

&(,&(% )AB;#.&B:,( γ = 0 -) (,& -"'-,#(",$?)( '$", 7( 7$, 'A(,&-9(% )(, #$%$9:&%(,

'( "5-,$"7( $,,.7-*, I )$ ,*%-( 7.%%*)*( {ut} 7.9#&( &("5 '( )A*<5$&-." /012G31 J- )(

9.':)( /0123 (,& (,&-9* #$% )(, KLM4 $).%, )(, (,&-9$&(5%, '( κ (& γ ,."& $,;9#&.N

&-<5(9("& ".%9$5O $8(7 '(, 8$%-$"7(, <5- ,."& '(, F."7&-.", '( ω2 = σ2
e/(1− β)21

P-",-4 )(, '-,&%-?5&-.", )-9-&(, '(, ,&$&-,&-<5(, ?$,*(, ,5% )A(,&-9$&-." '(, KLM '(

)A*<5$&-." /0123 '*#("'("& '( ω2
1 QA$##.%& '( D.+(),$"+ /2EEE?3 %*,-'( '$", )$

#%.#.,-&-." 'A5"( (,&-9$&-." "." #$%$9*&%-<5( '( ω2
'.""*( #$%

ω̂2
np =

∑T−1

j=−T+1

[
φ(J/L)T−1

∑T−j

t=1
ûtût+j

]
, /01203

.= {ût} ,."& )(, %*,-'5, '(, KLM -,,5, '( )$ %*+%(,,-." /0123 (" -9#.,$"& γ = 04

φ(•) (,& 5" ".;$54 L )( #$%$9:&%( '( %(&$%'1 M" .?&-("& $-",- 5"( ,&$&-,&-<5( '(

R$)' '.""*( #$%

W S(Tb) =

(
T∑

t=Tb+1

ŷt

)2

/

(
ω̂2
np

T∑

t=Tb+1

D̂U2
t

)
, /012S3
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 !" !#$ %&# '(#'$ $' )*$ '+,('$!" #&# -("(,.'"+/!$ 0$ ω2
#&'. ω̂2

np $ ' %()%!). $#

"$,-)(1(#' ût -(" ŷt 0(# )*./!('+&# 234536 $' $# +,-& (#' )*78-&'79 $ #!))$ γ = 0

0(# )*./!('+&# 234564 :#0"$; $' <)&=$">$" 25??@6 &#' ,&#'". /!*+) $ ' -&  +=)$

0*&='$#+" !# '$ ' &-'+,() =( .  !" )( ,&8$##$ 0$ WS(Tb)  !" )*$# $,=)$ 0$ 0('$ 

0$ "!-'!"$ Tb -&  +=)$ 

 

A$(#W S = T−1
∑

Tb∈Λ
W S(Tb). 2345B6

C$!D (!'"$  '('+ '+/!$ /!+ (--("'+$##$#' E )( %)(  $ 0$ %$))$ -"&-& .$ -(" F&G

>$) (#> 25??H(6 $' /!+  &#'  +,+)(+"$ E )(  '('+ '+/!$ 0!  (!' 0$ ,&8$##$ (#()8 .$

-(" F&>$) (#> 25??H=6 -$!I$#' .>()$,$#' J'"$ !'+)+ .$ 4 K# (--)+/!(#' )(  &,,$

-("'+$))$  !" )( ".>"$  +&# 23456 &# &='+$#' )( "$)('+&#  !+I(#'$

zt = κt+ γDTt + st 2345L6

&M DTt = 1(t ≻ Tb)(t − Tb)4 N&+' J∗ = infTb∈ΛJ(Tb)O &M J(Tb) %&""$ -&#0 E )(

 '('+ '+/!$  '(#0("0 0$ P()0 ,!)'+-)+.$ -(" T−1
-&!" '$ '$" β1 = β2 = ... = β9 = 0

0(# )( ".>"$  +&#

yt = κ+ γDUt +
∑9

i=1
βit

i + ut. 2345Q6

K# !'+)+ (#' )$ -("(,9'"$ 0*(R! '$,$#' ci(Tb) = 100 exp (biJ
∗)T−2

∑T
t=1 ŝt(Tb)

2

-&!" i = 1, 2 &M b1 = 1.129 $' b2 = 1.261O )$  '('+ '+/!$  !>>.".$ -(" F&>$) (#>

25???=6  &#'

A$(#PSW = T−1
∑

Tb∈Λ

(
T∑

t=Tb+1

ŷt

)2

/
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T∑

t=Tb+1

D̂U2
t

)
c1(Tb)

]
O

N!-PSW = sup
Tb∈Λ

(
T∑

t=Tb+1

ŷt

)2

/
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T∑

t=Tb+1

D̂U2
t

)
c2(Tb)

] 2345H6
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)$ I()$!" %"+'+/!$ ( 8,-'&'+/!$ E BT  &+$#' )$ ,J,$ -&!" 0$ $""$!"  '('+&#G

#(+"$ I(0) $' #&#  '('+&##(+"$ I(1)4 F&>$) (#> 25???=6  &!)+>#$ /!*$# .%7(#'+))&#

U#+O )( -!+  (#%$ 0$ '$ ' =( .  !" )( ".>"$  +&#  '('+/!$ $ '  $# +=)$ E )( ,(G

 ! Λ = (T ∗
b , Tb + 1, ..., T − T ∗

b ) "ù T ∗
b = [α∗T ] #$ α∗ ∈ (0, 1)!
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 !"#$ %& ' ω2
$(' $('!)*$+ ,&#(-.$ /$ '$(' %$ /0123&'1"($  .//$ %045($ 6$ %$ #.3'.#$

%4 ( /4 )&2$  $ $(' )$ * (.# /4 54($ %$ /4 #*7#$((!& ('4'!-.$ 89+:;< /4 ('4'!('!-.$

=$4 PSW $(' 433#&3#!*$ 64# $//$ 3&(("%$ . $ 3.!((4 6$ (4'!(>4!(4 '$+

i)  !"#$%&'$(!" )*# #$+$(#$(,&*# )* $*#$# -+#.*# #&% /0.,&+$(!" )1"+2(,&* 345667

,$ 3#&5/")$ /!* ? /04.'&6&##*/4'!& %$( $##$.#( 3$.' @'#$ '#4!'* ? '#4A$#( /0! '#&B

%.6'!& %!#$6'$ %$ ut %4 ( /4 #*7#$((!& 89+:;+ C 3#&6*%4 ' 4! (!< D&7$/(4 7 8:EEE5;

3#&3&($ . $ ('4'!('!-.$ F=$4 F 8G %#$H( $' I/&5$#7$#< :EEJ; %& ' /0$K3#$((!& $('

=$4 WD = T−1
∑

Tb∈Λ
WD(Tb), 89+:E;

&L WD(Tb) $(' /4 ('4'!('!-.$

 

3$#)$''4 ' %$ '$('$# /0123&'1"($  .//$ %045($ 6$ %$

614 7$)$ ' ('#.6'.#$/ %4 ( /0*-.4'!& 89+::;+ M$ )4 !"#$ (!)!/4!#$ ? /04 4/2($ ('4B

'!-.$< & %*N !' /4 ('4'!('!-.$ %$ O4/% (.!A4 '$ %4 ( /$ 64( &L /4 A4#!4 6$ %$ {et}
$(' 6&  .$

WD
e (Tb) =

(
T∑

t=Tb+1

ỹt

)2

/

[
σ2
e(Tb)

(
T∑

t=Tb+1

D̃U2
t

)]
. 89+PQ;

D&7$/(4 7 8:EEE5; (&./!7 $ %$( 3#&5/")$( %$ 3.!((4 6$ %$ '$(' 4((&6!*( 4.K ('4B

'!('!-.$( =$4 WD
$'WD

$' 3#&3&($ . $ ('4'!('!-.$ FR.3#$).)F %0G %#$H( 8:EE9;

3&.# #*(&.%#$ /$ 3#&5/")$+ ,4 ('4'!('!-.$ 3#&3&(*$ 4 /4 >&#)$ (.!A4 '$

R.3WD = supTb∈Λ
WD(Tb). 89+P:;

S$''$ ('4'!('!-.$ $(' 3/.( 4%43'*$ 64# $//$ 4 . $ 3.!((4 6$ )& &'& $ $' $ &.'#$<

6& '#4!#$)$ ' 4.K 4.'#$ '23$( %$ ('4'!('!-.$(< $//$ 3$#)$' %$ %4'$# /4 #.3'.#$+

 ! "# $%&'() *%+,- $)&)($)(.+- *- /&#* .+( $%012() WD(Tb) =(
T∑

t=Tb+1

ỹt

)2

/

[
s2u(Tb)

(
T∑

t=Tb+1

D̃U2
t

)]
34 ỹt -) D̃Ut $3,) #-$ 20$(*+$ ($$+$ *-$ 20'2-$$(3,$

*- yt -) DUt 2-$5-1)(6-7-,) $+2 {1, DTb,t, yt−1} -) s2u(Tb) #& 6&2(&,1- *- et -$)(70- 5&2 #-$ 89:

5236-,&,) *- #& 20'2-$$(3, ;<!==>!

TU
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 !" #$%&'()(&*+ +*,-.*-,(/+ 0%&+ /% 12&.*32& 0( *(&4

0%&.( 05-&( 6%,3%7/( )%.,248.2&2)39-(

 !"# $!"# %$&'()##!$# %*% +", -'&.!/)# /) -!/'0%#+&%!$ )& /) /'&)*&%!$ /1"$

*.+$2)-)$& #&("*&"()0 3"% #) -+$%4)#&) 5 &(+6)(# 0+ 4!$*&%!$ /) &)$/+$*) /1"$) #'(%)

-+*(!7'*!$!-%3")8 9) 0+ -:-) -+$%;() 3"1"$ *.+$2)-)$& /+$# 0+ -!<)$$) /1"$)

6+(%+=0)> #% "$) ?)(&"(=+&%!$ /+$# 0+ 4!$*&%!$ /) &)$/+$*) $1)#& ?+# ?(%#) )$ *!-?&)

/+$# 0+ -!/'0%#+&%!$ *)0+ ?)"& *!$/"%() 5 /)# )#&%-+&)"(# $!$ *!$6)(2)$&#8  +&"()07

0)-)$&> 0+ ?(%#) )$ *!-?&) /)# *.+$2)-)$&# #"( 0+ 4!$*&%!$ /) &)$/+$*) )#& /1%$&'(:&

0!(#3") 0+ 6+(%+=0) #"#*)?&%=0) /1:&() +@)*&') ?+( "$) ?)(&"(=+&%!$ +/-)& "$) &)$7

/+$*)8 A+( ),)-?0)> 0) &+", /) *(!%##+$*) /" A B ?)"& :&() -!/'0%#' )$ *!$#%/'(+$&

"$ #+"& #"( 0) *!)C*%)$& /) 0+ &)$/+$*) /" 0!2+(%&.-) /" A B8 9+$# *) *+#> !$

?)"& #) =+#)( #"( 0+ -:-) /'-+(*.) 3") ?('*'/)--)$&8 D%$#%> /)# #&+&%#&%3")# /)

E+0/ )& /) 0+ F!--) A+(&%)00) #!$& "&%0%#')# #% 0+ /+&) /1%$&)(6)$&%!$ )#& *!$$")8 G&

/+$# 0) *+# *!$&(+%() H/+&) /) ("?&"() %$*!$$")I> 0)"(# 4!(-)# J?&%-+0) !" KF"?()7

-"-K ()#&)$& '2+0)-)$& +??0%*+=0)#8 L!"&)# *)# #&+&%#&%3")# +<+$& /'M5 4+%& 01!=M)&

/) /%#*"##%!$ /+$# 0+ #)*&%!$ ?('*'/)$&)> $!"# ?+##!$# /%()*&)-)$& 5 0+ ?('#)$&+&%!$

/) 0+ 4!(-) 3"1)00)# ?()$$)$& )$ *+# /) ?('#)$*) /) &)$/+$*) +?(;# +6!%( %$&(!/"%&

0) -!/;0) 2'$'(+0 3"% ?)(-)& 0)"( ?(%#) )$ *!-?&)8

 !"!# $% &'()*%

N!(#3"1!$ )#& )$ ?('#)$*) /1"$) ("?&"() /) &)$/+$*) /+$# 01'6!0"&%!$ /)# #'(%)#

-+*(!7'*!$!-%3")#> "$) -+$%;() #%-?0) /) -!/'0%#)( 0) ?(!*)##"# )#& /) *!$#%/'()(

0+ ('2()##%!$ #"%6+$&)

yt = κ0 + κ1t+ γ1DUt + γ2DT + ut HO8PPI

!Q

 DUt = 1 (t ≻ Tb) )& DTt = 1 (t ≻ Tb) (t− Tb)8 R)?)$/+$&> *)&&) #?'*%S*+7

&%!$ ?)"& ?('#)$&)( /)# ?(!=0;-)# /) *!(('0+&%!$ !" /) $!$ #&+&%!$$+(%&' /" &)(-)

/1)(()"(# 3"% ?)"6)$& *!$/"%() 5 /)# &)#&# /1D$/()T# )& +08 HUVVWI $!$ !?&%-+",8

 ! "# $%&'()# *+,- #.*+'/'0#1 2& % DUt =

{
1, si t ≻ Tb

0, si t ≤ Tb
, DTt =

{
t− Tb, si t ≻ Tb

0, si t ≤ Tb
.

XW
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 !"#!$ %" &'()*+  ,- +#. /0'/'#1 /20 3'4+*#2"4 567789

∆yt = κ0 + κ1t+ γ1DUt + γ2DTt + ρyt−1 +
k∑

j=1

cj∆yt−j + εt. 5:;<:9

 /20.!0 (+ =+..+ 0140+##!'" %" =+0.2!" "'&>0+ (+ #.2.!#.!?%+# /+%@+". A.0+

='"#.0%!.+# /'%0 .+#.+0 *BCD/'.C)#+ "%**+ γ1 = γ2 = 0; E* #B24!. (+# #.2.!#.!?%+#

'/.!&2*+# FG+2"F +. FHI/'"+".!2*F (B "(0+J# +. K*'>+04+0 5677L9 /0'/'#1+# (2"#

=+ =2(0+ /20 3'4+*#2"4 567789$ (+ *2 #.2.!#.!?%+ FM%/0+&%&F (+ 3'4+*#2"4 567789 !"!N

.!2*+&+". (1@+*'//1+ /20  "(0+J# 5677:9 +. (+ *2 #.2.!#.!?%+ (+ *2 M'&&+ K20.!+**+

5KM9 /0'/'#1+ /20 3'4+*#2"4 5<OO69; ,2"# *2 #'%#N#+=.!'" #%!@2".+$ "'%# /01#+".'"#

*+# /0'=1(%0+# (+ &!#+ +" '+%@0+ (+ =+# (!P10+".# .+#.# (+ =C2"4+&+". #.0%=.%0+* #%0

*2 Q'"=.!'" (+ .+"(2"=+ (B%"+ @20!2>*+ &2=0'N1='"'&!?%+;

 !"!" #$%$&'$&()*' +* $*'$

R+# #.2.!#.!?%+# (+ .+#. /0'/'#1+# /20 3'4+*#2"4 #'". (+# #.2.!#.!?%+# (+ S2*(

1.2>*!+# #%0 *2 >2#+ (+ /0'=1(%0+# #1?%+".!+**+#; H" #%//'#2". ?%+ *2 (2.+ (+ 0%/.%0+

+#. Tb = [αT ] 'T α ∈ [α∗, 1− α∗] ⊂ (0, 1)$ *+# (+%I #.2.!#.!?%+# '/.!&2*+# 1.%(!1+#

/20 3'4+*#2"4 567789 #'". (1U"!+# ='&&+ #%!.

G+2"W p
T = T−1

∑

Tb∈Λ

W p
T (Tb/T )$

HI/W p
T = log

(
T−1

∑

Tb∈Λ

exp

(
1

2
W p

T (Tb/T )

))
.

5:;<L9

,2"# =+# +I/0+##!'"#$ Λ = (T ∗
b , T

∗
b + 1, ..., T − T ∗

b ) (1#!4"+ *B+"#+&>*+ (+# (2.+# (+

0%/.%0+ /'##!>*+#; V'.'"# 142*+&+". ?%+ (2"# *2 "'.2.!'" W p
T (α)$ T (1#!4"+ *2

.2!**+ (+ *B1=C2".!**'"$ p *B'0(0+ (+ *2 Q'"=.!'" (+ .+"(2"=+$ 2@+= p = 0 ='00+#/'"(2".

2% &'()*+ #2"# .+"(2"=+ +. p = 1 2% &'()*+ 2@+= .+"(2"=+ *!"12!0+; W+/+"(2".$

3'4+*#2"4 &'".0+ ?%B+" 012*!.1 =+# #.2.!#.!?%+# "+ #'". '/.!&2*+# ?%+ *'0#?%+ *2

0140+##!'" +#. #.2.!'""2!0+ +. #2"# .+"(2"=+; R2 .0'!#!)&+ #.2.!#.!?%+ /0'/'#1+ +#.

%"+ #.2.!#.!?%+ FM%/0+&%&F ?%! 2 .+"(2"=+ X Q'%0"!0 %"+ >'""+ +#.!&2.!'" (+ *2

Y8
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 !"#$%&' () !*+$*!) α, -..) /01#!%$

2*+W p
T = sup

Tb∈Λ
W p

T (Tb/T ) . 34,567

8" +!&#1(*!) () 9&:)./"': 35;;<7 #&'/%/$) = #&'/$!*%!) *') /$"$%/$%>*) () ."

2&??) @"!$%)..) )' /) A"/"'$ /*! .)/ !1/%(*/ () ." !1:!)//%&' )' '%B)"* 34,557, -'

'&$"'$ WT (α) ." /$"$%/$%>*) #."//%>*) () C".(D ." /$"$%/$%>*) @2 ("'/ #) #"/ )/$

PSWT (α) = WT (α)
[
s2u/

(
100T−1s2z

)]
exp (−bJT ) . 34,5E7

s2u = T−1
∑T

t=1 û
2
t "B)# û2t .)/ !1/%(*/ ()/ FGH () ." !1:!)//%&' 34,557 )$ s2z =

T−1
∑T

t=1 v̂
2
t &I .)/ v̂t /&'$ .)/ !1/%(*/ () ." !1:!)//%&' () ." 2&??) @"!$%)..) /*%B"'$)

ypt = κ0t+ κ1
((
t2 + t

)
/2

)
+ γ1DTt + γ2

[
DT 2

t +DTt
]
/2+ vt 34,5J7

("'/ .">*)..) ypt =
t∑

j=1

yj, K) ." ?L?) ?"'%M!) >*) ("'/ .) #"/ () $)/$ /*! ." ?&N)'')D

." #&'/$"'$) b )/$ #O&%/%) () $)..) /&!$) >*) .)/ B".)*!/ #!%$%>*)/ /&%)'$ %()'$%>*)/

+&*! ()/ )!!)*!/ I(0) )$ I(1), P*"'$ = ." /$"$%/$%>*) JT D )..) " *') (%/$!%A*$%&'

.%?%$) '&' (1:1'1!1) )' #"/ () +!1/)'#) () !"#%') *'%$"%!) )$ $)'( B)!/ ; ("'/

.) #"/ #&'$!"%!), 9&:)./"': 35;;<7 /&*.%:') +"! "%..)*!/ >*) PSWT (α) +)*$ L$!)

*$%.%/1) /&*/ #)$$)  &!?) /% .)/ ("$)/ () !*+$*!)/ /&'$ #&''*)/, Q*$!)?)'$D &' +)*$

#&'/$!*%!) .)/ /$"$%/$%>*)/ +&*! *') /1>*)'#) () ("$)/ () !*+$*!)/ +&//%A.)/ )$ *$%.%/)!

.)/ /$"$%/$%>*)/ R2*+!)?*?R &* RF)"'R, -' /0%'$1!)//"'$ "*S (%/$!%A*$%&'/ .%?%$)/ )$

"*S +!&+!%1$1/ () $"%..) )$ () +*%//"'#)D %. !)//&!$ >*) .)/ (%/$!%A*$%&'/ .%?%$)/ ()

#)/ $!&%/ /$"$%/$%>*)/ /&'$ .%A!)/ ()/ +"!"?M$!)/ () '*%/"'#) )$ ') (1+)'()'$ >*) ()

p )$ α∗
)$ >*). >*) /&%$ .0&!(!) (0%'$1:!"$%&' 3T3;7 &* T3<77 ()/ )!!)*!/, G)+)'("'$D

.)/ (%/$!%A*$%&'/ .%?%$)/ ("'/ .) #"/ (0)!!)*!/ /$"$%&''"%!)/ /&'$ (%U1!)'$)/ () #)..)/

&I .)/ )!!)*!/ /&'$ '&' /$"$%&''"%!)/ )$ .)/ B".)*!/ #!%$%>*)/ "/N?+$&$%>*)/ /&'$

$"A*.1)/ +"! 9&:)./"': 3<VVJ7 +&*! .)/ ()*S #"$1:&!%)/ (0)!!)*!/, T. " 1:".)?)'$

"'".N/1 ." +*%//"'#) ()/ /$"$%/$%>*)/ +&*! p = 0, 1, T. ?&'$!) "%'/% >*) -S+W p
T )$

2*+W p
T /&'$ +.*/ +*%//"'$)/ >*) ." /$"$%/$%>*) F)"'W p

T ("'/ .) #"/ &I p = 0, G)#%

)/$ B"."A.) .&!/>*) p = 1 #"! ("'/ #) #"/D ." /$"$%/$%>*) F)"'W p
T " *') +*%//"'#)

'&' ?&'&$&'), G)+)'("'$D )' #&?+"!"'$ .)/ ()*S /$"$%/$%>*)/ &+$%?".)/ 3RF)"'R )$

WW
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 !"#$%&%'()* + ,-. *) /),& 0& ,(1-*)'($%,2 3$4&*,)%4 56778+ 1$%'.& 9-& !"#W p
T &,'

1&(**&-.& &% '&.1&, 0& #-(,,)%:& 0& '&,' *$.,9-& *&, :;$:, < 0='&:'&. ,& #.$0-(,&%'

)>&: -%& )1#*&-. (1#$.')%'& ')%0(, 9-& *) ,')'(,'(9-& ?&)%W p
T &,' )0)#'=& #$-.

0&, #&.'-./)'($%, 0& ')(**& 1$0=.=&@

 ! "#$%& %&' ()*+,&-&+#' '#.$(#$.&/' %*+' /&' 0*1'

%& /* 23+& 456

!% -'(*(,)%' *&, 0$%%=&, #.=,&%'=&, 0)%, *& A;)#('.& B2 %$-, )>$%, 0='&.1(%= ,(

*&, :;)%4&1&%', ,'.-:'-.&*, 0$%' *&, =:$%$1(&, 0& *) C$%& ADE $%' F)(' *G$/H&' 0-.)%'

:&, 0&.%(I.&, )%%=&, $%' ,(4%(J:)'(>&1&%' )K&:'= *&, )4.=4)', 1):.$L=:$%$1(9-&,@

M$-. .)##&*2 :&, ,=.(&, ,$%' *& M.$0-(' N%'=.(&-. O.-' 5 !"+2 *) #.$0-:'($% N%0-,L

'.(&**& 5!#$+2 *GN%>&,'(,,&1&%' 5!#%+2 *GN%0(:& 0&, M.(" < *) :$%,$11)'($% 5! + &'

*) A$%,$11)'($% #.(>=& 5&'#(+ &' :$->.&%' *) #=.($0& )**)%' 0& 67PQ < BRRS@ T&,

>).()/*&,  !"2 !#$ &' !#% ,$%' (,,-&, 0&, )'*+$ ,-%-+'./-#0 !#$1230'*( 5UVN+ 0-

W.$-#& O)%9-& ?$%0()*& ')%0(, 9-& *) >).()/*& N%>&,'(,,&1&%'

 

5!#%+ &,' (,,-& 0-

 -## )'*+$ 435+- 678 5MUX P@B+ &' *G(%0(:& 0&, M.("2 0&, ,')'(,'(9-&, 0- :&%'.&

0& .&:;&.:;&, ,')'(,'(9-&,2 =:$%$1(9-&, &' ,$:()*&, &' 0& F$.1)'($% #$-. *&, #)Y,

(,*)1(9-&, 5Z!Z[NA+@ T& X)/*&)- Q@S 0$%%&2 #$-. :;)9-& #)Y, 0& %$'.& =:;)%'(**$%2

*) *(,'& 0&, >).()/*&, 0(,#$%(/*&,@

 ! !" #$%&% '()'*')+$,% )$ -./(0$1$(& %&2+-&+2$, %+2 ,$% */3

2'/4,$% 1/-256-5(51'7+$%

O(&% 9-& %$'.& (%'=.\' #$.'& -%(9-&1&%' ,-. *& :), 0G-% ,&-* :;)%4&1&%' ,'.-:L

'-.&*2 %$-, )>$%, &K&:'-= *&, '&,', &% '&%)%' :$1#'& 0& *G=>&%'-&**& #.=,&%:& 0&

#*-,(&-., :;)%4&1&%', ,'.-:'-.&*,@ !% &K&'2 M&..$% 5BRRP+ ,(4%)*& 9-& *&, ,')'(,L

'(9-&, 0& '&,', =')/*(&, ,-. *) /),& 0& *G;Y#$';I,& 0G-% -%(9-& :;)%4&1&%' ,'.-:L

'-.&* #&->&%' #.=,&%'&. 0G(1#$.')%', #.$/*I1&, 0& #-(,,)%:& *$.,9-& *& 1$0I*& 0&

 ! "#$% #&'()*% +(' ,-%.-,'/ )#$0 ,1#)0 23,&#%2 2.'(%4*). 53*)1(0'*00(4()' 6,% '7'( 8 6,%'*% 2(

5, 6,%' 2( 53*)1(0'*00(4()' 0$% 5( "9:;'7'( <2*06#)*&5( 2*%(+'(4()' 0$% 5( "=> ?!@A! B#$0 ,1#)0

()0$*'( 4$5'*65*. 5, 1,5($% #&'()$( 6,% 5( )*1(,$ 2( 5, 6#6$5,'*#) .-,5(4()' 2*06#)*&5( 0$% "=>

?!@!
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 !" #$$%&' ()%*%$! '+%',*() -(+('# $#(*# .# )( /0)%&' .&( 1#$ $! %#$ -(% #' 012#))#')

.*($%#( $3 4#$ $%2(*0)%&'$  !0*%$!#$ .0 5&"#*$0'" 67889: &') 2&') ! -(# *#$ )#$)$

&') 1#$ ;&',)%&'$ 1# .(%$$0',# '&' 2&'&)&'#$ $% *# '&2/ # 1# ,<0'"#2#')$ $) (,=

)( #*$ 0>#,)0') $%"'%?,0)%@#2#') *#$ @0 %0/*#$ 20, &=!,&'&2%-(#$ #$) $(.! %#( 0(

'&2/ # 1# .# )( /0)%&'$ . %$#$ #' ,&2.)#3 A%'$%B 1+0. C$ D#  &' 6EFFG:B 2H2# $%

*#$ 1&''!#$ 012#))#') !@#')(#**#2#') (' $#(* ,<0'"#2#') $) (,)( #* ,&22# ,+#$)

*# ,0$ %,%

 

B (' "0%' 1# .(%$$0',# $(/$)0')%#* .#() H) # &/)#'( #' )#'0') ,&2.)# 1#

*0 .&$$%/%*%)! 1# .*($%#( $  (.)( #$ 10'$ *# 2&1C*# 1# )#$)3 I&($ 0@&'$ 0%'$% ()%=

*%$! *0 1!20 ,<# 1# J0% #) D#  &' 6EFFK: .&( )#$)# *+<L.&)<C$# '(**# 1+0/$#',# 1#

 (.)( #$ ,&') # *+0*)# '0)%@# 1+#M%$)#',# 1#  (.)( #$3 N0 $)0)%$)%-(# ()%*%$!# #$) ('#

$)0)%$)%-(# SupF 6,+#$)=O=1% # SupW : -(% #$) *# 20M%2(2 $( *+#'$#2/*# 1#$ .&%')$

1#  (.)( #$ .&$$%/*#$ 1# *0 $)0)%$)%-(# F $)0'10 13 P'  !0*%)!B 20*" ! *0 2(*)%)(1#

1# )#$)$ 1# ,<0'"#2#') $) (,)( #* $#(*# *0 $)0)%$)%-(# SupW ;&( '%) ('# #$)%20)%&'

1# *0 10)# 1#  (.)( #B *#$ 0() #$ '# .# 2#))0') 1# 1!)#,)# -(# *0 . !$#',# 1+('#

.# )( /0)%&' $0'$ #' #$)%2# *0 10)#3 N0 SupF ()%*%$!# %,% .# 2#) 1# )#'% ,&2.)#

1# ,&  !*0)%&'$ $( *#$ #  #( $3 N0  C"*# 1# 1!,%$%&' #$) )#**# -(# *+<L.&)<C$# 0*)# '0=

)%@# 6,<0'"#2#') $) (,)( #*: #$) 0,,#.)!# $% SupF #$) $(.! %#( # O *0 @0*#( , %)%-(#

0.. &. %!#3

N#$  !$(*)0)$  !@C*#') -(# .&( ,# -(% ,&',# '# *# DQJ -(% #$) '&) # . %',%.0*#

@0 %0/*# 1+%')! H)B $#(*$ *# J( R%'0 S0$&B *0 TU)# 1+%@&% # #) *# V0/&' 012#))#')

(' ,<0'"#2#') $) (,)( #* $%"'%?,0)%; 0(M 10)#$  #$.#,)%@#$ 1# 788WB 789X #) 789G3

N# Y0/*#0( K37 ;&( '%) *#$  !$(*)0)$ 1#$ )#$)$ $( *0 @0 %0/*# DQJ #) $( *#$ 0() #$

@0 %0/*#$ 1# '&) # !,<0')%**&'3 Z' '&)# !"0*#2#') (' ,<0'"#2#') $) (,)( #* $( *0

@0 %0/*#  !" .&( ,%'- .0L$ 1# *0 [&'# TSA #' *+&,,(  #',# *# J!'%' 6789F:B *# J( =

R%'0 S0$& 6789F:B *# \0*% 678G8:B *# I%"# 67898: #) *# Y,<01 6788X:3 N# ,<0'"#2#')

$) (,)( #* $( *0 $! %# #$!% ,&',# '# *0 TU)# 1+Q@&% # .&( *+0''!# 6789X: )0'1%$ -(#

*+Q'1%,# 1#$ D %M 6QD: '# . !$#')# 1#  (.)( # -(# .&( *# T02# &(' #) *# V0/&'

 #$.#,)%@#2#') 0(M 10)#$ 1# 789E #) 78XG3

 ! "#$%&&'($ )* +%,$ -*' (#. )#((/'. .#($ ),.0#(,12'. .*3 *(' 1%.' %((*'22' '$ -*' 2% 0/3,#)'

)' $'&0. '.$ 3'2%$,4'&'($ 2,&,$/'!
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-%)-%2!#9 :*% #- ;5 <=>?>@ ,"- 13*%&&#!') *((,'-0 1#) +'%-%2!#) )!' +#--# (',+01!'#

&,')2!# &# $,16&# +,$(,'-# !"# -#"1*"+#9 A&) #/(&%2!#"- 2!# &# (',B&6$# 1# (!%)8

)*"+# 1# -#)- ),!&%5"0 (*' C,," #- D#''," <=>>E@ #)- -,!- )%$(&#$#"- +*!)0 (*'

&* $0-4,1# !-%&%)0# (,!' 0+'%'# &# $,16&# #" 0+*'- *!/ +,$(,)*"-#) 10-#'$%"%)-# #-

+,$$!"#9 :*% #- ;5 <=>?>@ $,"-'#"- *%")% 2!# &3*((&%+*-%," 1# DF;AG +,"1!%-  

!"# (!%))*"+# 1# -#)- -'6) )*-%)H*%)*"-#9 I" #J#-7 DF;AG (#'$#- 13!"# (*'- 13#"&#.#'

&* +,$(,)*"-# 10-#'$%"%)-# 1! $,16&# )*") !-%&%)#' &#) CGK7 +#+% #" )# B*)*"- )!'

!"# )%$(&# (',+01!'#  !"#$%&'%($%')*)+#%9 L3*!-'# (*'-7 #&&# (#'$#- *!))% 13,B-#"%'

!" #)-%$*-#!' +,".#'5#"- 1#) H*+-#!') +,$$!") #- 1# &#) 0&%$%"#' #/(&%+%-#$#"- )*")

(*))#' (*' &* (',+01!'# %$(&%+%-# 13,'-4,5,"*&%)*-%," (',(,)0# (*' C,," #- D#'',"

<=>>E@9 M#) )-*-%)-%2!#) 1# -#)- (',(,)0#)7 2!% ),"- 0-*B&%#) )!' &* B*)# 1#) '0)%1!)

1! $,16&# DF;AG 1,""#"- 1#) (!%))*"+#) 1# -#)- 2!% *.,%)%"#"- &#) +#"- (,!' +#"-7

$N$# #" +*) 1# ('0)#"+# 1# -#"1*"+# )!' &# $,16&#9 F &3%")-*' 1! -#)- 1# C,," #-

D#''," <=>>E@7 +#&!% 1# D#)*'*" <=>>O@ #)- B*)0 )!' !" $,16&# 1,"- &# -#'$# 13#'8

'#!' *1$#- !"# )-'!+-!'# H*+-,'%#&&#9 G#(#"1*"-7 &# ",$B'# 1# H*+-#!') +,$$!")

#)- P/0  ?9 C*%) D#)*'*" #- *&9 <=>>Q@ $,"-'#"- 2!# &# -#)- (#!- N-'# 0-#"1! 1*")

&# +*1'# 13!" $,16&#  (&!)%#!') H*+-#!')9 CN$# )3%& #/%)-# 1#) '#))#$B&*"+#) )!' &#

(',+#))!) 50"0'*-#!' 1# 1,""0#) ",-*$$#"- )!' &* $*"%6'# 1# ('#"1'# #" +,$(-#

&#) 10(#"1*"+#)7 &* 10$*'+4# *1,(-0# (*' D#)*'*" <=>>O@ (,!' '0),!1'# &# (',B&6$#

1# 10(#"1*"+# 1%J6'# 1# +#&&# *1,(-0# (*' :*% #- ;5 <=>>E7 =>?>@ ,! C,," #- D#'',"

<=>>E@ 2!% ,"- ,(-0 (,!' &30+'%-!'# 1! $,16&# #" 0+*'- *!/ H*+-#!') #)-%$0)9 D#)*'*"

<=>>O@ )# B*)# )!' !"# (',+01!'# )%$(&%P0#9 A& !-%&%)# !"# )%$(&# '05'#))%," FLR

2!3%& *!5$#"-# 1# &* $,S#""# %"-#'%"1%.%1!#&&# '#-*'10# #- 1# &* 1%J0'#"+# ('#$%6'#

1# &* )0'%# %"1%.%1!#&&# +,''#)(,"1*"-#9 G#--# '05'#))%," FLR *!5$#"-0# #)- *%")%

*((#&0# GFLR <,$-..(.%'/!-&0++1 0)2*%&/% 345 @9 M#) -#)-) )-*"1*'1) 1# '*+%"#

!"%-*%'#) ),"- #")!%-# *((&%2!0) #" )# B*)*"- )!' &#) $,S#""#) %"-#'%"1%.%1!#&&#) 1#)

)-*-%)-%2!#) 1# -#)- 1# &* '05'#))%," GFLR ,! )!' 1#) -'*")H,'$*-%,") *((',('%0#)

1#) (',B*B%&%-0) 1# '#T#- *)),+%0#)  &34S(,-46)# "!&&#9

D*'*&&6&#$#"-  +#) -#)-) 2!% ('#""#"- #" +,$(-# &#) 10(#"1*"+#) 1*") &* 1%$#"8

)%," %"1%.%1!#&&#7 13*!-'#) ('#"*"- #" +,$(-# &3#/%)-#"+# 1# '!(-!'#) )!' &#) )0'%#)

?>U



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !" # "$%&&%' '(!) *+(*(','- ./+0 1%' )%')'2 !($' *($#(!' 1 )%+ 1%$3 ",#%&(**,' */+

4/++ (!5 56 &#%')+% %) /&- 7899:;2 <0 %) /&- 7899=; %) >/"+ %) ?/( 7899@; A$ *%+5

0%))%!) "B !1&$+% $! $! A$% 1C/!D%0%!) ')+$1)$+%&- E! ($)+%2 "%*$ ' *%$ "% )%0*'2

$!% /$)+% D,!,+/) (! "% )%') "% +/1 !% $! )/ +% %') %! )+/ ! "% #( + &% F($+- 4%))% !($5

#%&&% D,!,+/) (! %')  ! ) ,% */+ &%' /$)%$+' 1(00% G/ %) 4/++ (!5 56H&#%')+% 7899I;

%) *%+0%) "B !1&$+% ' 0$&)/!,0%!) &%' ",*%!"/!1%'  !)%+ !" # "$%&&%' %) &%' 1C/!D%5

0%!)' ')+$1)$+%&' "/!' &% 0("J&%- E! %K%)2 "% 0L0% A$% &/ !(! *+ '% %! 1(0*)% "%'

1(++,&/) (!' %!)+% ,1(!(0 %'2 &B(0 '' (! "%' 1C/!D%0%!)' ')+$1)$+%&' "/!' &/ 0 '% %!

(%$#+% "%' )%')' "% +/1 !% $! )/ +% '$+ &%' #/+ /M&%' 0/1+(,1(!(0 A$%' *%$)  !"$ +%

"%' *+(M&J0% "% M / ' %) "% *%+)% "% *$ ''/!1% !(! !,D& D%/M&%'-

N/!' 1% 1C/* )+%2 !($' !($'  !),+%''%+(!' O 1%' )%')' A$ '(!) )($' M/',' '$+

"%' 0("J&%' O P/1)%$+' 1(00$!'  !(M'%+#,' /#%1 +$*)$+% %) A$ (K+%!) &B/#/!)/D%

"B !1&$+% O &/ P( ' &%' ",*%!"/!1%'  !)%+ !" # "$%&&%' %) &%' 1C/!D%0%!)' ')+$1)$+%&'-

QB$) & '/) (! "%' 0("J&%' O P/1)%$+' *($+ 0(",& '%+ &%' 1(++,&/) (!' *%+0%) %! 0L0%

)%0*' "% )+/ )%+ "% 0/! J+% !/)$+%&&% &/ 1(!)+/ !)% " 0%!' (!!%&&% A$ %') $! *+(5

M&J0% '($#%!) +%!1(!)+, %! /!/&H'% ,1(!(0,)+ A$%- Q% 1C/* )+% %') " # ', %! )+( '

'%1) (!'- N/!' &/ *+%0 J+% '%1) (! !($' /!/&H'(!' &%' *+(M&J0%' +,'$&)/!) "%' )%')'

"% +/1 !% $! )/ +% %! */!%& M/',' '$+ &BCH*()CJ'% "B !",*%!"/!1%  !)%+ !" # "$%&&%-

R($' P%+(!' "B/M(+" $!% M+J#% *+,'%!)/) (! "%' " K,+%!)' )%')' "% +/1 !% $! )/ +%

M/',' '$+ &BCH*()CJ'% 1+$1 /&% "B !",*%!"/!1% /S! "B%3*('%+ %!'$ )% &%' *+(M&J0%'

+,'$&)/!) "% &%$+' /**& 1/) (!' "/!' &% 1/"+% "% &B/!/&H'% 0/1+(5,1(!(0 A$%- Q/

"%$3 J0% '%1) (! P/ ) $! ,)/) "%' & %$3 "%' )%')' "% +/1 !% $! )/ +% %! */!%& A$ 

 !1&$%!) "% 0/! J+% %3*& 1 )% &B%3 ')%!1% "% +%&/) (! "B !)%+",*%!"/!1% %!)+% &%' ,1(5

!(0 %' O )+/#%+' $! 0("J&% P/1)(+ %&- T$/!) O &/ "%+! J+% '%1) (!2 %&&% *+(*('% $!%

/!/&H'% "% &/ )($)% !($#%&&% D,!,+/) (! "% )%')' "% +/1 !% $! )/ +% %! */!%& A$  !5

)JD+% O &/ P( ' &%' ",*%!"/!1%'  !)%+ !" # "$%&&%' %) &%' 0$)/) (!' ')+$1)$+%&&%'- R($'

!($'  !),+%''%+(!' / !' /$3 P(+1%' %) P/ M&%''%' "% 1%' 0("J&%' O )+/#%+' &B/!/&H'%
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 !" #$%&'()*+ $,+-'./0. 1*+ .*+.+ 1* $/230* -03./3$*

*0 4/0*' &/+,+ +-$ '5674%.6(+* 15301,4*01/02*

30.*$3013831-*''*

 ! "#$$%&!$'&( %)*+*,%$&#-'( ! "!&.(,(+$ ,*+$&% "/#,0*&$!+)( 1(2 $(2$2 1( &!3

)#+( '+#$!#&(4 5(2 $(2$2 !#1(+$ 2'&$*'$ 6 &%0*+1&( 6 )(&$!#+(2 -'(2$#*+2 (+ %)*+*,#(

+*$!,,(+$ )(""(2 1( "! )&*#22!+)( ($ 1( "! )*+7(&.(+)(4  ('&2 !00"#)!$#*+2 (+ 0!+("

8*'&+#22(+$ '+ #,0*&$!+$ ,*9(+ 1/!,%"#*&(& "! 0'#22!+)( 1(2 $(2$2 -'# (2$ (+ .%+%&!"

$&:2 8!#;"( "*&2-'/#"2 2*+$ !00"#-'%2 2'& "(2 2%&#(2 )<&*+*"*.#-'(2 #+1#7#1'(""(24 =+(

0&(,#:&( .%+%&!$#*+ 1( $(2$ 1( &!)#+( '+#$!#&( (+ 0!+(" ! !#+2# 7' "( >*'& 1:2 "(

,#"#(' 1(2 !++%(2 ?@@A4 =+( 0!&$#( 1( )(2 ,%$<*1*"*.#(2 0&*0*2%(2 )*+2#1:&( '+(

&!)#+( !'$*&%.&(22#7( <*,*.:+(4 5/(2$ "( )!2 1(2 $(2$2 1(  (7#+ ($  #+ B?@@CDE  (7#+E

 #+ ($ 5<' BCAACDE F!&&#2 ($ GH!7!"#2 B?@@@D4 =+( !'$&( )!$%.*&#( 2/#+$%&(22( !' )!2

1/'+( &!)#+( !'$*&%.&(22#7( <%$%&*.:+(4 I+ 0('$ )#$(& "(2 $(2$2 1( &!)#+( '+#$!#&( 1(

J,E K(2!&!+ ($ L<#+ B?@@MDE 5<*# BCAA?DE N!11!"! ($ O' B?@@@DE F!1&# BCAAAD4 5(3

0(+1!+$E )*,,( +*'2 "/!7*+2 1%>6 2*'"#.+%E ,P,( 2# "(2 $(2$2 1( &!)#+( '+#$!#&( (+

0!+(" 0&%2(+$(+$ 0"'2 1/!7!+$!.(2 -'( "('&2 <*,*"*.'(2 (+ 2%&#(2 )<&*+*"*.#-'(2 #+3

1#7#1'(""(2E #" (Q#2$( 1/#,0*&$!+$2 0&*;":,(2 &%2'"$!+$ 1( "('& ,#2( (+ *('7&( 1' 8!#$

1( "! +!$'&( 1(2 7!&#!;"(2 ,!)&*3%)*+*,#-'(2 -'# 2*+$ 2*'7(+$ )!&!)$%&#2%(2 0!& '+

1(.&% 1/#+$(&1%0(+1!+)( +*+ +%."#.(!;"(4 R#+2#E )(2 0&(,#(&2 $(2$2 1( &!)#+( '+#$!#&(

(+ 0!+(" 0&%2(+$(+$ 1(2 "!)'+(2 #,0*&$!+$(2 %$!+$ 1*++% -'/(+ .%+%&!" #"2 #.+*&(+$

"/<90*$<:2( 1/#+$(&1%0(+1!+)(4 5*,,( "/*+$ ,*+$&% "(2 &%2'"$!$2 1(2 2#,'"!$#*+2

(S()$'%(2 0!& N!11!"! ($ O' B?@@@DE )(2 $(2$2 2*+$ $&:2 2'2)(0$#;"(2 1( 1*++(& 1(2

&%2'"$!$2 ;#!#2%2 2/#"2 2*+$ !00"#-'%2 6 1(2 0!+("2 *T #" (Q#2$( '+( )*&&%"!$#*+ 1!+2 "!

1#,(+2#*+ #+1#7#1'(""(4 U!+2 '+( 0&(,#:&( 0!&$#(E )($$( 2()$#*+ 0&%2(+$( 1( ,!+#:&(

.%+%&!"( "(2 1#S%&(+$2 $(2$2 8*+1%2 2'& "/<90*$<:2( 1/#+1%0(+1!+)( (+ 1#2$#+.'!+$

"! )!$%.*&#( '$#"#2!+$ '+ ,*1:"( !7() 0!&!,:$&( !'$*&%.&(22#8 <*,*.:+( ($ )(""( !13

,($$!+$ '+( &!)#+( <%$%&*.:+(4 V*'2 !+!"92(&*+2 (+2'#$( "(2 1#S%&(+$2 0&*;":,(2

2$!$#2$#-'(2 -'/#,0"#-'( "/<90*$<:2( &(2$&#)$#7( 1/#+1%0(+1!+)(4
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 !"!" #$% &'()%$*+*,-$ .%) /-.01%) .% *%)* .% '+2,$% 3$,*+,'%

.% &'%/,0'% 4($('+*,-$

 ! "#$ %!$ &!$&$ %! '(!)*+(! ,-.-(#&*/. #%)!&&#.& 0.! (#"*.! #0&/(-,(!$1

$*2! 3/)/,+.!

 !"# $%# &'%()%'# (*+,$%#- .%'/!)"# !0/%0'# *"/ ()# %" !1!"/ $234&*/3,#% +23*5

(*67"7)/7 +% $! '!.)"% !0/*'76'%##)1%8 9$ #2!6)/ "*/!((%"/ +% :%1)" %/ :)" ;<==>?-

:%1)"- :)" %/ @30 ;>AA>?- B!'')# %/ CD!1!$)# ;<===?8 @%//% 34&*/3,#% +23*(*67"7)/7

%" &!"%$ %#/ &'!/)E0% %/ +*""% $2!1!"/!6% +% +)#&*#%' +20" F%#/)(!/%0' %(&)$7F8 G*)/

λ $2%#/)(!/%0' %(&)$7- %" !+(%//!"/ E0% $%# #7')%# )"+)1)+0%$$%# i = 1, ..., N #*"/

67"7'7%# &*0' .3!E0% i &!' 0" &'*.%##0# !0/*'76'%##)H +2*'+'% <- $% (*+,$% 67"7'!$

&%0/ #27.')'% +% $! (!"),'% #0)1!"/%

yit = µ′
ℓiτℓt + λyi,t−1 + εit ;I8<?

!1%. ℓ = 0, 1 8 :! 1!$%0' )")/)!$% +% yit "*/7% yi0 %#/ +*""7% %/ *" !+(%/ E0% $%# %''%0'#

#*"/ )"+7&%"+!((%"/ %/ )+%"/)E0%(%"/ +)#/')J07%# +!"# $%# +)(%"#)*"# )"+)1)+0%$$%

%/ /%(&*'%$$% %/ #*"/ +% (*4%""% "0$$% %/ +% 1!')!".% .*"#/!"/%8 K" *0/'%- $% (*(%"/

+2*'+'% I +% εit %#/ L")8  !"# $% .!# +0 (*+,$% !1%. .*"#/!"/% 0")E0%(%"/- "*0# !1*"#

τ0,t = 1 %/ $% (*+,$% !1%. /%"+!".% #&7.)LE0% .*''%#&*"+ !0 .!# *M τ1,t = (1, t)′8

@%//% 7E0!/)*" &%0/ N/'% '77.')/% #*0# H*'(% +% '76'%##)*"  O +*"/ $! 1%'#)*" !1%.

.*"#/!"/% 0")E0%(%"/ +*""%

∆yit = ρyi,t−1 + εit ;I8>?

!1%. .*((% 34&*/3,#%# H0 : ρ = 0 %/ H1 : ρ ≺ 08 P0!"/ !0 (*+,$% !1%. /%"+!".%-

#! H*'(%  O &%0/ N/'% '%&'7#%"/7% +% $! (!"),'% #0)1!"/%

∆yit = αi + ρyi,t−1 + εit ;I8Q?

!1%. $%# 34&*/3,#%# H0 : ρ = 0; αi = 0, ∀i = 1, ..., N %/ H1 : ρ ≺ 0; αi ∈ R, ∀i =
1, ..., N 8 R &!'/)' +% .%# +%0S (*+,$%#  O- $234&*/3,#% "0$$% +% '!.)"% 0")/!)'% &%0/

N/'% /%#/7%8 R $2)"#/!' +%# /%#/# %" #7')% .3'*"*$*6)E0% )"+)1)+0%$$%- $234&*/3,#% "0$$%
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 !" #! $%&" '()*+ !" ,&! -./0 -1"! 203& ! $! 4%53&! ,&3 %34! ! $6%7"!&5! $6!8! " 3&$39

:3$,!;" <=!") ><& $! /4!&$4! !& 50?/ ! ;6%, 05044#;% 30& $!" 4#"3$," @,3A ;04"@,6!;;!

!" /4#"!& !A /!, 50&$,34! B $!" 73%3" $6!" 3?% 30& $! ;% 4%53&! %, 04#C4!""3:!A 3; !" 

/0""37;! $6, 3;3"!4 ;!" D04?!" >EF $!" ?0$1;!" /4#5#$!& ") >3&"3A !& 50&"!4:%& ;!"

?G?!" -./0 -1"!" $!  !" A &0," %:0&"

H0$!; I ∆yit = ρyi,t−1 +

pi∑

s=1

γis∆yi,t−s + ξit;

H0$!; J ∆yit = αi + ρyi,t−1 +

pi∑

s=1

γis∆yi,t−s + ξit.

K0??! ;60& "0,;3C&# L,4;3& ! H3C&0& 'JMMN+A ;% &0 30& $6-# #40C#&#3 # 4!;%9

 #! 353 50&" 3 ,! ,& /407;1?!  41" 3?/04 %& !& #50&0?# 43!) K%4A 50& 4%34!?!& B

;6%&%;."! $!" "#43!" 5-40&0;0C3@,!" 3&$3:3$,!;;!"A ;04"@,60& "! "3 ,! $%&" ;! 5%$4! $!

;6#50&0?# 43! $!" $0&&#!" $! /%&!; 3; "! /0"! ;% @,!" 30& $! "%:034 "63; !" :%;%7;!

$! 50&"3$#4!4 ,& ?G?! ?0$1;! /0,4  !" !4 ;% /4#"!&5! $6,&! 4%53&! ,&3 %34! $%&"

,&! "#43! 07"!4:#! /0,4 /;,"3!,4" /%.") >, 4!?!& $3 A /!, 90& %$?!  4! ;6!=3" !&5!

$! /40/43# #" $.&%?3@,!" /0,4 ;6!&"!?7;! $!" "#43!" $! ;% ?G?! :%43%7;! ! 5!53

3&$#/!&$%??!& $, /%." 50&"3$#4# O P& #50&0?3!A 5!53 50&" 3 ,! B ;6#:3$!&5! ,&!

-./0 -1"!  40/ 4!" 435 3:! /0,:%& 50&$,34! B $!" 4#",; % " D%;;%53!,=) >3&"3A ;!"  !" "

$! /4!?314! C#&#4% 30& "! "0& :3 ! /!&5-#" ",4 ;% /0""373;3 # $6# !&$4! ;6-# #40C#9

&#3 # B ;% 4%53&! %, 04#C4!""3:!) Q!" /4!?3!4"  !" " $! 4%53&! ,&3 %34! ",4 /%&!;"

-# #40C1&!" 0& %;04" # # /40/0"#" /%4 R?A S!"%4%& ! T-3& 'IUUV+ ! H%$$%;% ! 

W, 'IUUU+) P& /;," $! ;6-# #40C#&#3 # $! ;% 4%53&! %, 04#C4!""3:!A 0& /!, %$?!  4!

#C%;!?!& "0," ;6%; !4&% 3:!A ;% /0""373;3 # @,! ;% /4#"!&5! $! 4%53&! ,&3 %34! /,3""!

&! 50&5!4&!4 @,6,&! D4%5 30& $63&$3:3$,")

 ! "#$ %!$ &!$&$ %! '(!)*+(! ,-.-(#&*/. #0!" (#"*.! #1&/(-,(!$$*0! 2-&-3

(/,+.!

R?A S!"%4%& ! T-3& 'IUUV+ 0& # # ;!" /4!?3!4" B %:034 3& 40$,3 ,&! 4%53&!

%, 04#C4!""3:! -# #40C1&! $%&" ;% /4!?314! C#&#4% 30& $!  !" " $! 4%53&! ,&3 %34! !&

/%&!; , 3;3"%& $!" "/#53<5% 30&" $!  ./! EF 0, >EF) R;" 0& # # ",3:3" $%&" 5!  !

;%&5#! /%4 $6%, 4!" %, !,4" @,3 "! 7%"!& ",4 $!" %//405-!" $38#4!& !") K-03 'JMMI+
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 ! "#$$#%#  ! &' ()***+ ,-.,./ 0! '0 ! /! 0.0 ,#-#12!-34' $ 53/6 - ()*78+

!#0$3/ 4' 9#$-3 (8:::+ ,-.,./ '0 ! /! $.0! %;6<,.!6=/ 0'%% >.-- /,.0$ ,%'!?! @

%;#A/ 0> $ -#>30 '03!#3- B

C 1.$=% $ ! /! ,-.,./2 ,#- D1E F /#-#0  ! G630 ()**H+E I6.3 (8::)+  ! "#$J
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O.-1 PQ5 $' 1.$=% / ,-2/ 0! #30/3 $ %# 1#03=- /'3K#0! 

∆yit = αi + ρiyi,t−1 +

pi∑

s=1

γis∆yi,t−s + ξit. (RBR+

C;6<,.!6=/ 0'%%  /! H0 : ρi = 0 ,.'! !.'! i  ! %;6<,.!6=/ #%! -0#!3K  /! H1 : ρi ≺
0 ,.'- #' 1.30/ '0 30$3K3$'B I.11 0.'/ % K --.0/ $#0/ %# /'3! E %# /!#!3/!34' $ 

! /! $2S03 ,#- D1E F /#-#0  ! G630 ()**H+  /! '0 1.< 00 $ / /!#!3/!34' / PQ5

30$3K3$' %% /B T.'/ K --.0/ 2L#% 1 0! 4' %;2!#A%3// 1 0! $ > !! /!#!3/!34' 0.!2 

tUbar  /! ,.//3A% L-V> @ %;6<,.!6=/ $;30$2, 0$#0> B W0  N !E > !! 6<,.!6=/  /!

O.0$#1 0!#% ,.'- #A.'!3- @ '0 $3/!-3A'!3.0 0.-1#% $ %# /!#!3/!34' B

C;#,,-.>6 $ 9#$-3 (8:::+ $3N=- !.!#% 1 0! $ / #,,-.>6 / ,-2>2$ 0! / 4'3

/.0! A#/2 / /'- % / 1.$=% / Q5 .' PQ5B D% ,-.,./ '0 ! /! $ !<, C" 4'3  /! '0 
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>.11'021 0! #,, %2 ! /! YFGG  ! $2K %.,,2 $#0/ % >#$- $ / /2-3 / ! 1,.- %% /
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yit = ri + uit (RB]+

 !

yit = ri + βit+ uit. (RB^+

Q#0/ >6#>'0 $ / $ 'X 1.$=% /E %;6<,.!6=/ 0'%% >.-- /,.0$ @ %# /!#!3.00#-3!2 $'

! -1 $; -- '- uitB P30/3E  0 /',,./#0! 4' uit = λiui,t−1 + vit ,.'- i = 1, ..., N  !

t = 2, ..., T E > !! 6<,.!6=/ 0'%% $ /!#!3.00#-3!2 $ yit (3B B uit+ $.00 

H0 : |λi| ≺ 1 ,.'- !.'! i
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 !"#$% &'(&#%$"(#)*%

H1 : λi = 1 +!,$ #!,# i.

-)."(&!"/ 0,% 1("/  %  (/2 !" /,++!/% 0,% &%/ #%$3%/ vit /!"# /#(#)!""()$%/ %# /!"#

)"14+%"1("#/ 1("/ &( 1)3%"/)!" )"1)*)1,%&&%5

 !"!# $%&%'(%')*+( ,+( %+(%( ,+ -&.'/+ */'%&'-+ ,+ 0-+1'2-+

34/4-&%'5/

6 +($#)$ 1%/ 3!17&%/ 1% #%/# +$4/%"#4/ +$4 41%33%"#2 1)84$%"#%/ /#(#)/#)0,%/ 1%

#%/#/ !"# 4#4 4#(9&)%/ (,//) 9)%" 1("/ &%  (1$% 1%/ 3!17&%/ (13%##("# ,"% $( )"%

:!3!.7"% 0,% 1("/ &%  (1$% +&,/ .4"4$(& 1%/ 3!17&%/ !; !" (13%# &':4#4$!.4"4)#4

1% &( $( )"% (,#!$4.$%//)*%5 <%/ +$! 41,$%/ (1!+#4%/ +$4/%"#%"# .4"4$(&%3%"# 1%/

1)84$%" %/ =!"1(3%"#(&%/ 3>3% 1("/ &%  (/ !; &% 3!17&% ,#)&)/4 %/# )1%"#)0,%5 ?("/

 %##% +($#)%2 "!,/ +$4/%"#!"/ 1)84$%"#%/ /#(#)/#)0,%/ 1% #%/# +$!+!/4%/ +%$3%##("# 1%

#%/#%$ &'!$1$% 1')"#4.$(#)!" 1%/ /4$)%/ %" +("%& &!$/0,% &':@+!#:7/% 1')"14+%"1(" %

%/#  !"/)14$4%5

 !"#$%&&'(')! *'& &!"!%&!%+,'& *' !'&! *")& $' -"*.' *'& (/*0$'& "*('!1

!")! ,)' ."-%)' 2/(/30)'

A!,/ "!,/ )"#4$%//!"/ ) ) B &( +$! 41,$% 1% <%*)" %# <)" CDEEFG %# <%*)"2 <)" %#

H:, CFIIFG5 ?("/ &( /,)#% 1%  % #$(*()&2 "!,/ &'(++%&&%$!"/ #%/# <<H5 J"% 1%/ 4#(+%/

&%/ +&,/ )3+!$#("#%/ 1% &( 3)/% %" !%,*$% 1, #%/# <<H %/# &(  !"/#$, #)!" 1',"

%/#)3(#%,$ 1% ρ 0,) +%$3%##$( +($ &( /,)#% 1',#)&)/%$ ,"% /)3+&% /#(#)/#)0,% 9(/4% /,$

&% $(#)! 1,  !%K )%"# B /!" 4 ($#L#@+% +!,$ #%/#%$ &( "!" /#(#)!""($)#45 <!$/0,% &%

3!17&% "%  !"#)%"# +(/ 1%  !3+!/("#% 14#%$3)")/#% CM!1%& DG2 &( /#(#)/#)0,% (13%#

,"% 1)/#$)9,#)!" "!$3(&% %# +%,# >#$%  !"/#$,)#% 1% =(N!"  &(//)0,%

tρ =
ρ̂

σ̂ρ̂
CO5PG

!; σ̂ρ̂ %/# &'%/#)3(#%,$ 1% &( *($)(" % 1% ρ̂5 H%+%"1("#2 4#("# 1!""4 0,%  %##% /#(#)/L

#)0,% 1)*%$.% 1("/ &% M!17&% F2 )& %/# "4 %//()$% 1',#)&)/%$ ," #%$3% 1'(Q,/#%3%"#5 <%
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 !" ##$ %&'%'"! ()'&" *! *+,-.& )(  /" ( ." .01! (21" +! "1.3(- !

t∗ρ =
tρ̂
σ̂∗
T

−NTŜN

(
σ̂ρ̂
σ̂2
ξ̂

)(
µ∗
T

σ̂∗
T

)
→ N (0, 1) 45678

'9 µ∗
T ! σ̂∗

T :'&&!"%'-*!- &!"%!: .3!;!- (1< :';%'"(- !" *=(21" !;!- *! )(

;'>!--! ! *! )( 3(&.(-:!6 #!1&" 3()!1&" "'- ".;1)+!" %(& )!" (1 !1&" ! *+%!-*!- 

*! T ! *1 %(&(;? &! *!  &'-:( 1&! 1 .)."+ *(-" )( %&':+*1&! *=!" .;( .'- %(& -'>(1

*! )( 3(&.(-:! *! )'-@  !&;! *!" &+".*1"6 #!  !&;! ŜN !" )( ;'>!--! *!" &( .'" *!

)( 3(&.(-:! *! )'-@  !&;! *1 ;'*?)! "1& )( 3(&.(-:! *! :'1&  !&;! *!" &+".*1"

.-*.3.*1!)" %'1& i = 1, ..., N 6

 !"#$%&&'(')! *'& &!"!%&!%+,'& *' !'&! *")& $' -"*.' *'& (/*0$'& "*('!1

!")! ,)' ."-%)' 23!3./40)'

A 5" 6./-3*,.' *' 7(8 9'&".") '! :2%) ;<==>?

B-! *!" %(& .:1)(&. +" *1  !" *! C;D E!"(&(- ! FG.- 4HIIJ8 01! -'1" (%%!))!&'-"

*(-" )( "1. !  !" *! CEF !" )! K(. 01='- :'-".*?&! 01! "'1" )=G>%' G?"! () !&-( .3!

'- %!1 %!1 (3'.& *!1< :( +@'&.!" *=.-*.3.*1"6 L.-".D "'1" H1 '- ( ρi ≺ 0 %'1&

i = 1, ..., N1 ! ρi = 0 %'1& i = N1, ..., N (3!: 0 ≺ N1 ≤ N 6 #( " ( ." .01! *!  !" 

tMbar 01. :'&&!"%'-* N )( ;'>!--! *!" " ( ." .01!" LOP .-*.3.*1!))!" !" 

tMbarNT =
1

N

N∑

i=1

tiT (qi, γi) 456I8

'9 tiT (qi, γi) :'&&!"%'-* (1 &( .' t (""':.+ N )=G>%' G?"! -1))! ρi = 0D (3!: qi )!

-';Q&! *! &! (&*" *! )( &+@&!"".'- LOP ! γi = (γi1, ..., γiqi)
′
1- 3!: !1& *! %(&(/

;? &!" LOP6 R' '-" :!%!-*(- 01! CEF ;'- &!- 01! :!  ! " ( ." .01! (*;! 1-!

*." &.Q1 .'- *+@+-+&+! )'&"01! N → ∞6 O! :! K(. D .)" %&'%'"!- 1-! " ( ." .01!

" (-*(&*."+! :!- &+! "1& )=!"%+&(-:! *! )( *." &.Q1 .'- (">;% ' .01! *! )( " ( ."/

 .01! .-*.3.*1!))! LOP ! &+*1. ! %(& )( 3(&.(-:! *! :!  ! ;S;! *." &.Q1 .'-6 T-

-' (- E (tiT ) ! V ar (tiT ) )=!"%+&(-:! ! )( 3(&.(-:! *! )( *." &.Q1 .'- (">;% ' .01!

*=1-! " ( ." .01! LOP "'1" )=G>%' G?"! -1))! *! &(:.-! 1-. (.&! *(-" 1- ;'*?)! (3!:
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 !"#$%"$&' (% #$%$)#$)*+& #$%",%-,)#.& &#$

Zt bar (q, γ) =
N1/2 (t/barNT − E (tiT ))√

V ar (tiT )
→ N (0, 1) . 012345

6!-#*+& T → ∞' (&# 7!7&"$# E (tiT ) &$ V ar (tiT )  !--&#8!",&"$ 9  &+: ,;+"& ,)#<

$-)=+$)!" >? &$ (&+-# @%(&+-# -&#8& $)@&# #!"$ <32ABC &$ 42D4E2

>%"# ,&# 8%"&(# ,& 8&$)$&# $%)((&#' FGH 8-!8!#&"$ ,;+$)()#&- +"& %+$-& I!-7& ,&

#$%$)#$)*+& #$%",%-,)#.& "!$.& Wt bar (q, γ) *+) &#$ =&%+ !+8 8(+# 8+)##%"$& (!-#*+&

(% ,)7&"#)!" $&78!-&((& &#$ J")& &$ *+) &" 8(+#' $)&"$  !78$& ,& (;%+$! !--.(%$)!"

,&# -.#),+#2 K" "!$%"$  &$$& I!)#  ) E (tiT ) &$ V ar (tiT ) -&#8& $)@&7&"$ (;&#8.-%" &

&$ (% @%-)%" & ,& (% ,)#$-)=+$)!"' (% #$%$)#$)*+& Wt bar (q, γ) &#$

Wt bar (q, γ) =
N1/2

(
t/barNT −N−1

∑N
i=1E [tiT (qi, 0)| ρi = 0]

)

√
N−1

∑N
i=1 V ar [tiT (qi, 0)| ρi = 0]

→ N (0, 1) .

012335

L&$$& #$%$)#$)*+& #$%",%-,)#.&Wt bar (q, γ) &#$ ,.J")& ,& (% 7M7& I%N!" *+& Zt bar (q, γ)

&$ &" 8(+# (&# ,&+: #!"$ %#O78$!$)*+&7&"$ .*+)@%(&"$#2 6% #&+(& ,)P.-&" &  ;&#$

*+;&((& &#$ #$%",%-,)#.& 9 8%-$)- ,&# 7!7&"$# ,& (% #$%$)#$)*+& Q>? !=$&"+& #!+#

(;RO8!$RS#& "+((& ,& -% )"& +")$%)-&2

T  ! "#$%&'(#) ') *!''!+! ), -( ./0001 ), 23$4 .566/1

L&$$& 8-! .,+-& &#$ =%#.& #+- +"&  !7=)"%)#!" ,&# 8<@%(+&# ,& N $&#$# )",)@),+&(#

,& -% )"& +")$%)-& &P& $+.# ,& 7%")S-& )",.8&",%"$&2 F( #;%U)$ %)"#) ,;+" $&#$ ,&

#)U")J %$)@)$. 9 (% ?)#R&- 03VBC52 6% #$%$)#$)*+& 8-!8!#.& 8%- W%,,%(% &$ X+ 03VVV5

#+)$ +" χ2 (2N) &$ #& 8-.#&"$& ,& (% 7%")S-& #+)@%"$&

PMW = −2
N∑

i=1

ln (pi) 0123C5

!Y pi  !--&#8!", 9 (% 8<@%(+& %##! ).& 9 (% -.U-&##)!" Q>? 8!+- (;)",)@),+ i2 Q

"!$&- *+& (&# 8<@%(+&# #!"$ ,)#$-)=+.&# #&(!" ,&# (!)# +")I!-7&# #+- [0, 1] &$ ln (pi) &#$

,)#$-)=+.& #&(!" +" χ2 (1)' ∀i = 1, ..., N 2 G!+- ,&#  %# !Y (% ,)7&"#)!" )",)@),+&((& &#$

%##&Z )78!-$%"$&' (&# %+$&+-# 8-!8!#&"$ +"& #$%$)#$)*+&  !--&#8!",%"$ 9 (% 7!O&""&
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 !"#$"%$& '( $( )*+",-( &#$&+&$-(,,( 

ZMW = −
∑N

i=1 ln (pi) +N√
N

. ./0123

45- ,678)5!79 ( #-,,( .ρi = 03 (! (#  -))5 "#! :-( ,( )*+",-(  5#! i.i.d; &, ( !

)5  &<,( $( $'=5#!%(% :-( ZMW  -&! -#( ,5& #5%=",( >(#!%'( %'$-&!( ,5% :-( N !(#$

+(% ,6&#?#&0

@  ! "#$%&'(#) ') *!'#+ ,-.../

A" )%5>'$-%( )%5)5 '( )"% B"$%& .CDDD3 >5# & !( (# -# !( ! $- E-,!&),&>"!(-%

$( A"F%"#F( $"# ,(:-(, ,678)5!79 ( !( !'( ( ! ,"  !"!&5##"%&!' )5-% ,6(# (=<,( $( 

&#$&+&$- 0 A(  !"!& !&:-( )(-+(#! G!%( $'?#&(  -% ," <" ( $( %' &$- $( %'F%(  &5# 

./0H3 (! ./0I30 45&! Sit =
∑t

j=1 ûij ,"  5==( )"%!&(,,( $( %' &$- 0 A"  !"!& !&:-( AE

( ! $5##'( )"%

LM =
1

σ̂2
i

1

NT 2

(
N∑

i=1

T∑

t=1

S2
it

)
./01/3

5- σ̂2
i ( ! ,6( !&="!(-% $( ," +"%&"#>( $( ,5#F !(%=(0 J ,6&# !"% $6KL4; B"$%& .CDDD3

)%5)5 ( -#( +(% &5# =5$&?'( $- !( ! AE ,5% :-( N ( ! ',(+'0 A"  !"!& !&:-( ( !

$'?#&( $( ," ="#&9%(  -&+"#!( )5-% ,( >" $- =5$9,( ./0H3

WLMbar =

√
N

(
LM − 1

6

)
√

1
45

. ./01H3

M,,(  -&! -#( ,5& #5%=",( >(#!%'( %'$-&!( (! #5!5# :-( )5-% >( :-& ( ! $- =5$9,(

./0I3; &,  -N! $( %(=),">(% ,( +",(-% 

1
6

(!

1
45

)5%!'( "- #-='%"!(-% (! "- $'#5=&*

#"!(-% %( )(>!&+(=(#! )"%

1
15

(!
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6300
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 !"!# $%&'()*+, -./&0(123 -+ (4035(5,135&2 -+, 3+,3, -+ %1/52+
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," )"%!&>-,"%&!' $6G!%( %(,"!&+(=(#!  &=),( P =(!!%( (# 5(-+%( $- Q"&! $( ,678)5!79 (

$6&#$')(#$"#>( &#!(%&#$&+&$-(,,(0 O(!!( 78)5!79 ( ( ! #'>(  "&%( )5-%  "!& Q"&%( "-R

>5#$&!&5# $- !7'5%9=( >(#!%", ,&=&!( $( A&#$<(%F*A(+8 (! "&# & $( $'%&+(% $( ="*
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 !"#$ #$%&'!($)$ ' *!)+%$ %$* %,!* &*-)+','!./$*  ,#)&%$* 0$* *'&'!*'!./$* 0$ '$*'*1

2$3! +$#)$' %4/*&5$ 0$ *!)+%$* '&6%$* 0$ %& %,!  ,#)&%$ $' #$ 0 3$* '$*'* +&#'!3/7

%!"#$)$ ' &''#&3'!8*1 2$+$ 0& '9 0/ 8&!' 0$* 0:+$ 0& 3$* ! '$# :3, ,)!$* 3$* '$*'*

0$ +#$)!"#$ 5: :#&'!,  $ *, ' +&* &0&+':* 3&# $ #:&%!':9 %& 0!*'#!6/'!, %!)!'$

0$* *'&'!*'!./$* 0$ '$*'  $ *, ' +&* (&%!0$* $' *, ' );)$ ! 3,  /$* <2=& 59 >??@A1

B4&!%%$/#* C&00&%& $' D/ <EFFFA ), '#$ ' G '#&($#* 0$* *!)/%&'!, * ./$ %$/# '$*'

+#:*$ '$ 04!)+,#'& '$* 0!*',#*!, * 0$ '&!%%$ $ 3&* 0$ 3,##:%&'!, $ '#$ ! 0!(!0/*1 H 

+%/*9 );)$ *! %& (#&!$ 0!*'#!6/'!, 0$ %& *'&'!*'!./$ 0$ '$*' $*' 3,  /$ !% $*' 8,#' +#,7

6&6%$ ./$ %& +/!**& 3$ 0/ '$*' 0!)! /$ :'& ' 0,  : ./$ %& ./& '!': 04! 8,#)&'!, *

! 0:+$ 0& '$* 3, '$ /$* 0& * %$ +& $% *$ #:0/!' <I42,  $%%9 EFFJA1

K! *!9 3$* '$*'* +$/($ ' %&!**$# &++&#&L'#$ 0$* +#,6%")$* 0$ #:*/%'&'* $##, :*

 ,'&))$ ' %,#*./4, '#&(&!%%$ */# 0$* 0,  :$* )&3#,:3, ,)!./$*1 24$*' %4$M$)+%$

0$ %4&++%!3&'!, 0$* '$*'* 0$ 3, ($#5$ 3$ $ +& $%1 2,))$ %4, ' *,/%!5 : N/#%! $'

C!5 , <>??OA9 #!$  $ 5&#& '!' & +#!,#! ./$ %& +#&'!./$ ./! 3, *!*'$ G ! '#,0/!#$ 0$*

$P$'* '$)+,#$%* ,/ %$ 8&!' 0$ 3$ '#$# %$* 0,  :$* */# %& ),-$  $ ! '$# &'!, &%$ 0& *

%$ 3&0#$ 0$ %4:'/0$ 0$ %& 3#,!**& 3$ $' 0$ %& 3, ($#5$ 3$ 0$* :3, ,)!$* +$#)$''$

0$ +/#5$# %$* :($ '/$%%$* ! '$#0:+$ 0& 3$* 0$* QRS $' QRS +&# ';'$ *! 3$%%$*73! *, '

&**$T *!5 !U3&'!($*1 H $P$'9 %& %!'':#&'/#$ #:3$ '$ & 6$&/3,/+ *,/%!5 : %4!)+,#'& 3$

0$* 3,7),/($)$ '* $ '#$ :3, ,)!$* $' %$ 8&!' 0$ %$*  :5%!5$# 3, 0/!' G 0$* #$*'#!37

'!, * ./!  $ *, ' +&* *& * 0,))&5$ */# %& (&%!0!': 0$* $*'!)&'$/#*1 V'#&/** $' W!5!'

<>??XA ), '#$ ' ./$ %$* +#,6%")$* 0$ 0!*',#*!, 0$ '&!%%$ &/5)$ '$ ' &($3 %$* 0:+$ 7

0& 3$* ! '$#! 0!(!0/$%%$* $' %& +#!*$ $ 3,)+'$ 0$ 3$* 3,##:%&'!, * G '#&($#* %4:3#!'/#$

0$* (&#!&6%$* $ :3&#' G %& ),-$  $ ! '$# &'!, &%$  $ +$#)$' +&* 04:%!)! $# 3$ +#,7

6%")$1 R% 8&/' 0!#$ ./4$ +#:*$ 3$ 04! '$#0:+$ 0& 3$9 %$* $*'!)&'$/#* 3%&**!./$* $' %$*

'$*'* #:&%!*:* */# %$* +&#&)"'#$* *, ' 6&*:* */# %$* +&#&)"'#$* 0$  /!*& 3$ !**/* 0$*

! '$#0:+$ 0& 3$* $%%$*7);)$*1 Q=!%!+* $' V/% <>??XA  ,'$ ' ./$ 0& * 3$ 3&*9 *! %$*

3,##:%&'!, * 3, '$)+,#&! $*  $ *, ' +&* 3,##$3'$)$ ' '#&!':$*9 %4Y$*'!)&'$/# $)+!%:Y

0$* C,! 0#$* 2&##:* I#0! &!#$* )& ./$ 3, *!0:#&6%$)$ ' 0$ +#:3!*!, 1 2$* &/'$/#*

0:), '#$ ' :5&%$)$ ' ./4/ $ &/'#$ 3, *:./$ 3$ $*' ./4&*-)+','!./$)$ ' %$* '$*'*

0$ +#$)!"#$ 5: :#&'!, +#:*$ '$ ' 0$* +#,+#!:':* 0!P:#$ '$*1 B$+/!* / +$/ +%/* 0$

3! . & *9 0$* '$*'* 0$ #&3! $ / !'&!#$ $ +& $% *, ' +#,+,*:* */# %& 6&*$ 0$ ),0"%$*
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EEX



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#"$%&'( )*#' +* '&!,%"# '-%.*#,&/ #"-' 0&1"#' -#& 21 '&#,*,%"# 3& !&' #"-.&*-4

,&',' #",*$$&#, +&' 562",57'&' 3& 8*'& 9-% +&' '"-':,&#3&#, &, +&' 21"21% , ' 3&'

',*,%',%9-&' 3& ,&',(

 !" #$%&% '$ ()*+,$ -,+&)+($ $, .),$/ $, .(0%$,*$ '$

1)*&$-(% *233-,% '),% /$ 32'4/$

;* '&!,%"# 21 ! 3&#,& * 2&1$%' 3& !"#',*,&1 9-& 3*#' +&' 21&$%&1' ,1*.*-4 !"#'*:

!1 ' < +* #"# ',*,%"##*1%, &# 2*#&+/ +&' *-,&-1' "#, ,&#3*#!& '"%, < %=#"1&1 +>562":

,57'& 3& 3 2&#3*#!& &#,1& +&' ' 1%&' %#3%.%3-&++&'/ '"%, < # =+%=&1 '&' %#!%3&#!&' '-1

+&' 21"21% , ' 3&' ',*,%',%9-&' 3& ,&','( ?# &@&,/ -#& 2*1,%& 3& !&' ,1*.*-4 !"#'%371&

9-& +& '%$2+& 0*%, 3& '"-',1*%1& +* $"6&##& %#,&1%#3%.%3-&++& 3&' ' 1%&' 3*#' +& !*31&

3& +>*22+%!*,%"# 3&' ,&',' 3& 1*!%#& -#%,*%1& 2&1$&,,*%, 3> +%$%#&1 +& 21"8+7$& +% < +*

!"11 +*,%"# 3*#' +* 3%$&#'%"# %#3%.%3-&++&( A*%' !"$$& +>* '"-+%=# B&'*1*# CDEEFG/

!&,,& 21"! 3-1& #& ,%&#, 2*' '-1,"-, +"1'9-& +&' !".*1%*#!&' %#,&1%#3%.%3-&++&' 3&'

,&1$&' 3>&11&-1' 3%@71&#,(

H%#'%/ 2"-1 0*%1& 0*!& < !&,,& +*!-#&/ 3& #"-.&*-4 ,&',' 3& 1*!%#& -#%,*%1& '-1

3"## &' 3& 2*#&+ "#,  , 21"2"' ' 3*#' +* +%,, 1*,-1&( ?# -,%+%'*#, -#& *221"!5&

#"# +%# *%1& 8*' & '-1 +* ,&!5#%9-& 3&' .*1%*8+&' %#',1-$&#,*+&'/ I5*#= CDEEDG ,1*%,&

!&' 21"8+7$&' 3& !"11 +*,%"# &# *3$&,,*#, 9-& +&' ',*,%',%9-&' )J &, H)J '"#,

*'6$2,",%9-&$&#, %#3 2&#3*#,' +"1'9-& +>"# -,%+%'& !"$$& %#',1-$&#, -#& 0"#!,%"#

%#, =1*+& 3& +* .*1%*8+& 3 2&#3*#,& 1&,*13 &( )*#' +& !*31& 3&' $"37+&' 0*!,"1%&+' '-1

+&'9-&+' #"-' 2"1,"#' #",1& %#, 1K,/ A""# &, B&11"# CDEELG/ M*% &, N= CDEELG/ B&'*1*#

CDEEFG &, M*% &, N= CDEOEG !"#'%371&#, -#& 3 !"$2"'%,%"# &# !"$2"'*#,&' !"$$-#&

&, %3%"'6#!1*,%9-& 3& +* .*1%*8+& 3>%#, 1K,( )*#' !&,,& 2*1,%&/ #"-' &4*$%#"#' +&'

3%@ 1&#,&' 21"! 3-1&' 3& ,&',' 9-% $&,,&#, &# *.*#, &, &42+"%,&#, +>562",57'& 9->%+

&4%',& 3&' 3 2&#3*#!&' *''&P %$2"1,*#,&' &#,1& +&' .*1%*8+&' 3& '"1,& 9->&++&' 2-%''&#,

K,1& 1&21 '&#, &' '"-' 0"1$& 3>-# $"37+& < ',1-!,-1& 0*!,"1%&++&(

OOL



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"!# $% &%'& (% )*+,-% .-,&*,)% (% /*, %& 01 2"33 4

 ! "#$%&! $! '!('

 ! "!#" $%&$&#' $(% )(* !" +, -.//01 !#" 2345 6!# "!#"# 74* #3($$4*!5" #4% 234"*2*#(8

"*&5 6!# 9&6:2!# ;(<"&%*!2# 2!# $24# %'$4"'#= >!# (4"!4%# $(%"!5" 6! <! "?$! 6! 9&6:2!

$&4% !@!<"4!% 6!# "!#"# A 2( ;&*# #4% 2!# ;(<"!4%# <&9945# !" #4% 2!# <&9$&#(5"!#

*6*&#?5<%("*74!#=  ! 9&6:2! 6! B(#! 4"*2*#' #! $%'#!5"! <&99! #4*"

yit = κ0i + κ1it+ π
′

iFt + eit. -0=CD1

Ft !#" 45 E!<"!4% r×1 6! ;(<"!4%# <&9945#F κ0i !#" 45! <&5#"(5"! !" κ1i 2! <&!G<*!5"

6! 2( "!56(5<!= πi !#" 45 E!<"!4% r × 1 6!# <&!G<*!5"# 6!# ;(<"!4%# <&9945#=  (

#'%*! yit !#" I(1) #* (4 9&*5# 45 6!# ;(<"!4%# !#" 5&5 #"("*&55(*%! &4 (2&%# #* 2! "!%9!

63!%%!4% *6*&#?5<%("*74! !#" 5&5 #"("*&55(*%! &4 !5<&%! #* "&4# 2!# 6!4H 9!9B%!#

#&5" 5&5 #"("*&55(*%!# A 2( ;&*#= I5 !@!"F &5 (69!" 74! 2!# <&9$&#(5"!# Ft !" eit

$!4E!5" J"%! *5"',%'# 63&%6%!# 6*@'%!5"#=  ( 2*""'%("4%! ( 9&5"%' 74! 2( #&99! 6!

6!4H #'%*!# <K%&5&2&,*74!# $!4" (E&*% 6!# $%&$%*'"'# 6?5(9*74!# "&4" A ;(*" 6*@'8

%!5"!# 6!# #'%*!# *56*E*64!22!# !22!#89J9!#= L<KM!%" -CNON1 !H$2*74! 74! 6(5# <! "?$!

6! <(#F 2!# "!#"# 6! %(<*5! 45*"(*%! ($$2*74'# 6*%!<"!9!5" #4% 2( #'%*! (,%','! 53&5"

$%("*74!9!5" (4<45! $4*##(5<!= P! <! ;(*"F (4 2*!4 6! 9!5!% 6!# "!#"# 6! %(<*5!

45*"(*%! #4% yitF *2# #&5" 9!5'# #'$(%'9!5" #4% 2!# 6!4H <&9$&#(5"!#= >!""! $%&<'8

64%! 6'5&99'! QR+S> - !"#$ %"!$&'(' )* +)"',!,()"!-(,& (" ,.# /0()'&"1-!,(1 !"0

2)33)" 1)34)"#",' 1 $(% 2!# (4"!4%# $%'#!5"! 45 (E(5"(,! <!%"(*5 !5 $(5!2 6(5#

2( 9!#4%! &T !22! $!%9!" 6! $%'<*#!% #* 2( #&4%<! 6! 2( 5&5 #"("*&55(%*"' !#" ,2&B(2!

&4 #$'<*U74!= I22! $!%9!" ',(2!9!5" 6! 9!5!% 6!# "!#"# <&9945# !5 $(5!2 2&%#743*2

? ( $%'#!5<! 6! 6'$!56(5<! *5"!%*56*E*64!22!=

P3(4"%!# $%&B2:9!# '<&5&9'"%*74!# #&5" ',(2!9!5" $%*# !5 <&9$"! 6(5# QR+S>F

*2 #3(,*" "&4" 63(B&%6 64 $%&B2:9! 6! 6*#"&%#*&5 6! "(*22! 9!5"*&55' 6(5# 2( #!<"*&5

$%'<'6!5"! !" 74* <&564*" A %!V!"!% A "&%" 23K?$&"K:#! 6! 5&5 #"("*&55(%*"'= >!# $%&8

B2:9!# $!4E!5" 5(W"%! 6! 23($$2*<("*&5 6*%!<"! 6!# "!#"# 6! %(<*5! 45*"(*%! #4% 2( #'%*!

yit 2&%#74! <!22!8<* !#" 2( #&99! 6345! <&9$&#(5"! ;(*B2!9!5" 5&5 #"("*&55(*%! !"

6345! (4"%! <&9$&#(5"! ;&%"!9!5" I(0)= >&99! 5&4# E!5&5# 6! 2! #&42*,5!%F 2( 6'8

$!56(5<! *5"!%*56*E*64!22! $&4E(5" (@!<"!% 2!# "!#"# <&9945# $!4" ',(2!9!5" J"%!

CCX



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"# $% &"'( )% *"&!% &% *%  % &$+"!*,%- .' %/% 0 )1!(23% )%( ($!#%( !$41'&%' 5 3'%

( !3* 3!% 6"* 1!#%))%0 *%)"  !"&3# )% 6"# 237#) %8#( % &7#+41! "' %( *1!!$)" #1'( %' !%

)%( #'&#9#&3( &3 4"'%)0 % &% *% 6"# 0 )%(  %( ( *1++3'( %/%* 3$( (3! )%( eit (" #(61' 

+#%38 5 )7,:41 ,;(% &7#'&$4%'&"'*% '$*%(("#!% 413! )" <1''% +#(% %' 1%39!% &% *%(

 :4%( &%  %( (- =) (7"># "#'(# &% )" *1'($23%'*% &3 6"# 23% &"'( 3' +1&;)% 6"* 1?

!#%)0 )%( *1+41("' %( #&#1(:'*!" #23%( &%( &#/$!%' ( #'&#9#&3( &3 4"'%) '% 4%39%' 

@ !% 23% 6"#<)%+%' *1!!$)$( AB6- B,"4# !% CD- .'E'0 )% &%!'#%! "9"' ">% 2371' 4%3 

(13)#>'%! 5 *% '#9%"30 %( 23% )%(  %( ( *1++3'( "44)#23$( &"'( )% *"&!% &% FGH=B

(1' %' >$'$!") 4)3( 43#(("' ( 23% *%38 %/%* 3$( &"'( 3' *"&!% 3'#9"!#$ *"! FGH=B

4%!+% &%  %'#! *1+4 % &%( #'61!+" #1'( #' %!#'&#9#&3%))%(- I" &#/$!%'*% "9%* *%!?

 "#'%(  ,$1!#%( &$9%)144$%( &"'( )% *"&!% &%(  %( ( &% !"*#'% 3'# "#!% %' 4!$(%'*% &%

*1!!$)" #1'( %' !% #'&#9#&3( %( 237#*# 1' (7#' $!%((% 5 )" '" 3!% +@+% &%( #' %!&$4%'?

&"'*%(- J"'( *% +1&;)%0 )%( 6"* %3!( *1++3'( % )%( *1+41("' %( #&#1(:'*!" #23%(

(3#9%' 3' 4!1*%((3( GKALD  %)( 23%

Ft = Ft−1 + ut AM-LND

eit = λiei,t−1 + εit. AM-LOD

I%  %!+% εit (3# 3' 4!1*%((3( PG #'9%!(#<)% ( " #1''"#!%0 &% +1:%''% '3))%  %))%

23% εit = Di(L)ξit- J"'( *% *"(0 )%  %!+% #&#1(:'*!" #23% eit %( '1' ( " #1''"#!% (#

λi = 1 % #) %( ( " #1''"#!% (# |λi| ≺ 1- I%( 6"* %3!( Ft (1' &$E'#( (# )%( *1%Q*#%' (

πi *1!!%(41'&"' ( (1'  %)( 23% )1!(23% N → ∞ ")1!( N−1
∑N

i=1 πiπ
′

i *1'9%!>% 9%!(

3'% +" !#*% r × r &$E'#% 41(# #9%-

 !"#$%"#&' ()! *%+"),-! +&$$,'! (%'! .) +%(-) () .% /-&+0(,-) 12345

I7"44)#*" #1' &% *%  % 4!1*$&3!% '$*%((# % "3 4!$")"<)% )" +#(% %' 1%39!% &73'%

G'"):(% %' B1+41("' %( F!#'*#4")%( "E' &7%( #+%! )% '1+<!% &% 6"* %3!( % )%(

6"* %3!( *1++3'(- I%( "3 %3!( 4!141(%' )" +@+% &$+"!*,% 4!$(%' $% &"'( R"#

% H> ACSSCD ("36 237#*# )7"'"):(% (7%/%* 3% 4!$*#($+%' (3! )%( ($!#%( %' &#/$!%'*%

4!%+#;!% ∆y- .' %/% 0 *1++% #) " $ $ (13)#>'$ )1!(23% eit %( I(1)0 )" !$>!%((#1' &% yit

(3! Ft &%9#%' 6"))"*#%3(% +@+% &"'( )% *"( 1T Ft %( 1<(%!9$- =) (% 41(% &"'( *% *"( )%

4!1<);+% &% 41391#! %( #+%! Ft % eit  13 %' 4!$(%!9"' )%3!( 1!&!%( &7#' $>!" #1'-

LLU
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$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 ! "#$%! &'%!$($)! *+, *#') -$% ./01*2($% $%%$)!3$*% ./3% $) "0(.!$ -4)% 56789:

;03! ∆F̂ *#$%!3(4!$'/ -$ ∆F , "$! $%!3(4!$'/ $%! 01!$)' $) ('*!3.*34)! *$ %"4*43/$
√
T − 1 .4/ *4 (4!/3"$ <0/(=$ .4/ *$% >$"!$'/% ./0./$% "0//$%.0)-4)! 4'? r .*'%

@/4)-$% >4*$'/% ./0./$% -$ *4 (4!/3"$ (∆y)(∆y)′ -$ -3($)%30) (T − 1, T − 1):  )

"0)%3-=/4)! *4 )0/(4*3%4!30) ∆F̂
′

∆F̂ /(T − 1) = Ir, *4 (4!/3"$ -$ "0$A"3$)!% -$ "$%

<4"!$'/% $%! -0))=$ .4/

Λ̂ = (∆y′∆F̂ )/ (T − 1) . BC:DEF

G)$ <03% H'$ *$% -3I=/$)"$% ./$(32/$% -$% <4"!$'/% $! -$% "0(.0%4)!$% 3-30%J)"/4K

!3H'$% %0)! $?!/43!$%, 0) .$'! -=!$/(3)$/ F̂t $! eit + .4/!3/ -$% >4/341*$% "'('*=$%

-=L)3$% .4/

F̂q,t =
t∑

s=2

f̂q,s $! êit =
t∑

s=2

ẑit

4>$" q = 1, . . . , r M t = 2 , . . . , T M i = 1 , . . . , N

0N ẑit = ∆yit−∆F̂tπi $! f̂t = ∆F̂t: 8* $%! 4*0/% .0%%31*$ -$ !$%!$/ *#OJ.0!O2%$ )'**$ -$

/4"3)$ ')3!43/$ -$% <4"!$'/% "0((')% $! -$ *4 "0(.0%4)!$ 3-30%J)"/4!3H'$ + *#43-$

-$ F̂q,t $! êit:

 !!"#$%&#'( )*+ &*+&+ +,- "*+ $'.!'+%(&*+ $'..,(* *& #)#'+/($-%&#0,*

P 1*+& )* -%$#(* ,(#&%#-* +,- "% $'.!'+%(&* #)#'+/($-%&#0,*

Q#4..*3"4!30) -$% !$%!% %'/ *4 "0(.0%4)!$ 3-30%J)"/4!3H'$ .$'! %#$I$"!'$/ -$ (4K

)32/$ 3)-3>3-'$**$ $! %'/ *4 14%$ -#')$ ./0"=-'/$ 3-$)!3H'$ + "$**$ -$% !$%!% 6RS

"*4%%3H'$% 0' $) '!3*3%4)! ')$ %!4!3%!3H'$ (0J$))$ -=L)3$ -$ (4)32/$ %3(3*43/$ +

"$**$ -$% %!4!3%!3H'$% 85;:

i)  !"#$%&'$(!" )*# #$+$(#$(,&*# )* $*#$# (")(-()&*.# )*# '!/0!#+"$*# ()(!#1"2

'%+$(,&*#

70!0)% ADF c
ê (i) *4 !K%!4!3%!3H'$ -' !$%! ADF -$ *4 "0(.0%4)!$ 3-30%J)"/4!3H'$

-' iK2($ 3)-3>3-': 6L) -$ !$%!$/ *4 )0) %!4!30))4/3!= -$ *4 "0(.0%4)!$ 3-30%J)"/4K

!3H'$, T43 $! 7@ BUVVCF 0)! ./0.0%= -#'!3*3%$/ *4 (0J$))$ -$% !K%!4!3%!3H'$% -$% !$%!%

ADF "4*"'*=$% %'/ *4 14%$ -$% "0(.0%4)!$% $%!3(=$% êit -4)% *$ "4-/$ -#') (0-2*$

DDW



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 ! "# $! % $ &%' (! "#)&#'% $! (*$!+), ,'$!

∆êit = ρi0êi,t−1 + ρi1∆êi,t−1 + . . . + ρip∆êi,t−p + µit. -./012

3% (,'$+,45$,# %'6)&$#$,75! (! 8% '$%$,'$,75! ADF c
ê (i) !'$ ,(! $,75! 9 "!88! (! 8%

'$%$,'$,75! 5'5!88! (! :,";!6<=588!+ (5 )#(>8! '% ' "# '$% $!/ ?!&! (% $@ ,8 A%5$

&+*",'!+ 9 "!  ,B!%5 75! 8! A%,$ 75! eit  C!'$ &%' #4'!+B*!  C!'$ &%' '% ' (#))%D!/

E !F!$@ )G)! ', êit &!+)!$ (! A%,+! (!' , A*+! "!' %'6)&$#$,75!)! $ B%8,(!' 9

&+#&#' (! 8%  # '$%$,#  %+,$* (! eit@ ,8 A%5$ '#58,D !+ 75! 8% &5,''% "! (5 $!'$

(*&! ( !''! $,!88!)! $ (! 8% B,$!''! 9 8%75!88! 8C!++!5+ (C!'$,)%$,# (!' A%"$!5+'

$! ( 9 'C%  58!+ !$ (# " (! N !$ (! T /

H ! (*)%+"I! ',),8%,+! &!5$ G$+! %(#&$*! (% ' 8! "%' (C5 )#(>8! , "85% $ (!'

$! (% "!' (*$!+), ,'$!' &+#&+!' 9 "I%75! , (,B,(5/ J#5+ $!'$!+ 8%  # '$%$,#  %+,$*

(! 8% "#)&#'% $! ,(,#'6 "+%$,75!@ # 5$,8,'! 5 ! '$%$,'$,75! (! $!'$  #$*! ADF τ
ê (i)

!$ 8! )#(>8! -./012 &+*"*(! $/ K8 A%5$ &+*",'!+ "!$$! A#,'<", 75! '#5' 8CI6&#$I>'!  588!

ρi0 = 0 @ 8% (,'$+,45$,# (! 8% '$%$,'$,75! (! $!'$ (5 )#(>8! %B!" $! (% "!  C!'$ &%'

(! $6&! ADF /

ii)  !"#$%$&# '( )* +&,(##( '(- -%*%$-%$./(- $#'$0$'/())(- '(- 1&+2&-*#%(-

$'$&-,#13*%$./(-

:5 A%,$ (! 8% A%,48! &5,''% "! (!' $!'$' , (,B,(5!8' &#5+ (!' *"I% $,88# ' (# $ 8%

(,)! ',# T !'$ %''!L 8,),$*!@ (!' '$%$,'$,75!' (! $!'$' "#))5 ' 75, 'C, '&,+! $ (!

"!88!' &+#&#'*!' &%+ K)@ J!'%+% !$ MI, -011N2 !$ O%((%8% !$ P5 -QRRR2 '# $ 5$,8,<

'*!'/ E$% $ (#  * 75! 8!' "#++*8%$,# ' , $!+, (,B,(5!88!' '# $ "%&$*!' &%+ 8!' A%"$!5+'

"#))5 '@ # &!5$ '5&&#'!+ 8C, (*&! (% "! (!' "#)&#'% $!' , (,B,(5!88!' , #4'!+<

B%48!' %S (! (*+,B!+ 8% 8#, (!' '$%$,'$,75!' (! $!'$/ E !F!$@ %'6)&$#$,75!)! $@ 8!'

$!'$' , (,B,(5!8' '5+ 8!' êit  ! (*&! (! $ &%' (!' )#5B!)! $' 4+#T ,! ' (*"+,$' &%+

8!' ,  #B%$,# ' "#))5 !'/ U, ',@ ', 8!' eit '# $ , (*&! (% $'@ 8!' '$%$,'$,75!' (! $!'$'

4%'*!' '5+ 8!' êit '# $ *D%8!)! $ , (*&! (% $!'/ M#,! $ pcê(i) !$ p
τ
ê(i) 8!' &<B%85!' %'<

'#",*!' +!'&!"$,B!)! $ %5V '$%$,'$,75!' (! :,";!6<=588!+ ADF c
ê (i) !$ ADF

τ
ê (i)@ 8!'

QQW
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%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"!# !#$%& '& !& !  ()*+#,&-!

P c
⌢
e
=

−2
∑N

i=1 log p
c
⌢
e
(i)− 2N

√
4N

d−→ N(0, 1)

P τ
⌢
e
=

−2
∑N

i=1 log p
τ
⌢
e
(i)− 2N

√
4N

d−→ N(0, 1).

./0123

455&  6-! "#- #  !"-'"+'# )&  %#,"-! 5" 7+6*)'%+& '& 896# .1::230 ;& 7<,"5%& pc(i)

 6-! '# !+#=%)& '& >"?6- #-')7&-'"-!&  &56- '& 56# %-#>6+@&  %+ [0, 1]0 4!  6% 

5(9A76!9B & $%& 5(&- &@=5& '& *6@76 "-!& #-'#,#'%&55& eit 76%+ i = 1 , . . . , N
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:+- &M&*/'&5 0% + *&) #.# 4,& '&" )&-*&" # #0"E%.-+)#4,&" &) '&" 6+.)&,-" .0**,%"

P<>
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$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"# $%&$'" (")*+,")&--,"# ,# (),"#(.',-,"# )( #/(0'* ,# ," +1' $, ),'2 $!-3

+! &"#,  !"# !/#%!4!"&1, 5 6", &'#/, /, #/($#(!" +&/ /&++!/# &' $& +/*$*),"# , #

.'7!" &)-,# .', 1, +&/&-8#/, &'#!/*4/,  (9 , # (),"#(.', +!'/ #!'# i5 :(" (; +!'/

#!'# i; 17&1#,/"&#(<, 1!$&1, ), .'& ( /&$(", '"(#&(/, ),<(,"#

λi = 1− µθ

NηT
, =>5?@A

!B η ≻ 1
6
5 C!#!" ỹ ,# ỹ−1 1, -&#/($, ), !0 ,/<&#(!" $!"#,-+!/&(", ,# /,#&/)*, ;

1, ),'2 ," *$&/# &' #,/-, )*#,/-("( #,5 D!(# 1& -&#/($, ), +/!E,$#(!" Mτ = I −
τℓ,T (τ

′
ℓ,T τℓ,T )

−1τℓ,T &<,$ τℓ,T = (τℓ,1, ..., τℓ,T )
′
'", -&#/($, ), )(-," (!" T × (ℓ+ 1)5

F&" 1, $& )7'" -!)81, &<,$ $!" #&"#, '"(.',-,"# =(5, ℓ = 0A; τt = 1 +!'/ #!'# t ,#

1& -&#/($, M  ,/# G ,"1,<,/ 1& $!" #&"#,5 D( ℓ = 1; &1!/ τt = (1, t)′ ,# M +,/-,# )&" 

$, $& )7,"1,<,/ G 1& 9!( 1& $!" #&"#, ,# 1& #,")&"$,5 H,##, -&#/($, M +,/-,# )!"$

)7!0#,"(/ 1, )!""*, ," *$&/# G 1& $!-+! &"#, )*#,/-("( #,  '/ 1& 0& , ), IHJ5

K!'/ -(,'2 <!(/ $!--,"# $&  , +&  ,; )*<,1!++!" 17,2+/,  (!" Mτyi .'( )!"",

Mτyi =
(
I − τℓ,T (τ

′
ℓ,T τℓ,T )

−1
τ ′ℓ,T

)
yi

= yi − τℓ,T (τ
′
ℓ,T τℓ,T )

−1
τ ′ℓ,Tyi.

D!(# µ̂0
ℓ,i 17, #(-&#,'/ ), I!(")/, H&//* J/)("&(/, )' <,$#,'/ ), +&/&-8#/, ),

1& $!-+! &"#, 1!/ .', 1, -!)81, ", $!"#(,"# .', 1& $!-+! &"#, )*#,/-("( #,5 J" &

&(" (;

µ̂0
ℓ,i = (τ ′ℓ,T τℓ,T )

−1
τ ′ℓ,Tyi

J" +,'# )!"$ *$/(/,

Mτyi = yi − τℓ,T µ̂
0
ℓ,i.

H,##, *$/(#'/, +,/-,# ), <!(/ )(/,$#,-,"# .', Mτyi $!//, +!") G 1&  */(, yi -!(" 1&

$!-+! &"#, )*#,/-("( #, , #(-*, +&/ 1, IHJ5 D!(# Bℓ,NT 1, #,/-, ), 0(&( 4*"*/*

+&/ 1& $!//*1&#(!" ,"#/, 1, #,/-, )7,//,'/ 5 H, 0(&( , # )*L"( $!--,  '(#

Bℓ,NT = (1/NT )E (tr (ẽ0,−1ẽ
′)) =>5?MA

!B ẽ0,−1 , # 1& -&#/($, ), ,//,'/ )' -!)81, ," *$&/# G  & $!-+! &"#, )*#,/-("( #,5

NOP
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%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#$%&'$"() #'*# +%'%# ,( -')'&.$)" '($/)01)"##%2 "#$ '3/)#

λ̂# =
tr (ỹ−1Qπỹ

′)−NTBℓ,NT

tr
(
ỹ−1Qπỹ′−1

)
456578

 ' #$'$%#$%9(" ," $"#$ :/))"#-/*,'*$" "#$

t# =
√
tr

(
ỹ−1Qπỹ′−1

) (
λ# − 1

)
. 4565;8

<3 2'($ -)0:%#") 9(" 3' &'$)%:" ,"# :/"=:%"*$# ,"# 2':$"()# :/&&(*# "#$ #(--/#0"

:/**("> '%*#% Qπ "#$ 01'3"&"*$ :/**("6 <3 "#$ -/##%+3" ," ,0&/*$)") 9(" 3' ,%#$)%+(?

$%/* 3%&%$" ," :"$$" #$'$%#$%9(" ," $"#$ "#$ %*,0-"*,'*$ ," µθ "$ "#$ %,"*$%9(" #/(#

3!@A-/$@.#" *(33" "$ #/(# 3!'3$")*'$%B"6 C* "D"$> "* ($%3%#'*$ 3!"E-)"##%/* ," λ̂#> 3'

#$'$%#$%9(" ," $"#$ -"($ F$)"> '-).# ,0B"3/--"&"*$> )00:)%$" ," 3' &'*%.)" #(%B'*$"

t# =
N1/2 [(1/NT ) tr (ẽ0,−1ẽ

′)− Bℓ,NT ][
(1/NT 2) tr

(
ỹ−1Qπỹ′−1

)]1/2 + op(1) 4565G8

H -')$%) ," :"$$" "E-)"##%/* ," t#> %3 "#$ 0$'+3% 4I//* "$ J"))/* G7758 3' ,%#$)%?

+($%/* 3%&%$" #(%B'*$"

t# ⇒ N


0,

limN,TE
(
(1/NT )

∑N
i=1

∑T
t=1 ẽ0,i,t−1ẽit − Bℓ,NT

)2

∫ 1

0
rdr −

∫ 1

0

∫ 1

0
min(r, s)hℓ (r, s) dsdr


 4565K8

/LW (r) "#$ (* -)/:"##(# ,"M%"*") "$ hℓ (r, s) = κℓ(r)
′
(∫ 1

0
κℓ (r)κℓ(r)

′dr
)−1

κℓ (s)

'B": κ0(r) = 1 "$ κ1(r) = (1, r)′6 N"$$" )"3'$%/* -")&"$ ," B/%) 9(" 3' ,%#$)%+($%/*

3%&%$" ," t# *" ,0-"*, -'# ," µθ "$ *!' '(:(*" -(%##'*:" #$'$%#$%9(" '(E B/%#%*'1"#

," 3!@A-/$@.#" *(33" ," )':%*" (*%$'%)"6 O" :" 2'%$> 3' -)/:0,()" ," I//* "$ J"))/*

4G7758 -"($ -)0#"*$") ,"# -)/+3.&"# ," -(%##'*:" */* *013%1"'+3"# "* :'# ," -)0?

#"*:" ," $"*,'*:" ,0$")&%*%#$"6 P'% "$ Q1 4G7;78 /*$ ,!'%33"()# 0&%# ,"# :)%$%9("#

)"3'$%B"# R :"$$" -)/:0,()" */$'&&"*$ 3/)#9(" 3" &/,.3" :/&-/)$" (*" $"*,'*:"6 <3#

/*$ '%*#% -)/-/#0 (*" &0$@/," -")&"$$'*$ ," -'33%") '(E -)/+3.&"# ," -(%##'*:" ,"

$"#$ )"3'$%2# R :"$$" &0$@/,"6

;GS
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 !" #$%&%'(!" )! *+% !& ,- ./0102 3 45!6#76&$! )( &!"& )! 8776 !& 9!$$76

./00:2 !& 4+ ;$7#<)($! +4&!$6+&%=! ;$7;7"<!

 !" #"$ %&'(')*"$ +,-"*&"$ #" .,' "( /0 123435 &"6,('7"$ ,* ("$( #" 899! "(

:"&&9! 1233;5 "$( 6, <,=9! #9!( 6, %9+>9$,!(" #?("&+'!'$(" "$( (&,'(?"@ .,' "( /0

123435 $9*6'0!"!( )*" 6, <,'A6" >*'$$,!%" #* ("$( #" 899! "( :"&&9! 1233;5 69&$)*"

6"$ #9!!?"$ ,#+"(("!( *!" ("!#,!%" #?("&+'!'$(" "$( 6'?" B 6, +?(C9#" *('6'$?" >9*&

"!6"7"& 6, ("!#,!%" )*' %9!$'$(" B *('6'$"& 6"$ 8DE@ D" (F>" #" >&9A6G+" ,7,'(

?0,6"+"!( ?(? $9*6'0!? >,& 899!H :"&&9! "( :C'6'>$ 1233I5@ JK! #" &?$9*#&" %" #?(,'6

>&9A6?+,(')*"H .,' "( /0 123435 >&9>9$"!( *! >&9%"$$*$ 0?!?&,("*& #" #9!!?"$ B 6,

:J/LD@ M! %9!$"&7,!( 6"$ +N+"$ CF>9(CG$"$ )*" %"66"$ )*' $9!( <9&+*6?"$ #,!$ 6"

%,#&" #* +9#G6" 0?!?&,6 1;@OI5H %"6*'P%' >"*( N(&" &??%&'( #" +,!'G&" >6*$ $'+>6"

yit = µ
′

ℓiτℓt + π
′

iFt + eit 1;@;;5

9Q eit = λiei,t−1 + εit@ R' ℓ = 0H 6, #'S?&"!%" >&"+'G&" #* +9#G6" 1;@;;5 #9!!"

∆yit = π
′

ift + zit 1;@;T5

9Q ft = ∆Ft "( zit = ∆eit@ U,!$ 6" %,$ 9Q ℓ = 1H 6, #'S?&"!%',('9! >"&+"( #V"!6"7"&

6, ("!#,!%"@ L6 $V,0'&, "!$*'(" #V?6'+'!"& 6, +9F"!!" #" 6, $?&'" #'S?&"!%'?" )*'

%9&&"$>9!# ?0,6"+"!( B 6, >"!(" #* %9"W%'"!( #" 6, ("!#,!%"@ E! , ,'!$' ∆yit−∆yi =

π
′

ift + zit ,7"% ft = ∆Ft − ∆F "( zit = ∆eit − ∆ei@ X"$ )*,!('(?$ ∆yiH ∆F "( ∆ei

%9&&"$>9!#"!( &"$>"%('7"+"!( ,*Y +9F"!!"$ #,!$ 6" ("+>$ #" ∆yitH ∆Ft "( ∆eit@

X"$ "$('+,("*&$ #" Ft "( eit !9(?$ &"$>"%('7"+"!( F̂t "( êit $9!( #?K!'$ #" %"((" <,=9!

F̂t =
t∑

s=2

f̂s "( êit =
t∑

s=2

ẑis.

J >,&('& #" 6BH 6" ("$( #" 899! "( :"&&9! 1233;5 A,$? $*& 6" %9"W%'"!( ,*(9&?0&"$$'<

#* +9#G6" "+>'6? "$('+? >,& 6"$ 8DE >"*( N(&" ,>>6')*? $*& 6"$ #9!!?"$ "! ?%,&( B

6, %9+>9$,!(" %9++*!"

êit = λêi,t−1 + εit. 1;@;Z5

D9!(&,'&"+"!( ,* +9#G6" #" 899! "( :"&&9! 1233;5 )*' >&?$"!(" #"$ <,'A6"$$"$ "!

42I
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%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#!$ %! &'($$)*+! %!  !$ *, )##!* -,"$.'! -! #,%/-! +,#&"!*% '*!  !*%)*+!0

-!  !$ 1)$2 $'" -) &",+2%'"! 34567 &!"#! %8' (-($!" %!$ $ ) ($ (.'!$ %!  9&! ta,b

)$$!: &'($$)* !$ #;#! %)*$ -! +)$ ,< -! &",+!$$'$ =2*2") !'" %! %,**2!$ +,* (!* 

'*!  !*%)*+! %2 !"#(*($ !> ?8' (-($) (,* %! -) &",+2%'"!  !"#$%&'%($%')*)+#% %)*$

-! +)%"! %! 34567 ,@"! )(*$( -8)A)* )=! %! &,'A,(" !*-!A!" -)  !*%)*+! $)*$ &,'"

)' )* &)$$!" &)" -!$ B7C ! &!"#! )(*$( %82A( !" %! -(#( !" -) &'($$)*+! %'  !$ 

%! B,,* ! 3!"",* DEFFGH> 7!&!*%)* 0 $(=*)-,*$ .'! -! 1()($ %! +,""!+ (,* %2&!*%

%'  9&! %! +,#&,$)* ! %2 !"#(*($ ! .'! +,* (!* -! #,%/-!> I,( λ̂ -8!$ (#) !'" %!$

B7C %! λ J &)" (" %' #,%/-! DG>GGH

λ̂ =
tr

(
ê′−1ê

)

tr
(
ê′−1ê−1

)
DG>GKH

,< ê−1 ! ê $,* %!$ #) "(+!$ %! %(#!*$(,*$ (T − 2) × N > ?8!$ (#) !'" +,""(=2 %'

&)")#/ "! )' ,"2="!$$(L %' #,%/-! !#&(-2 !$ 

λ̂∗ =
tr

(
ê′−1ê

)
−NTφ̂ε

tr
(
ê′−1ê−1

)
 !"!#$

%& φ̂ε '() *+,-./01*'2) 3' φ̂e 3,42/ 312( *' 5136' 3' *1 76%5,3.6' 3' 8%%2 ') 9'66%2

 :;;!$"

9%.6 ℓ = 0< 3'.= ()1)/()/-.'( 2%),'( Pa ') Pb 6'(7'5)/0'>'2) 121*%?.'( 1.=

()1)/()/-.'( ta ') tb 3' 8%%2 ') 9'66%2  :;;!$ (%2) 3,0'*%77,'("

Pa =
√
NT (λ∗ − 1) /

√
2φ̂4

ε/ω̂
4
ε −−−−−→

T,N→∞
N(0, 1)  !"!@$

Pb =
√
NT

(
λ̂∗ − 1

)√
1

NT 2
tr

(
ê′−1ê−1

)
(
ω̂ε

φ̂2
ε

)
−−−−−→
T,N→∞

N(0, 1).  !"A;$

9%.6 ℓ = 1< %2 1

λ̂∗ =
tr

(
ê′−1ê

)

tr
(
ê′−1ê−1

) +
3σ̂2

ε

T ω̂2
ε

.  !"AB$

C'( ()1)/()/-.'( 3' )'() 3'0/'22'2) 1*%6(

Pa =
√
NT (λ∗ − 1) /

√
(36/5) φ̂4

εσ̂
4
ε/ω̂

8
ε −−−−−→

T,N→∞
N(0, 1)  !"A:$

B:#
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%'+%+ /' &" $,' 2,$%"$&' ', #",'*

Pb =
√
NT

(
λ̂∗ − 1

)√
1

NT 2
tr

(
ê′−1ê−1

) 5
6

ω̂6
ε

φ̂4
εσ̂

4
ε

−−−−−→
T,N→∞

N(0, 1).  !"#$%

Pa &' Pb ()*' +(,-.')'/01&-&*' 2/('3/415&( (1/6+*' 1*& 7)/ *)3-+7& &' ω̂2
ε 8 φ̂

4
ε8

σ̂2
ε ()*' 259*/&( 2+*( 7& .+3+:3+.;& !"<"<" =)3(01& 7+ >)-.)(+*'& 25'&3-/*/('& *&

>)*'/&*' 01& 7+ >)*('+*'&  ℓ = 0%8 7&( ('+'/('/01&( Pa,b &' ta,b ()*' 25'&3-/*5&(

2& ?+@)* 01+(/ /2&*'/01&" =+ (&17& 2/A53&*>& &(' 01B&77&( ()*' 5'+47/&( (13 7+ 4+(&

2& .3)>&((1( :5*53+'&13( 2& 2)**5&( 2/A53&*'&(" C&.&*2+*'8 7)3(01B&* .71( 2& 7+

>)*('+*'&8 7+ >)-.)(+*'& 25'&3-/*/('& >)*'/&*' 1*& '&*2+*>&8 7& 4/+/( 2& >)33&>'/)*

2& 7BD&('/-+'&13 &-./75D 21 .+3+-E'3& +1')35:3&((/? *B&(' .71( 7& -F-&" G/*(/8 7&

.+3+-E'3& λ̂∗ )4'&*1 .+3 7+ .3)>5213& 2& H))* &' I&33)*  <JJ!% (&3+ 2/A53&*' 2&

>&71/ )4'&*1 .+3 7+ .3)>5213& 2& K+/ &' L:  <JMJ%" I+3 >)*(501&*' 7&( ('+'/('/01&(

2& '&(' Pa,b &' t# (&3)*' 2/A53&*'&(" N* &A&'8 K+/ &' L:  <JMJ% -)*'3&*' 01& 7)3(01&

ℓ = 18 7& 4/+/( 2& >)33&>'/)* .)3'5 (13 7& *1-53+'&13 21 .+3+-E'3& +1')35:3&((/? *B&('

.71( +2+.'5 >+3 /7 >)*21/' O 2&( .1/((+*>&( 2& '&('( '3E( ?+/47&(" G/*(/8 &* .35(&*>& 2&

'&*2+*>&8 7& .+3+-E'3& λ̂∗ 259*/ 2+*(  !"#M% .&3-&' 2& 3&-52/&3 >)*(/253+47&-&*'

O >& .3)47E-&"

 !"!# $% &%'& (% )*+,-% .-,&*,)% (% /%'*)*- 0"1123

I&(+3+*  <JJP% 1'/7/(& 5:+7&-&*' 1* -)2E7& O ?+>'&13 .)13 '3+/'&3 7&( 25.&*2+*>&(

/*'&3/*2/6/21&77&( 2+*( 7& >+23& 2&( '&('( 2B/*'5:3+'/)* 2B)323& M &* .+*&7" Q& 7+ -F-&

?+@)* 01& H))* &' I&33)*  <JJ!% /7 >)*(/2E3& 01& 7&( 25.&*2+*>&( /*'&36/&**&*' (13

7& '&3-& 2B&33&13 01/ (1/' 1* .3)>&((1( ?+>')3/&7

yit = (1− λi)µi + λiyi,t−1 + uit  !"#!%

)R yit +2-&' 1*& 6+7&13 /*/'/+7& yi,0 &' 7& '&3-& 2B&33&13 &(' 3&.35(&*'5 (1/6+*' 1*

.3)>&((1( +2-&''+*' 1* (&17 ?+>'&13

uit = πiFt + eit.  !"##%

M<S
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$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+
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 ! "#!$!" %&'("# )# *+,%-."/-# )# uit #" #! $0&/"$!" yi,t−1 1 %2$3/# '#'4-# )#

*+,3/$".&! 567869: *# '&);*# (#/" $*&-< <+,%-.-#

∆yit = αi + ρiyi,t−1 + λiFt + eit 5678=9

&> ∆yit ),<.?!# *$ ).@,-#!%# (-#'.;-# )# yit #" &! $ αi = (1− λi)µi #" ρi = (λi − 1)7

A# B$%"#/- %&''/! Ft #<" <,-.#**#'#!" !&! %&--,*, $C#% /!# '&D#!!# !/**# #" /!#

C$-.$!%# /!."$.-# σF 7 E/$!) $/F #--#/-< .).&<D!%-$".3/#<: #**#< <&!" $/<<. <,-.#**#G

'#!" !&! %&--,*,#<: .!),(#!)$''#!" ).<"-.4/,<: )# '&D#!!# !/**# #" )# C$-.$!%# σ2
i 7

A+2D(&"2;<# !/**# )# -$%.!# /!."$.-# "#<",# #<" λi = 1 (&/- "&/" i %&!"-# *+$*"#-!$".C#

2,",-&?;!# λi ≺ 1 (&/- i = 1, ..., N1 #" λi = 1 (&/- i = N1 + 1, N1 + 2, ..., N 7 H!

</((&<# )$!< %# %$< 3/# *$ B-$%".&! )+.!).C.)/< <"$".&!!$.-#< N1/N #<" !&! !/**# #"

"#!) C#-< /!# %&!<"$!"# η "#* 3/# 0 ≺ η ≤ 1 3/$!) N → ∞7 I&!"-$.-#'#!" 1 *$

(-&%,)/-# )# J&&! #" K#--&! 5LMM69: .%. *# B$%"#/- %&''/! #<" ,*.'.!, ).-#%"#'#!"

)/ '&);*# #" #<" -#'(*$%, ($- *#< '&D#!!#< .!).C.)/#**#< ȳt−1 #" ∆ȳt 3/. <#-C#!"

$.!<. )# (-&FD $/ B$%"#/- %&''/!7 A+2D(&"2;<# !/**# #<" $.!<. "#<",# </- *$ 4$<#

)+/! '&);*# $/?'#!", )# "D(# NO %&''/!,'#!" $((#*, IPNO 5I-&<<G<#%".&!$**D

P/?'#!"#) NO9

∆yit = ai + biyi,t−1 + ciȳt−1 + di∆ȳt + εit 5678Q9

&> ȳt =
1
N

∑N
i=1 yit #" ∆ȳt =

1
N

∑N
i=1 ∆yit #" εit #<" /! "#-'# )+#--#/-7  ! </(G

(&<$!" 3/# uit !+#<" ($< <,-.#**#'#!" %&--,*,: K#<$-$! 5LMMQ9 ,"$4*." 3/# ȳt−1 #" ∆ȳt

)#C-$.#!" </R-# (&/- <#-C.- )# (-&FD 1 Ft #" )#C-$.#!" $<D'("&".3/#'#!" %$("#-

<#< #@#"<7 P.!<.: $/ *.#/ )# 4$<#- *# "#<" </- *# '&);*# #! ,%$-" $/ B$%"#/- #<".',: *#

'&);*# 5678=9 #<" $/?'#!", )# *$ '&D#!!# .!"#-.!).C.)/#**# -#"$-),# )+/!# (,-.&)#

#" )# <$ ).@,-#!%# (-#'.;-#7 H! <# -#"-&/C# $.!<. $C#% /! '&);*# )# "#<" )# "D(#

IPNO 5'&);*# 5678Q997 A#< <"$".<".3/#< IPNO .!).C.)/#**#< (#/C#!" $*&-< S"-# /".*.G

<,#< (&/- ),C#*&((#- )#< C#-<.&!< '&).T,#< )#< <"$".<".3/#< tUbar 1 *+.!<"$- )#< "#<"
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5#"* 3* (! 348!"AF* 3* ;!3"# ./0002 *, *+, !55(#A!G(* 8H8* *% A!+ 3* 5"4+*%A* 3*

86(,#5(*+ "65,6"*+- I (E#%+,!" 36 ,*+, JK'D J8 *, !(- ./00L2 5!",*%, 3* (! 348!"AF*

*% +4"#* AF"$%$($9#M6* #%3#)#36*((* 3* 'AF8#3, *, KF#((#5+ .1>>/2 5$6" 5"$5$+*" 6%*
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N$6+ !55*((*"$%+ "*+5*A,#)*8*%, . OP2D .JP<2 *, .;B02 (*+ 8$3:(*+ 3* ,*+,+ 3*

 !""#$%&#&'#()*+,"* *, !(- ./0012D J8 *, !(- ./00L2 *, ;!3"# *, B!$ ./00C2-

Q$3é(* ( OP) yit = κi + γi,1DUt + γi,2D(Tb)t + λyi,t−1 + εit

Q$3é(* (JP<) yit = κi,0 + κi,1t+ γiDUit + xit

Q$3é(* (HR0) yit = κi,0 + κi,1t+ γi,1DUit + γi,2DTit + rit + uit

.R-S/2

O!%+ (* 8$3:(* .JP<2 %$6+ !)$%+ xit = λixi,t−1 + εit- K$6" (*+ ,"$#+ 8$3:(*+D DUit =

DUt = 1 +# t ≻ Tb *, 0 +#%$%D *, DTit = t − Tb,i +# t > Tb,i *, 0 +#%$%- DU *, DT

8$34(#+*%, "*+5*A,#)*8*%, 3*+ "65,6"*+ 5$",!%, +6" (! 8$T*%%* *, (! ,*%3!%A* 3* (!

+4"#* yit ,!%3#+ M6* D (Tb) A$%+,#,6* 6%* #856(+#$% ,*((* M6* D(Tb)t = 1 5$6" t = Tb

*, 0 +#%$%- O!%+ (* 8$3:(* .;B02D $% 5"*%3 *% A$85,* (* A!+ 3* "65,6"* 5$",!%, @ (!

7$#+ +6" (! 8$T*%%* *, (! ,*%3!%A* 3* (! +4"#*- P* ,*"8* rit +6#, 6% 5"$A*++6+ IB.12

*, $% !

rit = ri,t−1 + vit
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H0 : σ
2
v,1 = σ2

v,2 = ... = σ2
v,N = 0 *, A$""*+5$%3 @ (E!G+*%A* 3* "!A#%* 6%#,!#"*- ?6!%,

@ (EFT5$,F:+* !(,*"%!,#)* 3E#%,49"!,#$% 3E$"3"* 1 A$""*+5$%3!%,*D *((* +E4,!G(#, A$88*

+6#, H1 : σ2
v,i > 0, i = 1, 2, ..., N1; σ

2
v,i = 0, i = N1 + 1, ..., N - W% A* M6# A$%A*"%* (*
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B-/.($ $)& &$( 0179( #7+ 2 )&2&9-##249&5 01$ )9 6$&&$ 32492#6$ $)& #1(($!

1XR



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#$% &'()*+ $,-./!0-#1% "% /231%45% "% 26574% 8470672% /%80 902% :!2 8$3% "% $6

 647#2% 187;640% H0 : λi = 1 /!82 0!80 i 5!402% H1 : |λi| < 1 /!82 <8%$<8%1 74"7;7"81

i= >!82 $%  !"#$% &?@(* 4!81 6;!41 5!  % -./!0-#1% 48$$% H0 : λ = 1 5!402%

H1 : |λ| < 1= @641 5-6584 "% 5%1 "%8A  !"#$%1+ $%1 %22%821 1!40 i.i.d 4!2 6$% %40

"71027B83%1+ ",%1/32645%  60-3 607<8% 48$$% %0 "% ;627645% 5!410640%=

(% 0%10 B613 182 $%  !"#$% &?@(* 807$71% 84% 0C10607107<8% 5!227D3% 064"71 <8% $%1
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(K= L!81  !402%2!41 "641 $% /626D26/-% 187;640 $%1 /2!53"82%1 "% 5!41028507!41
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'57 $,-./!0-#1% 48$$% ",7403D2607!4 ",!2"2% N %10 0%103% %4 D34326$71640 $6 106071C

07<8% (K "% E62271 %0 )O6;6$71 &NPPP*= Q4 18//!1% "641 5% 561 <8% $% 5-64D% %40

10285082%$ 1% /2!"870 17 8$0643 %40 182 0!80%1 $%1 35!4! 7%1 R 84% "60% 745!448%
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 ! "# $#%& $& '()%('& )&(% *%'& &+%,-.& &/ (%,0,+#/% (/& +%#%,+%,1(& 23()'&-(-2 456#),%'& 78!
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 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"!#$%%"&#!' () *"#! () +#"# ,'%'&' -"& )%. /")0"# .  -'1#21"!#$% (. 3" 1$/-$ "%!.

('!.&/#%# !. 4 !&"0.& 35$/#  #$% (5)% 16"%,./.%!  !&)1!)&.3 "7.1!"%! 3" /$8.%%.

(. 3"  '&#. yit9 :"&&#$%;#;<#30. !&. .! "39 =>??@A $%! "#% # -&$-$ ' )%. -&$1'()&. (.

!. ! -3) ,'%'&"3. B)# !#.%! 1$/-!. () +#"# .! -.&/.! (5"+$)!#& 4 )%. -)#  "%1. (.

!. ! -3)  "!# *"# "%!.9 :$% #('&$% λ̂0 C 35. !#/"!.)& (. λ $+!.%) 4 -"&!#& () /$(D3.

%)3  -'1#2' (. 3" /"%#D&.  )#0"%!. yit = κi + γiDUt + γi,2D(Tb)t + yi,t−1 + εit9 E.

-"&"/D!&. λ̂0  "!# *"#! 4 3" &.3"!#$%

λ̂0 − 1 =

[
N∑

i=1

y
′

i,−1Qyi,−1

]−1[ N∑

i=1

y
′

i,−1Qεi

]−1

=F9GHA

$I Q = IT − z(z′z)−1z′ . ! 3" /"!&#1. T × 3 (. &',&.  .)& (. 3" 1$/-$ "%!.

('!.&/#%# !. "8"%! "#% # -$)& -&./#D&. 1$3$%%. 3. 0.1!.)& "  $1#' 4 3" 1$% !"%!. .!

-$)& (.)J#D/. .! !&$# #D/. 1$3$%%. 3. 0"&#"+3. ()//8 DU .! D(Tb)t &. -.1!#0.;

/.%!9 :.-.%("%!C 1.! . !#/"!.)& (. λ $+!.%) 4 -"&!#& () /$(D3. %)3 -&' .%!. )%

+#"# B). %$) %$!.&$% BN .! B)# . ! )%. *$%1!#$% (. T .! (. 3" *&"1!#$% (. &)-!)&.

α = Tb/T 9 K#% #C  $) 3568-$!6D . %)33.C λ̂0 − 1 . ! %$% %)3 .! %$) "0$% 

p lim
N→∞

1

N

(
λ̂0 − 1

)
= BN . =F9GFA

E. !.&/. (. +#"# (. 1$&&.1!#$% . ! ',"3 4

BN =
−3T (T − 3)

(1 + 2α2 − 2α)T + (2α− 2)T − 1
,

#3 ('1&$L! 3$& B). 3" (#/.% #$% !./-$&.33.  5"11&$L! .!  5"%%)3. -$)& T → ∞9 :.

!.&/. (. +#"# -.)! M!&. )!#3# ' -$)& 1$&&#,.& 3" !; !"!# !#B).  .&0"%! 4 !. !.& 3568;

-$!6D . %)33. (. %$%  !"!#$%%"&#!' λ = 19 E" (# !&#+)!#$% 3#/#!. (. 3" !; !"!# !#B).

1$&&#,'. . ! %$&/"3. "0.1 )%. /$8.%%. %)33. .! )%. 0"&#"%1. B)# ('-.%( (. T .! (.

α9 E.  #/)3"!#$% &'"3# '. -"& :"&&#$%;#;<#30. !&. .! "39 =>??@A /$%!&.%! B). 3. !. !

-&' .%!. (. +$%%. -&$-&#'!' .% '16"%!#33$% 2%#9

N  !"!#$!#%&' (' !'$! )'*"!#+' "& ,-(.*' /0123

K2% (5"%"38 .& 3" -&$1'()&. (. 1$% !&)1!#$% (. 3"  !"!# !#B). (. !. ! &.3"!#0. ")

@HG



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#$% &'()*+ ,!-./"01!-. "234!1" $3 5!1 % "/601%-,/0% "7  !"#$%

∆yit = ρiyi,t−1 − ρiκi,1 + [1− (ρi + 1) (t− 1)]κi,2 + (D(Tb)it − ρiDUi,t−1) γi + εit.

&89:;*

< =31>/1 "% $?+ $%. @A=!>@#.%. "7 >%.> .!-> 1%5!1 7$0%. %> -!7. 3B!-. H0 : ρi = 0

,!->1% $23$>%1-3>/B% H1 : ρi < 0 =!71 C7%$C7%. 0,!-! /%.9 (3 .>3>/.>/C7% "% >%.>

"% $2@A=!>@#.% -7$$% "% =10.%-,% "% 13,/-% 7-/>3/1% %.> 7-%  !A%--% "% .>3>/.>/C7%.

(D /-"/B/"7%$$%. ,!-.>17/>%. =!71 ,@3C7% i %- .7/B3-> $3  0>@!"% "% < .$%1 %> (%%

&EFF;*9 G%. .>3>/.>/C7%. /-"/B/"7%$$%. ,!11%.=!-"%-> 3/-./ 37H >I.>3>/.>/C7%. .%1B3->

? >%.>%1 $2@A=!>@#.% -7$$% ρi = 0 ? =31>/1 "% $3 10J1%../!- 37J %->0%

∆yit = ci + γi∆DUit + ρis̃i,t−1 +

qi∑

j=1

aij∆s̃i,t−j + ζit. &89::*

K7/B3-> < .$%1 %> (%% &EFF;*+ %- 7>/$/.3-> κ̂i,2 %> γ̂i C7/ ,!11%.=!-"%-> 1%.=%,>/B% %->

37H %.>/ 3>%71. =31 $%. DGL "% κi,2 %> γi !4>%-7. ? =31>/1 "% $3 10J1%../!- ∆yit =

κi,2 + γi∆DUit + εit+ $3 B31/34$% s̃i,t−1 %.> "0M-/% "% $3  3-/#1% .7/B3->%

s̃i,t−1 = yi,t−1 − κ̂i,2 (t− 1)− γ̂iDUi,t−1. &89:N*

(237J %->3>/!- "7  !"#$% =31 $% >%1 % s̃i,t−j %.> -0,%..3/1% =!71 ,!->1O$%1 7-%

0B%->7%$$% 37>!,!110$3>/!- "7 >%1 % "2%11%71 "% $20C73>/!- &89:;*9 P!>!-. C7% $3

.>3>/.>/C7% %.> .>3-"31"/.0% %- 7>/$/.3-> .3  !A%--% %> .3 B31/3-,% "3-. $3 "/ %-./!-

N 1%.=%,>/B% %-> -!>0%. E (τLM) %> V (τLM)9 </-./+ =!71 $2%-.% 4$% "7 =3-%$ -!7.

3B!-.

ΓLM =

√
N [t̄LMQE (τLM)]√

V (τLM)
&89:R*

!S t̄LM "0./J-% $3  !A%--% "%. .>3>/.>/C7%. (D /-"/B/"7%$$%. "% >%.> "% $2@AI

=!>@#.% -7$$% ρi = 09 G%>>% 5!1 % .>3-"31"/.0% .7/> 3/-./ 7-% $!/ -!1 3$% ,%->10%

10"7/>%9 T23=1#. $%. ./ 7$3>/!-. %6%,>70%. =31 ' %> 3$9 &UVV;*+ $3 =7/..3-,% "7 >%.>

"0=%-" 4%37,!7= "7 -! 41% "% 1%>31". q /-,$7. "3-. $3 10J1%../!- %> "% $3 >3/$$% "%

$3 "/ %-./!- >% =!1%$$%9 (!1.C7% $% -! 41% "% 1%>31". =1/. %- ,! =>% %.> .7=01/%71

? $3 B3$%71 !=>/ 3$% "% q+ $3 =7/..3-,% "7 >%.> 3 >%-"3-,% ? "/ /-7%1 ,!-./"0134$%I

 %-> %> $% =1!4$# % .23 =$/M% "3B3->3J% ./ T %.> =%>/>%9 G%=%-"3->+ "3-. >!7. $%.

EWN



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#  $%%$ &'( )*+'$ *$ %$"% *$ '! ,-$ +-,%!,'$ &'(*+,% *$ .$,//$+'$" &$'0('.!- $"

$- %$'.$" *$ &+,""!- $ *$ %$"% 1+$ "(- 2(.(/(3+$ 1+, -$ &'$-* &!" $-  (.&%$

/$"  2!-3$.$-%" "%'+ %+'$/"4 5,-",# 6. $% !/4 7899:; "(+/,3-$-% 1+$ .<.$ $-  !" *$

*(+%$ "+' /! &')"$- $ *$  2!-3$.$-% "%'+ %+'$/ "+' /$" ) (-(.,$"# ,/ $"% &')0)'!=/$ *$

/$" ,- /+'$ *!-" /! .(*)/,"!%,(-  !' />(.,"",(- *$ '+&%+'$" ,.&/,1+$ *>,.&('%!-%$"

*,"%('",(-" *$ %!,//$ $% *$ &$'%$" *$ &+,""!- $ %!-*," 1+$ />,- /+",(- ? %('% *$  2!-@

3$.$-% "%'+ %+'$/ -$ &$+% $-3$-*'$' 1+$ *$" &$'%$" *$ &+,""!- $" .,-$+'$"4

A  !"!#$!#%&' (' !'$! )'*"!#+' "& ,-(.*' /0123

B$ .(*C/$ 7DE9; $"% &')"$-%) , , *!-" "! 0('.$ /! &/+" 3)-)'!/$4 F!," $- ')!/,%)#

/! "%!%,"%,1+$ *$ %$"% *)&$-* *$ /! "&) ,G !%,(- *$ /! &!'%,$ *)%$'.,-,"%$ *+ .(*C/$4

5,-",# $- *$2('" *$  $%%$ 0('.$ 3)-)'!/$ 7DE9;# %'(," !+%'$"  (-G3+'!%,(-" .(,-"

3)-)'!/$" 1+$ -(+" -(..$'(-" '$"&$ %,H$.$-% 7DEI;# 7DE8; $% 7DEJ; &$+H$-% <%'$

 (-",*)')$"4 B$  !" 7DEI;  (''$"&(-* !+  !" (K κi,2 = γi,2 = 0# %!-*," 1+$ /$"  !"

7DE8; $% 7DEJ;  (''$"&(-*$-% '$"&$ %,H$.$-% !+L ",%+!%,(-" γi,2 = 0 $% γi,1 = 04

M- "$ ')0)'!-% ? D!*', 78999;# /! "%!%,"%,1+$ *$ %$"% &(+'  2!1+$ ,-*,H,*+ $"%

η
(HRj)
i (αi) =

∑T
t=1 s

2
it

T 2σ̂2
u,i

7N4OP;

(K αi $"% /! 0'! %,(- *$ '+&%+'$ &(+' />,-*,H,*+ i# (HRj) !H$ j = 0, 1, 2, 3 *)",3-$

/! j@C.$ "&) ,G !%,(- $% σ̂2
u,i = lim

T→∞
T−1E

(
s2i,T

)
$% sit =

∑t
j=1 ûi,j *)",3-$-% '$"&$ @

%,H$.$-% /! H!',!- $ *$ /(-3 %$'.$ $% /! "(..$ &!'%,$//$ *$" $''$+'" *+ .(*C/$ -+/4

B! "%!%,"%,1+$ *$ %$"% *$ "%!%,(--!',%) &(+' />$-"$.=/$ *+ &!-$/ $"% +-$ .(Q$--$ *$

η
(HRj)
i (αi)

LM (HRj) (α) =
1

N

N∑

i=1

η
(HRj)
i (αi). 7N4R9;

D!*', $% E!( 7899S; (-% .(-%') 1+$ /! *,"%',=+%,(- /,.,%$ *$  $%%$ "%!%,"%,1+$ *)&$-*

*+ .(*C/$ $% *$ /! /( !/,"!%,(- *$ /! 0'! %,(- *$ '+&%+'$4 5,-",# *$ /! .<.$ .!-,C'$

1+$ *!-" /$ %$"% *$ '! ,-$ +-,%!,'$ *$ D!*', 78999;# /! H$'",(- .(*,G)$ "+,H!-%$ $"%

&'(&(")$

Z(HRj) (α) =

√
N

(
LM (HRj) (α)−Moy (LM)

)

V ar (LM)
. 7N4RI;

T$%%$ "%!%,"%,1+$ Z(HRj) (α) 1+, "+,% +-$ /(, -('.!/$  $-%')$ ')*+,%$ &$+% <%'$ +%,/,@

IJS



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !" #$%& '" '"& ()*+#$'*, " -%((" ." #&$/"  % I (0)0 1" 2%3-'4'! Moy (LM) "'

V ar (LM) .! 45-"-' &" #"/'46"7"-' (3 7$+"--" "' (3 63&43-/" 3 +7#'$'42%" ."

LM (HRj) (α) "' .!#"-."-' .% 7$.,(" (HRj) /$- 4.!&!0 8$%& j = 19 Moy (LM) = 1
6

"' V ar (LM) = 1
45

'3-.4 2%" #$%& j = 0, 2, 3 -$% 36$- Moy (LM) = 1
15

"'

V ar (LM) = 11
6300

0 83&  47%(3'4$- 9 :3.&4 "' ;3$ <=>>?@ 7$-'&"-' 2%" ($& 2%" (" 

"&&"%&  $-' i.i.d "' 2%" (3 .3'" ." &%#'%&" " ' /$--%"9 (3 #%4  3-/" .% '" ' -$-

7$.4A! 3%57"-'" ." 73-4,&" 7$-$'$-" "' "- B$-/'4$- ." N "' ." T 0 C"/4 " ' 63D

(3E(" 3%  4 #$%& (" '" ' 7$.4A!0 8$%& (" /3 $F (3 .3'" ." &%#'%&" " ' 4-/$--%"9

(3 #%4  3-/" ." ."%G '" ' .!#"-. !53("7"-' ." N "' T 0 1" '" ' 1H  47#(" #&!D

 "-'" ." 7"4(("%&" #"&B$&73-/"  '3'4 '42%" 2%" (" '" ' 7$.4A! ($& 2%" (3 '34((" ."

()!/*3-'4(($- " ' #"'4'" "- #3&'4/%(4"& (3 .47"- 4$- '"7#$&"((" T 0 83& "G"7#("9  4 T

" ' AG!9 4( "G4 '" .)47#$&'3-'" .4 '$& 4$- ." '34((" /3% !" #3& %-" 3//%7%(3'4$-

.)"&&"%& (4!" I ()" '473'4$- ." (3 .3'" ." &%#'%&"0 J4- 49 /" #&$E(,7" ." .4 '$& 4$-

." '34((" .% '" ' 1H ."64"-' #(% #"& 4 '3-' ($& 2%" (3 .3'" ." &%#'%&" " ' 4-/$--%"

"' .$4' K'&" " '47!"0 L-A-9 ("  47%(3'4$- "M"/'%!" #3& :3.&4 "' ;3$ <=>>?@  %&

(3 E3 " .)"&&"%& 3%'$/$&&!(!" &!6,("-' .)47#$&'3-'" #"&'" ." #%4  3-/" .%" I

()3%'$/$&&!(3'4$- -$'377"-' #$%& ." !/*3-'4(($- ." #"'4'" '34(("0

 !"!# $%&'()*%+ )+ ,+-, )+ %.'/0+ *0/,./%+ +0 1%(-+0'+ )+

'2.03+4+0, -,%*',*%+5 +, )(1+0).0'+ /0,+%6('&0&4/+-

N3- (" /3.&" ." '" ' ." &3/4-" %-4'34&" "- #3-"(9 ()4-'&$.%/'4$-  47%('3-!" ." 

/*3-5"7"-'  '&%/'%&"( "' ." 4-'"&.!#"-.3-/" " ' %-" #&3'42%" '&, &!/"-'" 2%4

.$--" 34- 4 -34  3-/" I %-" -$%6"((" 5!-!&3'4$- ." '" '0 C$77" ()$-'  $%(45-! O34 "'

C3&&4$-D4DP4(6" '&" <=>>Q@9 (3 ($-5%"%& ." (3 .47"- 4$- '"7#$&"((" "- #3-"( 3%57"-'"

(3 #&$E3E4(4'! 2%" /"&'34- !6!-"7"-' 3M"/'"-' (" 63&43E(" 73/&$D!/$-$742%" 0

L'  4 /"%GD/4 -"  $-' #3 #&4 "- /$7#'"9 4( $-' '"-.3-/" I /$-.%4&" I ." B3%  " 

/$-/(% 4$- 0 83& "G"7#("9 %-"  !&4" 73/&$D!/$-$742%" 3M"/'!" #3& %-" &%#'%&"  %&

(3 '"-.3-/" " ' 5!-!&3("7"-' /$- 4.!&!" I '$&' /$77" %- #&$/"  % 4-'!5&! .)$&.&"

R  4 (3 &%#'%&" -)" ' #3 #&4 " "- /$7#'" .3- (3 7$.!(4 3'4$-0 C"''" 5!-!&3'4$-

." '" ' 2%" -$% !'%.4"&$- 4/4 %'4(4 " %-" 6"& 4$- 5!-!&3(4 !" .%  !"#$% & '()*+(*)%

,-+(!).%$$% -//)!0. -(.1% .3- (3 7" %&" $F 4(  )354' .% 7K7" 7$.,(" 36"/ (" 7K7" 

RSQ



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !"#$ %&'&( )*+,'-$. /0*-' 1*"$*1' &*1 2) ,#!'--' #* 2) $'-/)-3'4

 !"#$%#&'$()* +,* -(+./,* ,' 01!('0.*,* +, ',*'

5' ,#/%2' /' 6)7 '$ 8+ 9:;;<= "'*$ >$1' )*+,'-$. "#*1 "1'-/1' '- 3#,"$' 2)

"1.&'-3' /0*- 3 )-+','-$ &$1*3$*1'2 /)-& 2) ,#!'--' #* 2) $'-/)-3' /' 2) &.17'4

?)-& 3 )3*- /'& /'*@ 3)&( 3'& 3 )-+','-$& &$1*3$*1'2& &#-$  .$.1#+%-'& )A'3 )7-&7

/'& /)$'& /0#33*11'-3' '$ /'& 'B'$& C*7 "'*A'-$ >$1' /7B.1'-$& &'2#- 2'& ")!&4 ?)-&

*- 3)/1' +.-.1)2 #D 2' -#,E1' /' 1*"$*1'& "'*$ >$1' &*".17'*1 F G( 6)7 '$ H)117#-I7I

J72A'&$1' 9:;;K= #-$ "1#"#&. /'& &$)$7&$7C*'& ,#/7L.'& /' J)1+)- '$ 6 )1+)A) 9GKMN=

-#$.'& &$)$7&$7C*'& OJ64 ?)-& -#$1' )-)2!&'( -#*& -' 3#-&7/.1'1#-& C*' 2' 3)& ")1$7I

3*27'1 /' "1.&'-3' /0*- *-7C*' 3 )-+','-$ &$1*3$*1'24 5#1&C*' 2' ,#/%2' 3#,"#1$'

*-' &'*2' 1*"$*1' &*1 2) ,#!'--' /' 2) A)17)E2'( -#*& -#*& )""*!#-& &*1 2' "1#3'&I

&*& +.-.1)$'*1 /' /#--.'& &*7A)-$ C*7 '&$ *- 3)& ")1$73*27'1 /* ,#/%2' /' 6)7 '$

H)117#-I7IJ72A'&$1' 9:;;K=

yit = κi + γiDUi,t + λiFt + eit 9<4P:=

#D DUit = 1 &7 t ≻ Tb,i '$ ; &7-#-( )A'3 Tb,i 2) /)$' /' 1*"$*1' "#*1 2) &.17' i4 5'&

Q)3$'*1& 3#,,*-& '$ 2'& 3#,"#&)-$'& 7/7#&!-31)$7C*'& &*7A'-$ *- "1#3'&&*& RS9G=

$'2& C*' Ft = Ft−1 + ut '$ eit = λiei,t−1 + εit4 5' $'1,' εit &*7$ *- "1#3'&&*& OR

7-A'1&7E2' &$)$7#--)71'( /' ,#!'--' -*22' $'2 C*' εit = Di(L)ξit4 50 !"#$ %&' -*22'

$'&$.' '&$ λi = 1 3#-$1' 20 !"#$ %&' )2$'1-)$7A' |λi| ≺ 14 5) ,7&' '- #'*A1' /* $'&$

OJ6 &07-&"71' /' TR8UH '$ -.3'&&7$' /'& $1)-&Q#1,)$7#-& "1.)2)E2'&4 5) /7B.1'-3'

'&$ C*0737( 2' $'&$ "#1$' *-7C*','-$ &*1 2) 3#,"#&)-$' 7/7#&!-31)$7C*'4 RL- /0'&$7,'1

3'$$' 3#,"#&)-$' 7/7#&!-31)$7C*'( 3#-&7/.1#-& 2) /7B.1'-3' "1',7%1' /' 9<4P:= C*7

/#--'

∆yit = ∆F
′

tπi +∆eit + γiD(Tb,i)t 9<4PN=

#D D(Tb,i)t 3#-&$7$*' *-' 7,"*2&7#- $'22' C*' D(Tb,i)t = 1 "#*1 t = Tb,i '$ ; &7-#-4

H'$$' 7,"*2&7#- "'*$ >$1' 7-3#1"#1.' /)-& 2' $'1,' /0'11'*1 7/7#&!-31)$7C*' '$ -#*&

/.L-7&&#-& )2#1& ∆e∗it = ∆eit + γiD(Tb,i)t4 R7-&7( '- "1.&'-3' /0*-' 1*"$*1' &*1 2)

,#!'--'( 2' $'&$ /' 1)37-' *-7$)71' &'1) E)&. &*1 2) A)17)E2' ê∗it =
t∑

s=2

ẑ∗it #D ẑ∗it =

∆yit−∆F̂
′

t π̂i4 8#$#-& C*' ∆F̂t '&$ 20'&$7,)$'*1 ")1 RHT /* A'3$'*1 r×1 /'& Q)3$'*1&

G<;



 !"#$%&' () *" #&$+' ',  -.#%' /'+ /0#',/", '+

$,%'&$,/$1$/2'**'+ '% /'+  !",3'.',%+ +%&2 %2&'*+ /",+ *'+

%'+%+ /' &" $,' 2,$%"$&' ', #",'*

 !""#$% &'()*+$ ')% +, π̂i- ./+%,'"0,+#* 10* .0 "2"+ ,+ 3$'4#+ &+%  !+5 '+$,% &+

 +% 60 ,+#*%  !""#$%7 80$% .+  0% !9 .0  !"1!%0$,+ &),+*"'$'%,+ '$ .#, #$+ *#1,#*+

%#* .0 ,+$&0$ +- .+% "2"+% ,*0$%6!*"0,'!$% %+*!$, +(+ ,#)+% +$ 10*,0$,  +,,+ 6!'%: '

&# 1*! +%%#% ;)$)*0,+#* &+ &!$$)+% %#'<0$,

yit = κi,0 + κi,1t+ γi,1DUi,t + γi,2DTi,t + λiFt + eit =>7?>@
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@10.

†
!
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 !"#$"% !& '(#!) *+,,-./ 0$123!" !& $24 *+,,,. 5$"63 %7$1&"!)4 87$9$#&$:! ";)3%!

%$#) 2! <$3& =1! 2$ >(6?3#$3)(# %!) %36!#)3(#) 3#%393%1!22! !& &!65("!22! 5!"6!&

%! ";$23)!" %!) &!)&) )&$&3)&3=1!6!#& 521) 513))$#&)4 @1A(1"%7B13/ (# %3)&3#:1! %!1C

:;#;"$&3(#) %! &!)&) %! "$>3#! 1#3&$3"!

 

4 8$ 5215$"& %!) 6;&B(%(2(:3!) %7$#$2D)! %!

2$ >(#9!":!#>! =13 1&323)!#& 2!) 5"(5"3;&;) %!) );"3!) #(# )&$&3(##$3"!) )! ";<E"!#& F 2$

5"!63E"! :;#;"$&3(# =13 6!& !# $9$#& 27BD5(&BE)! %73#%;5!#%$#>! 3#&!"3#%393%1!22!

*G$""3) !& HI$9$23) +,,,/ J$%%$2$ !& K1 +,,,/ G$%"3 LMMM/ NB(3 LMM+/ 8!93# !& $24

LMML/ O6 !& $24 LMMP.4 N!5!#%$#&/ >(66! 27(#& )(123:#; G1"23# !& J3:#(# *LMMQ./

>!&&! BD5(&BE)! %73#%;5!#%$#>! 3#&!"3#%393%1!22! !)& 5$"&3>123E"!6!#& :R#$#&! !#

$#$2D)! 6$>"(S;>(#(63=1!4 8$ )!>(#%! :;#;"$&3(# %! &!)&) ?$);) )1" %!) 6(%E2!) F

<$>&!1") >(661#) * $3 !& T: LMMU/ J((# !& V!""(# LMMU/ V!)$"$# LMMW !&  $3 !&

T: LM+M. 5!"6!& 1#! 5"3)! !# >(65&! 521) :;#;"$2! %!) %3X;"!#&!) <("6!) 5())3?2!)

%! >("";2$&3(#) 3#&!"3#%393%1!22!)4

Y$#) >! >B$53&"!/ 27$55"(>B! !653"3=1! =1! #(1) 5"(5()(#) )73#)53"! %! >!) &D5!)

%! &!)&) %! )!>(#%! :;#;"$&3(# !& 5!"6!& $3#)3 %! 5"!#%"! !# >(65&! %! 6$#3E"!

!C523>3&! 2!) %;5!#%$#>!) %$#) 2$ %36!#)3(# 3#%393%1!22!4 87$>>!#& !)& 63) )1" 2! <$3&

=1! 2!) 3#&!"%;5!#%$#>!) =13 5!19!#& !C3)&!" %$#) 27;=1$&3(# %! >(#9!":!#>! )(#&

#(# )!12!6!#& %1!) F 1#! >("";2$&3(# 3#&!"3#%393%1!22! %!) ";)3%1)/ 6$3) $1))3 F 2$

5";)!#>! %71# (1 %! 521)3!1") <$>&!1") >(661#) =13 $X!>&!#& >(#A(3#&!6!#& 2!) VO 

";!2) 5$" &R&! %!) ;>(#(63!)4 YE) 2(")/ 27;&1%! %! 2$ >(#9!":!#>! !# 5$#!2 ?$);! )1"

2! 6(%E2! @YZ )&$#%$"% &!2 =1! 27(#& 5";>(#3); [9$#) !& \$""$) *+,,-. #7!)& 521)

$%$5&;! >$" !22! >(#%13& F %!) &!)&) %! &"E) <$3?2! 513))$#>! *]&"$1)) !& ^3:3&/ LMMP.4

_# $1&"! 5(3#& &"$3&; %$#) 27$55"(>B! !653"3=1! 5"(5();! 3>3 !)& 27!C3)&!#>! %71#

>B$#:!6!#& )&"1>&1"!2 =13 5!1& $X!>&!" 2! VO 5$" &R&!4 [# >! )!#)/ >!&&! $55"(>B!

)7$55$"!#&! $1C &!)&) %! &"(3)3E6! :;#;"$&3(#4 8!) &"$9$1C &"$3&$#& %! >B$#:!6!#&

)&"1>&1"!2 %$#) 2! >$%"! %!) %(##;!) %! 5$#!2 $9!> %;5!#%$#>! 3#&!"3#%393%1!22!

)(#& &"E) "$"!)4 `# 5!1& >3&!"  $3 !& N$""3(#S3S]329!)&"! *LMM,./ N$""3(#S3S]329!)&"! !&

0!"6$#S](&( *LMM,.4 N(66! 27(#& )(123:#; N$""3(#S3S]329!)&"! !& $24 *LMMQ./ 2$ #(#

5"3)! !# >(65&! %! >!) >B(>) %$#) 2! >$%"! %! 27;>(#(6;&"3! %!) %(##;!) %! 5$#!2 5!1&

!#:!#%"!" %!) ?3$3) =13 >(#%13)!#& F &("& F %!) >(#>21)3(#) !# <$9!1" %! 27BD5(&BE)!

 ! "#$ %&'()(*+$ ,-#-&.%('# /$&+$%%.#% 01(#234&$ 5 3. 6'() 3$) (#%$&0-/$#0.#2$) $% 3$) &4/%4&$)

$)% -,.3$+$#% $# %&.(# 0$ 7'(& 3$ 8'4& 9:'(& /.& $;$+/3$ <.( $% =.&&('#>(>?(37$)%&$  @@AB!
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 !  "#!$%!&'!( )!* '$"*!* +&,&'"-$!* !. /'0&01"23!*4 5!* $/60$1!* /'0&01"23!*4 (((

*0&. ,3.,&.  ! 6,'.!3$* 23" 7!3#!&. 8.$! 9 5:0$"%"&!  ! '!* ';0'* !. 23:"5 !*. &/'!**,"$!

 :"&'53$!  ,&* 5, 10 /5"*,."0&(

<,&* 5, 7$0';,"&! *!'."0&4 &03* 7$/*!&.0&* 5:,77$0';! %/&/$,5!1!&. 3."5"*/! 703$

.!*.!$ 5, '0&#!$%!&'! !& 7,&!5 .03. !& 1!..,&. 5:,''!&. *3$ 5, 7$0'/ 3$!  :=#,&* !.

>,$$,* ?@AABC( D03*  /#!5077!$0&* !&*3".!  ,&* 5, *!'."0& E(F4 5, 7$0'/ 3$! 23! &03*

7$070*0&* 23" *:"&*7"$!  ! '!..! ,77$0';! .$, "."0&&!55!( <,&* 5, *!'."0& E(G4  !* *"H

135,."0&*  ! I0&.!HJ,$50 *0&. $/,5"*/!* 703$ /.3 "!$ 5!* "&'" !&'!*  ! 5,  /1,$';!

7$070*/! *3$ 5!* 7!$60$1,&'!*  3 .!*.  ! 5:;K70.;-*! &355!  :,L*!&'!  ! '0&#!$H

%!&'!( ), *!'."0& E(M 7$/*!&.! 3&! ,775"',."0& !& 3."5"*,&. *3$ 5, 7/$"0 ! @ANEHFOOP4

3& /';,&."550& '0170*/  ! FO 7,K* 1!1L$!*  ! 5:QJ<= !. FO 7,K*  ! 5:R6$"23!

*3L*,;,$"!&&!(

 !" #$% &$%&% '$ ()*+$,-$*($ $* ./*$0

<,&* 5, 5"../$,.3$! ,'.3!55!4 5!* .!*.*  ! '0&#!$%!&'! !& 7,&!5 *:"&*7"$!&. %/&/H

$,5!1!&.  ! 5:,77$0';! *.,& ,$ !& '037! .$,&*#!$*,5! 23" '0&*"*.! 9 .!*.!$ *" 5!*

/'0&01"!* 9 $!#!&3 "&".",5 6,"L5! 7,$ $,770$. 9 5!3$ 70*"."0&  ! 50&% .!$1! 03  :/.,.

$/%35"!$ '$0".$0&. 753* #".! 23! 5!* /'0&01"!* 9 $!#!&3 "&".",5 /5!#/( S5 *:,%".  :,775"H

23!$ 5!* I0"& $!* J,$$/* Q$ "&,"$!* ?IJQC 9 5:/23,."0&

1

T
ln(yi,T/yi,0) = κ+ β ln(yi,0) + ϕ

′

Ξi + ξi ξi ∽ i.i.d(0, σ2
ξ ) ?E(@C

0T yi !*. 5! USV $/!5 7,$ .8.!  3 7,K* i4 Ξi !*. 3& #!'.!3$  ! #,$",L5!* '0&.$W5/!*

 ! 6,X0& 9 1,"&.!&"$ '0&*.,&. 5:/.,. *.,."0&&,"$!  ! ';,23! /'0&01"! i !. ξi !*. 5!

.!$1!  :!$$!3$( ), %$,& !3$ T  /*"%&! 5, 50&%3!3$  ! 5:"&.!$#,55!  ! .!17*( κ4 β4

ϕ *0&.  !* 7,$,1-.$!* "&'0&&3* 9 !*."1!$( ), #".!**!  ! '0&#!$%!&'!  0&&/! 7,$

θ = − ln (1 + βT )/T '0$$!*70& 9 5, #".!**! 9 5,23!55! ';,23! /'0&01"! '0&#!$%!

#!$* *0& /.,.  :/23"5"L$!( ):;K70.;-*! &355! .!*./! !*. 5:,L*!&'!  ! '0&#!$%!&'! '0&.$!

5:,5.!$&,."#! *!50& 5,23!55! 23!523!* 7,K* '0&#!$%!&. 9 7,$."$  :3& '!$.,"& &"#!,3  !

7$0 3'."0& "&".",5!1!&.  "Y/$!&.( Z" 5! '0!['"!&. β !*."1/ !*. &/%,."6 !. *"%&"+',."64

0& ,''!7.! 5:;K70.;-*!  ! '0&#!$%!&'! '0& "."0&&!55!4 '! 23" *"%&"+! 23:3&! 60"* 23!

@MA
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 !" #$%&$' !" ()& &*+)!*,!*-  $ ,%.&""$*,! ".*- ,.*-%/ 0!"1  !" 0,.*.2&!" 3 %!#!*)

4$&' ! .*- -!*5$*,! 3 ,%.6-%! 7 )" #&-! #!%"  !)% 7%.7%! 0-$- %08) &!%9 : !"- 7.""&' !

5! 505)&%!  $ 5)%0! *0,!""$&%! 7.)% ()!  !" 0,.*.2&!" ,.2' !*-  $ 2.&-&0 5!  ;0,$%-

()&  !" "07$%! 5!  !)% 0-$- "-$-&.**$&%!1 $77! 0! 5!2&<#&!1 3 7$%-&% 5) ,.!=,&!*- β9

>!--! 5!2&<#&! !"- 5.**0! 7$%  ;!?7%!""&.* τ = − ln (2)/ ln(1 + β)9

@.)-!4.&"1  ;&*40%!*,! '$"0! ")%  ;$77 &,$-&.* 5!" A>B 3 CD9EF *;!"- %0$ &"$' ! ()!

".)" ,!%-$&*!" ,.*5&-&.*"9 G* !H!-1 G#$*" !- I$%%$" CEJJKF !?7 &()!*- ()!  !" !"-&2$<

-!)%" β̂ !- ϕ̂ .'-!*)" 7$%  ;$77 &,$-&.* 5!" A.&*5%!" >$%%0" B%5&*$&%!" 3  ;0()$-&.*

CD9EF *! ".*- #$ &5!" ()! "& ξi !- yi,0 *! ".*- 7$" ,.%%0 0!"1 !- "&  $ ,.*"-$*-! !"-

80*0%0! 5!  $ 4$L.* ")&#$*-!

κi = ψ
′

Ξi CD9MF

$#!,

 ψ ≡ (λ− 1)ϕ/β9 G* 5.**0!" 5! 7$*! 1  $ 7%.,05)%! 5;G#$*" !- I$%%$" CEJJKF

4.*50! ")%  !" -!"-" 5! %$,&*! )*&-$&%! !"- )*! 7%.,05)%! 5! '$"! 7.)% 5! *.2'%!)"!"

0-)5!" !27&%&()!" -%$&-$*- 5!" -!"-" 5! ,.*#!%8!*,! 0,.*.2&()!9 G* ,.*"&50%$*- )*

8%.)7! 5! N 7$N"1 ,!" $)-!)%" 2.*-%!*- ()!  !" 0,.*.2&!" ,.*#!%8!*- "&  !  .8$%&-O2!

5) P:Q 7$% -R-! ,!*-%0 ")%  $ 2.N!**! &*-!%&*5&#&5)!  ! !"- "-$-&.**$&%! 7.)% ,O$()!

7$N"9 S.&- yit  !  .8$%&-O2! 5) P:Q 7$% -R-! 5) 7$N" i 3  ;&*"-$*- t $#!, i = 1, ...N T

t = 1, ...T !- ȳt  $ 2.N!**! &*-!%&*5&#&5)!  !

!

5!" yit9 : ";$8&- $&*"& 5! -!"-!% "&  !

7%.,!"")" 80*0%$-!)% 5! 5.**0!" (yit − ȳt) !"- "-$-&.**$&%! ()! ()! ".&- i

lim
h→∞

(yi,t+h − ȳt+h) = µi. CD9UF

: N $ ,.*#!%8!*,! "& 7.)% ,O$()! i  !" 50#&$-&.*" 5) P:Q 7$% -R-! 7$% %$77.%- 3

 $ 2.N!**! &*-!%*$-&.*$ ! -!*5!*- #!%" )*! ,.*"-$*-! ()$*5 t → ∞9 V! 2$*&W%!

7 )" 7%0,&"!1  ;ON7.-OW"! 5! ,.*#!%8!*,! *! 7!)- R-%! %!-!*)! ()! "&  !" yit ".*- *.*

"-$-&.**$&%!" $ .%" ()!  !" (yit − ȳt) ".*- &*-08%0" 5;.%5%! X9 V$*" ,! ,$"1 .* 7$% !

5! ,.*#!%8!*,! "-.,O$"-&()!9 >!7!*5$*-1 ,.22! ".) &8*0 7$% >$%%&.*<&<S& #!"-%! !-

Y!%2$*<S.-. CMXXJF1  $ ,.*#!%8!*,! "-.,O$"-&()! !"- )*! ,.*5&-&.* *0,!""$&%! 2$&"

7$" ")="$*-! 7.)% "$-&"4$&%!  $ 50Z*&-&.* 5!  $ β<,.*#!%8!*,!9 G* 7."$*- ycit =

 ! "#$$# %#&'$()* +#%,#$ -# .)(% &# &(#* #*$%# &' /+01(21'$()* #* 1)3+# $%'*/.#%/'&# #$ 1#&&# #*

-)**0#/ -# +'*#&! λ #/$ 3* +'%',4$%# -# 1)*.#%5#*1# 63# *)3/ -02*(%)*/ -'*/ &' /#1$()* /3(.'*$#!

7! ȳt =
∑N
i=1 yit/N !

EDX
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yit − ȳt !" #$%&"''(' )*+*$,-"($ ." .%++*"' #$%#%'* #,$ /0,+' 123345 "'- !" '(60,+-

ycit = κi + λyci,t−1 + uit 17895

%: λ ≡ (1 + βT )(1/T )
"'- 6+;*$6"($ < 2 '6 !"' N *&%+%=6"' &%+0"$)"+- "- .,+' &"

&,' β ≺ 08 >! ? , .60"$)"+&" '6 λ = 1 &" @(6 6=#!6@(" *),!"="+- @(" β = 08 A,

&%+'-,+-" κi "'- '#*&6B@(" < &C,@(" *&%+%=6" "- !" -"$=" .D"$$"($ uit "'- +%+ &%$$*!*

.,+' !, .6="+'6%+ -"=#%$"!!"8 E,$ ,6!!"($' /0,+' "- F,$$,' 123345 =%+-$"+- @("

.,+' !" &,' %: !"' -"$="' .D"$$"($' '%+- &%$$*!*' .,+' !, .6="+'6%+ 6+.606.("!!" &"--"

'#*&6B&,-6%+ #$*'"+-" ." '*$6"(G #$%H!I="' .D6+;*$"+&"' '-,-6'-6@("'8 J$ .( ;,6- ."'

6+-"$,&-6%+' *&%+%=6@("' "+-$" !"' #,?' !"' 6++%0,-6%+' ."06"++"+- #$%H,H!"="+-

&%$$*!*"'8 /+ %(-$" *-,+- .%++* !, '#*&6B&6-* ."' #,?' .( #%6+- ." 0(" -"&C+%!%K

)6@(" !" #,$,=I-$" λ ."0$,6- L-$" '#*&6B@(" < &C,@(" *&%+%=6"8 E,$ &%+'*@("+- 

(+" '#*&6B&,-6%+ ." -?#" MNO "+ #,+"! ,0"& (+" $,&6+" ,(-%$*)$"''60" C*-*$%)I+"

"'- )*+*$,!"="+- (-6!6'*"

∆ycit = κi + ρiy
c
it +

p∑

s=1

γi,s∆y
c
i,t−s + uit. 17875

A" #,$,=I-$" ρi "'- +*),-6; '6 !"' *&%+%=6"' &%+0"$)"+- "- "'- *),! < P*$% ,( &,' %:

"!!"' .60"$)"+-8 A"' γ '%+- -"!' @(" !"' $,&6+"' ."

∑
s γi,sL

s
'%+- < !D"G-*$6"($ .( &"$&!"

(+6-*8 N,+' !, #$%&*.($" @(" +%(' #$%#%'%+' &6K,#$I' +%(' (-6!6'%+' (+" '#*&6B&,K

-6%+ )*+*$,!6'*" ." !D*@(,-6%+ 17895 @(6 #"$="- ." =6"(G &%+-$Q!"$ !"' .*#"+.,+&"'

6+-"$6+.606.("!!"' "- '*$6"!!"' .( -"$=" uit8 /!!" #"$="- *),!"="+- ." -"+6$ &%=#-"

.D(+ *0"+-("! &C,+)"="+- '-$(&-($"! #%(0,+- ,R"&-"$ !" #,$,=I-$" κi8

 !" #$% &'()*+,'% -./%'$-/01%

A, #$%&*.($" &%+'6'-" < #$%&*."$ .,+' (+ #$"=6"$ -"=#' ,( -"'- ." &%+0"$K

)"+&" '-%&C,'-6@(" (+" &%+.6-6%+ #$"=6I$" ." !, βK&%+0"$)"+&" "+ (-6!6',+- !, .*K

=,$&C" ." S,6 "- T) 1UV2V5 H,'*" '($ !, #$%&*.($" EMT>W8 >! 'D,)6- ." -"'-"$ !,

+%+K'-,-6%++,$6-* .( E>S #,$ -L-" &"+-$* '($ ', =%?"++" 6+-"$+,-6%+,!" 1H0 : λ = 158

X6 !, &%+0"$)"+&" '-%&C,'-6@(" "'- 0*$6B*" +%(' #,''%+' ,( -"'- ." !DC?#%-CI'" ."

βK&%+0"$)"+&"8

272
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 !"!# $% &'()*% +,'-'&+./012%

 !""# $!%& '()*!$& "#$+,!$$- ./-0-1#""#$+2 ') &.-0,30)+,!$ 45678 $(#&+ %+,'#

9%# &!%& 0#/+),$#& 0!$1,+,!$& #+ &, 0#''#&:0, $# &!$+ .)& *-/,3-#& ,' &#/) +/;& 1,<0,'#

1(!=+#$,/ 1#& #&+,")+#%/& 0!$*#/>#$+& 1#& .)/)";+/#& 1% "!1;'#6  #& 0!$1,+,!$&

&!$+ /#')+,*#& )% +#/"# 1(#//#%/ #+ .#%*#$+ >-$-/)'#"#$+ &# /-&%"#/ #$ 1#%? .!,$+&

/#')+-& .)/ @*)$& 4ABBC86 (i) uit $(#&+ .)& )D#0+-# .)/ %$# 0!//-')+,!$ &-/,#''# #+ )1"#+

%$# "!E#$$# $%''# #+ %$# *)/,)$0# 3$,# F (ii) 1# .'%&2 ,' $(#?,&+# .)& 1# 0!//-')+,!$

0!$+#".!/),$# 1# uit 1)$& ') 1,"#$&,!$ N 6 G!%/ +/),+#/ '(-*#$+%#''# 1-.#$1)$0#

,$+#/,$1,*,1%#''# 9%, 0!$0#/$# uit2 $!%& %+,',&!$& '# ./!0#&&%& >-$-/)+#%/ 1# 1!$$-#&

1# H!!$ #+ G#//!$ 4IJJ78 )3$ 1# 1-3$,/ %$# K!/"# >-$-/)'# 1# '(-9%)+,!$ 45678

ycit = κi + λiy
c
i,t−1 + uit. 456C8

L)$& 0# "!1;'#2 '#& 0!//-')+,!$& ,$+#/,$1,*,1%#''#& 1#& #//#%/& &!$+ 0).+-#& M '(),1#

1(%$ "!1;'# K)0+!/,#'

uit = π
′

ift + εit 456N8

!O ft #&+ %$# ")+/,0# 1# 1,"#$&,!$& (T × r) /#./-&#$+)$+ '#& K)0+#%/& 0!""%$&2 πi

#&+ %$ *#0+#%/ 1# 1,"#$&,!$& (r × 1) 1#& 0!#<0,#$+& 1#& K)0+#%/& 0!""%$& #+ '#

*#0+#%/ eit 1# 1,"#$&,!$& (T × 1) /#./-&#$+# '# +#/"# 1(#//#%/ ,1,!&E$0/)+,9%#6 @$

&%..!&)$+2 &%,*)$+ P), #+ Q> 4IJAJ82 9%# '#& 0!".!&)$+#& 0!""%$# #+ ,1,!&E$0/):

+,9%# )1"#++#$+ '# "R"# !/1/# 1(,$+->/)+,!$ #+ 9%# '# .)/)";+/# )%+!/->/#&&,K λ #&+

+#' 9%# λi = λ .!%/ +!%+ i2 $!%& .!%*!$& -0/,/#

ycit = κi + π
′

iFt + eit 456S8

!O Ft − λFt−1 = ft #+ eit − λei,t−1 = εit6 T# .)&&)># M ') &.-0,30)+,!$ 456S8 !D/# ')

.!&&,=,',+- 1# .!%*!,/ #&+,"#/ λ &)$& R+/# 0!$K/!$+- )%? ./!=';"#& ,$1%,+& .)/ ') $!$

&)+,&K)0+,!$ 1#& 0!$1,+,!$& (i) #+ (ii)6 T) ./!0-1%/# GUQV 1-*#'!..-# .)/ P), #+

Q> 4IJJ78 +/),+# 1()=!/1 '#& 1-.#$1)$0#& ,$+#/,$1,*,1%#''#& #$ -',",$)$+ '#& K)0+#%/&

0!""%$& 9%, #$ &!$+ M '(!/,>,$#6 @$&%,+# '(WE.!+W;&# $%''# 1()=&#$0# 1# 0!$*#/>#$0#

#&+ +#&+-# &%/ ') &-/,# 1% GVP .)/ +R+# 0#$+/-2 #$ -0)/+ )%? 0!".!&)$+#& 0!""%$#&

$!+-# xit6  #0, -9%,*)%+ M +#&+#/ ') ./-&#$0# 1# /)0,$# %$,+),/# H0 : λi = 1 ∀i

A5I



 !"#$%&' () %'*% +'  ,-.'&/'- ' '- #"-'0 -,- *%"%$,--"$&' 1 2-'

"##&, !' +' 0" %&,$*$34' /5-5&"%$,-

 !"#$% &'()*!#(+,% -&#%$"-#./% 0% ,#-#.!""-$.#1 H1 : λi ≺ 1 *!2$ 32%&32%, ."0./.02,

02 *-"%&4

5%, *$!6&+7%, 0%  (-"8%7%"#, ,#$2 #2$%&, *!2/-"# -9% #%$ &%, 1 !"!7.%, ,!"#

18-&%7%"# 0'."#1$:# 0-",  %##% *$! 102$%4 ;- . %# ;.8&.-$2 <=>>?@ !"# 7!"#$1 32% &%

 (-"8%7%"# ,#$2 #2$%& A!2% 2" $B&% C!"0-7%"#-& 0-", &% *$! %,,2, 0%  !"/%$8%" %4

D" %9%#E  % 0%$".%$ %,# C!$#%7%"# -,,! .1 -2F ,-2#, ,2$ &% "./%-2 0%, $%,,!2$ %,

0-", &%, 0.91$%"#, ,% #%2$, 0%, 1 !"!7.%,4 G.",.E -2 7:7% #.#$% 32% &%, ."#%$01*%"H

0-" %, 1 !"!7.32%,E &'!7.,,.!" 0%  %, $2*#2$%, 0-", &- 7!01&.,-#.!" 02 *$! %,,2,

0%  !"/%$8%" %  !"02.# 81"1$-&%7%"# I $%A%#%$ I #!$# &'()*!#(+,% 0%  !"/%$8%" %4

GJ" 0'%" #%".$  !7*#%E "!2, *$!*!,!", 2"% -2#$% C!$7% 81"1$-&% 0% &'132-#.!" <K4L@

32. -07%# &- *$1,%" % 0'2"% $2*#2$% ,2$ &- 7!)%""%

ycit = κi + θiDUi,t + π
′

iFt + eit <K4>@

!M DUi,t = 1 *!2$ t ≻ Tb,i %# N ,."!"4 Tb,i 01"!#% &- $2*#2$% *!2$ &% i−+7% ."0./.024

O!",.01$!", 7-."#%"-"# &- C!$7% 0.91$%" .1% 0% <K4>@ 32. ,'1 $.#

∆ycit = θiD(Tb,i)t + π
′

i∆Ft +∆eit <K4=N@

!M D(Tb,i)  !",#.#2% 2"% .7*2&,.!" #%&&% 32% D(Tb,i)t = 1 *!2$ t = Tb,i+1 %# N ,."!"4

P2./-"#

 

Q-. %# O-$$.!"H.HP.&/%,#$% <RNN>@E "!2, *!2/!", .8"!$%$  %, .7*2&,.!", 1#-"#

0!""1 32'%&&%, "% *%$7%##%"# 0%  -*#%$ 32% &'." .0%" % 0% 32%&32%, $-$%, 1/1"%7%"#,

."(-6.#2%&, 0!"# &%, %9%#, ,!"# -,)7*#!#.32%7%"# "18&.8%-6&%,4 ;2.,32%  %, %9%#,

,!"# "18&.8%-6&%,E .&, *%2/%"# :#$% ." &2, 0-", &% #%$7% .0.!,)" $-#.32%4 D" 01J".,,-"#

F̂t =
∑t

s=2 ∆Ft &'%,#.7-#%2$ 0% Ft %# êit =
∑t

s=2 ∆eis &'%,#.7-#%2$ 0% eitE "!2,

*!2/!", 1 $.$% &% 7!0+&% %" "./%-2 *!2$ t = 2, . . . , T E

ŷcit = π
′

iF̂t + êit. <K4==@

5- ,1$.% ŷcit -.",. %,#.71% *$1,%$/% &%, *$!*$.1#1, 0% "!"H,#-#.!""-$.#1 0% &- ,1$.% !$.H

8."-&% ycit <Q-. %# S8E RNNT@4 D" !2#$% &- ,*1 .J -#.!" <K4==@ *$1,%"#% 0%2F -/-"#-8%,

 ! "#$ %& '#(($)*+$+,$-.%/&(% 012234 #55-$67%*& 8%&&% &(#*/9)(:#&$)* ;#*/ -% 8#;(% ;% -%7( &%/&

:);$<= ;% ,#(>#*+"?#(>#.# 0&%/& @,"4 67$ 5(%*; %* 8):5&% -%/ 8?#*>%:%*&/ /&(78&7(%-/ %& -%/

9#8&%7(/ 8)::7*/!

=KU



 !"#$%&' () %'*% +'  ,-.'&/'- ' '- #"-'0 -,- *%"%$,--"$&' 1 2-'

"##&, !' +' 0" %&,$*$34' /5-5&"%$,-

 !"# $%&'! () #* +!,%$"!,%,) - ., &!'.,##/# )0,# &(# (1,. 2 &(! /) .3()4,%,) 

# !/. /!,5- ., 6/$ &,!%, 7, !,8,)$! (/ .(# #$%&5, 70/)  ,# #()# !/& /!,* 9,/:$";

%,%,) - .') !($!,%,) < 5( 72%(!.3, 7, ='') , +,!!') >?@@AB 6/$ / $5$#,) /),

&!'.27/!, 70'! 3'4')(5$#( $') 7,  C&, +3$5$&# , D/5 >?@@EB &'/! 25$%$),! 5,# F(.;

 ,/!# .'%%/)#- .,# F(. ,/!# #') ,# $%2# 7, %()$"!, ,:&5$.$ , (8() 70G !, 25$%$)2#

7/ %'7"5,* H) ,1, - .'%%, 50') #'/5$4)2 I($ , J4 >?@K@B- 5( 72%(!.3, &!2#,) 2,

&(! ='') , +,!!') >?@@AB 6/$ &,!%, 702.!$!, 5,/! %'7"5, ,) 2.(! # (/: .'%&';

#() ,# .'%%/), , 72 ,!%$)$# ,- ,)4,)7!, 7, #2!$,/: &!'L5"%,# 7, &/$##()., 7,  ,# 

)' (%%,) 5'!#6/, 5, %'7"5, .'%&'! , /),  ,)7().,* 9()# 5( #,. $') M*E )'/# &!';

."7,!')# < 7,# #$%/5( $')# 7, =') ,;N(!5' &'/! 82!$O,! #$ .,  , &!'.27/!, +PJQN

/ $5$#2, &'/! ,)5,8,! < 5( F'$# 5( .')# () , , 5( !/& /!, &,/ (1,. ,! 5,# &,!F'!%().,#

7,#  ,# # * 9()# ., 6/$ #/$ - )'/# )' ,!')# x̂it 5( F'!%, 72F(. '!$#2, 7, 5( 8(!$(L5, ŷcit*

H () 7'))2 6/, x̂it = êit = λêi,t−1 + ε̂it- 5, %'7"5, 72F(. '!$#2 &,/ (5'!# #02.!$!,

x̂it = λx̂i,t−1 + ε̂it >M*K?B

'R ε̂it ,# )') .'!!252, ,) !, &(C#- .')F'!%2%,) < 5( .')7$ $') (ii)* H)O)- ') &,/ 

!(&&,5,! 6/, 5,# .!$ "!,# 7, #25,. $') 7, I($ , J4 >?@@?B #') / $5$#2# &'/! #25,.;

 $')),! 5, )'%L!, 7, F(. ,/!# .'%%/)#*

 !"!" #$%& '$ () *+,-$./$,*$ %&+*0)%&123$

N'%%, )'/# 8,)')# 7, 5, 8'$!- 5( %$#, ,) ',/8!, 7, 5( &!'.27/!, 7,  ,# )2.,##$ ,

(/ &!2(5(L5, 7, #25,. $')),! 5, )'%L!, '& $%(5 7, F(. ,/!# .'%%/)# < 25$%$),! 7/

&!'.,##/# 42)2!( ,/! 7, 7'))2,# (O) 7, &'/8'$! 72O)$! /) ,# $%( ,/! .')8,!4,) 7,

λ* 9()# 5, &(!(4!(&3, #/$8() - )'/# &!2#,) ')# 5,# %2 3'7,# 7, #25,. $') 7, r &/$#

70,# $%( $') 7, λ , ,)O) 5,# # ( $# $6/,# 7,  ,# # 7, 503C&' 3"#, )/55, λ = 1*

 !"#$%& %& '!(&)"*$+ &" %,&'"*-."*$+ %&' /.)"&01' )$--0+'

S( %( !$., 7,# F(. ,/!# >,) 7$12!,)., &!,%$"!,B ,# $%2# )' 2, ∆F̃ ,# 24(5, <

√
T − 1 F'$# 5,# 8,. ,/!# &!'&!,# .'!!,#&')7() (/: r &5/# 4!()7,# 8(5,/!# &!'&!,# 7,

5( %( !$., ycyc′* H) .')#$72!() 5,# )'!%(5$#( $')# π̃′π̃/N = Ir , ∆F̃ ′∆F̃ /(T −1) =

Ir- 5( %( !$., π 7,# .',T.$,) # 7, .,# F(. ,/!# &,/ G !, 'L ,)/, &(! 5,# ='$)7!,#

KMA



 !"#$%&' () %'*% +'  ,-.'&/'- ' '- #"-'0 -,- *%"%$,--"$&' 1 2-'

"##&, !' +' 0" %&,$*$34' /5-5&"%$,-

 !""#$ %"&'(!'")$ π̃′ =
(
∆F̃ ′ ∆F̃

)−1

∆F̃ ′ yc = ∆F̃ ′ yc/(T − 1)* +,-" $#.)/0',(()"

r1 (,-$ -0'.'$,($ .)$ /"'02")$ &3'(4,"5!0',( IC1 )0 BIC3 &) 6!' )0 78 9:;;:<* =)

/"'02") &) $#.)/0',( /,55-(#5)(0 (,0# BIC3 /,"")$>,(& ? -() 5,&'@/!0',( &-

/"'02") BIC A!B'0-). C '. )$0 !&!>0# >,-" &)$ #/A!(0'..,($ &) 0!'..) "#&-'0) 9N ≤ 20<*

D,'0

 V (r,∆F ) .! $,55) &)$ /!""#$ &)$ "#$'&-$ 9&'E'$#) >!" NT < &) .! "#8")$$',(

0)5>,")..) &) ŷcit $-" .)$ r 4!/0)-"$ )0 >,-" /A!F-) i* +,-" &)$ >!().$ &) 0!'..)

5,&#"#)1 /,55) /3)$0 .) /!$ )( 8#(#"!. &!($ .)$ #0-&)$ &) /,(E)"8)(/)1 ,( >)-0

&#@('" .) >",8"!55)

! V (r,∆F )+rmaxgBIC(N, T ) ,G gBIC(N, T ) )$0 -() /,(0"!'(0)*

H!($ /) /!$1 r >)-0 I0") )$0'5# )( -0'.'$!(0 .! 4,(/0',( &) /,(0"!'(0) gBIC(N, T ) =

(N+T−r) ln(NT )
NT

>,-" 5'('5'$)"

"

BIC3(r) = V (r,∆F̃ ) + r
⌢
σ
2

e(rmax)

(
(N + T − r) ln(NT )

NT

)
. 9J*KL<

+,-" IC11 .! /,(0"!'(0) )$0 gIC(N, T ) = N+T
NT

ln
(

NT
N+T

)
)0 .) >",B.25) /,($'$0) ?

5'('5'$)"

IC1(r) = ln
(
V (r,∆F̃ )

)
+ r

⌢
σ
2

e(rmax)
N + T

NT
ln

(
NT

N + T

)
. 9J*KM<

H!($ .) >!"!8"!>A) $-'E!(01 (,-$ (,-$ B!$)",($ $-" /)00) &#5!"/A) '($>'"#) &) .!

>",/#&-") +N7O !@( &) &#@('" .) >!"!520") λ /,55-( ? .3)($)5B.) &)$ ,B$)"E!P

0',($ 9 !!"#$ #%&'()&!* < )0 (,0# λ̂∗ C )($-'0) .)$ $0!0'$0'F-)$ &) 0)$0 $,(0 /,($0"-'0)$

)( $-'E!(0 .! &#5!"/A) &) 6!' )0 78 9:;K;<*

 !"#$%"#&' () λ )" *&'!"+,*"#&' ()! !"%"#!"#-,)! () ")!"

=)$ $0!0'$0'F-)$ &) 0)$0 &) .3AQ>,0A2$) (-..) λ = 1 >)-E)(0 I0") /,($0"-'0)$ ?

>!"0'" &) .3)$0'5!0)-" &)$ R % /,""'8# &) .! "!/'() !-0,"#8")$$'E)  !!"#$* 7,0,($

F-) /)0 )$0'5!0)-" )$0 /,""'8# &) 4!S,( ? 0)('" /,5>0) &) .! /,(&'0',( (i)* N'($'1 .)$

>,$$'B.)$ /,""#.!0',($ $#"')..)$ &)$ "#$'&-$ ε̂it $,(0 /,(0"T.#)$* D,'0 φ̂ε .3)$0'5!0)-" &)

.! $,55) &)$ !-0,/,E!"'!(/)$ >,$'0'E)$ &)$ )"")-"$ )0 x̂ .! 5!0"'/) &) &'5)($',($

 ! V (r,∆F ) "#$ %& '&()&*+" ," %& +-./-#&*$" ),)-#0*+(&$)12" "#$).3" &'"+ %" *-.4(" .&5).&%

," 6&+$"2(#!

7! rmax "#$ %" *-.4(" .&5).&% ," 6&+$"2(#!

8!

⌢
σ
2

e "#$ %& '&()&*+" "#$).3" ," %& +-./-#&*$" ),)-#0*+(&$)12"!

KJJ
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"##&, !' +' 0" %&,$*$34' /5-5&"%$,-

(T − 2)×N  !"#$"%"# &$' !('$)*%#+!"' x̂it, -.$'#+/%#$0)  !))+12 3$' 456 $'#

λ̂∗ =
trace(x̂′−1x̂)−NTφ̂ε

trace(x̂′−1x̂−1)
. 78,98:

; <%)#+) 3$  $# $'#+/%#$0)  !!"#$= 3$0> '#%#+'#+?0$' 3$ #$'# 3$ &.@A<!#@B'$ "0&&$

λ = 1 '!"#  !"'#)0+#$' <%) C%+ $# D1 7EF9F: $" '.+"'<+)%"# 3$' '#%#+'#+?0$' ta $# tb

3$ 4!!" $# G$))!" 7EFFH:, I&&$' '!"# "!#2$' Pa $# Pb $# '0+*$"# #!0#$' &$' 3$0> 0"$

&!+ "!)/%&$  $"#)2$ )230+#$

Pa =
T
√
N

(
λ̂∗ − 1

)

√
2ν̂4ε/ω̂

4
ε

→ N(0, 1); 78,9J:

Pb = T
√
N

(
λ̂∗ − 1

)√
1

NT 2
trace

(
x̂′−1x̂−1

) ω̂2
ε

ν̂4ε
→ N(0, 1) 78,9K:

!L ω̂2
ε $# ν̂4ε  !))$'<!"3$"# )$'<$ #+*$/$"# %0> $'#+/%#$0)' 3$' /!A$""$' +"#$)+"3+M

*+30$&&$' 3$' *%)+%" $' 3$ &!"1 #$)/$ ω2
ε,i $# 3$' *%)+%" $' 3$ &!"1 #$)/$ %0  %))2

φ4
ε,i 3$ εit, ; <%)#+) 3$ Γ̂i(j) &.$'#+/%#$0) 3$ &.%0#! !*%)+%" $ $/<+)+?0$ 3$' )2'+30'=

Γ̂i(j) =
1

T

T−j∑

t=1

ε̂i,tε̂i,t+j

+& $'# <!''+(&$ 3$  !"'#)0+)$ &$' $'#+/%#$0)' 3$' *%)+%" $' 3$ &!"1 #$)/$ +"3+*+30$&&$'

 

ω̂2
ε̂,i =

1

N

T−2∑

j=−T+1

ω(qi, j)Γ̂i(j); φ̂ε̂,i =
T−1∑

j=1

ω(qi, j)Γ̂i(j).

5$ + <$)/$# $"'0+#$ 3.$'#+/$) &$' /!A$""$' 3$' *%)+%" $' 3$ &!"1 #$)/$ 3$ &% /%"+B)$

'0+*%"#$

ω̂2
ε̂ =

1

N

N∑

i=1

ω̂2
ε̂,i; φ̂ε̂ =

1

N

N∑

i=1

φ̂ε̂,i; ν̂4ε̂ =
1

N

N∑

i=1

(ω̂2
ε̂,i)

2.

 ! qi = 1.3221

[
4ψ̂2

i,1Ti

(1−ψ̂i,1)
4

]1/5
"#$% ψ̂i,1 $&'()"'$*+ ,$ -."*'/%/++0-"'(/1 ,./+,+$ 2 ,$ ε̂it 3 ω(qi, j) =

25
12π2w2

[
sin(6πw/5)

6πw/5 − cos
(
6πw
5

)]
"#$% w = j

qi
!

98J
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 !" "#$#%"#%&'!" (! #!"#" ")*# $+)," )-#!*'!" !* ,!./+$0$*# +!" 1$+!'," !"#%.2!" (!

3!" 1$,%$*3!" ($*" +!" !4/,!""%)*" (! Pa !# Pb5 6% +$ ,2$+%"$#%)* (! +$ "#$#%"#%&'! !"#

%*72,%!',! $' "!'%+ (! +$ +)% *),.$+!8 )* $33!/#! +9:;/)#:<"! (! 3)*1!,=!*3!5

 !"!# $%&'()* +* '& β,-.%/*01*%-*

>! /$,$=,$/:! /,2"!*#! +$ (2.$,3:! '#%+%"2! /)', $*$+;"!, +$ β?3)*1!,=!*3! '*!

7)%" +9:;/)#:<"! (! 3)*1!,=!*3! "#)3:$"#%&'! $33!/#2!5 @+ "9$=%,$ (9!"#%.!, +$ 1$+!',

%./+%3%#! (! β̂ ()**2! /$, β̂ = ((λ̂∗)
T − 1)/T $A* (9$*$+;"!, +$ β?3)*1!,=!*3!5 B

3!# !C!#8 *)'" '#%+%")*" '* !"#%.$#!', 3)*1!,=!*# (! λ8 &'! *)'" *)#!,)*" λ̂∗5  $

/,)32(',! "! ,2"'.! $'4 #,)%" 2#$/!" "'%1$*#!" &'% /!,.!##!*# (9!"#%.!, λ !# !*

)'#,! (! #!"#!, +9:;/)#:<"! *'++! λ = 05

D#$/! E F @+ "9$=%# (9$-),( (9$//+%&'!, +$ /,)32(',! GHI@> J +92&'$#%)* KL5MN /)',

)-#!*%, +! .)(<+! (27$3#),%"2

x̂it = λx̂i,t−1 + ε̂it KL5EMN

)O +!" 1$,%$-+!" ")*# (2A*%!" (! +$ .P.! .$*%<,! &'! ($*" +92&'$#%)* KL5EQN5 D*"'%#!8

/)', 3:$&'! i8 +$ "2,%! x̂it !"# *),.$+%"2! /$, +923$,#?#;/! (! +$ ,2=,!""%)* (!" R>S

σ̂ε̂i $A* (! 3)*#,T+!, +9:2#2,)=2*2%#2 !*#,! /$;"5  $ "2,%! *),.$+%"2! !"#

ẑit = x̂it/σ̂ε̂i .

D#$/! Q F U$*" 3!##! 2#$/!8 *)'" 3)*"#,'%")*" +! .)(<+! *),.$+%"2 "'%1$*# $A*

(9)-#!*%, '* !"#%.$#!', (! λ

ẑit = λẑi,t−1 + v̂it

)O v̂it = ε̂it/σ̂ε̂i 5 6)%# ẑ +$ .$#,%3! (!" )-"!,1$#%)*" ẑit !# ẑ−1 +$ .$#,%3! (!" )-"!,1$?

#%)*" ,!#$,(2!"5  9!"#%.$#!', 3),,%=2 (! λ !"#

λ̂∗ =
trace(ẑ′−1ẑ)−NTφ̂ε

trace(ẑ′−1ẑ−1)
.

ELV
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 !"#$ % &  ' (!)*)+"'! ,$! $+!)-"!$(. $-#)*/ ,0..)1/ 2$+ 345 2$ *6/7("!)0' '0.-"8

*)+/$9 '0(+ 2/:')++0'+ *" !8+!"!)+!)7($ ,0..)1/$

t∗ (λ) =
λ̂∗

σ̂λ∗

,

0;

σ̂λ∗ = σ̂v̂

(
N∑

i=1

T∑

t=2

ẑ2i,t−1

)−1/2

; σ̂v̂ =

√
trace((ẑ − λ̂∗ẑ−1)(ẑ − λ̂∗ẑ−1)

′)/NT .

4$!!$ !8+!"!)+!)7($ ,0..)1/$ +$." $'+()!$ ,0-#"./$ < *" ="*$(. ,.)!)7($ "##.0#.)/$

$' =($ 2$ !$+!$. *6>?#0!>@+$ '(**$ λ = 0. A) *6>?#0!>@+$ '(**$ $+! ",,$#!/$9 '0(+

.$-#*",$.0'+ λ̂ #". B 2"'+ *6$C#.$++)0' 2$ β̂ 20''/$ #*(+ >"(!D E(!.$-$'!9 *" ="*$(.

2$ λ̂ 0F!$'($ 2"'+ *6/!"#$ G +$." (!)*)+/$D

 !" #$%&'()$*+,

4$!!$ +$,!)0' #./+$'!$ *$+ ./+(*!"!+ 2$+ +)-(*"!)0'+ 2$ 30'!$ 4".*0 20'! *60FH$!

$+! 2$ =/.):$. +) *$+ !."'+I0.-"!)0'+ $J$,!(/$+ 2"'+ *$ ,"2.$ 2$ *6"##*),"!)0' 2$ *" #.08

,/2(.$ KELM4 #$.-$!!$'! 2$ !.")!$. *$ #.0F*@-$ *)/ < ('$ /=$'!($**$ #./+$',$ 26('

(')7($ ,>"'1$-$'! +!.(,!(.$* +(. *" -0?$''$ 2( #.0,$++(+ 1/'/."!$(. 2$ 20''/$+D

N" =/.):,"!)0' 2$ ,$!!$ >?#0!>@+$ $+! )-#0.!"'!$ ,". $**$ )-#*)7($ 7($ *" +#/,):,"8

!)0' OPDQRS #$(! '0' +$(*$-$'! T!.$ (!)*)+/$ #0(. !$+!$. *6>?#0!>@+$ 2$ ,0'=$.1$',$

+"'+ 7($ '0(+ +0?0'+ ,0'I.0'!/+ "(C #.0F*@-$+ !0(,>"'! *$ !$.-$ 26$..$(. $! 7()

+0'! .$*"!/+ #".  ="'+ $! U".."+ OQVVWS -")+ $' #*(+ $**$ #$.-$! 2$ !.")!$. *$+ ,>"'8

1$-$'!+ +!.(,!(.$*+ 7() "J$,!$'! *$+ +/.)$+D A(. *$ #*"' #(.$-$'! /,0'0-/!.)7($9 )*

+6"1)! #./,)+/-$'! 2$ -0'!.$. 7($ -T-$ $' #./+$',$ 26('$ .(#!(.$9 *$+ +!"!)+!)7($+

2$ !$+! Pa $! Pb #$(=$'! T!.$ (!)*)+/$+ +"'+ "(,('$ )',)2$',$ '/1"!)=$ +(. *" !")**$ $!

*" #()++"',$ 2( !$+!D L0(+ -/'$.0'+ ")'+) 2$(C $C#/.)$',$+

 !

+0(+ 3EXNEY WDPD

Z"'+ *6$C#/.)$',$ Q9 *$ #.0,$++(+ 1/'/."!$(. 2$ 20''/$+ $+! *$ -T-$ 7($ ,$*() 2$ Y")

$! L1 OGBQBS !"'2)+ 7($ 2"'+ *6$C#/.)$',$ G9 *$ -02@*$ $+! "(1-$'!/ 26('$ .(#!(.$

 !" #$%&$'((')*%+ ,'$ -./ '0).0$/" 1%0/ $.(.$2*%+/ 34$*/)%,4. 50$-*+6 7.$.+' 1& .) #*.$$.

#.$$%+ 89':%*$ $.+80 8*/,%+*;-./ -./ 2%8./ /0,,-<(.+)'*$./ 0)*-*/</ ,%0$ <-';%$.$ -./ ,$%&$'((./

8./ 8.0= .=,<$*.+2./ $<'-*/<./"
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 !" #$ %&'())(* +( ,-&, ,&%%!)  &). i.i.d/ (Ftj, πij, eit) ∼ iidN(0, I3)*

 !"#$%&'(& ) *

ycit = κi +
r∑

j=1

πijFtj + eit

&0 Ft = ΦFt−1 + ηt (. eit = λei,t−1 + εit*

1$) #2(345"6(),( 7/ )&! 6),#!&) 8( "!4.!"( 4& 6.6&))5( 8( %$)69"( $#5$.&6"(

4&!" ,-$:!( i $;(, 8( <"$,.6&) αi = Tb,i/T :!6  !6;(). !)( #&6 !)6<&"%( U [0.2, 0.8]*

 !"#$%&'(& + *

ycit = κi + θiDUi,t +
r∑

j=1

πijFtj + eit

&0 Ft = ΦFt−1 + ηt (. eit = λei,t−1 + εit*

1$) ,-$,!)( 8( 8(!3 (345"6(),( κi ∼ N(0, 1)* =&.&) 5>$#(%(). :!( #$

4"&,58!"( ?@=AB ( . !.6#6 5( 8$) #( 8(!3 ,$ 4&!" 85C)6" #$ <&"%( 85<$,.&"6 5( 8!

%&89#(

x̂it = λx̂i,t−1 + ε̂it.

?&!" 5.!86(" #$ .$6##( 8! .( ./ ()  !6;$). D$6 (. => E7FGFH/ )&! $;&) λi = Φ = 1

4&!" .&!. i* ?&!" #$ 4!6  $),( 8! .( ./ )&! ,&) 685"&) 8( ;$#(!" 8( λi ."9 4"&,-( 

8( #2-'4&.-9 ( )!##( 8( "$,6)( !)6.$6"(* @6) 6/  &! #2$#.(")$.6;(/ #( 4$"$%9."( λ ( .

 45,6C:!( I ,-$:!( 6)86;68! $;(, λ ∼ U [0.9, 0.99]/ .$)86 :!( Φ = 0.5* +( )&%J"(

8( <$,.(!" ,&%%!) ( . ( .6%5 () !.6#6 $). #( ,"6.9"( BIC3 (. IC1* K!6;$). D$6

(. => E7FF7/ 7FFL/ 7FGFH (. M&&) (. ?(""&) E7FFLH/ #( )&%J"( %$36%$# 8( <$,.(!" 

,&%%!) ( . C35 I N* +(  6%!#$.6&)  &). (O(,.!5(  !" #$ J$ ( 8( P FFF 6.5"$.6&) 

$;(, N = {20, 50} (. T = {50, 100}/ (. $;(, !) )6;($! 8(  6>)6C,$.6;6.5 8( PQ*

GPR
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 !"#$!% &'( ) *+,%#-!-, ,./%#!-.01,

(N,T ) 234+5.$16$ ( 234+5.$16$ 7

Pa Pb /08' r Pa Pb /08' r

 !.##$

97:;&:< =5!. r (:'& >'? (':: (:'@ @': ('::

BIC3 (:'& >'? (':: (:'@ @': ('::

IC1 (:'& >'? (':: (:'@ @': ('::

97:;(::< =5!. r (:'( >'? (':: (:'> >'A ('::

BIC3 (:'( >'? (':: (:'> >'A ('::

IC1 (:'( >'? (':: (:'> >'A ('::

9&:;&:< =5!. r A'B >'@ (':: A'C >'> ('::

BIC3 A'B >'@ (':: A'C >'> ('::

IC1 A'B >'@ (':: A'C >'> ('::

9&:;(::< =5!. r ?'C >': (':: ?'7 &'A ('::

BIC3 ?'C >': (':: ?'7 &'A ('::

IC1 ?'C >': (':: ?'7 &'A ('::

D%.,,!16$

97:;&:< =5!. r AA'? AA'& AA'? AA'C

BIC3 AA'? AA'& AA'? AA'C

IC1 AA'? AA'& AA'? AA'C

97:;(::< =5!. r (:: (:: (:: (::

BIC3 (:: (:: (:: (::

IC1 (:: (:: (:: (::

9&:;&:< =5!. r (:: (:: (:: (::

BIC3 (:: (:: (:: (::

IC1 (:: (:: (:: (::

9&:;(::< =5!. r (:: (:: (:: (::

BIC3 (:: (:: (:: (::

IC1 (:: (:: (:: (::

E0-$, ) D0%5 #! -!.##$; #$, 60#011$, Pa $- Pb F011$1- #$ 40%56$1-!G$ FH.-+5!-.01, 40%5 #$,I%$##$, #HJ840-JK,$

1%##$ F$ 5!6.1$ %1.-!.5$ $,- 5$L$-+$ !% ,$%.# F$ &M' N$ 10/"5$ F$ O!6-$%5, $,- ,0.- +G!# P ( 9#$ =5!. 10/"5$ F$

O!6-$%5,< 0% $,-./+ $1 %-.#.,!1- #$, 65.-K5$, FH.1O05/!-.01 45040,+, 4!5 Q!. $- EG 97::7<' N! F$51.K5$ 60#011$

F011$ #$ 10/"5$ /08$1 F$ O!6-$%5, $,-./+,' D0%5 #! 4%.,,!16$; #$, 60#011$, F011$1- #$ 40%56$1-!G$ FH.-+5!R

-.01, 40%5 #$,I%$##$, #HJ840-JK,$ 1%##$ F$ 5!6.1$ $,- 5$L$-+$

 ! "#$%!#& '() *+,-!./! %!- +,-&%/#/- +!%#/01- 2 %# *&0--#.3! !/ 2 %# /#0%%! 4& /!-/

*5&+ 36#7&! !8*,+0!.3! 4,3+0/! 3094!--&-( :5&+ %!- 4!&8 *+53!--&- ;,.,+#/!&+- 4!

45..,!-< %!- *+5*+0,/,- 4! /#0%%! !/ 4! *&0--#.3! 4!- /!-/- Pa !/ Pb -5./ ,/&40,!- !.

35.-04,+#./ %! *5&+3!./#;! 4! +,*%03#/05.- 5= %>6?*5/6@-! 4! +#30.! &.0/#0+! !-/ +!A!9

/,!(  ! "#$%!#& '() 45..! ,;#%!B!./ %! .5B$+! B5?!. 4! 1#3/!&+- !-/0B, !. &/0%0-#./

)CD
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 !" #$%&'$!" (! ") !#&%*+ !&  ! ,$-% +*./$! (! 0-#&!1$" 2,$-% $3 41% !"& )5- 6 78 9*..!

:$),1;  !" $)"1 &-&" .*+&$!+& 41!  - :$*#)(1$! <=>?9 :!$.!& (! &!+%$ #*.:&! (@1+!

),!+&1!  ! :$)"!+#! (@1+! $1:&1$! "1$  - .*A!++! (1 :$*#!""1" 5)+)$-&!1$ (! (*+B

+)!" "-+" :*1$ -1&-+& -C!#&!$ +)5-&%,!.!+&  !" :$*:$%)&)"; !+ )#D-+&%  *+ E+%; (!"

&!"&" Pa  ! Pb " #$%&'(!%)* +,## "$-.* +/ " /(+0 12 +/ 3 4 * '1('156!6* " !-5## 

 ! " ',5**-+/ " * " ,7  7'615 +/ * *(+! !1)* *-!5*8-5*-+! *  ! 8(1! 9 +! *595#-51 *3

:+ (,!1 ; / * 16*,#!-!* 9(+!1 +! <, 9=9  + /-* " '16* +/ "$,+ /%-+2 9 +!

*!1,/!,1 # *,1 #- /(+*!-+! ", 9(")# " /(+0 12 +/ ; # * !1-+*8(19-!5(+* '1('(>

*6 * "-+* / !! '1(/6",1 ' 19 !! +! "$ *!59 1 -0 / '16/5*5(+ # +(9.1 " 8-/! ,1*

/(99,+*3 :+?+; *52+-#(+* <, # +(9.1 9(& + " 8-/! ,1* /(99,+*  *!596* 1 *! 

# 9=9 '(,1 / * " ,7  7'615 +/ *;  ! 5+"6' +"-99 +! ", /(,'# (N, T ) /(+*5"6163

 !" #$$%&'()&*+

 !"!# $%& '())*%&

4 * "(++6 * *(+! !516 * " *  !"#$ %&'&#!()&*+ ,*$-./+!"0 @ABCD ", 21(,' " 

#- E-+<, F(+"5-# @%!!' GHH"-!-3I(1#".-+J3(12H"-!->/-!-#(2HI(1#">" 0 #('9 +!>

5+"5/-!(1*D3 K *(+! " * *615 * -++, ## * ", LCE 16 # '-1 %-.5!-+! '(,1 #- '615(" 

MNOP>QRRS3 T?+ " /(9'-1 1 # * 16*,#!-!* '(,1 # * '-&* "60 #(''6*  ! # * '-&*

'-,01 *; " ,7 6/%-+!5##(+* *(+! /(+*5"616*3 4 '1 95 1; +(!6 123,41  *! /(9'(*6

" QR '-&* " #$T815<, *,.*-%-15 ++ 3 C# *$-25! " * MU '-&* 9 9.1 * " #- V(+ KWT

-,<, # +(,* -0(+* -X(,!6 ,+ #5*! " O -,!1 * '-&* "$T815<, *,.*-%-15 ++ 3 4 * MU

'-&* " #- V(+ KWT *(+! G E6+5+; E,1J5+- W-*(; K-9 1(,+; K +!1-815<, ; Y6',>

.#5<, ", K(+2(; KZ! "$50(51 ; [-.(+; [,5+6 E5**-,; F-#5; \52 1; ]6+62-#; /̂%-"

 ! (̂2(3 K * '-&* (+!  + 26+61-# " * /&/# * "$-_-51 8(1! 9 +! /(116#6* @B5-2+  !

\5-+2; QRRSD3 4 * O -,!1 * '-&* <,5 /(9'(* +! #$6/%-+!5##(+ 123,41 *(+! "(++6*

'-1 #- #5*! *,50-+! G T815<, ", ],"; K(+2( B69(/1-!5<, ; [-9.5 ; [%-+-; 45>

. 15-; \52 15-  ! ]5 11- 46(+ 3 4 " ,75)9 21(,' " '-&* +(!6 54%6 /(9'1 +"

QR '-&* 9 9.1 * " #$`KB: G T## 9-2+ ; T,*!1-#5 ; T,!15/% ; E #25<, ; K-+-"-;

B-+ 9-1J; :*'-2+ ; :!-!*>a+5*; W5+#-+" ; W1-+/ ; [1)/ ; C1#-+" ; C!-#5 ; b-'(+;

\(10)2 ; \(,0 ## >c6#-+" ; L-&*>E-*; L(1!,2-#; Y(&-,9 >a+5  ! ],)" 3 a+ 6/%-+>

!5##(+ /(9'# ! <, +(,* -'' ## 1(+* 785918  ! /(9'(*6 " / * " ,7 21(,' * " 

MdM
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 !"# $#% &'!($)$*% +,*#-.&/&0 1-*#-2 +$ .$/*-$/ '/,3 $ +,) /$*. 45  !"# /-+6$# $%

 !37/$#0

 !"!# $%&'()*)&

 !"#$%$&'!( )*' %+',-.$.' )*' .*'.' )* /!(0*%1*(/* !2.*(,' 3 #$%.&% )*'

)&4+%*(.*' 1+(+%$.&!(' )* .*'.'

8,3# !7,*# 3%-(-#& ($# #%!%-#%-93$# .$# %/,-# '&*&/!%-,*# .$ %$#%#

  

.&7$(,  &#

.!*# (! (-%%&/!%3/$ !:* .$ %$#%$/ (! *,* #%!%-,**!/-%& .3 ;<=  !/ %>%$ +$*%/& #3/

#! ),"$**$ -*%$/-*.-7-.3$(($0 ?,3# ($# /&#3(%!%# .$# %$#%# #,*%  /&#$*%&# .!*# ($ ?!@

A($!3 B0C $% #,*% A!#&# #3/ 3*  /,+$##3# '&*&/!%$3/ .$ .,**&$# .,*% (! +,) ,#!*%$

.&%$/)-*-#%$ +,*%-$*% 3*$ +,*#%!*%$  ,37!*% >%/$ !3')$*%&$ .D3*$ /3 %3/$ ($ +!#

&+6&!*%0 ED3%-(-#!%-,* .$ +$# #%!%-#%-93$#  $/)$% !-*#- .$ %$#%$/ (D6" ,%6F#$ *3(($ .$

*,* +,*7$/'$*+$ $% .$ )$*$/ 3*$ &%3.$ +,) !/!%-7$ .$# /&#3(%!%# ,A%$*3# !:* .D!*!@

("#$/ (D-*+-.$*+$ .$#  6&*,)F*$# .D-*%$/.& $*.!*+$ $%G,3 .$ +6!*'$)$*% #%/3+%3/$(0

H!*# 3*  /$)-$/ %$) #2 .$# %$#%# .$ +6!*'$)$*% #%/3+%3/$( #,*% )$*&# #3/ ($# #&/-$#

$* 3%-(-#!*% (!  /,+&.3/$ .$ =!- $% ;$//,* IJKKLM0 ED6" ,%6F#$ *3(($ .D-*.& $*.!*+$

-*%$/-*.-7-.3$(($ $#% &'!($)$*% 7&/-:&$ '/N+$ O (! #%!%-#%-93$ CD .$ ;$#!/!* IC554M

93- $#% /,A3#%$ !3 +6!*'$)$*% #%/3+%3/$(0 E$# /&#3(%!%# .$ +$# %$#%# #,*% .,**&# .!*#

($# ?!A($!3P B04 $% B0B $% -(# ),*%/$*% 93D-( $P-#%$ A-$* .$#  /,A(F)$# .$ /3 %3/$ $%

.$ .& $*.!*+$# -*%$/@&+,*,)-$#0 ;,3/ (D&+6!*%-((,*  !"#$!2 ($# /&#3(%!%# .$# %$#%#

CD /&!(-#&# #3/ (! A!#$ .$# /&#-.3# .$# /&'/$##-,*# ADF (p) #,*% #-'*-:+!%-Q# !3 #$3-(

.$ BR !3##- A-$*  ,3/ ($ (,'!/-%6)$ .3 ;<=  !/ %>%$ 93$  ,3/ #! 7!/-!*%$ +$*%/&$ #3/

(! ),"$**$ -*%$/-*.-7-.3$(($0 S$+- $#% 7!(!A($ &'!($)$*%  ,3/ (D&+6!*%-((,* "%&'

$% -*.& $*.!))$*% .$ (D,/./$ .$ /$%!/. p = 1, 2, 30 S,*+$/*!*% ($ '/,3 $ $()*%$2

#$3( ($ %$#% .D-*%$/.& $*.!*+$ /$(!%-Q !3 (,'!/-%6)$ .3 ;<= /$T$%%$ (D6" ,%6F#$ *3(($2

+$(3- 93- $#% /&!(-#& #3/ ($ ;<= +$*%/& (D!++$ %$

 !

  ! "#$% &'()%%#*% *#% ()+)(,-)+)*.% / 01(-%.#21) 3$(4-* 56*-7)(%-.8 '9:(48&*%;< =)()*& ">

50#4$+?-& 6*-7)(%-.@; ). A-)(() A)((#* 5B#%.#* 6*-7)(%-.@; 2#$( *#$% &7#-( >(&,-)$%)+)*. +-% )*

4->*) 4)% 2(#>(&++)% CDEFDB *8,)%%&-()% / 4& +-%) )* #)$7() ')% .)%.% ') 2()+-G() ). ')$H-G+)

>8*8(&.-#* 2(8%)*.8% '&*% 4) E&?4)&$ I!J! "#$% ()+)(,-#*% 8>&4)+)*. K#%)2 F4$L% 0&((-#*M-M=-47)%.()

56*-7)(%-.8 ') B&(,)4#*); ). E#+N% ')4 B&((-# 0&%.(# 56*-7)(%-.8 ')% O4)% B&48&()%; 2#$( *#$% &7#-(

P#$(*- 4)% 2(#>(&++)% QD6== $.-4-%8% '&*% 4)% .)%.% statCDL ). Pm!

 J! R&*% 49&224-,&.-#* ') 4& 2(#,8'$() 2(#2#%8)< *#$% &7#*% *8&*+#-*% ().)*$ 4) +#'G4) 5I!S;

2#$( ,) >(#$2) ') 2&@%!

JUC
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 !"#!#$ %&$ '&$'$ %& (#)*&"+&)(& !"#!"&,&)' %-'$. /&$ $'0'-$'-12&$ %& '&$'$ "&3

!#"'4&$ %0)$ /& 506/&02 789 $#)' !"4$&)'4&$ %& ,0)-:"& %4'0-//4& %0)$ /& ;<0!-'"& =8

>?02'"&$ $'0'-$'-12&$ $#)' %-$!#)-6/&$ 4+0/&,&)' %0)$ (& ;<0!-'"& = ,0-$ )#2$ )&

(#)$-%4"#)$ -(- 12& (&//&$ 12- $#)' ,-&2@ 0%0!'4&$ A /0 $'"2('2"& %& )#'"& !0)&/ &2

4+0"% 02@ !"#!"-4'4$ $!4(-B12&$ %& (&$ %-C4"&)'$ '&$'$8 ;#)(&")0)' /&$ !"#(4%2"&$

%?D, &' 0/8 EFGGHI. J0%%0/0 &' K2 EFGGGI &' L&*-) &' 0/8 EMNNMI 12- 0!!0"'-&))&)' A

/0 !"&,-:"& +4)4"0'-#) %& '&$' -+)#"0)' /&$ (#""4/0'-#)$ &)'"& !0O$ &' /&$ (<0)+&,&)'$

$'"2('2"&/$. /&$ $'0'-$'-12&$ (#""&$!#)%0)'&$ Wtbar &' t
∗
ρ $#)' (#,!0"4&$ 02@ *0/&2"$

("-'-12&$ %& /0 %-$'"-62'-#) )#",0/& '0)%-$ 12& PMW &$' (#,!0"4& 02 $&2-/ %?2)

χ2(2N)8 ;&!&)%0)'. A !"#!#$ %&$ '&$'$ 0!!0"'&)0)' A /0 (0'4+#"-& %& ,#%:/&$ %-'$ %&

%&2@-:,& +4)4"0'-#) 12- !&",&''&)' %& ,#%4/-$&" /&$ %4!&)%0)(&$ -)'&"34(#)#,-&$

$2" /0 60$& %?2) ,#%:/& A P0('&2"$ EQ0- &' R+ MNN=. J##) &' S&""#) MNN=. S&$0"0)

MNNHI. /&$ $'0'-$'-12&$

 ! P c
ê,Choi &' MQc '&$'&)' /0 )#) $'0'-#))0"-'4 "&$!&('-*&,&)'

$2" /&$ (#,!#$0)'&$ -%-#$O)("0'-12& &' (#,,2)& %2 ,T,& !0O$8 ;#)'"0-"&,&)' A

P c
ê,Choi 12- &$' %-$'"-624& $2-*0)' 2)& /#- )#",0/&. MQc &' CIPS

∗
$#)' )#) $'0)%0"%

&' /&2"$ *0/&2"$ ("-'-12&$ $#)' P#2")-&$ !0" /&2"$ 02'&2"$8  2 $&2-/ %& 7U. (&$ *0/&2"$

("-'-12&$ $#)' "&$!&('-*&,&)' 4+0/&$ A 37H8N= &' 3M8MM8 V20)% 02 '&$' %& ;0""-#)3

-3W-/*&$'"& &' 0/8 EMNNFI %#)' /& ,#%:/& )& !"&)% &) (#,!'& 12?2)& "2!'2"& $2" /0

,#O&))& -+)#"0)' 0-)$- /&$ (#""4/0'-#)$ %0)$ /0 %-,&)$-#) -)%-*-%2&//&. /0 $'0'-$'-12&

(#""&$!#)%0)'& $2-' 2)& /#- )#",0/& %& ,#O&))& )2//& &' %& *0"-0)(& 12- %4!&)% %&

/0 /#)+2&2" %& '&,!$ T &' %& /0 !#$-'-#) %& /0 "2!'2"&8 X)B). !#2" (& 12- (#)(&")&

/& '&$' %& Q0- &' ;0""-#)3-3W-/*&$'"& EMNNGI 12- -)(/2' A /0 P#-$ /&$ -)'&"%4!&)%0)(&$

&' /&$ (<0)+&,&)'$ $'"2('2"&/$ &' 0!!0"'-&)' 0-)$- A 2)& '"#-$-:,& +4)4"0'-#)

 "

. /0

$'0'-$'-12& Pm 2'-/-$4& -(- 0%,&' 2)& %-$'"-62'-#) )#",0/& $'0)%0"%8

 !" # $%&'( )*' +, -&,&.-&.)*' '/0.+1' 2' +, 3%/0%-,$&' .2.%-4$3(,&.)*' P cê,Choi '-& -&,$2,(2.-1'
5 0,(&.( 2' +, 0(%312*(' 2' -&,$2,(2.-,&.%$ 2' 67%. 89:: ;"

 <" =,$- 3' &(,>,.+? $%*- ,00'+%$- &(%.-.@/' A1$1(,&.%$ 2' &'-& 3'*B )*. 0('$$'$& '$ 3%/0&'

-./*+&,$1/'$& +'- .$&'(210'$2,$3'- 13%$%/.)*'- '& +'- 37,$A'/'$&- -&(*3&*('+-"
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 !"#$!% &'( ) *+,%#-!-, .$, -$,-, .$ /012$34$1/$ 3+!#5,+, ,%3 #! "!,$ .$, .56+3$1-$, 4+1+3!-501, .$

-$,-, .$ 3!/51$ %15-!53$ $1 7!1$#

8970-:;,$, 735,$, $1 /0<7-$ ) =>*?@= A@BC DEAF=E

 ! !"#$%&'($"&)"*$ "! %+(#+%$

?<G H$,!3!1 $- I:51 JKLLMN

Wtbar OK'KPLL OK'&QR&S OK'M&(LSS

T!..!#! $- U% JKLLLN

PMW VK'WLR( &R'PLQVSS LV'QRRP

E$251G E51 $- @:% J(QQ(N

t∗ρ OK'R(P&S OV'&(WWSSS OM'KP&WSSS

,"#$%&'($"&)"*$ +"!-+$.$"#

F!5 $- X4 J(QQVN

JP c
ê,Choi

YMQcN JQ'W( Y OKL'KLMN JW'WLSSS Y O(K'L&N J('(VSS Y OKL'&&N

T001 $- H$3301 J(QQVN

t∗
b

O&'RKSSS O&'W&SSS OP'&MSSS

H$,!3!1 J(QQMN

CIPS∗
OK'RKV OK'&WQ OK'(RL

/+(#+%$ +"!-+$.$"#

@!33501G F!3350 $- EZ7$[ J(QQKN
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0%-=3?O$ FG'MM( FM'J&KP FK'KHG

;$#83Q%$ FG'KMH FG'(&K FG'IGK

/!4!.! G'M&H FK'KGG FK'&LH

1!4$A!=R FG'L(G FG'&LN FK'GKJ

D,<!84$ FG'MJK FK'JGJ FK'LMI

D-!-,FS43, G'GHN FK'MJL FG'(&M

234#!4.$ FK'HNL FK'H(K FK'(NI

2=!4?$ G'J(J FG'HKK FG'NGK
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:=#!4.$ G'KKJ FK'GNI FK'KII
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.*';)#&8

 !" #$ %&'($ )*+,(-./$
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ŷtŷ
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√
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ω0 = 1

0 ≤ ωk ≤ 1, ∀k ≤ m.
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=
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C"7%+0&1 I(JI Q('P I(NX  (NK "! ' K( K ZJ(XP $%!&#

C01W0 X(OI '(IJ I(NN O( J $"!%& Z (KQ ZK(OJ $ *!%"
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<Q? -.11$+0.;5 !%[ 01*92+2.;+ 1*!#2+*$+ \ 0!1,21 5% /.56#$ !9$- -A!;:$/$;, +,1%-,%1$#'

<K? -.11$+0.;5 !% /.56#$ +!;+ 1%0,%1$'
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RÉSUMÉ 
Les pays africains de la zone CFA ont connu ces dernières années de multiples transformations 
économiques d'une part à travers les mesures initiées par les bailleurs de fonds bilatéraux et 
multilatéraux et d'autre part à travers les politiques d'intégration économique et monétaire. Ainsi, en 
partant de l'hypothèse selon laquelle du fait de ces nombreuses interventions, ces systèmes 
économiques incorporent divers phénomènes tels que les changements structurels et les dépendances 
inter-économies, nous avons étudié leurs principales implications sur la croissance, la convergence et 
la prévisibilité du taux de croissance. L'accent est d'abord mis sur les traits majeurs des politiques
d'intégration dans le cadre d'une union monétaire tout en soulignant les éventuelles incidences de 
telles politiques sur la dynamique économique des pays membres principalement en termes de 
modélisation économétrique de la croissance et de la convergence. Les différentes études réalisées sur 
la base d'outils économétriques adaptés ont permis d'aboutir à des résultats nouveaux relatifs au 
processus de croissance et de convergence de ces économies comparativement à ceux basés sur les 
outils classiques de modélisation économétrique. Il ressort également de cette étude que la présence de 
facteurs communs et de ruptures structurelles est fortement liée aux politiques d'intégration mises en 
�uvre au sein de la zone CFA. Ces résultats révèlent aussi que les chocs produisent des effets 
hétérogènes et ont généralement des dates d'occurrence différentes selon les pays et qu'il est nécessaire 
de faire varier les réponses de politique économique d'un pays à l'autre pour une croissance durable et 
mieux partagée. 

Mots clés : Test de racine unitaire en panel - Changement structurel - Dépendance interindividuelle - 
Modèles factoriels - Croissance économique - Convergence économique - Politiques d'intégration - 
Prévision - Zone CFA. 

TITLE : GROWTH AND CONVERGENCE IN CFA ZONE COUNTRIES : A NON-STATIONARY 
PANEL DATA STUDY  

ABSTRACT 
During the recent years, african countries in the CFA zone have experienced many economic changes 
on the one hand through the measures initiated by bilateral and multilateral donors and on the other 
hand through the economic and monetary integration policies. Thus, relying on the assumption that 
because of these interventions, the economic systems incorporate various phenomena such as 
structural change and economic interdependencies, we studied their major implications on growth, 
convergence and growth predictability. Emphasis is first placed on the major features of integration 
policies in a monetary union, while stressing the possible implications of such policies on the 
economic dynamics of member countries mainly in terms of econometric modelling of growth and 
convergence. The different studies conducted on the basis of appropriate econometric tools led to new 
results concerning the process of growth and convergence of these economies compared to those 
based on standard tools of econometric modelling. It is also clear from this study that the presence of 
common factors and structural breaks is strongly linked to integration policies implemented in the 
CFA zone. These results also indicate that shocks produce heterogeneous effects on economies with 
various dates of occurrence and that it is necessary to vary the policy responses from one country to 
another for sustainable and shared growth. 

Key words : Panel data unit root test - Structural change - Interindividual dependance - Factor models 
- Economic growth - Economic convergence - Integration policies - Forecasting - CFA zone. 
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