
HAL Id: tel-00923188
https://theses.hal.science/tel-00923188

Submitted on 2 Jan 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Interference modeling and performance analysis of
asynchronous OFDM and FBMC wireless

communication systems
Yahia Medjahdi

To cite this version:
Yahia Medjahdi. Interference modeling and performance analysis of asynchronous OFDM and FBMC
wireless communication systems. Architecture, space management. Conservatoire national des arts et
metiers - CNAM, 2012. English. �NNT : 2012CNAM0815�. �tel-00923188�

https://theses.hal.science/tel-00923188
https://hal.archives-ouvertes.fr


CONSERVATOIRE NATIONAL DES
ARTS ET MÉTIERS

École Doctorale Technologique et Professionnelle
CEDRIC/LAETITIA

THESE DE DOCTORAT
Présentée pour obtenir le Grade de Docteur

du Conservatoire National des Arts et Métiers

Discipline: Lasers, Métrologie, Communications
Spécialité: Communications et Electronique

Yahia Medjahdi

Modélisation d’Interférence et Analyse
des Performances des Systèmes OFDM/FBMC pour

les Communications sans fil Asynchrones.

Soutenue le 11 Juillet 2012 devant le jury composé de:

Rapporteurs
Faouzi Bader, CTTC, (Éspagne)
Luc Deneire, Université de Sophia-Antipolis I3S, (France)

Examinateurs
Pierre Siohan, Orange Labs, (France)
Jean-Baptiste Doré, CEA-LETI Minatec, (France)
Philippe Ciblat, TELECOM ParisTech, (France)

Directeurs :
Michel Terré, CNAM, (France)
Didier Le Ruyet, CNAM, (France)
Daniel Roviras, CNAM, (France)





Abstract

Multicarrier systems are widely used today due to their robustness to multipath ef-
fects and efficient implementation using FFT. Orthogonal Frequency Division Multiplexing
(OFDM) system is a class of multicarrier modulation which consists of splitting up a wide-
band signal at a high symbol rate into several lower rate signals, each one occupying a
narrower band. System performance improves because subcarriers experience flat fading
channels and are orthogonal to one another. Recently, a number of papers have focused on
a new alternative called Filter bank based multicarrier system (FBMC) which can offer a
number of advantages over CP-OFDM system such as the improved spectral efficiency by
not using a redundant CP and by having much better control of the out-of-band emission
due to the time-frequency localized shaping pulses.

Furthermore, asynchronism inherently exists in several communication systems due to
many factors e.g. the propagation delays and the spatial distribution of users. As one of the
most challenging issue in design of communication systems, the asynchronism can harmfully
affect the system performance by causing the so-called asynchronous interference.

In this dissertation, we investigate the impact of asynchronism on the performance of
OFDM FBMC systems. First, we present a unified framework for multicarrier interference
characterization and analysis in asynchronous environments. We propose a new family of
interference tables that model the correlation between a given interfering subcarrier and the
victim one, not only as a function of the spectral distance separating both subcarriers but
also with respect to the timing misalignment between the subcarriers holders. These tables
are derived for CP-OFDM, PHYDYAS-FBMC and IOTA-FBMC systems. Furthermore, the
impact of the asynchronous interference on the average error rate and the average spectral
efficiency of OFDM and FBMC systems is addressed. Based on computing the moment
generating functions of the asynchronous interference power, simple new expressions for
the exact evaluation of the average error rate and the average spectral efficiency are derived
considering the frequency correlation fading between adjacent interfering subcarriers. These
expressions significantly reduce the computation complexity of the performance evaluation.

For each technique two scenarios are examined: fully-loaded network and partially loaded
ones. The accuracy of the obtained expressions has been validated through different simula-
tion results. In contrast to OFDM, FBMC waveforms are demonstrated to be less sensitive
to timing asynchronism, due to the better frequency localization of the used prototype filters.

Keywords: OFDM, FBMC, timing asynchronism, Interference, BER, Spectral efficiency





Résumé

Actuellement, les techniques multiporteuses sont largement utilisées dans les systèmes
de transmission grâce à leur robustesse aux effets de trajets multiples et à leur implémenta-
tion efficace utilisant des FFTs. L’OFDM (orthogonal frequency division multiplexing) est
un type de modulation multiporteuse qui consiste à subdiviser un flux de données à très
haut débit en plusieurs flux élémentaires à bas-débit qui sont transmis sur différentes sous-
porteuses orthogonales. Récemment, une technique multiporteuse à base de bancs de filtres
(FBMC) a été proposée comme une alternative permettant d’offrir quelques avantages par
rapport à l’OFDM. Un des principaux avantages est l’amélioration de l’efficacité spectrale
grâce à l’absence du préfixe cyclique (CP) et aux formes d’onde bien localisées en temps et
en fréquence.

Contrairement à ce qui est souvent supposé dans la littérature, l’asynchronisme existe
intrinsèquement dans un bon nombre de systèmes de communication à cause de multiples fac-
teurs tels que les délais de propagation et la distribution géographique des utilisateurs. Cet
asynchronisme peut engendrer une perte d’orthogonalité entre les sous-porteuses qui peut
se traduire par l’apparition d’interférences asynchrones causant à leurs tours une dégrada-
tion des performances du système. La modélisation de cette interférence présente un enjeu
important dans la conception des systèmes de communication.

Dans cette thèse, nous analysons l’impact de la désynchronisation temporelle sur les
performances de l’OFDM et de la FBMC. Tout d’abord, nous présentons un modèle global
permettant la caractérisation et l’analyse de l’interférence dans les systèmes multiporteuses
asynchrones. Une nouvelle famille de tables d’interférence est proposée tenant compte du
décalage temporel ainsi que de la distance spectrale entre les sous-porteuses interférente
et victime. Les termes de ces tables sont calculés pour CP-OFDM et FBMC avec les
deux formes d’onde IOTA et PHYDYAS. L’impact de l’interférence asynchrone sur le taux
d’erreur (BER) et sur l’efficacité spectrale de l’OFDM/FBMC est examiné. En se bas-
ant sur les fonctions génératrices des moments de la puissance d’interférence, nous avons
établi des expressions analytiques simples du BER et de l’efficacité spectrale moyens. Ces
dernières expressions réduisent d’une façon considérable la complexité de l’évaluation des
performances. Cette étude théorique a été consolidée et validée par des résultats de simu-
lation pour différents scénarios où nous avons démontré que contrairement à l’OFDM, les
modulations FBMC sont moins sensible à la désynchronisation temporelle grâce à la bonne
localisation des formes d’ondes utilisées.

Mots-clés : OFDM, FBMC, désynchronisation temporelle, Interférence, BER, Efficacité
spectrale





Résumé des travaux de thèse

Motivation

Depuis quelques années, nous assistons à une métamorphose des applications pour les sys-
tèmes de communications sans-fil. En effet, les nouvelles applications telles que les visio-
conférences interactives avec partage de données en temps réel, les cours virtuels interactifs
et la vidéo à la demande, sont en train de révolutionner les modèles de consommations en
imposant des contraintes de débit de plus en plus élevé sur les systèmes de communications
actuels.

Parmi les solutions étudiées pour répondre à ces contraintes de débit sans-cesse crois-
santes, les modulations multiporteuses (MCM) proposées depuis les années soixante se
présentent comme candidates potentielles. En effet, l’idée de base des techniques multi-
porteuses consiste à subdiviser un flux de données à très haut débit en N flux élémentaires
à un débit très bas qui sont transmis sur N sous-porteuses orthogonales. Le principal avan-
tage est que même si les spectres des sous-porteuses se chevauchent, les signaux n’interfèrent
pas entre eux grâce à l’orthogonalité [1]. De plus, le choix du nombre de sous-porteuses N

doit assurer que la bande de chaque sous-canal soit plus petite que la bande de cohérence
du canal de propagation. Ceci est équivalent à dire que l’étalement maximal des retards
du canal est nettement inférieur à la période symbole T . Ainsi, chaque sous-canal subit un
évanouissement plat et l’interférence entre symboles (ISI) devient négligeable [1], [2].

Actuellement, la technique multiporteuse OFDM (orthogonal frequency division multi-
plexing) est largement utilisée dans les systèmes de communications comme WiFi basé sur le
standard IEEE 802.11, WiMax (Worldwide Interoperability for Microwave Access) [3], [4], [5]
basé sur le standard IEEE 802.16 et LTE (Long Term Evolution) [3], [6]. Ce succès est la
conséquence d’un nombre d’avantages offerts par l’OFDM :

• une efficace implémentation en utilisant la transformée de Fourier rapide (FFT),

• une robustesse aux effets des trajets multiples en utilisant un préfixe cyclique (CP),

• une simple égalisation utilisant un coefficient pour chaque sous-porteuse,

• une bonne efficacité spectrale permettant le recouvrement entre les spectres des dif-
férentes sous-porteuses.
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L’OFDM présente, cependant, deux inconvénients majeurs. D’une part, l’insertion du pré-
fixe cyclique réduit l’efficacité spectrale puisque aucune information utile n’est transmise
pendant la durée de ce préfixe cyclique. D’autre part, le niveau très élevé des lobes latéraux
présents dans le spectre du filtre rectangulaire le rend non-compact et cause une perte
additionnelle de l’efficacité spectrale.

Ces inconvénients ont stimulé de nombreux travaux de recherche. Afin de surmonter ces
limitations en efficacité spectrale, une nouvelle couche physique basée sur les bancs de filtres
a été proposée dans le projet européen PHYDYAS comme une alternative, très intéressante,
à l’OFDM. En effet, une meilleure efficacité spectrale peut être réalisée en utilisant la mod-
ulation multiporteuse à base de banc de filtres (FBMC). Ceci est obtenu grâce à un choix
judicieux d’une fonction prototype bien localisée dans l’espace temps/fréquence modulant
chacune des sous-porteuses. De plus, les modulations FBMC peuvent atteindre une efficacité
spectrale plus élevée grâce à l’absence du préfixe cyclique. En contre partie, une égalisation
à la réception devient nécessaire afin d’éliminer les effets des trajets multiples [7, 8].

Dans la littérature, il est souvent supposé que les utilisateurs ou les stations de base, qui
coexistent dans une même zone géographique, sont parfaitement synchronisés. En réalité,
cette hypothèse n’est pas toujours vraie. Plusieurs scénarios, dans lesquels l’asynchronisme
existe intrinsèquement, peuvent être cités tels que les réseaux Ad-hoc, les réseaux cognitifs
ou opportunistes et les réseaux hétérogènes.

Cet asynchronisme peut engendrer une perte d’orthogonalité entre les sous-porteuses.



Cette perte d’orthogonalité peut se traduire par l’apparition des interférences asynchrones
qui causent à leurs tours une dégradation des performances du système. La modélisation de
cette interférence présente un enjeu important dans la conception des systèmes de commu-
nication. De nombreuses approches ont été examinées pour étudier ce problème. La den-
sité spectrale de puissance (PSD) est couramment utilisée pour modéliser l’interférence en
mesurant le rayonnement du signal en dehors de sa bande de fréquence autorisée [9], [10], [11].
Malheureusement, ce modèle peut conduire à des résultats erronés. Par exemple lorsque
l’asynchronisme est absorbé par le préfixe cyclique dans le cas CP-OFDM. L’orthogonalité
entre sous-porteuses est dans ce cas maintenue, alors que la modélisation PSD montre que
l’interférence existe indépendamment du rang de la désynchronisation.

Objectifs de la thèse

Dans cette thèse, nous analysons l’impact de la désynchronisation temporelle sur les perfor-
mances de l’OFDM et de la FBMC. En effet, nous allons :

• Estimer correctement la partie d’interférence introduite par la désynchronisation tem-
porelle pour les systèmes OFDM.

• Proposer une extension de ce modèle englobant le cas FBMC qui, à notre connaissance,
n’a jamais été pris en compte dans la littérature.

• En se basant sur le modèle proposé, établir les expressions analytiques du rapport
signal-à-interférence-plus-bruit (SINR) pour les deux cas: OFDM et FBMC.

• Étudier l’impact de l’interférence sur les performances du système en établissant les
expressions du taux d’erreur binaire (BER) et de l’efficacité spectrale dans les systèmes
OFDM et FBMC.

Dans la suite, nous détaillons les travaux menés durant cette thèse :

Chapitre 2 - Introduction des techniques multiporteuses
et des systèmes asynchrones

Dans ce chapitre, nous présentons le contexte et l’état de l’art lié aux différents concepts
utilisés dans cette thèse. Tout d’abord, la technique OFDM est brièvement décrite. Ensuite,
nous présentons la théorie fondamentale des techniques FBMC. En outre, l’implémentation
polyphasée de l’émetteur/récepteur FBMC est exposée. Nous discutons finalement le prob-
lème d’asynchronisme dans les systèmes multiporteuses.

OFDM

Le schéma d’un système OFDM comporte un émetteur, un récepteur et un canal radio à
travers lequel se fait la transmission. En amont à ce schéma, le flux de données haut-débit



Le schéma de principe d’un système OFDM.

passe par un convertisseur série parallèle qui divise les données à son entrée en des flux
de données parallèles à débit réduit. Chaque flux élémentaire est filtré par une fenêtre
rectangulaire f(t) et ensuite modulé sur une sous-porteuse m. À la réception, le signal
est démodulé sur chaque sous-porteuse m puis passe par le filtre de réception f(t). Dans
un canal idéal, le signal reconstitué à la sortie du récepteur est égal à celui de l’entrée de
l’émetteur c-à-d xm,n = x̂m,n. Ainsi, on écrit la condition d’orthogonalité dans un système
OFDM ayant une largeur spectrale de 1/T pour chaque sous-porteuse.

+∞∫
−∞

f(t− nT )f(t− n0T )e
j 2π

T (m−m0)tdt = δm,m0δn,n0

où δm,m0 est le symbole de Kronecker.
On peut constater, à partir du schéma OFDM, que le signal transmis n’est rien d’autre

que la transformée de Fourrier inverse du signal d’entrée. Par conséquent, pour récupérer
les symboles x̂m,n, le récepteur exécute une simple transformée de Fourrier. Si le nombre de
sous-porteuses N est une puissance de 2, il est connu que l’analyse et la synthèse de Fourrier
peuvent être efficacement implémentées en utilisant la transformée de Fourier rapide (FFT)
et la transformée de Fourier rapide inverse (IFFT), respectivement.

Dans un système OFDM classique, on reproduit, au début de chaque bloc OFDM, une
copie de ses ∆ derniers échantillons. Cette copie est appelée le préfixe cyclique (CP).
Afin d’éliminer l’interférence introduite par les effets de trajets multiples, la longueur du
préfixe cyclique doit être supérieure à l’étalement maximal du canal τds. On peut aisément
démontrer que l’utilisation du CP transforme la convolution entre le signal transmis et la
réponse du canal en une convolution circulaire. Par conséquent, le signal à la sortie de la
FFT devient :

ym0,n0 = H(m0)xm0,n0

où, H(m0) =
L−1∑
i=0

hie
−j 2π

N m0ni représente le gain complexe du canal de propagation sur la

sous-porteuse m0.



À cause de l’insertion du préfixe cyclique, la densité de symbole ρ = T/(T +∆) < 1. Afin
de surmonter cette limitation, les modulations FBMC ont été proposées offrant une densité
ρ = 1. Cependant, il a été démontré par le théorème de Balian-Low [12] qu’il est impossible
d’avoir une forme d’onde bien localisée en temps et en fréquence satisfaisant à la fois la
condition d’orthogonalité et une densité de symbole ρ = 1. Dans les modulations FBMC,
la condition d’orthogonalité complexe a été relâchée en la limitant au domaine réel.

FBMC

L’idée principale de la FBMC/OQAM est de transmettre des symboles offset-QAM (OQAM)
au lieu des symboles QAM (Quadrature Amplitude Modulation) conventionnels où un dé-
calage d’une demi-période symbole T/2 est introduit entre la partie réelle et la partie imag-
inaire d’un symbole QAM donné. La seconde spécificité est que si la partie imaginaire est
retardée de T/2 sur une sous-porteuse, c’est la partie réelle qui sera retardée sur la sous-
porteuse suivante.
Le signal FBMC en temps continu et en bande de base peut être écrit sous la forme suivante:

s(t) =
N−1∑
m=0

+∞∑
n=−∞

am,nf(t− nT/2)ej
2π
T mtejφm,n

où am,n sont les symboles réels issus d’une modulation PAM (Pulse Amplitude Modulation),
f(t) est la réponse impulsionnelle du filtre prototype et la phase φm,n est définie par :

φm,n =
π

2
(m+ n)− πmn

Dans un canal parfait, le signal à la sortie du récepteur s’écrit comme suit :

âm,n =
N−1∑
m′=0

+∞∑
n′=−∞

+∞∫
−∞

Re
[
am′,n′f(t− nT/2)f(t− n′T/2)ej

2π
T (m′−m)tej(φm′,n′−φm,n)dt

]
Ainsi, la condition d’orthogonalité dans un système FBMC/OQAM ayant une largeur de
1/T pour chaque sous-porteuse est donnée par :

+∞∫
−∞

f(t− nT/2)f(t− n′T/2) cos

(
2π

T
(m′ −m)t+ φm′,n′ − φm,n

)
dt = δm,m′δn,n′

En présence des trajets multiples h(t), le signal à l’entrée du récepteur devient :

r(t) =
N−1∑
m=0

+∞∑
n=−∞

am,ne
jφm,n

L−1∑
i=0

hif(t− nT/2− ni

N
T )ej

2π
T m(t−ni

N T )

En général, la longueur du filtre prototype f(t) est un multiple de la période symbole T .
Par conséquent, la bande occupée par ce filtre est plus petite que la bande de cohérence du
canal Bc = 1/(2τds) [1], [13]. Ce qui implique :

f(t− nT/2− τ) ≈ f(t− nT/2), τ ∈ [0, τds]



Le signal r(t) peut donc être réécrit sous la forme suivante :

r(t) =
N−1∑
m=0

+∞∑
n=−∞

am,ne
jφm,nf(t− nT/2)ej

2π
T mtH(m)

Étant donné que le filtre prototype est bien localisé en temps et en fréquence, l’intégrale
+∞∫
−∞

f(t − nT/2)f(t − n0T/2)e
j 2π

T (m−m0)tdt tend rapidement vers 0 avec l’augmentation de

|n − n0| et |m − m0|. Le signal à la sortie du filtre de réception de la sous-porteuse m0 à
l’instant n0 est donc donné par:

ym0,n0
= H(m0)

∑
l∈Ω∆m

+∞∑
n=−∞

am,ne
j(φm0+l,n−φm0,n0 )

+∞∫
−∞

f(t− nT/2)f(t− n0T/2)e
j 2π

T ltdt

Finalement, le signal émis est reconstruit après la décision OQAM sous l’hypothèse d’une
parfaite égalisation de canal.
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Le transmultiplexeur FBMC peut être efficacement implémenté en utilisant la représen-
tation polyphasée du filtre prototype. Cette implémentation se base sur le fait que le banc
de filtre de synthèse (émetteur FBMC) et celui d’analyse (récepteur FBMC) sont composés
d’un ensemble de versions décalées de la réponse fréquentielle du filtre prototype. Après
certaines transformations, le banc de filtre de synthèse sera composé d’une IFFT en cascade



avec le réseau polyphasé du filtre f(t). Le banc de filtre d’analyse est, quant à lui, réalisé
par la mise en cascade du réseau polyphasé de f(t) et d’une FFT.

Concernant le choix du filtre prototype, nous avons considéré dans cette thèse deux
formes d’onde largement utilisées par la communauté : IOTA (Isotropic Orthogonal Trans-
form Algorithm) qui est le résultat d’un algorithme d’orthogonalisation appliqué sur une
fonction gaussienne [14], [15] et le filtre prototype de PHYDYAS proposé par Bellanger [16].
La propriété la plus importante de ces filtres est qu’ils sont bien localisés en temps et en
fréquence.

L’asynchronisme dans les systèmes multiporteuses

En général, afin de préserver l’orthogonalité entre les sous-porteuse en OFDMA, les sig-
naux des différents utilisateurs doivent arriver à l’entrée du récepteur d’une manière syn-
chrone. Plusieurs techniques de synchronisation ont été proposées en OFDMA pour assurer
l’alignement des signaux au niveau d’un récepteur. La plupart de ces techniques doivent
être contrôlées en boucle fermée [17], ce qui exige l’estimation des différents temps d’arrivées
par le récepteur.
Dans cette section, nous décrivons quelques scénarios où le synchronisme temporel ne peut,
malheureusement, pas être garanti. Parmi ces scénarios, nous avons :

Les réseaux Ad-hoc Contrairement aux réseaux cellulaires classiques, les utilisateurs dans
les réseaux Ad-hoc peuvent communiquer entre eux sans passer par une station de
base centrale. Par conséquent, l’implémentation des techniques de synchronisation en
OFDMA au niveau de chaque utilisateur serait très coûteuse. Dans ce cas, la méthode
la plus adaptée consiste à étendre le préfixe cyclique au-delà de ce qui est nécessaire
pour éliminer l’interférence causée par les effets des trajets multiples [17]. Néanmoins,
cette solution augmente la redondance et diminue de ce fait le débit effectif du système.

Les réseaux radio-cognitifs Le problème de synchronisation dans ces réseaux est plus
difficile parce que les utilisateurs primaires et secondaires (ou cognitifs) transmettent
leurs signaux indépendamment les uns des autres.

Dans le chapitre suivant, l’impact de l’asynchronisme sur les systèmes multiporteuses sera
étudié et analysé.

Chapitre 3 - Modélisation d’interférence asynchrone

L’interférence est une des causes les plus importantes entraînant la dégradation de la qualité
de service dans les systèmes de communication sans-fil. Dans ce chapitre, nous présentons
un modèle global pour la caractérisation et l’analyse de l’interférence dans les systèmes mul-
tiporteuses asynchrones. Cette interférence est la conséquence de la perte de l’orthogonalité
entre les différentes sous-porteuses. Nous expliquons tout d’abord le concept général des
tables d’interférence. Nous développons ensuite le calcul théorique des termes d’interférence
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pour l’OFDM et la FBMC et nous présentons une extension de ce modèle en considérant
les canaux sélectifs en fréquence. Enfin, quelques résultats de simulations sont analysés.

Le concept général des tables d’interférence

La densité spectrale de puissance (PSD) est souvent utilisée pour analyser l’interférence
causée par un système sur un autre [9], [10]. Selon [10], l’interférence mutuelle normalisée
entre deux systèmes qui partage une bande de fréquence donnée est définie par :

I(l) =

(l+1/2)∆f∫
(l−1/2)∆f

Φ(f)df

où :

• l est la distance spectrale entre les deux sous-porteuses interférente et victime.

• ∆f est la largeur d’une sous-porteuse

• Φ(f) est la densité spectrale de puissance qui dépend de la forme d’onde utilisée.

Dans le cas d’OFDM, la PSD normalisée est donnée par [10] :

ΦOFDM(f) = TOFDM

(
sin(πfTOFDM)

πfTOFDM

)2



où TOFDM = T +∆; ∆ étant la durée du préfixe cyclique.
En ce qui concerne les systèmes FBMC, la PSD a été calculée dans [9], pour les deux formes
d’onde : IOTA et PHYDYAS,

ΦIOTA(f) = (f1,
√
2/2,

√
2/2)

2

où f1,
√
2/2,

√
2/2 représente la réponse impulsionnelle du filtre IOTA qui est égale à sa trans-

formée de Fourrier.
ΦPHYDYAS(f) = (F (f))2

où F (f) est la racine carrée de la réponse en fréquence du filtre prototype de PHYDYAS.
On peut constater que l’interférence calculée par le modèle PSD ne dépend pas du

décalage temporel entre les signaux transmis par les deux systèmes. Cependant dans un
système CP-OFDM, l’orthogonalité entre les différents signaux transmis est maintenue tant
que la désynchronisation ne dépasse pas la durée du préfixe cyclique. Cet exemple met en
évidence les limites du modèle PSD.

Tables d’interférence: OFDM et FBMC

Après avoir introduit le concept général de l’estimation d’interférence, nous proposons une
nouveau modèle qui tient compte de la désynchronisation entre l’interféreur et le récepteur
victime. Ce modèle est appelé "les tables d’interférence instantanées". Nous notons ces
tables par I(τ, l) pour l’OFDM et la FBMC. Elles peuvent être définie comme :

CP-OFDM:

I(τ, l) =


δ(l) τ ∈ [0,∆][
(T +∆− τ)2 + (τ −∆)2

]
/T 2 τ ∈ [∆, T +∆], l = 0∣∣∣ sin(πl(T+∆−τ)/T )

πl

∣∣∣2 + ∣∣∣ sin(πl(τ−∆)/T )
πl

∣∣∣2 τ ∈ [∆, T +∆], l ̸= 0

Ces tables d’interférence montrent que l’orthogonalité entre les sous-porteuses interférente
et victime est maintenue quand le décalage temporel τ est inférieur à la durée du CP ∆.
Ces tables montrent aussi que la puissance d’interférence change en fonction de la distance
spectrale l et la désynchronisation τ .



FBMC:

De la même manière, nous avons calculé les tables d’interférence en FBMC,

I(τ, l) = Eam,n,φ

[
|ytot(τ, φ)|2

]
où ytot(τ, φ) représente le signal après la décision OQAM, résultant d’un signal transmis qui
a subi un retard τ et un déphasage φ :

ytot(τ, φ) = Re {ym0,n0(τ, φ)}+ jRe {ym0,n0+1(τ, φ)}

avec ym0,n0
(τ, φ) est le signal complexe à la sortie du filtre de réception qui est donné en

fonction de la désynchronisation τ par :

cas 1: (n0 − n)T2 < τ

ym0,n0(τ, φ) =

2K+n0−1∑
n=⌊ −τ

T/2
⌋+n0+1

am,ne
j(φ+φm,n−φm0,n0 )e−j 2π

T mτΨ(t, τ, l)

∣∣∣∣KT+(n0−n)T
2

t=τ

cas 2: τ < (n0 − n)T2

ym0,n0(τ, φ) =

n0+⌈ −τ
T/2

⌉−1∑
n=−2K+n0+1

am,ne
j(φ+φm,n−φm0,n0 )e−j 2π

T mτΨ(t, τ, l)

∣∣∣∣KT+τ

t=(n0−n)T
2

À travers ces exemples de tables d’interférence, nous pouvons voir qu’il n’y a pratiquement
pas d’interférence quand la distance spectrale l > 1 pour PHYDYAS et l > 2 pour IOTA.
De plus, nous pouvons constater que l’interférence significative en FBMC est quasiment
invariable par rapport à la désynchronisation τ . Contrairement aux formes d’onde FBMC,
l’interférence asynchrone en OFDM reste significative même pour une distance spectrale
l = 6.
Nous avons également comparé les tables d’interférence moyennes avec les tables calculées
par la PSD. Nous pouvons voir que la différence des niveaux d’interférence croît proportion-
nellement à la distance spectrale l. Mais, cette différence est négligeable en FBMC quand
le niveau d’interférence est élevé.

L’interférence asynchrone dans un canal sélectif en fréquence

En présence d’un canal sélectif en fréquence, nous avons démontré que la puissance de
l’interférence asynchrone peut être calculée par :

Pinterf(m0, τ) = d−βPtrans(m)I(τ, |m−m0|)|H(m)|2

où :

• d est la distance entre l’interféreur et le récepteur d’intérêt,
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• β est l’exposant de l’affaiblissement de propagation,

• Ptrans(m) est la puissance transmise sur la sous-porteuse m,

• I(τ, |m−m0|) est le coefficient de la table d’interférence qui correspond à un décalage
temporel τ et une distance spectrale |m−m0|,

• |H(m)|2 est le gain en puissance du canal entre l’interféreur et le récepteur d’intérêt
sur la sous-porteuse m.

Validation du modèle proposé

Afin de valider le modèle proposé, nous avons réalisé plusieurs simulations sur le scénario
présenté dans la figure ci-après. Nous considérons la voie montante d’une transmission
OFDM/FBMC dans un réseau à 2 cellules. L’utilisateur de référence MU0 est situé à une
distance d0 de sa station de base BS0. L’interféreur MU1 communique avec BS1 et il est
situé à une distance d de BS0. La puissance d’émission de chaque utilisateur doit assurer
un rapport signal à bruit (SNR) de 20 dB. Les blocs de sous-porteuses F0 et F1 sont alloués
respectivement à MU0 et MU1.
La propagation des signaux transmis suit le modèle Pedestrian-A. Le choix de ce modèle
est basé sur l’hypothèse que chaque sous-porteuse subit un évanouissement plat. De plus,
le modèle de propagation considéré inclut l’affaiblissement de propagation qui tient compte
de la position de l’utilisateur par rapport à la station de base de référence BS0. Cet affaib-
lissement est exprimé par :

Γloss(d) = 128.1 + 37.6 log10(d[km])[dB]

D’autre part, nous avons considéré un système avec N = 1024 sous-porteuses et une
fréquence d’échantillonnage de 10 MHz. La densité spectrale du bruit thermique consid-
éré est N0 = −174 dBm/Hz.

Chaque usager est supposé parfaitement synchronisé avec sa station de base mais pas
synchronisé avec l’autre BS. À cause de la désynchronisation entre MU1 et BS0, les signaux
transmis par MU0 et MU1 ne sont pas orthogonaux. Cette perte d’orthogonalité génère de
l’interférence qui dégrade à son tour le SINR. Ce dernier peut s’exprimer pour une sous-
porteuse m ∈ F0 par :

SINR(m) =
d−β
0 Ptrans(m) |H0(m)|2∑

m′∈F1

d−βPtrans(m′)I(τ, |m′ −m|) |H1(m′)|2 +N0∆f

où ∆f est la largeur de la sous-porteuse m0.
Il est à noter que le coefficient I(τ, |m′ −m|) est calculé par les deux méthodes : PSD et le
modèle proposé.
L’objectif de cette section est d’évaluer le SINR moyen ainsi que l’efficacité spectrale ex-
primés respectivement par :

SINRaverage(m) = E [SINR(m)]



(a)
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la voie montante d’un réseau OFDM/FBMC à deux cellules

Caverage(m) = E [log2 (1 + SINR(m))]

où E[.] représente l’espérance mathématique calculée sur toutes les réalisations de H0(m) et
de {H1(m

′),m′ ∈ F1} et sur toutes les valeurs de désynchronisation τ qui est uniformément
distribuée sur [0, T ].
Deux contextes sont analysés :

• Le contexte cellulaire classique: quand d ∈ [R, 2R]

• Le contexte radio cognitif : quand d ∈ [0, R]

Dans les figures ci-après, l’évolution du SINR en fonction de d/R est représentée dans
les cas CP-OFDM, FBMC-PHYDYAS et FBMC-IOTA. Trois méthodes sont utilisées pour
l’estimation du SINR dans chaque cas : les tables instantanées (ligne), les tables PSD (points
.) et les simulations numériques (croix x). Nous pouvons voir que les résultats obtenus par
les tables instantanées correspondent parfaitement aux résultats obtenus par la méthode
numérique. Cependant, les résultats obtenus par le modèle PSD sont inexactes notamment
dans le contexte radio cognitif.
Dans le contexte cognitif, on constate, en effet, une très forte degradation du SINR pour
l’OFDM par rapport au SNR cible de 20 dB. Ceci est justifié par le niveau élevé de la
puissance de l’interférence présente sur l’ensemble des sous-porteuses m ∈ F0. En revanche,
une faible perte en SNR est observée dans le cas FBMC. Un tel résultat peut s’expliquer
par le fait qu’uniquement une sous-porteuse (2 sous-porteuse dans le cas FBMC-IOTA) sur
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chaque extrémité de F0 est affectée par l’interférence.
Dans le contexte cellulaire, l’interféreur MU1 est suffisamment loin de BS0. Ceci implique
que la puissance provenant de MU1 à BS0 est réduite par l’important affaiblissement de
propagation. Par conséquent, l’impact de l’interférence asynchrone est mois significatif
dans ce contexte pour toutes les formes d’ondes. Par ailleurs, les SINRs de l’OFDM et de
FBMC convergent vers le SNR cible pour les valeurs élevées de d. L’interférence est dans
ce cas négligeable devant le bruit.
L’effet de l’interférence asynchrone sur l’efficacité spectrale a également été examiné, dans
la figure ci-avant. Ces résultats confirment la bonne estimation de l’efficacité spectrale par
le modèle proposé et montrent une meilleure performance dans le cas FBMC par rapport
à l’OFDM. On peut voir aussi que l’efficacité spectrale des deux modulations OFDM et
FBMC tends vers le même palier à cause de la prédominance du bruit. On rappelle que
le debit effectif de l’OFDM est inférieur à celui présenté dans ces résultats à cause de la
redondance introduite par le CP dans chaque bloc OFDM.

La méthode d’estimation de l’interférence asynchrone proposée dans ce chapitre présente
une alternative plus efficace à l’évaluation numérique directe. Il est donc intéressant de
souligner que la méthode proposée est une méthode semi-analytique. Ce qui signifie que
nous avons toujours besoin de simuler les réalisations des différents canaux (utile et canaux
d’interférence). Par conséquent, on peut voir que la complexité de l’évaluation des perfor-
mances demeure importante, en particulier lorsque le nombre des interféreurs est important.

Dans les deux chapitres suivants, nous développons de nouvelles expressions analytiques
qui réduisent considérablement la complexité de l’évaluation des performance : taux d’erreur
et efficacité spectrale.

Chapitre 4 - Analyse des taux d’erreurs de l’OFDM et la
FBMC dans les systèmes asynchrones

Le taux d’erreur d’une transmission donnée est un critère fréquemment utilisé pour analyser
l’impact de l’interférence sur les performances du système. Dans ce chapitre, nous dévelop-
pons une expression analytique du taux d’erreur (BER) dans des systèmes OFDM et FBMC
asynchrones. Tout d’abord, nous analysons le SINR. Nous nous intéressons par la suite au
calcul des expressions du BER. Enfin, quelques résultats de simulation sont discutés.

Analyse de l’interférence et du SINR

Considérons un récepteur (récepteur d’intérêt) qui communique de manière synchrone avec
son émetteur correspondant. D’autres émetteurs, qui coexistent dans la même zone géo-
graphique, transmettent d’une façon asynchrone par rapport au récepteur d’intérêt. On
peut exprimer le signal composite à l’entrée du récepteur d’intérêt par la somme du signal



utile et des signaux interférants provenant des autres émetteurs :

r(t) = d
−β/2
0 s0(t) ∗ h0(t)︸ ︷︷ ︸

desired signal

+
K∑

k=1

d
−β/2
k sk(t− τk) ∗ hk(t)︸ ︷︷ ︸
interference signal

+n(t)

où :

• K est le nombre d’émetteurs interféreurs,

• d0 est la distance entre le récepteur d’intérêt et son émetteur,

• dk représente la distance entre un interféreur k et le récepteur d’intérêt,

• s0(t) est le signal transmis par l’émetteur d’intérêt,

• sk(t) est le signal d’interférence transmis par le k-ème émetteur,

• hk(t) et τk représentent, respectivement, le canal de propagation et le décalage tem-
porel entre l’émetteur k et le récepteur d’intérêt,

• n(t) est le bruit blanc additif gaussien (AWGN)

• β est l’exposant de l’affaiblissement de propagation.

En se basant sur le modèle d’interférence proposé dans le chapitre précédent, on peut ex-
primer la puissance de l’interférence totale qui affecte la m-ème sortie du récepteur de
référence par

Pinterf(m, {τk, k = 1, ...,K}) =
K∑

k=1

∑
m′∈Fk

d−β
k Ptrans(m

′)I(τk, |m′ −m|) |Hk(m
′)|2

où :

• Fk désigne l’ensemble des sous-porteuses utilisées par l’émetteur k

• Ptrans(m
′) est la puissance émise sur la sous-porteuse interférente m′

• |Hk(m
′)|2 est le gain en puissance du canal entre l’interféreur k et le récepteur d’intérêt

sur la sous-porteuse m′.

Comme nous l’avons indiqué précédemment, le récepteur d’intérêt est supposé parfaitement
synchronisé avec son émetteur. Par conséquent, la puissance du signal utile est donnée par

Pdesired(m) = d−β
0 Ptrans(m) |H0(m)|2

Cette hypothèse est vraie, dans le cas OFDM, tant que le préfix cyclique ∆ est plus grand
que l’étalement maximal du canal τds. Dans le cas FBMC, le gain du canal est considéré plat
sur chaque sous-porteuse si le nombre des sous-porteuses est très élevé. Etant donné que le
but de ce chapitre est d’analyser la sensibilité de l’OFDM et de FBMC à la désynchronisation



temporelle, nous allons supposer que chaque sous-porteuse subit un évanouissement plat.
Ceci est vrai dans les cas des canaux modérément sélectifs en fréquence.

Le SINR instantané est donc donné par :

SINR(m) =
d−β
0 Ptrans(m) |H0(m)|2

K∑
k=1

∑
m′∈Fk

d−β
k Ptrans(m′)I(τk, |m′ −m|) |Hk(m′)|2 +N0∆f

où N0 représente la densité spectrale du bruit et ∆f est la largeur de la sous-porteuse m.
Pour des raisons de simplicité, nous réécrivons le SINR comme suit :

SINR(m) =
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b

avec

Ak,m,m′ =

[
dk
d0

]−β
Ptrans(m

′)

Ptrans(m)
I(τk, |m′ −m|)

b =
N0∆f

d−β
0 Ptrans(m)

Analyse du BER moyen

Dans la littérature, le BER de la QPSK est donné par [18] :

BER(SNR) =
1

2
erfc

(√
1

2
SNR

)
Il est à souligner que nous avons considéré des décalage τk constants dans le calcul des coef-
ficients Ak,m,m′ . Connaissant l’ensemble des variables aléatoires H = {H0(m),Hk(m

′), k ∈
{1, ...,K},m′ ∈ Fk}, on peut exprimer le BER conditionnel en présence de l’interférence
par :

BER(SINR)|H =
1

2
erfc

1

2

|H0(m)|2
K∑

k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


1/2

Par conséquent, le BER moyen est donné par :

BERaverage = EH [BER(SINR)|H] = EH

12erfc

1

2

|H0(m)|2
K∑

k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


1/2


L’approche directe du calcul du BER moyen mène à une intégrale multiple qui est souvent
difficile à calculer analytiquement. Afin de réduire la complexité du calcul, nous utilisons le
lemme suivant [19],



Lemme Soit x une variable aléatoire gamma de moyenne unitaire et de paramètre α et
soit c une constante positive. Soit g une variable aléatoire positive et indépendante de x.
On a alors,

Ex,y

[
erfc

(
x

g + c

)1/2
]
= 1− 2

π

Γ
(
α+ 1

2

)
Γ(α)

+∞∫
0

e−z

√
z

1F1

(
1− α;

3

2
; z

)
Mg(αz)e

−zαcdz

où :

• Γ(α) =
+∞∫
0

zα−1e−zdz est la fonction Gamma (définie pour α ∈ C et Re(α) > 0) [20],

• 1F1(a; b; z) = Γ(b)
Γ(b−a)Γ(a)

1∫
0

ezuua−1(1 − z)b−a−1du (Re(a) > 0 et Re(b) > 0) est la

fonction hypergéométrique confluente de première espèce [20],

• Mg(z) = Eg [e
−zg] est la fonction génératrice des moments (MGF) de g.

Après quelques transformations de l’expression du BER moyen, on obtient :

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

Mg(z)dz

où g représente la variable aléatoire de la puissance de l’interférence totale,

g = 2
K∑

k=1

∑
m′∈Fk

Ak,m,m′gk,m′

ici gk,m′ = |Hk(m
′)|2.

Pour une analyse complète du BER, nous allons développer le calcul dans 2 cas :

Le cas multi-interféreurs complètement chargés

Comme les signaux transmis par les différents interféreurs sont indépendants, la MGF de g

sera le produit des MGFs Mk(z) où :

Mk(z) = E{gk,m′ ,m′∈Fk}

[
e
−2z

∑
m′∈Fk

Ak,m,m′gk,m′
]

Comme les sous-porteuses m′ appartiennent au même bloc de sous-porteuses Fk, leurs gains
gk,m′ sont corrélés.
Soit Ωk la matrice de corrélation des variables {gk,m′ ,m′ ∈ Fk}. Selon [21], la MGF Mk(z)

est donnée par :

Mk(z) =
∣∣ILk

+ 2DA
k Ωk z

∣∣−1

où :



• ILk
est la matrice identité de dimensions Lk × Lk et Lk représente le cardinal de

l’ensemble Fk

•
∣∣ILk

+ 2DA
k Ωk z

∣∣ désigne le déterminant de la matrice ILk
+ 2DA

k Ωk z

• DA
k est matrice diagonale avec,

DA
k (i, i) = Ak,m,i i ∈ Fk

Finalement, le BER moyen peut s’écrire sous la forme suivante :

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

∣∣ILk
+ 2DA

k Ωk z
∣∣−1

dz

Dans le cas des canaux à évanouissement plat, le BER moyen devient :

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

(
1 + 2

∑
m′∈Fk

Ak,m,m′z

)−1

dz

Si les gains sur les sous-porteuses interférentes sont complètement décorrélés, le BER moyen
peut s’écrire comme suit :

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

∏
m′∈Fk

(1 + 2Ak,m,m′z)
−1

dz

Le cas multi-interféreurs partiellement chargés

Dans le cas précédent, nous avons calculé le BER moyen dans un scénario complètement
chargé. Il est possible qu’un interféreur passe par des périodes de silence (d’inactivité). On
peut modéliser l’activité d’un interféreur k par une variable aléatoire de Bernoulli Qk avec
une densité de probabilité

p(Qk) =

αk Qk = 1

1− αk Qk = 0
, k ∈ {1, ...,K}

La variable g devient alors :

g = 2

K∑
k=1

QkAk,m,m′gk,m′

Par conséquent, la MGF Mg(z) est exprimé par :

Mg(z) =
K∏

k=1

(1− αk + αkMk(z))

=
K∏

k=1

(
1− αk + αk

∣∣ILk
+ 2Ωk D

A
k z
∣∣−1
)



Le BER moyen peut alors s’écrire :

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

(
1− αk + αk

∣∣ILk
+ 2Ωk D

A
k z
∣∣−1
)
dz

Le modèle du système

Dans cette section, nous décrivons le modèle du système considéré dans les simulations
réalisée dans les Chapitres 4 et 5. Nous considérons la voie descendante d’une transmission
OFDM/FBMC dans un réseau cellulaire à 12 cellules. L’utilisateur de référence est situé
à la position de coordonnées (u, v). Soit la station de base k située à (uk, vk), la distance
entre cette BS et l’utilisateur de référence est donnée par :

dk =
√
(uk − u)2 + (vk − v)2

Le facteur de réutilisation des fréquences est égal à 1/7. Dans ce schéma, nous avons
considéré une bande de garde de δ sous-porteuses entre les différents bloc de sous-porteuses.
Le Rayon de la cellule est fixé à R = 1km. Nous avons par ailleurs considéré un système à
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d’échantillonnage est égale à 10 MHz. Le bruit thermique est caractérisé par une densité
spectrale de puissance égale à -174 dBm/Hz. La durée du CP est fixée à ∆ = T/8, et la
taille de chaque bloc de sous-porteuse est égale à 18 sous-porteuses. Tous les résultats sont
comparés aux résultats du scénario optimal où il n’y a pas d’interférence asynchrone.

Résultats de simulation

Dans la figure ci-après, les BERs moyens de l’OFDM et de la FBMC sont tracés en fonction
du SNR dans le cas d’un réseau complètement chargé sans bande de garde (δ = 0). La désyn-
chronisation τ est supposée être uniformément répartie sur l’intervalle [0, T ]. Nous pouvons
voir que les résultats de simulation correspondent parfaitement aux résultats obtenus par
l’expression analytique développée précédemment. Une sévère dégradation du BER est con-
statée sur toutes les formes d’ondes à cause de la désynchronisation. Nous remarquons
également que plus le SNR est grand, plus cette dégradation devient significative. Ceci peut
s’expliquer par le fait que le bruit est, dans ce cas, négligeable devant l’interférence causée
par les autres stations de base, ce qui mène à un palier d’erreur. Toutefois, le BER de la
FBMC asynchrone est inférieur à celui de l’OFDM. Ce gain est dû au fait que seulement
une sous-porteuse (cas de PHYDYAS) ou deux sous-porteuses (cas d’IOTA) sont affectées
par l’interférence sur chaque bord. Alors qu’en OFDM, l’ensemble des sous-porteuses souf-
frent d’une forte interférence asynchrone causée par un nombre important de sous-porteuses
interférentes.
Dans les figures ci-après, nous avons le BER moyens de l’OFDM et de la FBMC en fonction
du SNR avec différents intervalles de désynchronisation: [0, T/7] correspondant au scénario
(a), [0, T/4] pour le scénario (b) et [0, T ] pour le scénario (c).
En OFDM, la dégradation est très importante quand l’intervalle de désynchronisation est
large. En effet, quand τ ≤ ∆, les différentes sous-porteuses sont orthogonales. Au delà du
préfixe cyclique, une très forte interférence, provoquée par la perte d’orthogonalité, affecte
les performances du système. Comme la désynchronisation est uniformément répartie, la
probabilité d’avoir les performances du cas optimal est égale à (∆/τmax). De ce fait, plus
τmax est grand, plus la probabilité d’orthogonalité entre les sous-porteuses est faible.
Concernant le cas FBMC, on peut conclure que les deux formes d’ondes PHYDYAS et IOTA
ne sont pas sensibles à la largeur de l’intervalle de désynchronisation. Ceci est dû au fait
que l’interférence significative (supérieure ou égale à −30 dB) est quasiment invariable par
rapport au décalage τ .
Nous avons également étudié l’impact de la taille de la bande de garde δ sur les performances
du système. Différentes valeurs de δ = 0, 1, 2, 5, 20 ont été considérées. La désynchronisation
est uniformément distribuée sur [0, T ]. Comparant les différentes courbes de l’OFDM, on
peut voir une amélioration des performances en augmentant δ. Cependant, il y a toujours
un écart par rapport à l’optimal même pour une bande de garde de 20 sous-porteuses.
Contrairement à l’OFDM, les formes d’ondes FBMC offrent pratiquement les performances
du cas optimal pour δ = 1 dans le cas PHYDYAS et δ = 2 dans le cas IOTA. Ceci est dû au
fait que l’interférence ne dépasse pas -60 dB quand le bloc des sous-porteuses d’intérêt est
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séparé des autres blocs par une sous-porteuse dans le cas PHYDYAS ou 2 sous-porteuses
dans le cas IOTA.
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Dans les deux dernières figures, les BERs moyens de l’OFDM/FBMC sont tracés en fonction
du facteur de charge α pour deux niveaux de SNR : 20 dB et 25 dB. La désynchronisation τ

est uniforme sur [0, T ]. Nous pouvons constater que le BER est proportionnel à α. On voit
également que les modulations FBMC garde leurs supériorités par rapport à l’OFDM. De
plus, la parfaite correspondance entre la théorie et la simulation valide l’expression obtenue
du BER dans le cas partiellement chargé.
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Chapitre 5 - Analyse de l’efficacité spectrale de l’OFDM
et la FBMC dans les systèmes asynchrones

L’efficacité spectrale représente un des critères fondamentaux dans l’évaluation des perfor-
mances d’un système donné. Dans ce chapitre, nous développons une expression analytique
de l’efficacité spectrale en tenant compte de l’interférence asynchrone. Nous terminons par
analyser quelques résultats de simulation.

Analyse de l’efficacité spectrale moyenne

Suivant le même raisonnement adopté dans le chapitre précédent, l’efficacité spectrale condi-
tionnelle, considérant l’ensemble des variables aléatoires H = {H0(m),Hk(m

′), k ∈ {1, ...,K},m′ ∈
Fk} connues, peut s’exprimer comme suit :

C(SINR)|H = B log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


Par conséquent, l’efficacité spectrale moyenne est donnée par :

Caverage = EH

B log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b




L’approche directe pour calculer cette moyenne mène à une intégrale multiple trop complexe

Caverage = B

∫
H

log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b

 p(H)dH

où p(H) représente la densité de probabilité du vecteur H.
Les fonctions génératrices des moments (MGF) constituent un outil très efficace dans l’analyse
des performances pour les canaux à évanouissement [22], [19]. En utilisant le lemme [19]
suivant, le calcul de l’efficacité spectrale moyenne se réduit à une seule intégrale.

Lemme Soit x une variable aléatoire avec une distribution gamma de moyenne unitaire
et de paramètre α. Soit c une constante positive et g une variable aléatoire positive et
indépendante de x. Alors,

Ex,g

[
ln

(
1 +

x

g + c

)]
=

+∞∫
0

[
1

z
− 1

z(1 + z)α

]
Mg(αz)e

−zαcdz



Par conséquent, l’efficacité spectrale moyenne devient :

Caverage = B log2(e)

∞∫
0

e−zb

1 + z
Mg(z)dz

De la même manière, nous distinguons deux cas principaux :

Le cas multi-interféreurs complètement chargés

L’efficacité spectrale dans ce cas est donnée par :

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

∣∣ILk
+DA

k Ωk z
∣∣−1

dz

Le cas multi-interféreurs partiellement chargés

Quand le système est partiellement chargé avec un facteur α ∈ [0, 1], l’expression de
l’efficacité spectrale devient :

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

(
1− αk + αk

∣∣ILk
+ Ωk D

A
k z
∣∣−1
)
dz

Résultats de simulation

Dans la section précédente, nous avons développé les expressions de l’efficacité spectrale
en présence de l’interférence asynchrone. Contrairement à l’approche directe complexe, les
expressions obtenues constituent une approche plus simple dans le calcul de l’efficacité spec-
trale moyenne. Dans cette section, nous présentons quelques résultats de simulation pour
la voie descendante des systèmes OFDM et FBMC. Le reste des paramètres de simulation
est identique à ceux donnés dans le chapitre précédent. Il est à noter que tous les résul-
tats sont comparés au cas optimal où l’orthogonalité entre les différentes sous-porteuses est
maintenue.
Dans la première figure, l’efficacité spectrale calculée théoriquement est comparée à celle
obtenue par simulation. Nous avons considéré une configuration sans bande de garde en-
tre les différents bloc de sous-porteuses (δ = 0) avec une désynchronisation uniformément
distribuée sur [0, T ]. Dans cette figure, l’efficacité spectrale moyenne de l’OFDM et de la
FBMC est tracée en fonction du SNR pour l’expression théorique et les résultats de simu-
lation. Nous pouvons voir que les résultats théoriques correspondent parfaitement à ceux
obtenus par simulation. Nous constatons également une dégradation significative des per-
formances pour les valeurs élevées du SINR. Les courbes tracées montrent également un
palier de l’efficacité spectrale pour l’OFDM quand le SNR est élevé. Ce comportement peut
être expliqué par la prédominance de l’interférence asynchrone causée par les différentes BS
sur le niveau de bruit considéré. D’autre part, les modulations FBMC offrent des meilleures
performances par rapport à l’OFDM. Ce gain important est dû au fait que toutes les sous-
porteuses en OFDM souffrent d’une forte interférence alors que seulement une ou deux
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sous-porteuses sont affectées par l’interférence en FBMC. Concernant le scénario optimal,
les deux modulations offrent les mêmes performances. Mais si on considère la redondance
introduite par le CP en OFDM, le débit réel des modulations FBMC est plus grand que
celui de l’OFDM.
Les figures ci-dessous, montrent l’effet de la largeur de l’intervalle de désynchronisation sur
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les performances des deux modulations OFDM et FBMC. En OFDM, la dégradation est
moins importante pour de faibles désynchronisations. Ce comportement est dû au fait que
l’OFDM parvient à maintenir l’orthogonalité entre les sous-porteuses quand la désynchroni-
sation est absorbée par le CP. Comme nous avons considéré une désynchronisation uniforme
sur [0, τmax], la probabilité d’avoir les performances optimales est donnée par ∆/τmax. Donc
plus τmax est proche de ∆, plus l’OFDM est proche de l’optimal. De l’autre côté, les mod-
ulations FBMC se montrent insensibles à la désynchronisation. On peut expliquer cette
insensibilité par le fait que l’interférence la plus significative en FBMC est quasiment invari-
able par rapport à la désynchronisation.
Jusqu’à maintenant nous avons négligé l’impact des bandes de garde. Dans les figures suiv-
antes, nous examinons les variations des performances en fonction de la taille de la bande de
garde δ. La désynchronisation ici est considérée uniformément distribuée sur [0, T ]. Comme
la distance spectrale influe sur l’interférence, nous allons calculer l’efficacité spectrale unique-
ment sur les sous-porteuses actives. Comparant les différentes courbes, nous constatons qu’il
y a une amélioration des performances avec l’augmentation de δ. Cependant, un écart entre
les performances de l’OFDM par rapport au cas optimal est toujours observé. À l’opposé de
l’OFDM, les modulations FBMC sont capables d’atteindre les performances optimales pour
une bande de garde δ = 1 ou 2 sous-porteuses, respectivement pour PHYDYAS et IOTA.
Finalement, l’effet de la charge du réseau sur les performances du système est exposé dans les
figures suivantes. Deux niveaux de SNR sont considéré 20 et 25 dB. Les courbes montrent
que l’efficacité spectrale est inversement proportionnelle au facteur de charge α. Quand



α = 0, les deux modulations offrent les même performances. Néanmoins, les courbes diver-
gent avec l’augmentation de α. Les résultats obtenus confirment la supériorité des modula-
tions FBMC par rapport à l’OFDM.
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Conclusion

Le principal objectif de cette thèse est d’analyser l’impact de la désynchronisation temporelle
sur les performances des systèmes OFDM et FBMC.

Dans le chapitre 3, Nous avons démontré que la désynchronisation peut causer une
perte d’orthogonalité entre les sous-porteuses. Cette perte d’orthogonalité se traduit par
l’apparition de l’interférence asynchrones. Nous avons introduit le concept général des ta-
bles d’interférence et calculé ces tables pour le modèle PSD. Comme ce modèle ne tient pas
compte de la désynchronisation entre le signal d’interférence et le signal utile, nous avons
proposé de nouvelles tables appelées tables instantanées. En utilisant ces dernières, nous
avons établi une méthode semi-analytique pour évaluer le SINR moyen et l’efficacité spec-
trale. Contrairement au modèle PSD qui présente une large imprécision, le modèle proposé
à été validé à travers différents résultats de simulation.

Dans les chapitres 4 et 5, nous avons étudié le BER et l’efficacité spectrale en présence
de l’interférence asynchrone. Tout d’abord, l’expression analytique du SINR instantané
a été calculée. Nous avons démontré ensuite que l’approche directe du calcul du BER
mène à des intégrales multiples complexes qui difficiles à évaluer. En se basant sur les
fonctions génératrices des moments de la puissance d’interférence, nous avons développé des
expressions simples du BER et de l’efficacité spectrale moyens. Ces dernières expressions
réduisent d’une façon considérable la complexité de l’évaluation des performances.
Cette étude théorique a été consolidée et validée par plusieurs résultats de simulation où
nous avons démontré que :



• l’asynchronisme entre l’interféreur et le récepteur de référence cause une sévère dégra-
dation dans les performances du système OFDM. Un tel résultat est expliqué par la
forte interférence qui apparaît suite à la perte d’orthogonalité entre les sous-porteuses
du système,

• grâce à la bonne localisation des formes d’ondes IOTA et PHYDYAS, les modulations
FBMC sont moins sensible à la désynchronisation par rapport à l’OFDM,

• les modulations FBMC peuvent atteindre les performances optimales en prévoyant
une bande de garde de une (PHYDYAS) ou deux (IOTA) sous-porteuses,

• la modulation OFDM est meilleure quand l’asynchronism temporel τ n’est pas impor-
tant.
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Chapter 1

Introduction

1.1 Background and motivation

Today, we witness a metamorphosis of applications for wireless communications. In fact,
image, music and video sharing between users are reshaping consumption models and im-
posing higher and higher data rate constraints on today’s communication systems.

Multicarrier techniques are promising and potential candidates to achieve these high
required data rates. Indeed, the key idea of multicarrier techniques is to divide the high data-
rate stream into N low-rate substreams that are transmitted on N orthogonal subcarriers.
The main advantage here is that the subcarriers are selected to be orthogonal, in such a
way that their spectra overlap but without causing interference to the other subcarriers [1].
Moreover, the number N must be as large as the bandwidth of each subchannel is smaller
than coherence bandwidth of the propagation channel, that is, the maximum delay spread of
the channel τds is much lower than the symbol duration T . Consequently, each subchannel
experiences a flat fading and the intersymbol interference in each subchannel becomes very
small [1], [2].

Orthogonal Frequency Division Multiplexing (OFDM) is the most widespread multicar-
rier modulation scheme and it has been considered as fundamental part in a number of
wireless communication systems such as WiFi based on the IEEE 802.11 standard, WiMax
(Worldwide Interoperability for Microwave Access) [3], [4], [5] based on the IEEE 802.16
standard, Long Term Evolution (LTE) [3], [6], LTE-advanced, ... etc. This is due to a
number of advantages such as:

• its efficient FFT-based implementation

• its robustness to multi-path effects by adding a cyclic prefix that significantly reduces

1
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Figure 1.1: Frequency responses of OFDM and FBMC

the complexity of the equalization to a single complex coefficient per subcarrier equal-
izer

• its high spectral efficiency using closely spaced orthogonal subcarriers.

Unfortunately, OFDM has some weakness points. The redundancy, caused by the insertion
of the cyclic prefix which is a part of the transmitted OFDM symbol, reduces the useful data
rate. Furthermore, the leakage effect of the IFFT is illustrated in Fig. 1.1, which shows the
frequency response of a subchannel in an OFDM system. The poor spectral localization of
the OFDM subcarriers due to the large sidelobes gives rise to an additional spectral loss and
interference problems with unsynchronized signals [23]. These shortcomings have stimulated
the research of an alternative scheme that can overcome these problems. An enhanced
physical layer based on the filter bank processing is proposed as an interesting alternative
in PHYDYAS project. Increased spectral efficiency can be achieved using filter bank-based
multicarrier (FBMC) techniques compared to OFDM. This is due to the reduced out-of-
band leakage such that a higher number of subcarriers can be used within the allocated
frequency band. Additionally in contrast to OFDM systems using a cyclic prefix to deal
with the frequency selectivity of the propagation channels, there is no need of cyclic prefix
in FBMC systems which increases again the effective throughput.

In the literature, it is often assumed that the users or base stations, coexisting in the
same geographical area, are perfectly synchronized. However in reality, this hypothesis
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cannot always be valid. Various scenarios, in which the asynchronism inherently exists, can
be found such as:

OFDMA-based cellular networks orthogonal frequency division multiple access (OFDMA)
represents the extension of the OFDM concept to multiuser communication scenarios.
In OFDMA systems, the available frequency band is shared between distinct users
for simultaneous transmission. However, timing synchronization is considered as a
challenging task for which no efficient solution exists in the open literature [17].

OFDMA Ad-hoc networks In OFDMA networks, most of the synchronization tech-
niques are based on closed-loop time correction techniques [17]. In contrast to these
networks, the dynamism of the topology of ad-hoc networks makes expensive the im-
plementation of these synchronization techniques.

Cognitive radio systems The problem of synchronization is worse in cognitive radio net-
works where both primary and secondary users transmit independently. The synchro-
nization problem will be more detailed in the next chapter.

This asynchronism can cause a loss of orthogonality between subcarriers which harmfully
affects the system performance. This loss of orthogonality gives rise to the asynchronous
interference. Modeling this interference presents an important issue in the design of com-
munication systems. Many approaches have been investigated to study this problem. The
power spectral density (PSD) is commonly used to model the interference by measuring the
out-of-band radiation [9], [10], [11]. Unfortunately, this model can lead to inaccurate results
e.g. when the asynchronism is absorbed by the cyclic prefix in the CP-OFDM case, the
orthogonality between subcarrier is indeed maintained, but the PSD modeling shows that
the interference is independent of the timing asynchronism.

1.2 Thesis objectives

In this dissertation, the impact of timing asynchronism on the performance of OFDM and
FBMC systems is addressed. As a matter of fact, we would like to:

• Properly estimate the interference part introduced by the timing asynchronism for
OFDM systems.

• Propose an extension of this model to englobe the FBMC case, as it has, to our
knowledge, never been considered in the literature.

• Based on the proposed interference model, derive closed-form expressions of the signal
to interference plus noise ratio for both cases: OFDM and FBMC.

• Moreover investigate the impact of the interference on the system performance. There-
fore, compute analytical expressions for the bit error rate as well as the spectral effi-
ciency in OFDM and FBMC systems.
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1.3 Thesis outline

Chapter 2 - Overview of Multicarrier techniques and Asynchronous Systems

Chapter 2 is devoted to introduce the background and the main state of the art related
to the different concepts to be used throughout this thesis. First, the general concept of
multicarrier transmissions is provided. The OFDM system and its implementation are briefly
described. Next, we give the fundamental theory of FBMC techniques. Among FBMC
schemes, we introduce staggered multitone (SMT), cosine modulated multitone (CMT) and
filtered multitone (FMT). Furthermore, the polyphase implementation of the filter bank
transceiver and the prototype filter design are reviewed. We finally discuss the timing
asynchronism issue in multicarrier systems in the last part of this chapter.

Chapter 3 - Asynchronous Interference Modeling

In this chapter, the asynchronous OFDM and FBMC interference modeling is examined.
We first give a literature review of the multicarrier interference analysis. Then, the general
notion of interference tables is presented. We derive the PSD-based as well as instantaneous
interference tables of CP-OFDM and FBMC considering PHYDYAS and IOTA prototype
filters. The proposed instantaneous tables take into account the timing asynchronism. Next,
we extend the interference analysis to the case of frequency selective environments. Finally,
we propose a table-based estimation which can significantly reduce the complexity compu-
tation compared to the direct numerical evaluation.

Chapters 4 and 5 - Average Error Rates and Spectral Efficiency Analysis in
Asynchronous Cellular Networks

In Chapters 4 and 5, we analyze the impact of timing asynchronism on OFDM and FBMC
based multi-cellular networks. In fact, the average error rate performance and the spec-
tral efficiency of the downlink are analyzed. The chapters start by presenting the state of
the art related to the analysis of both the average error rate and the spectral efficiency in
the presence of asynchronous interference. Then, we develop the analytical expression of
the instantaneous SINR using the interference tables introduced in Chapter 3. Through
the moment generating functions of the asynchronous interference power, we derive closed-
form expressions of the average error rate and the spectral efficiency. These computations
take into account the frequency correlation between adjacent interfering subcarriers. Anal-
ysis/derivations are done for various scenarios:

• several interfering BS in fully loaded networks.

• several interfering BS in partially loaded networks.

Some asymptotic analysis are also performed for the interference-free scenario and the noise-
less case.
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Chapter 6 - Conclusions and Perspectives

This chapter draws the final conclusions by highlighting the main contributions of this
dissertation. Possible future research are provided at the end.
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Chapter 2

Overview of Multicarrier
techniques and Asynchronous
Systems

2.1 Introduction

In this chapter, we establish the theoretical framework of this dissertation by reviewing the
appropriate background on multicarrier modulations (MCM). The theory presented here
will provide a basis for the rest of this thesis. In Section 2.2, we succinctly explain the
general concept of multicarrier transmissions. Section 2.3 presents a brief description of the
most widely deployed MCM, namely, orthogonal frequency division multiplexing (OFDM).
We then introduce the fundamental concepts of filter bank systems in Section 2.4. Next,
the asynchronism issue in communication systems is discussed in Section 2.5, and finally,
we conclude this chapter in Section 2.6.

2.2 The concept of multicarrier transmission

Let us consider a single carrier transmission scheme with linear modulation (e.g. M-QAM)
and a symbol duration T . Let B the frequency bandwidth which is typically of the order of
the inverse of the symbol duration (T−1). For a propagation channel with a delay spread
τds, we can avoid the intersymbol interference (ISI) if

τds ≪ T

9
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On the other hand for τds > T , ISI remains but equalization at the receiver can deal with it.
However when τds ≫ T , the equalization complexity becomes too high and therefore MCM
is preferred.

The key idea of multicarrier transmission to reduce the equalization complexity is to
split the data stream into N parallel low-rate streams which are transmitted on N adjacent
subcarriers. The bandwidth of each subcarrier is B/N , while the symbol duration T is
multiplied by a factor of N . However, the choice of the number of subcarriers N must also
avoid the sensitivity of the transmission to the time incoherence of the channel which is
related to the maximum Doppler frequency νmax by fulfilling the following condition

νmaxT ≪ 1

Therefore to obtain the best possible transmission for a given propagation channel char-
acterized by parameters (τds,νmax), we have to choose the optimal symbol duration that
satisfies both conditions together.

2.3 Orthogonal Frequency Division Multiplexing

OFDM is the most well documented MCM scheme. It has also been adopted by various
practical and commercial systems such as, digital audio broadcasting (DAB) [24], [25] ter-
restrial digital video broadcasting (DVB-T) [26], and the IEEE 802.11a wireless local area
network (WLAN) [27], etc. This success comes from a number of advantages that it offers :

• Orthogonality of subcarrier signals that allows

– trivial generation of transmit signal through an inverse fast Fourier transform
(IFFT) block

– simple equalization through a scalar gain per subcarrier.

• Closely spaced orthogonal subcarriers that divide the available bandwidth into a max-
imum collection of narrow subchannels.

• Adaptive modulation schemes that can be applied to maximize the spectral efficiency.

The block diagram of an OFDM transmission system is depicted in Fig. 2.1. The OFDM
continuous-time baseband transmitted signal is defined as,

s(t) =

N−1∑
m=0

+∞∑
n=−∞

xm,nf(t− nT )ej
2π
T m(t−nT )

=
N−1∑
m=0

+∞∑
n=−∞

xm,nf(t− nT )ej
2π
T mt (2.1)

where, xm,n is the n-th complex input symbol of the m-th subcarrier and f(t) is a rectangular
pulse shape, that is,

f(t) =

 1√
T

t ∈ [0, T ]

0 elsewhere
(2.2)
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Figure 2.1: The block diagram of an OFDM system.

The received symbol x̂m0,n0 can be found at the output of the corresponding receive
filter f(t) and expressed as,

x̂m0,n0 = ⟨s(t), f(t− n0T )e
j 2π

T m0(t−n0T )⟩

= ⟨s(t), f(t− n0T )e
j 2π

T m0t⟩

=
N−1∑
m=0

+∞∑
n=−∞

+∞∫
−∞

xm,nf(t− nT )f(t− n0T )e
j 2π

T (m−m0)tdt (2.3)

where, ⟨., .⟩ stands for the inner product.
In a distortion-free channel, the received symbol x̂m0,n0 equals the input one xm0,n0 . Ac-
cording to (2.2), one can find that,

+∞∫
−∞

f(t− nT )f(t− n0T )e
j 2π

T (m−m0)tdt = δm,m0δn,n0 (2.4)

where δm,m0 is the Kronecker delta function. δm,m0 is one if and only if m = m0 and it is
zero otherwise.
It is worth mentioning that (2.4) represents the orthogonality condition of the OFDM system
when the subcarrier spacing is equal to 1/T .

2.3.1 FFT Implementation of OFDM System

It is very simple to implement the OFDM system shown in Fig. 2.1 using the Fourier base.
According to (2.1), the OFDM transmitted signal is just the inverse Fourier transform of
the input signal, and besides, the receiver performs the Fourier transform to recover the
data symbols x̂m,n [see (2.3)]. Also when N is a power of 2, it is known that the Fourier
analysis/synthesis can be efficiently implemented using the fast Fourier transform (FFT)
and the inverse fast Fourier transform (IFFT), respectively. Such an implementation leads
to the scheme depicted in Fig. 2.2.
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Figure 2.2: OFDM implementation using IFFT/FFT.

2.3.2 Cyclic Prefix based OFDM

In a classical OFDM transmission, the cyclic prefix (CP) is usually employed to eliminate
the need for a complex equalizer on dispersive channels and furthermore it is used for syn-
chronization purposes. This is required to maintain orthogonality between the subcarriers
after demodulation [2]. The insertion of the cyclic prefix is illustrated in Fig. 2.3; this means
that we copy a part of length ∆ from the end of the original OFDM block and introduce it in
the front of this block. The length of the cyclic prefix ∆ is commonly set to accommodate
the longest delay spread expected on the channel, therefore eliminating the inter-symbol
interference (ISI). In such a case, the CP transforms the linear convolution channel to a
cyclic convolution channel. Therefore, after the FFT operation, the equalization becomes
trivial through a scalar gain per subcarrier as noted earlier.

Figure 2.3: Cyclic Prefix insertion/suppression at the transmitter/receiver resp.

The following analysis demonstrates how a cyclic prefix can easily eliminate the inter-
ference caused by a multipath propagation channel
In the presence of the cyclic prefix, the OFDM transmitted signal becomes,

s(t) =
+∞∑

n=−∞

N−1∑
m=0

xm,nfT (t− n(T +∆))ej
2π
T m(t−n(T+∆)) (2.5)

Here, the duration of the transmit pulse fT (t) is (T +∆) due to the insertion of the cyclic
prefix with a duration ∆.
The signal s(t) propagates through a frequency selective multipath channel, where its equiv-
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alent sample-spaced impulse response [28] is given by

h(t) =
L−1∑
i=0

hiδ(t−
ni

N
T ) (2.6)

where n0 < n1 < ... < nL−1 < C and C is the maximum delay spread of the channel
normalized by the sampling period (T/N), and hi are the complex channel path gains,
which are assumed mutually independent, where E[hih

∗
i ] = γi, and E[hih

∗
j ] = 0 when i ̸= j.

We further assume that the power is normalized such that
L−1∑
i=0

γi = 1.

We also assume that the propagation channel is stationary over one OFDM symbol. This
is the case for time-invariant or slowly time-varying channels. This assumption is valid in
most of wireless applications. In these application, the channel coherence time is much
larger than the block duration and the assumption of a static channel is reasonable [17].
The baseband version of the received signal can thus be written as follows,

r(t) = h(t) ⋆ s(t)

=

(
L−1∑
i=0

hiδ(t−
ni

N
T )

)
⋆

(
+∞∑

n=−∞

N−1∑
m=0

xm,nfT (t− n(T +∆))ej
2π
T m(t−n(T+∆))

)

=
L−1∑
i=0

+∞∑
n=−∞

N−1∑
m=0

hixm,nfT (t− n(T +∆)− ni

N
T )ej

2π
T m(t−n(T+∆)−ni

N T )

=

+∞∑
n=−∞

N−1∑
m=0

xm,ne
j 2π

T m(t−n(T+∆))
L−1∑
i=0

hifT (t− n(T +∆)− ni

N
T )e−j 2π

N mni (2.7)

where (⋆) denotes the convolutional product.
Consider the decoding of the m0-th subcarrier on the n0-th signalling interval. We obtain
then,

ym0,n0 = ⟨r(t), fR(t− n0(T +∆))ej
2π
T m0(t−n0(T+∆))⟩

=

+∞∫
−∞

r(t)fR(t− n0(T +∆))e−j 2π
T m0(t−n0(T+∆))dt

=

+∞∑
n=−∞

N−1∑
m=0

xm,n

L−1∑
i=0

hie
−j 2π

N mni

×
+∞∫

−∞

fT (t− n(T +∆)− ni

N
T )fR(t− n0(T +∆))ej

2π
T m(t−n(T+∆))e−j 2π

T m0(t−n0(T+∆))dt

(2.8)

Here, the duration of the receive pulse fR(t) remains T because the cyclic prefix is eliminated
at the receiver. Hence,

fT (t−n(T+∆)−ni

N
T ) =

 1√
T

t ∈ [n(T +∆) + ni

N T, (n+ 1)(T +∆) + ni

N T ]

0 elsewhere
(2.9)
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fR(t− n0(T +∆)) =

 1√
T

t ∈ [n0(T +∆) +∆, (n0 + 1)(T +∆)]

0 elsewhere
(2.10)

Accordingly, the product fT (t− n(T +∆)− ni

N T )fR(t− n0(T +∆)) is non zero only when
t ∈ [max{n0(T +∆)+ ni

N T, n0(T +∆)+∆},min{(n0 +1)(T +∆), (n0 +1)(T +∆)+ ni

N T}].
As previously mentioned, the cyclic prefix duration ∆ is set to be longer than the maximum
delay spread of the channel τds,

∆ > τds >
ni

N
T, i = 0, ..., L− 1.

Hence, the signal ym0,n0 becomes

ym0,n0 =
N−1∑
m=0

L−1∑
i=0

xm,n0hie
−j 2π

N mni

(n0+1)(T+∆)∫
n0(T+∆)+∆

1

T
ej

2π
T (m−m0)(t−n0(T+∆))dt

=
N−1∑
m=0

L−1∑
i=0

xm,n0hie
−j 2π

N mni

T+∆∫
∆

1

T
ej

2π
T (m−m0)tdt (2.11)

Since,

1

T

T+∆∫
∆

ej
2π
T (m−m0)tdt =

1 m = m0

0 m ̸= m0

(2.12)

we obtain,

ym0,n0 = H(m0)xm0,n0 (2.13)

where, H(m0) =
L−1∑
i=0

hie
−j 2π

N m0ni is the m0-th component of the Fourier transform of the

channel impulse response h(t) which is also called the complex channel gain at subcarrier
m0.

The time-frequency phase-space lattice is a very useful tool that can be used to compare
the different multicarrier schemes [29], [30], [31], [32]. A lattice associated to a given system
is defined by the symbol period and the subcarrier spacing of this system [30].
According to (2.5), the data symbols are transmitted every Tofdm = T +∆ seconds and are

uniformly spread along the frequency axis at the spacing F = 1/T as illustrated in Fig. 2.4.
In each area Tofdm×F , there is one complex symbol. Therefore, the data symbol density [29]
of the CP-OFDM system is

1

TofdmF
=

T

T +∆
≤ 1 (2.14)

Since we always need a cyclic prefix to avoid the interference in the presence of a propagation
channel, the CP-OFDM can only achieve a symbol density of less than one.

2.4 Filter Bank based Multicarrier Systems

The pioneering work of Chang [33] in 1960s, has presented the conditions required for signal-
ing a parallel set of pulse amplitude modulated (PAM) symbols sequences through a bank
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Figure 2.4: Time-frequency phase-space lattice representation of an OFDM system

of overlapping vestigial side-band (VSB) modulated filters. This idea has been extended
by Saltzberg in [34], where he showed that the Chang’s method could be adapted for the
transmission of quadrature amplitude modulated symbols. Efficient digital implementation
of Saltzberg technique through polyphase networks was first introduced by Bellanger [35]
and later studied by Hirosaki in [36].
The advancements in digital subscriber line (DSL) technology motivated more activity be-
yond discrete multitone (DMT) (the equivalent terminology used in DSL literature instead
of OFDM) and led to two classes of FBMC systems, namely, filtered multitone (FMT) mod-
ulation [37–39] and discrete wavelet multitone (DWMT) [40], which was later renamed to
cosine modulated multitone (CMT) [41].

In the literature, there are mainly three classes of filter bank based multicarrier systems
(FBMC) that have been studied. We give here a brief presentation of these FBMC classes:

FBMC-OQAM (SMT, staggered multitone)

Offset quadrature amplitude modulation (OQAM) is a modified version of quadrature am-
plitude modulation (QAM). Saltzberg showed that by choosing a root-Nyquist filter with
symmetric impulse response for pulse-shaping at the transmitter and using the same for
match filtering at the receiver in a multichannel QAM system, and by introducing a half
symbol space delay between the in-phase and quadrature components of QAM symbols, it is
possible to achieve baud-rate spacing between adjacent subcarrier channels and still recover
the information symbols, free of intersymbol interference (ISI) and intercarrier interference
(ICI). This method provides a higher spectral efficiency compared to conventional OFDM
due to the non-use of any cyclic prefix.
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FMT

In this class of filter bank systems, the subcarrier bands do not overlap. In order to avoid
this overlapping, guard-band has to be reserved to allow for a transition band for each sub-
carrier. Hence, there is some bandwidth loss due to the guard-bands in FMT communication
systems.

CMT

As noted earlier, the CMT multicarrier system is fundamentally the same as the discrete
wavelet multitone (DWMT) where parallel streams of pulse amplitude modulated (PAM)
data symbols are transmitted using a set of vestigial side-band (VSB) subcarrier channels.
This scheme also has the maximum possible bandwidth efficiency. In a CMT system, in order
to transmit N complex symbols on each multicarrier symbol, a system with 2N subcarrier is
implemented where each carrier conveys a real symbol, while, in a FBMC-OQAM system the
transceiver would have N subcarriers that convey N complex symbols. If FBMC-OQAM
symbols are transmitted at the rate of 1/T complex symbols on each subcarrier with a
bandwidth of 1/T , an equivalent CMT system with the same data rate, would have a rate
of 1/T real symbols on each subcarrier with the bandwidth of 1/2T . Therefore, the same
bandwidth is divided into twice as many subcarriers in case of CMT to achieve the same
data rate.

⋮ ⋮⋮ ⋮

⋮
⋮

⋮
⋮

⋮
⋮
⋮

⋮
⋮

⋮
⋮

⋮ ⋮⋮ ⋮

⋮
⋮

⋮
⋮

Figure 2.5: Time-frequency phase-space lattice representation of a CMT system

Among these different FBMC classes, FBMC-OQAM is preferred to be a suitable choice
for various applications such as cognitive radio (CR) systems [42], where the performance
of FMT, CMT and OQAM for CR networks are compared, and the conclusion reveals that
OQAM presents highest stop-band attenuation among the three schemes for a fixed filter
length and number of subcarriers.
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In this dissertation, we mainly focus on FBMC-OQAM scheme where we use the terminol-
ogy "filter bank based multicarrier (FBMC)" to refer to FBMC system that uses OQAM
modulation.

2.4.1 Filter Bank Transceivers

The FBMC transmitter system is depicted in Fig. 2.6. The high-rate data stream is split into
N parallel low-rate data streams and transmitted on N subcarriers that are closely spaced
at a regular frequency spacing ∆f = 1/T (T is the symbol period). The main idea in this
scheme is to transmit OQAM data symbols instead of conventional QAM ones [43], [44],
where the in-phase and the quadrature components are time staggered by half a symbol
period, T/2 [45–47]. The second specificity of this scheme is that considering two successive
subcarriers, the time delay T/2 is introduced into the imaginary part of the QAM symbols
on one of the subcarriers, whereas it is introduced into the real part of the symbols on the
other one as shown in Fig. 2.7.

Figure 2.6: The structure of the continuous time FBMC transmitter
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Figure 2.7: Time-frequency phase-space lattice representation of an FBMC-OQAM system

Suppose that we have the following complex input symbols,

xm,n = xI
m,n + jxQ

m,n (2.15)

where xI
m,n and xQ

m,n are the real and the imaginary parts of the n-th symbol of the m-th
subcarrier, respectively.
The continuous-time baseband transmitted signal is defined as,

s(t) =
M−1∑
m=0

+∞∑
n=−∞

(xI
2m,nf(t− nT ) + jxQ

2m,nf(t− nT − T/2))ej
2π
T (2m)t

+ (xI
2m+1,nf(t− nT − T/2) + jxQ

2m+1,nf(t− nT ))ej
2π
T (2m+1)t (2.16)

where f(t) is the impulse response of the prototype filter and the number of subcarriers
N = 2M .
Let us introduce the following notations,

a2m,2n = xI
2m,n, a2m,2n+1 = xQ

2m,n

a2m+1,2n = xQ
2m+1,n, a2m+1,2n+1 = xI

2m+1,n (2.17)
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Hence, we rewrite the transmitted signal s(t) as follows,

s(t) =

N−1∑
m=0

+∞∑
n=−∞

am,nf(t− nT/2)ej
2π
T mtejφm,n

=
N−1∑
m=0

+∞∑
n=−∞

am,nγm,n(t) (2.18)

where

φm,n =
π

2
(m+ n)− πmn (2.19)

and

γm,n(t) = f(t− nT/2)ej
2π
T mtejφm,n (2.20)

Assuming an ideal transmission system, the output of the receiver, x̂m,n, consists of the
real and the imaginary parts x̂I

m,n, x̂Q
m,n.

x̂m,n = x̂I
m,n + jx̂Q

m,n (2.21)
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Figure 2.8: The structure of the continuous time FBMC receiver
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We also denote,

â2m,2n = x̂I
2m,n â2m,2n+1 = x̂Q

2m,n

â2m+1,2n = x̂Q
2m+1,n â2m+1,2n+1 = x̂I

2m+1,n (2.22)

Therefore, âm,n can be found as the real part of the signal at the output of the corresponding
receive filter with response f(t) and expressed as,

âm,n = Re [⟨s(t), γm,n(t)⟩] = Re

 +∞∫
−∞

γ∗
m,n(t)s(t)dt

 (2.23)

Substituting (2.18) and (2.20) in (2.23), we obtain

âm,n =

N−1∑
m′=0

+∞∑
n′=−∞

+∞∫
−∞

Re
[
am′,n′f(t− nT/2)f(t− n′T/2)ej

2π
T (m′−m)tej(φm′,n′−φm,n)dt

]
(2.24)

We now proceed to discuss the design of the receive filter f(t). In a distortion-free
channel, the received signal equals the transmitted one

âm,n = am,n (2.25)

For convenience of the design, it is common to constrain f(t) to be real and symmetric
(i.e f(t) = f(−t)). Therefore, (2.25) can be met, if f(t) is chosen such that the following
identity is satisfied,

+∞∫
−∞

f(t− nT/2)f(t− n′T/2) cos

(
2π

T
(m′ −m)t+ φm′,n′ − φm,n

)
dt = δm,m′δn,n′ (2.26)

In the presence of a multi-path channel with the impulse response h(t) given in (2.6),
the baseband version of the received signal can be written in continuous time as follows

r(t) = h(t) ⋆ s(t) (2.27)

Substituting (2.18) and (2.6) in (2.27), we obtain

r(t) =
L−1∑
i=0

hiδ(t−
ni

N
T ) ⋆

N−1∑
m=0

+∞∑
n=−∞

am,nf(t− nT/2)ej
2π
T mtejφm,n

=
N−1∑
m=0

+∞∑
n=−∞

am,ne
jφm,n

L−1∑
i=0

hif(t− nT/2− ni

N
T )ej

2π
T m(t−ni

N T ) (2.28)

Without loss of generality, let KT be the duration of the prototype filter f(t), where K is an
integer greater or equal to 1 (ie. K ≥ 1). Thus, we can say that the bandwidth occupied by
the filter is smaller than the coherence bandwidth Bc of the channel Bc = 1/(2τds) [1], [13].
We recall that τds denotes the maximum delay spread of the channel.
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Looking at the integral in (2.28), we can notice that f(t − nT/2 − τ) may have relatively
slow variations when τ ∈ [0, τds] [48], [49]. Indeed, compared to the coherence bandwidth
Bc, the filter bandwidth is very small, which also means that the time variations of the
prototype filter f(t) are necessarily limited.
Consequently, (2.28) becomes,

r(t) =

N−1∑
m=0

+∞∑
n=−∞

am,ne
jφm,nf(t− nT/2)ej

2π
T mt

L−1∑
i=0

hie
−j 2π

N mni

=
N−1∑
m=0

+∞∑
n=−∞

am,ne
jφm,nf(t− nT/2)ej

2π
T mtH(m) (2.29)

where, H(m) =
L−1∑
i=0

hie
−j 2π

N mni is the complex channel gain at subcarrier m.

The demodulated signal ym0,n0 at time instant n0 and subcarrier m0 is given by

ym0,n0 =

+∞∫
−∞

γ∗
m,n(t)r(t)dt

=
N−1∑
m=0

+∞∑
n=−∞

am,ne
j(φm,n−φm0,n0 )H(m)

+∞∫
−∞

f(t− nT/2)f(t− n0T/2)e
j 2π

T (m−m0)tdt

(2.30)

Now, let Ω∆m be the neighborhood area around the subchannel m0 where the channel can
be considered to be constant,

Ω∆m = {l, |l| ≤ ∆m | H(m0 + l) ≈ H(m0)}

It should be noticed that Ω∆m depends on the coherence bandwidth Bc, i.e. on τds [1], [13].
If we consider that the prototype filter is well localized in both time and frequency domains

[43], [14] meaning that,
+∞∫
−∞

f(t − nT/2)f(t − n0T/2)e
j 2π

T (m−m0)tdt immediately tends to

zero when |n− n0| and |m−m0| increase. We can write

ym0,n0 = H(m0)
∑

l∈Ω∆m

+∞∑
n=−∞

am,ne
j(φm0+l,n−φm0,n0 )

+∞∫
−∞

f(t− nT/2)f(t− n0T/2)e
j 2π

T ltdt

(2.31)

Assuming a perfect channel equalization, we obtain the resulting signal yeqm0,n0

yeqm0,n0
=

∑
l∈Ω∆m

+∞∑
n=−∞

am,ne
j(φm0+l,n−φm0,n0 )

+∞∫
−∞

f(t− nT/2)f(t− n0T/2)e
j 2π

T ltdt (2.32)
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After the OQAM decision, we write the recovered symbol âm0,n0 as follows,

âm0,n0 = Re
{
yeqm0,n0

}
=

∑
l∈Ω∆m

+∞∑
n=−∞

am,n

+∞∫
−∞

f(t− nT/2)f(t− n0T/2) cos

(
2π

T
lt+ φm0+l,n − φm0,n0

)
dt

(2.33)

According to the orthogonality condition of the prototype filter given by (2.26), we obtain

âm0,n0 =
∑

l∈Ω∆m

+∞∑
n=−∞

am,nδm0+l,m0δn,n0 = am0,n0 (2.34)

In the case of highly frequency selective channels, the assumption that f(t− τ) ≈ f(t) when
τ ∈ [0, τds] is no longer valid. In the following paragraph, we give a brief review of the
different techniques of equalization of frequency selective channels.

2.4.2 Equalization techniques in FBMC

Three main approaches have been proposed in the literature to deal with frequency selective
fading. The first one uses well localized waveforms that is, the pulse energy both in time
and frequency domains are well contained to limit the effect on the neighborhood of a given
symbol [14], [50], [43]. In this case, a basic equalizer structure of a single complex coefficient
per subcarrier is considered.
The second approach uses FIR (finite impulse response) filters as subcarrier equalizers
with cross connections between the adjacent subchannels to cancel the inter-carrier inter-
ference [51], [40].
The third approach applies a receiver filter bank structure providing over-sampled subcar-
rier signals to avoid the cross connections between the subchannels, and performs subcarrier
equalization using FIR filters [52], [53], [54]. Recently, Waldhauser et al. have proposed
MMSE (minimum mean square error) and decision feedback equalizer per subcarrier de-
signed for FBMC/OQAM [55], [56]. Based on the same approach but using frequency
sampling method, Ihalainen et al. have presented a multi-tap per-subcarrier equalizer in
such a manner that the frequency response of the designed filter is forced to take the given
target values at a set of considered frequency points within a subchannel [57].
Another interesting work has proposed a scheme of equalization with interference cance-
lation [49]. The basic principle of this method rests on an accurate computation of the
interference term taking into account the channel and the prototype filter coefficients.
In this dissertation, we adopt the first approach of equalization which is efficient in the case
of weakly and mildly frequency selective channels.
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2.4.3 Polyphase Implementation of Filter Bank for Multicarrier
Transmission

Filter bank based multicarrier (FBMC) systems are implemented using an efficient technique
that is called polyphase implementation. The polyphase representation, invented by Bel-
langer over thirty five years ago [58], is a pivotal tool in multirate digital signal processing.
This form provides great simplification of theoretical analysis and computationally efficient
implementations for several filtering applications. The concept of this implementation is
outlined in this section.

Polyphase Representation

Consider a finite impulse response (FIR) filter F (z) of L = KN coefficients,

F (z) =
L−1∑
l=0

f [l]z−l (2.35)

This filter can be decomposed into N elementary filters, in the following way,

F (z) =
L−1∑
l=0

f [l]z−l =
N−1∑
n=0

K−1∑
k=0

f [kN + n]z−(kN+n)

=
N−1∑
n=0

[
K−1∑
k=0

f [kN + n]z−kN

]
z−n (2.36)

Consequently, the polyphase network (PPN) of the filter F (z) (see Fig. 2.9) is given by,

F (z) =
N−1∑
n=0

En[z
N ]z−n (2.37)

Figure 2.9: The polyphase implementation of the filter F [z]
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Figure 2.10: A general response for an N-filter uniform DFT filter bank

where En[z
N ] =

K−1∑
k=0

f [kN + n]z−kN are called the polyphase components.

Now, let Fi(z) be a replica of the filter F (z) shifted by i/N in the frequency domain,

Fi(z) =
L−1∑
l=0

f [l]ej
2π
N ilz−l (2.38)

Using the polyphase representation, Fi(z) becomes,

Fi(z) =
N−1∑
n=0

K−1∑
k=0

f [kN + n]ej
2π
N i(kN+n)z−(KN+n)

=
N−1∑
n=0

ej
2π
N niEn[z

N ]z−n (2.39)

A uniform filter bank is obtained by shifting the response of F (z) which is called the "pro-
totype filter" on the frequency axis. Considering all shifts multiples of 1/N as shown in Fig.
2.10, we obtain

F0(z)

F1(z)
...

FN−1(z)

 =


1 1 · · · 1

1 w−1 · · · w−(N−1)

...
...

. . .
...

1 w−(N−1) · · · w−(N−1)2


︸ ︷︷ ︸

IDFTN


E0[z

N ]

z−1E1[z
N ]

...
z−(N−1)EN−1[z

N ]


︸ ︷︷ ︸

PPN

(2.40)

where w = e−j 2π
N and the square matrix is the inverse discrete Fourier transform matrix of

order N.

Multirate identities

Before discussing the digital implementation of the FBMC transceiver, it is worth recalling
the multirate identities also called "noble identities" [59], [60]. In fact, using these identities
the filtering operation can be performed at the lower rate with decimated filters, making
the implementation more efficient.

First identity: the up-sampled filtering E[zN ] followed by down-sampling (↓ N) is
equivalent to down-sampling (↓ N) followed by filtering E[z] (see Fig. 2.11.a).

Second identity: up-sampling (↑ N) followed by up-sampled filtering E[zN ] is equiv-
alent to filtering E[z] followed by up-sampling (↑ N) (see Fig. 2.11.b).
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Figure 2.11: (a) the first noble identity, (b) the second noble identity

Polyphase Synthesis Filter Bank

The digital implementation of a synthesis filter bank (SFB) is presented in Fig. 2.12. The
output signal y[n] is synthesized by the transmission of a set of parallel data symbols xk[n]

through a bank of modulated filters. According to (2.40), one can design the structure
presented in Fig. 2.13. Since IDFT is a constant matrix multiplication, it can be switched
with the up-sampling. Moreover, according to the second noble identity, we can commute
the up-sampling with the polyphase components by replacing En[z

N ] with En[z] and conse-
quently the polyphase implementation of the synthesis filter bank simplifies to the scheme
depicted in Fig. 2.14.

Figure 2.12: The general structure of a synthesis filter bank

Polyphase Analysis Filter Bank

The analysis filter bank (AFB), as indicated by its name, performs a frequency decomposi-
tion of the input signal. The polyphase implementation of the AFB represents a structure
which is the dual of the previously considered synthesis filter bank, and is derived in a sim-
ilar manner. The starting point of this is the general structure of N-channel analysis filter
bank shown in Fig. 2.15.

Consider F−i(z) the demodulated version of F (z) (a replica which is shifted in frequency
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Figure 2.13: A polyphase implementation of a synthesis filter bank

Figure 2.14: The simplified polyphase implementation of a synthesis filter bank

by −i/N),

F−i(z) =
L−1∑
l=0

f [l]e−j 2π
N ilz−l (2.41)

Using the polyphase representation, F−i(z) becomes,

F−i(z) =
N−1∑
n=0

K−1∑
k=0

f [kN + n]e−j 2π
N i(kN+n)z−(KN+n)

=
N−1∑
n=0

e−j 2π
N niEn[z

N ]z−n (2.42)
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Figure 2.15: The general structure of an analysis filter bank

Thus, we can write
F0(z)

F−1(z)
...

F−(N−1)(z)

 =


1 1 · · · 1

1 w · · · w(N−1)

...
...

. . .
...

1 w(N−1) · · · w(N−1)2


︸ ︷︷ ︸

DFTN


E0[z

N ]

z−1E1[z
N ]

...
z−(N−1)EN [zN ]


︸ ︷︷ ︸

PPN

(2.43)

where w = e−j 2π
N and the square matrix is the discrete Fourier transform matrix of order

N.
Therefore, the polyphase implementation of the analysis filter bank is depicted in Fig. 2.16,
where the incoming signal is passed through a delay chain, and filtered by the polyphase
components En[z

N ]. This filtering operation is followed by IDFT operation. Similarly to
the synthesis filter banks, the IDFT can be commutated with down-sampling and using the
first noble identity the polyphase components are switched with down-sampling as presented
in Fig. 2.17.

Figure 2.16: Polyphase implementation of an analysis filter bank



28 Chapter 2 Overview of Multicarrier techniques and Asynchronous Systems

Figure 2.17: The simplified polyphase implementation of an analysis filter bank

FBMC Polyphase structure

The structure of the FBMC transmitter filter bank shown in Fig. 2.6 can be split into two
subsystems: the first one with prototype filter f(t) and the second one with prototype filter
f(t − T/2). Consequently, the structure of FBMC transmitter can be presented as in Fig.
2.18.
It is worth mentioning that we can move the delay of N/2 (which is equivalent to half
a symbol period, T/2) from f(n − N/2) to outside the second subsystem. Therefore, by
replacing each subsystem in Fig. 2.18 with its polyphase implementation, we obtain the
FBMC transmitter polyphase structure (see Fig. 2.19).

Similarly to the modifications performed on the FBMC transmitter,we can rearrange the
FBMC receiver structure presented in Fig. 2.8 into two subsystems with prototype filters
f(t) and f(t + T/2). Also, the delay -T/2 can be displaced to the input of the second
subsystem. Doing these changes and using the polyphase implementation of the analysis
filter bank of Fig. 2.17, the polyphase structure of the FBMC receiver can be obtained in
Fig. 2.21. This type of structures are used in [61] and [60].
It should be pointed out that other polyphase implementations of the FBMC system has
been proposed in the literature e.g [36], [43], [62]and [63].

2.4.4 Review of prototype filter design

The study of prototype filters is of a particular interest for FBMC systems because it offers
an important degree of freedom compared to what is possible with conventional OFDM. A
prototype filter has to meet orthogonality constraint that is given in continuous-time for
the prototype function, cf. (2.26) or can be related to the polyphase components of the
prototype filter in discrete-time as shown in [43]. Furthermore these prototypes can be built
to satisfy some target objective, e.g. frequency selectivity or time-frequency localization,
regularity, etc [64].

A basic constraint of data transmission is that the filter must satisfy the Nyquist crite-
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Figure 2.18: A discrete time FBMC transmitter

Figure 2.19: The block diagram of the polyphase implementation of an FBMC transmitter
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Figure 2.20: A discrete time FBMC receiver

Figure 2.21: The block diagram of the polyphase implementation of an FBMC receiver
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rion, to avoid inter-symbol interference (ISI). If the symbol period is Tsymb and the symbol
rate is fsymb = 1/Tsymb, the channel frequency response must be symmetrical around the
frequency fsymb/2. Accordingly, in FBMC, the prototype filter for the synthesis and analy-
sis filter banks must be half-Nyquist, which means that the square of its frequency response
must satisfy the Nyquist criterion.

So-called perfect-reconstruction (PR) filter banks implement the Nyquist criterion ex-
actly, and also without introducing any cross-talk between subchannels in the back-to-back
connection of SFB and AFB (so-called transmultiplexer). In wireless communications, the
transmission channel introduces inevitably some distortion to the received subchannel sig-
nals. Therefore, the PR condition is not essential, and it is sufficient that the cross-talk
between subchannels is small enough to be ignored in comparison to the residual interfer-
ence, e.g., due to imperfect channel equalization. From the filter bank design point of view,
this means that the so-called nearly perfect-reconstruction (NPR) designs are sufficient.
Since NPR designs are more efficient than PR designs, e.g., in providing higher frequency
selectivity with given prototype filter length, NPR filters are the favored choice in various
applications [65].

In the following, we give a brief overview of some examples of prototype functions. The
time and frequency representation are given in normalized scales, i.e. by the ratio t

T and f
F .

Rectangular Window Function

The impulse response of the Rectangular Window (RW) function is defined by

fΠ(t) =

 1√
T

t ∈ [0, T ]

0 elsewhere
(2.44)

The frequency response of of this filter is given by

FΠ(f) =
√
T × sinc(πfT ) (2.45)

where, sinc(x) = sin(x)/x

It is the same function as the one used in the conventional OFDM. Its time and frequency
representations are given in Fig. 2.22 and Fig. 2.23, respectively.

The Square Root of Raised Cosine (SRRC)

The SRRC pulse response is defined by [66], [67]

fsrrc(t) =
sin [πt(1− β)/T ] + 4βt cos [(πt/T )(1 + β)/T ] /T

πt [1− (4βt/T )2]
(2.46)

Here, β is called the roll-off factor and takes values in the range 0 ≤ β ≤ 1.
The frequency response of the SRRC filter is given by [66], [67]

Fsrrc(f) =


√
T |f | ∈ [0, 1−β

2T ]√
T
2

{
1 + cos

[
πT
β

(
|f | − 1−β

2T

)]}1/2

|f | ∈ [ 1−β
2T , 1+β

2T ]

0 |f | > 1+β
2T

(2.47)
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Figure 2.22: The impulse responses of the rectangular window and the SRRC filter, respec-
tively
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Figure 2.23: The frequency responses of the rectangular window and the SRRC filter, re-
spectively
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The time and the frequency responses of the SRRC filter are plotted in Fig. 2.22 and 2.23,
respectively. Comparing the SRRC responses to the rectangular ones, one can see that the
SRRC prototype filter presents a significant improvement in terms of frequency localization.

Extended Gaussian Function (EGF)

This class of prototype filter results from a two-step orthogonalization algorithm that is
applied on the Gaussian function [14], [15]. The EGF is defined in time in [64]

fα,ν0,τ0(t) =
1

2

∞∑
k=0

dk,α,ν0

[
gα

(
t+

k

ν0

)
+ gα

(
t− k

ν0

)] ∞∑
l=0

dl,1/α,τ0 cos

(
2πl

t

τ0

)
(2.48)

where, gα(t) = (2α)1/4 exp−παt2 and α is the spreading factor. The computation of the
real coefficients dk,α,ν0 is detailed in [64].
Originally the EGFs have been derived in closed form by Le Floch et al. [14] using the
Isotropic Orthogonal Transform Algorithm (IOTA). Therefore, the IOTA prototype filter is
obtained by setting ν0 = τ0 = 1/

√
2 and α = 1. Note that the IOTA prototype function is

identical to its Fourier Transform [14]. Accordingly, IOTA is equally localized in time and
frequency domains. Its excellent time localization implies that it is less sensitive than the
SRRC to time truncation [43]. The IOTA time and frequency responses are displayed in
Fig. 2.24 and Fig. 2.25, respectively.

PHYDYAS Prototype Filter

This filter designed by Bellanger in [16], [68] has been considered as the reference prototype
filter of the European project PHYDYAS. The design of this prototype filter is based on
the so-called frequency sampling technique. The analytical formulas for calculating the
coefficients of this filter provide a wide choice of the main parameters: the number of
subchannels (N), the overlapping factor K and roll-off parameter α. In the design of this
filter α = 1, which means that the transition bands of a subchannel end at the centers
of the adjacent subchannels. This means that only immediately adjacent subchannels are
significantly interacting with each other.
The design starts with the determination of L = KN desired values F (k/L); k = 0, ..., L−1

in the frequency domain by

F0 = 1, F1 = 0.971960, F2 = 1/
√
2

F3 =
√
1− F 2

1 , Fk = 0; 4 < k < L− 1 (2.49)

Then, the prototype filter coefficients are obtained by IDFT as

f(t) =


1√
A

[
1 + 2

K−1∑
k=1

(−1)kFk cos
(

2π
KT kt

)]
t ∈ [0,KT ]

0 elsewhere

(2.50)
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Figure 2.24: The impulse response of IOTA filter
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Figure 2.25: The frequency response of IOTA filter
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where A is the normalization factor

A =

KT∫
0

[
1 + 2

K−1∑
k=1

(−1)kFk cos

(
2π

KT
kt

)]2
dt = KT

[
1 + 2

K−1∑
k=1

F 2
k

]
(2.51)

The time and frequency responses of PHYDYAS prototype filter are shown in Fig. 2.26 and
Fig. 2.27, respectively.

In the sequel of this dissertation, we consider PHYDYAS and IOTA prototype filters
for FBMC systems. The PHYDYAS and IOTA transmultiplexer (transmitter and receiver
connected back to back) impulse responses are given in Table. 2.1 and Table. 2.2, respec-
tively. Each row of the table represents a sequence of the impulse response corresponding

Table 2.1: Transmultiplexer response of the FBMC system using PHYDYAS reference pro-
totype filter

n0 − 4 n0 − 3 n0 − 2 n0 − 1 n0 n0 + 1 n0 + 2 n0 + 3 n0 + 4

k0 − 3 0 0 0 0 0 0 0 0 0

k0 − 2 0 0.0006 −0.0001 0 0 0 −0.0001 0.0006 0

k0 − 1 0.0054 0.0429j −0.1250 −0.2058j 0.2393 0.2058j −0.1250 −0.0429j 0.0054

k0 0 −0.0668 0.0002 0.5644 1 0.5644 0.0002 −0.0668 0

k0 + 1 0.0054 −0.0429j −0.1250 0.2058j 0.2393 −0.2058j −0.1250 0.0429j 0.0054

k0 + 2 0 0.0006 −0.0001 0 0 0 −0.0001 0.0006 0

k0 + 3 0 0 0 0 0 0 0 0 0

Table 2.2: Transmultiplexer response of the FBMC system using IOTA prototype filter

n0 − 4 n0 − 3 n0 − 2 n0 − 1 n0 n0 + 1 n0 + 2 n0 + 3 n0 + 4

k0 − 3 −0.0001 0.0004j 0.0016 −0.0103j −0.0182 0.0103j 0.0016 −0.0004j −0.0001

k0 − 2 0 0.0016 0 −0.0381 0 −0.0381 0 0.0016 0

k0 − 1 0.0013 −0.0103j −0.0380 0.2280j 0.4411 −0.2280j −0.0380 0.0103j 0.0013

k0 −0.0007 −0.0183 0 0.4411 1 0.4411 0 −0.0183 −0.0007

k0 + 1 0.0013 0.0103j −0.0380 −0.2280j 0.4411 0.2280j −0.0380 −0.0103j 0.0013

k0 + 2 0 0.0016 0 −0.0381 0 −0.0381 0 0.0016 0

k0 + 3 −0.0001 −0.0004j 0.0016 0.0103j −0.0182 −0.0103j 0.0016 0.0004j −0.0001

to a given subchannel. Row k0 is the subchannel response that satisfies the Nyquist criteria.
The other rows correspond to the impulse responses of the interference filters due to the
overlapping of the neighboring subchannels {k0 − 3, k0 − 2, k0 − 1, k0 + 1, k0 + 2, k0 + 3}.
From these tables, one can see that PHYDYAS-FBMC system offers better frequency lo-
calization compared to IOTA. On the other hand, IOTA is well localized in time domain
compared to PHYDYAS. Looking at Table. 2.2, we can also see that the IOTA-FBMC
response is isotropic in time-frequency domain.



36 Chapter 2 Overview of Multicarrier techniques and Asynchronous Systems

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Im
pu

ls
e 

R
es

po
ns

e

Normalized Time

 

 
Rectangular
Phydyas

Figure 2.26: The impulse response of IOTA filter
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Figure 2.27: The frequency response of Phydyas filter
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2.5 Asynchronous Multicarrier systems

In several communication systems, asynchronism inherently exists due to many factors e.g.
the propagation delays and the spatial distribution of users. As one of the most challenging
issue for communication systems design, the asynchronism can harmfully affect the system
performance if it is ignored or not dealt with properly. In the literature, it is often assumed
that the users are perfectly synchronized. However, this hypothesis cannot be valid in
various scenarios. In what follows, we describe some of these scenarios.

2.5.1 OFDMA based cellular networks

There is currently a strong interest in extending the OFDM concept to multiuser commu-
nication scenarios. A prominent example of this trend is represented by the orthogonal
frequency division multiple access (OFDMA) technology, which results from a combina-
tion of OFDM with the frequency division multiple access (FDMA) protocol. This scheme
was originally suggested by Sari and Karam for cable TV (CATV) networks [69] and later
adopted in the uplink of the Interaction Channel for Digital Terrestrial Television (DVB-
RCT) [70]. More recently, it has become part of the emerging IEEE 802.16 standards for
wireless metropolitan area networks (WMANs) [71], downlink LTE and is currently attract-
ing vast research attention from both academia and industry.
In OFDMA systems, the available subcarriers are divided into several mutually exclusive
clusters (subchannels or sub-bands) that are assigned to distinct users for simultaneous
transmission.
The most challenging task consists in timing synchronization, for which no effective solution
was available in the open literature [17], when this thesis was launched. Extending the
length of the CP to comprehend both the channel delay spread and the two-way propaga-
tion delay results in a quasi-synchronous system and provides intrinsic protection against
timing errors. Unfortunately, this approach cannot be used in recently standardized wireless
metropolitan area networks. The reason is that in these applications, the propagation delay
becomes comparable to the length of the OFDMA blocks, when the cell radius gets larger.
As mentioned earlier, the multiple access channel model is based on the general assumption
that signals belonging to distinct users propagate through distinct channels. At the receiver
side synchronization can be achieved only for a given signal for a given time. After synchro-
nization is established, the other arriving signal will inevitably be time misadjusted [72], [73].
Furthermore, in the uplink (UL), synchronization is made particularly difficult by the fact
that each user’s signal is characterized by different timing and frequency errors; the base
station has thus to estimate a relatively large number of unknown parameters [17]. A second
difficulty is related to how the estimated parameters are used to correct the uplink timing
and frequency offsets.
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2.5.2 OFDMA Ad-hoc networks

Generally, to preserve orthogonality between subcarriers in OFDMA, the users’ signals must
arrive at the input of receiver synchronously. Various multiuser synchronization techniques
have been proposed in OFDMA based networks which ensure that all users’ signals arriving
to a given receiver are perfectly aligned. However, most of these techniques are based on
closed-loop time correction techniques [17] which require the receiver to estimate all arrival
times.
In contrast to classical cellular networks, it is known that, each user can communicate
directly with other ones without passing through a central base station (BS) in OFDMA ad-
hoc networks (ie. the topology of ad-hoc networks has dynamic characteristic parameters).
Therefore it is expensive to implement these multiuser synchronization techniques at each
receiver of the ad-hoc network. In this case, the most suited method consists in extending the
cyclic prefix beyond what is required to eliminate the interference caused by the multipath
effects [17]. Nevertheless, this solution increases redundancy and decreases the actual data
rate of the system.

2.5.3 Cognitive radio systems

During the last decade, the scientific community witnessed the rise of a new paradigm in
telecommunications: Cognitive radio [74], [75], [76]. It has emerged as a response to the
problematic of the non-optimal management of the spectral resources in licensed bands [23].
The available communication channels are not being exploited in all locations and at all
possible times. The cognitive radio is assumed to be able to sense the spectrum (SSA,
spectrum sensing and awareness) and recognize the transmission opportunities, also named
spectral white spaces which will be used dynamically (DSA, dynamic spectrum access).
Some particular forms of OFDMA have also been proposed for cognitive radio systems [77].
The problem of synchronization is worse in cognitive radio networks where both primary
users and secondary users transmit independently.

2.6 Conclusion

In this chapter, we have presented the main framework of two multicarrier techniques:
OFDM and FBMC. We have first given a brief review of the OFDM system and its im-
plementation using the Fourier synthesis/analysis. We have shown that thanks to the in-
troduction of a cyclic prefix in CP-OFDM, the interference caused by the multipath effects
can be avoided and the equalization becomes very simple through a scalar coefficient per
subcarrier. The second part of this chapter was devoted to describe the FBMC technique.
The different schemes of FBMC : FBMC-OQAM, CMT and FMT were introduced. We have
also reviewed the polyphase implementation of the filter bank transceivers and the choice of
the prototype filters that can be used in FBMC has been discussed. In the last part of this
chapter, we have presented an overview on the asynchronous multicarrier systems including
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different scenarios e.g. ad-hoc and cognitive radio networks.
In the next chapter, the impact of the asynchronism on the multicarrier systems will be
investigated and analyzed.
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Chapter 3

Asynchronous Interference
Modeling

3.1 Introduction

Interference at the radio receiver is a key source of degradation in quality of service in
many wireless communication systems. In this chapter, we present a unified framework
for multicarrier interference characterization and analysis in asynchronous environments.
In Section 3.2,we present the state of the art of the interference modeling in multicarrier
systems. In Section 3.3, we explain the general concept of the so-called interference tables.
We develop then the theoretical derivation of the OFDM and FBMC interference tables in
Section 3.4. Next, the extension of this model in the presence of frequency selective channels
is investigated in Section 3.5. Simulation results are presented and discussed in Section 3.6.
Section 3.7 concludes this chapter.

3.2 Literature review of interference modeling

In the previous chapter, we have seen that the multicarrier techniques consist in splitting
up a wide band signal at a high symbol rate into several lower rate signals, each one oc-
cupying a narrower band. System performance improves because subcarriers experience
flat fading channels and are orthogonal to each other, thus, minimizing the threat of in-
terference. However, the multicarrier system performance tends to suffer from degradation
because of possible episodes of imperfect time and frequency synchronization, since a loss
in orthogonality can occur between subcarriers at the multicarrier receiver [78].

41
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Figure 3.1: Frequency sub-bands of the asynchronous systems (A) and (B)

Interference modeling is an important problem, with numerous applications to the anal-
ysis and design of multiuser communication systems, as well as the development of interfer-
ence mitigation techniques. This problem has been intensively investigated in the literature
through numerous approaches. One of the most common approaches is the power spectral
density (PSD) [9], [10], [11]. This model is based on the out-of band radiation which is
determined by the PSD model of multicarrier signals. However, this model does not always
give accurate results. For example, in multiuser CP-OFDM when the timing offset does not
exceed the cyclic prefix duration, the interference comes only from the same subchannel and
the other subchannels do not contribute to this interference. Unfortunately, in this case the
PSD modeling still shows that the other carriers contribute in the resulting interference.

3.3 The general concept of interference tables

Let us consider two asynchronous systems (A) and (B) that coexist in the same geographical
area. We assume that both systems share a given frequency band. As shown in Fig. 3.1,
let FA and FB be the frequency sub-bands occupied by systems (A) and (B), respectively.
Due to the non-orthogonality between their respective transmit signals, some amount of the
power is spilled from a system to the other. In order to analyze this interaction, the PSD is
generally used to evaluate the mutual interference between both systems [9], [10]. According
to [10], the normalized mutual interference between the co-located systems is defined as

I(l) =

(l+1/2)∆f∫
(l−1/2)∆f

Φ(f)df (3.1)

where:

• l is the spectral distance between the two interacting subcarriers

• ∆f is the subcarrier spacing

• Φ(f) is the PSD which depends on the considered multicarrier technique.
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Figure 3.2: PSD of a single OFDM modulated carrier.

In the case of CP-OFDM system, the normalized PSD is given in [10] by

ΦOFDM(f) = TOFDM

(
sin(πfTOFDM)

πfTOFDM

)2

(3.2)

where TOFDM is the OFDM symbol duration given by the sum of the useful symbol duration
T and the CP duration ∆.
The red curve of Fig. 3.2 depicts the normalized OFDM PSD. The mutual interference

power when l = 1 corresponds to the gray-colored area.
The PSD of FBMC systems has been computed in [9], for two waveforms: IOTA and
PHYDYAS. The respective expressions are

ΦIOTA(f) = (f1,
√
2/2,

√
2/2)

2 (3.3)

ΦPHYDYAS(f) = (F (f))2 (3.4)

Here, F (f) is the square root of the PHYDYAS filter frequency response which is given by,

F (f) =

k=(K−1)∑
k=−(K−1)

Fk

sin
(
π
(
f − k

NK

)
NK

)
NK sin

(
π
(
f − k

NK

)) (3.5)

We recall that f1,
√
2/2,

√
2/2 and Fk are given in (2.48) and (2.49), respectively.

Based on equation (3.1), we can construct a table of mutual interference as a function of the
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spectral distance l. The PSD-based interference tables for CP-OFDM are given in Table.
3.1 for different values of CP duration: ∆ = 0, T/8 and T/4. Moreover, we give in Table. 3.2
the PSD-based interference tables for FBMC considering PHYDYAS and IOTA waveforms.
It is worth to point out that these tables are symmetrical as shown in Fig. 3.3.

In Fig. 3.4, we illustrate how to compute the interference caused by the different

l ∆ = 0 ∆ = T/8 ∆ = T/4

[dB] [dB] [dB]
0 -01.11 -00.87 -00.70
1 -11.04 -12.00 -13.08
2 -18.52 -19.72 -20.72
3 -22.30 -23.55 -23.16
4 -24.88 -25.98 -25.14
5 -26.86 -27.62 -27.97
6 -28.46 -28.83 -30.34
7 -29.82 -29.92 -30.72
8 -31.00 -31.05 -31.24

Table 3.1: OFDM mutual interference tables based on the PSD for ∆ = 0, T/8 and T/4,
respectively

subcarriers of FA to a given subcarrier m of system (B). The total interference is the sum
of the contribution of each interfering subcarrier m′, and can thus be written as

Itot =
∑

m′∈FA

P (m′)I(|m′ −m|) (3.6)

where P (m′) is the transmitted power on the m′-th interfering subcarrier and I(m′ −m) is
the PSD-based interference table coefficient computed in Table. 3.1 and Table. 3.2.
Various analysis have been developed based on this interference estimation e.g. SINR, spec-
tral efficiency analysis in [9], [10] and resource allocation algorithms [79].

According to (3.1), one can see that the interference remains the same for any timing
misalignment between the transmitted signals of both systems, since the signals are consid-
ered to be non-orthogonal. However in CP-OFDM systems, the orthogonality between the
different transmit signals is maintained as long as the timing misalignment does not exceed
the cyclic prefix duration. This example highlights the overestimation of the asynchronous
interference term. In fact, the real asynchronous interference is always a function of the
timing offset between the considered asynchronous systems that is not taken into account
in the PSD-based interference tables generation.
In the next section, we propose new interference tables that model the correlation between
the interfering subcarrier and the victim one considering the timing offset between them
in addition to the different parameters already considered by the PSD-based interference
tables.
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l PHYDYAS IOTA
[dB] [dB]

0 -00.58 -00.70
1 -11.95 -09.27
2 -65.02 -35.56
3 -80.30 -42.55
4 -89.22 -65.17
5 -95.68 -71.72
6 -100.80 -87.31
7 -105.08 -90.53
8 -108.80 -91.45

Table 3.2: FBMC mutual interference tables based on the PSD for PHYDYAS and IOTA
waveforms, respectively
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Figure 3.3: PSD-based interference tables of OFDM and FBMC.
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Figure 3.4: Illustration of how to compute the interference caused by a set of subcarriers.

3.4 OFDM/FBMC interference tables

[80] To take into account the detrimental effects of interference caused by the imperfect syn-

Figure 3.5: Asynchronous interference in multicarrier systems

chronization in multicarrier techniques, we consider the system model depicted in Fig. 3.5.
We refer, here, to a receiver which suffers from the interference coming from an asynchronous
transmitter. This receiver is assumed to be perfectly synchronized with its corresponding
transmitter. Moreover, the timing offset τ and the phase offset φ are assumed to be uniform
random variables that are distributed on τ ∈ [0, T ] and φ ∈ [0, 2π], respectively. In the
following analysis, we will be interested in the impact of the interfering signal s(t − τ) on
the reference receiver.
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3.4.1 CP-OFDM case

Consider the following asynchronous signal coming from the interferer on the m-th subcarrier

sm(t− τ, φ) =
n=+∞∑
n=−∞

xm,nfT (t− n(T +∆)− τ)ej[
2π
T m(t−n(T+∆)−τ)+φ] (3.7)

where

• xm,n are the complex data symbols transmitted by the interferer

• T and ∆ are the useful OFDM symbol duration and the CP duration, respectively

• the timing offset and the phase offset between the reference receiver and the interferer
are respectively denoted by τ and φ.

We recall also that fT (t) and fR(t) are respectively, the transmit and the receiver pulse
shapes,

fT (t) =

 1√
T

t ∈ [0, T +∆]

0 elsewhere
fR(t) =

 1√
T

t ∈ [∆, T +∆]

0 elsewhere

The m0-th output of the receiver filter on the n0-th signalling interval coming from sm(t−
τ, φ), will be

ym0,n0(τ, φ) = ⟨sm(t− τ, φ), fR(t− n0(T +∆))ej
2π
T m0(t−n0(T+∆))⟩

=

+∞∫
−∞

sm(t− τ, φ)fR(t− n0(T +∆))e−j 2π
T m0(t−n0(T+∆))dt

=

+∞∑
n=−∞

xm,ne
−j[ 2πT mτ−φ]

×
+∞∫

−∞

fT (t− n(T +∆)− τ)fR(t− n0(T +∆))ej
2π
T m(t−n(T+∆))e−j 2π

T m0(t−n0(T+∆))dt

(3.8)

In the general case, we see that the product fT (t−n(T +∆)− τ)fR(t−n0(T +∆)) and the
choice of τ determine the limits of the integral appearing in (3.8), we have then two cases
to analyze
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Figure 3.6: Respective positions of transmit and receiver pulses when τ ∈ [0,∆].

Case 1: (0 < τ < ∆)

In this case, the positions of the receiver window and the interferer window are depicted in
Fig.3.6 and the signal ym0,n0(τ) becomes,

ym0,n0(τ, φ) = xm,n0e
−j[ 2πT mτ−φ]

(n0+1)(T+∆)∫
n0(T+∆)+∆

1

T
ej

2π
T (m−m0)(t−n0(T+∆))dt

=

xm0,n0
e−j[ 2πT m0τ−φ] m = m0

0 otherwise
(3.9)

Here, the timing offset τ is absorbed by the cyclic prefix ∆. The interference will only occur
on the same subcarrier m = m0, the other subcarriers are free of interference due to the
orthogonality between them.

Case 2: (∆ < τ < T +∆)

Figure 3.7: Respective positions of transmit and receiver pulses when τ ∈ [∆, T +∆].
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As illustrated in Fig. 3.7, the product fT (t − n(T + ∆) − τ)fR(t − n0(T + ∆)) is non
zero when n = n0 − 1 and n = n0, simultaneously. Consequently, the signal ym0,n0(τ) can
be written as follows

ym0,n0(τ, φ) = e−j[ 2πT mτ−φ]

×

xm,n0−1

n0(T+∆)+τ∫
n0(T+∆)+∆

1

T
ej

2π
T m(t−(n0−1)(T+∆))e−j 2π

T m0(t−n0(T+∆))dt

+ xm,n0

(n0+1)(T+∆)∫
n0(T+∆)+τ

1

T
ej

2π
T (m−m0)(t−n0(T+∆))dt


= e−j[ 2πT mτ−φ]

×

xm,n0−1

T
e−j 2π

T m(T+∆)

n0(T+∆)+τ∫
n0(T+∆)+∆

ej
2π
T (m−m0)(t−n0(T+∆))dt

+
xm,n0

T

(n0+1)(T+∆)∫
n0(T+∆)+τ

ej
2π
T (m−m0)(t−n0(T+∆))dt

 (3.10)

When m ̸= m0 equation (3.10) is reduced, upon the change of variables t = t′ − n0(T +∆),
to

ym0,n0(τ, φ) = e−j[ 2πT mτ−φ]

×

xm,n0−1

T
e−j 2π

T m(T+∆)

τ∫
∆

ej
2π
T (m−m0)tdt+

xm,n0

T

(T+∆)∫
τ

ej
2π
T (m−m0)tdt


= e−j[ 2πT mτ−φ]

×
{

xm,n0−1

j2π(m−m0)
e−j 2π

T m(T+∆)
[
ej

2π
T (m−m0)τ − ej

2π
T (m−m0)∆

]
+

xm,n0

j2π(m−m0)

[
ej

2π
T (m−m0)(T+∆) − ej

2π
T (m−m0)τ

]}
(3.11)

Using some trigonometric transformations, the signal ym0,n0
(τ) can be written in the fol-

lowing form

ym0,n0(τ, φ) = e−j[ 2πT mτ−φ]

×
{

xm,n0−1

π(m−m0)
e−j 2π

T m(T+∆)ej
π
T (m−m0)(τ+∆) sin [π(m−m0)(τ −∆)/T ]

+
xm,n0

π(m−m0)
ej

π
T (m−m0)(T+∆+τ) sin [π(m−m0)(T +∆− τ)/T ]

}
(3.12)
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Figure 3.8: OFDM instantaneous interference tables for τ = {T/4, T/3, T/2}.

when m = m0, the signal ym0,n0
(τ) is given by

ym0,n0(τ, φ) = e−j[ 2πT m0τ−φ]
{
xm0,n0−1e

−j 2π
T m0(T+∆) τ −∆

T
+ xm0,n0

T +∆− τ

T

}
(3.13)

Accordingly when the timing offset τ is larger than the cyclic prefix duration ∆, the orthog-
onality between subcarriers is damaged. Thus, the interference is caused by all subcarriers.

As the communication symbols xm,n are zero mean uncorrelated variables, the corre-
sponding interference power is the sum of the interference power coming respectively from
two successive data symbols (xm,n−1, xm,n). Without loss of generality, we assume that
E[|xm,n|2] = 1, we can define the instantaneous interference tables by the following expres-
sion

I(τ, l) = Ex

[
|ym0,n0

(τ, φ)|2
]

=


δ(l) τ ∈ [0,∆][
(T +∆− τ)2 + (τ −∆)2

]
/T 2 τ ∈ [∆, T +∆], l = 0∣∣∣ sin(πl(T+∆−τ)/T )

πl

∣∣∣2 + ∣∣∣ sin(πl(τ−∆)/T )
πl

∣∣∣2 τ ∈ [∆, T +∆], l ̸= 0

(3.14)

where δ(l) is the Kronecker delta and l = |m − m0| is the spectral distance between the
interfering subcarrier and the victim one.
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According to (3.14), the OFDM interference power tables do not depend on the phase
offset φ. In Table. 3.3, we give some examples of the instantaneous interference tables for
τ = T/4, T/3 and T/2. These examples are also depicted in Fig. 3.8 where we see that the
interference level vary with respect to the timing offset τ and the spectral distance l.

l τ = T/4 τ = T/3 τ = T/2

[dB] [dB] [dB]
0 -01.06 -01.72 -02.73
1 -15.29 -11.27 -07.63
2 -15.98 -13.28 -15.98
3 -17.18 -17.17 -24.83
4 -19.00 -24.95 -19.00
5 -21.62 -38.96 -29.27
6 -25.52 -25.58 -25.52

Table 3.3: OFDM instantaneous interference tables for τ = {T/4, T/3, T/2}

OFDM mean interference Table

In order to calculate the mean interference table I(l), we assume a timing offset τ uniformly
distributed in [0, T +∆],

I(l) =

∫
τ

I(τ, l)p(τ)dτ (3.15)

where p(τ) is the probability density function of the random variable τ ,

p(τ) =

1/(T +∆) τ ∈ [0, T +∆]

0 elsewhere
(3.16)

Substituting (3.14) and (3.16) into (3.15), we obtain

case 1 (l = 0)

I(0) =
1

T +∆

 ∆∫
0

dτ +

T+∆∫
∆

(T +∆− τ)2 + (τ −∆)2

T 2
dτ


=

2T + 3∆

3(T +∆)
(3.17)

case 2 (l ̸= 0)

I(l) =
1

T +∆

T+∆∫
∆

∣∣∣∣ sin (πl(T +∆− τ)/T )

πl

∣∣∣∣2 + ∣∣∣∣ sin (πl(τ −∆)/T )

πl

∣∣∣∣2 dτ
=

T

(πl)2(T +∆)
(3.18)
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Figure 3.9: OFDM mean interference table vs. PSD-based OFDM interference Table.

The OFDM mean interference table is compared to the PSD-based OFDM interference
table in Fig. 3.9 and Table. 3.4. We can see that the two interference levels computed by
the PSD and the proposed interference tables are quite different. In fact, the bigger the
spectral distance is, the greater the gap in interference level becomes. It must be noted that,
except for l = 0, the interference levels presented by the proposed model is higher than the
PSD-based one.

3.4.2 FBMC case

In this case, we consider that the asynchronous signal s(t − τ, φ) is an FBMC signal. Ac-
cording to (2.18), we define the asynchronous signal coming from the interferer on the m-th
subcarrier sm(t− τ, φ) as follows

sm(t− τ, φ) =
N−1∑
m=0

+∞∑
n=−∞

am,nγm,n(t− τ)ejφ (3.19)

we recall that,

γm,n(t) = f(t− nT/2)ej
2π
T mtejφm,n (3.20)

and

φm,n =
π

2
(m+ n)− πmn
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l Mean interf. table PSD interf. table
[dB] [dB]

0 -01.51 -00.87
1 -10.48 -12.00
2 -16.50 -19.72
3 -20.02 -23.55
4 -22.52 -25.98
5 -24.45 -27.62
6 -26.04 -28.83

Table 3.4: OFDM mean interference table vs. PSD-based OFDM interference Table.

The m0-th output of the receiver filter on the n0-th signalling interval (ie. t = n0T/2)
coming from sm(t− τ, φ), will be

ym0,n0(τ, φ) = ⟨sm(t− τ, φ), γm0,n0(t)⟩

=

+∞∫
−∞

sm(t− τ, φ)γ∗
m0,n0

(t)dt (3.21)

Substituting (3.19) and (3.20) in (3.21), the signal ym0,n0(τ) becomes

ym0,n0(τ, φ) =
N−1∑
m=0

+∞∑
n=−∞

am,ne
j(φ+φm,n−φm0,n0 )e−j 2π

T mτ

×
+∞∫

−∞

f(t− nT/2− τ)f(t− n0T/2)e
j 2π

T (m−m0)tdt (3.22)

In order to get simplified, easier-to-manipulate expressions, let us define the following inte-
gral

Ψ(t, τ, l)

∣∣∣∣t2
t=t1

=

t2∫
t1

f(t− τ)f(t)ej
2π
T ltdt (3.23)

If we consider the PHYDYAS prototype filter, the explicit form expressions of this integral
are given in (3.24) and (3.25) respectively for l = 0 and l ̸= 0. The details of calculus are
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given in Appendix A.

Ψ(t, τ, 0)

∣∣∣∣t2
t=t1

=

t2∫
t1

f(t− τ)f(t)dt

=
t

A

[
1 + 2

K−1∑
k=1

F 2
k cos

(
2π

KT
kτ

)]

+
KT

πA

{
K−1∑
k=1

K−1∑
k′=1

(−1)k+k′ FkFk′

k + k′
sin

(
2π

KT
((k + k′)t− kτ)

)

+

K−1∑
k=1

K−1∑
k′=1
k ̸=k′

(−1)k+k′ FkFk′

k − k′
sin

(
2π

KT
((k − k′)t− kτ)

)

+
K−1∑
k=1

(−1)k
Fk

k

[
sin

(
2π

KT
kτ

)
+ sin

(
2π

KT
k(t− τ)

)]} ∣∣∣∣t2
t=t1

(3.24)

Ψ(t, τ, l)

∣∣∣∣t2
t=t1

=
T

j2πlA
ej

2π
T lt

+
KT

j2πA

K−1∑
k=1

(−1)kFk

[
1 + e−j 2π

KT kτ

k +Kl
ej

2π
KT (k+Kl)t − 1 + ej

2π
KT kτ

k −Kl
e−j 2π

KT (k−Kl)t

]

+
KT

j2πA

K−1∑
k=1

K−1∑
k′=1

(−1)k+k′
FkFk′

[
e−j 2π

KT kτ

(
ej

2π
KT (k+k′+Kl)t

k + k′ +Kl
+

ej
2π
KT (k−k′+Kl)t

k − k′ +Kl

)

− ej
2π
KT kτ

(
e−j 2π

KT (k+k′−Kl)t

k + k′ −Kl
+

e−j 2π
KT (k−k′−Kl)t

k − k′ −Kl

)] ∣∣∣∣t2
t=t1

(3.25)

Without loss of generality, let us assume that the prototype filter f(t) can be non zero
only when t ∈ [0,KT ] where K represents its overlapping factor. Accordingly, the product
f(t)f(t − τ) can be non zero only when the timing offset τ ∈ [−KT,+KT ]. Therefore in
order to compute ym0,n0

(τ), we have to consider two cases:

Case 1 : ((n0 − n)T2 < τ)

In this case, (3.22) and (3.23) yield

ym0,n0(τ, φ) =

2K+n0−1∑
n=⌊ −τ

T/2
⌋+n0+1

am,ne
j(φ+φm,n−φm0,n0 )e−j 2π

T mτΨ(t, τ, l)

∣∣∣∣KT+(n0−n)T
2

t=τ

(3.26)

where ⌊α⌋ denotes the floor function (the largest integer less than or equal to α).
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Case 2 : (τ < (n0 − n)T2 )

According also to (3.22) and (3.23), we obtain

ym0,n0(τ, φ) =

n0+⌈ −τ
T/2

⌉−1∑
n=−2K+n0+1

am,ne
j(φ+φm,n−φm0,n0 )e−j 2π

T mτΨ(t, τ, l)

∣∣∣∣KT+τ

t=(n0−n)T
2

(3.27)

where ⌈α⌉ is the ceil function (the smallest integer greater than or equal to α).
After the OQAM decision, we can write the total complex symbol ytot(τ, φ) as follows

ytot(τ, φ) = Re {ym0,n0(τ, φ)}+ jRe {ym0,n0+1(τ, φ)} (3.28)

and the corresponding interference power table I(τ, l) can thus be given by the following
expression

I(τ, l) = Eam,n,φ

[
|ytot(τ, φ)|2

]
(3.29)

In Fig. 3.10 and Fig. 3.11, PHYDYAS and IOTA interference tables I(τ, l) are plotted for
different values of the timing offset τ = T/4, T/3, T/2. We also see that the interference
varies with respect to the timing offset τ and the spectral distance l between the interfering
subcarrier and the victim one. Furthermore, PHYDYAS and IOTA mean interference tables
are compared to the respective PSD-based interference tables in Fig. 3.12 and Fig. 3.13,
respectively. Looking at these figures, we find that the two models lead to different results.
However, this difference is negligible when the interference level is high.

3.5 Asynchronous interference in frequency selective chan-
nels

[81] In this section, we refer to the system model shown in Fig. 3.14. In this case, the
interference signal received at the input of the multicarrier demodulator r(t− τ, φ) is given
by

r(t− τ, φ) = h(t) ∗ s(t− τ, φ) (3.30)

we recall that h(t) is the channel impulse response which is given in (2.6). In the following
analysis, we investigate the effects of the propagation channel on the asynchronous inter-
ference signal coming from the m-th subcarrier sm(t− τ, φ). In the following analysis, two
cases will be investigated : CP-OFDM case and FBMC one.
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Figure 3.10: FBMC instantaneous interference tables for τ = {T/4, T/3, T/2} : PHYDYAS
case.

−6 −4 −2 0 2 4 6
−100

−90

−80

−70

−60

−50

−40

−30

−20

−10

0

In
te

rf
er

en
ce

 le
ve

l [
dB

]

subcarrier offset (l)

FBMC case, IOTA

 

 
τ=T/4
τ=T/3
τ=T/2

Figure 3.11: FBMC instantaneous interference tables for τ = {T/4, T/3, T/2} : IOTA case.
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channel

channel

Figure 3.14: Asynchronous interference in the presence of multi-path effects

3.5.1 CP-OFDM case

According to (3.7) and (3.30), the interference signal at the input of the OFDM receiver can
be written as follows

r(t− τ , φ) = h(t) ∗ sm(t− τ, φ)

=

(
L−1∑
i=0

hiδ(t−
ni

N
T )

)
⋆

(
n=+∞∑
n=−∞

xm,nfT (t− n(T +∆)− τ)ej[
2π
T m(t−n(T+∆)−τ)+φ]

)

=
L−1∑
i=0

+∞∑
n=−∞

hixm,nfT (t− n(T +∆)− τ − ni

N
T )ej[

2π
T m(t−n(T+∆)−τ−ni

N T )+φ]

(3.31)

In weakly and mildly frequency selective channels, ni

N T is small enough. We can thus
consider that fT (t − n(T + ∆) − τ − ni

N T ) = fT (t − n(T + ∆) − τ). Hence, the signal
r(t− τ, φ) becomes

r(t− τ, φ) =

L−1∑
i=0

hie
j
2πni
N m

+∞∑
n=−∞

xm,nfT (t− n(T +∆)− τ)ej[
2π
T m(t−n(T+∆)−τ)+φ]

= H(m)
+∞∑

n=−∞
xm,nfT (t− n(T +∆)− τ)ej[

2π
T m(t−n(T+∆)−τ)+φ]

= H(m)sm(t− τ, φ) (3.32)

where H(m) =
L−1∑
i=0

hie
j
2πni
N m representing the complex channel gain at the m-th subcarrier.

Based on (3.32), (3.9) and (3.13), the m0-th output of the receiver filter on the n0-th
signalling interval resulting from the received interference signal r(t− τ, φ) is expressed for
both cases 0 < τ < ∆ and ∆ < τ < T +∆ as follows
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Case 1: (0 < τ < ∆)

ym0,n0(τ, φ) =

H(m0)xm0,n0e
−j[ 2πT m0τ−φ] m = m0

0 otherwise
(3.33)

Case 2: (∆ < τ < T +∆)

when m ̸= m0

ym0,n0(τ, φ) = H(m)e−j[ 2πT mτ−φ]

×
{

xm,n0−1

π(m−m0)
e−j 2π

T m(T+∆)ej
π
T (m−m0)(τ+∆) sin [π(m−m0)(τ −∆)/T ]

+
xm,n0

π(m−m0)
ej

π
T (m−m0)(T+∆+τ) sin [π(m−m0)(T +∆− τ)/T ]

}
(3.34)

when m = m0, the signal ym0,n0(τ) is given by

ym0,n0(τ, φ) = H(m0)e
−j[ 2πT m0τ−φ]

{
xm0,n0−1e

−j 2π
T m0(T+∆) τ −∆

T
+ xm0,n0

T +∆− τ

T

}
(3.35)

Consequently, the resulting interference power Pinterf will be the product of the channel
power gain of the interfering subchannel and the corresponding interference table coefficient
given in (3.3). Then, we write the interference power in m0-th subchannel as

Pinterf(m0, τ) = Ptrans(m)I(τ, |m−m0|)|H(m)|2 (3.36)

where,

• Ptrans(m) is the transmitted power on the subchannel m

• I(τ, |m−m0|) represents the interference table coefficient for the timing offset τ and
the spectral distance |m−m0|

• |H(m)|2 is the channel power gain for subchannel m.

3.5.2 FBMC case

Similarly, we express the interference signal received at the input of the FBMC receiver
r(t− τ, φ). According to (3.19) and (3.30), we write

r(t− τ, φ) = h(t) ∗ sm(t− τ, φ)

=

(
L−1∑
i=0

hiδ(t−
ni

N
T )

)
⋆

(
N−1∑
m=0

+∞∑
n=−∞

am,nγm,n(t− τ)ejφ

)

=

L−1∑
i=0

+∞∑
n=−∞

hiam,nγm,n(t− τ − ni

N
T )ejφ (3.37)
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Substituting (3.20) in (3.37), we obtain

r(t− τ, φ) =

L−1∑
i=0

+∞∑
n=−∞

hiam,nf(t− nT/2− τ − ni

N
T )ej

2π
T m(t−τ−ni

N T )ejφ

=
L−1∑
i=0

hie
−j 2π

N mni

+∞∑
n=−∞

am,nf(t− nT/2− τ − ni

N
T )ej

2π
T m(t−τ)ejφ (3.38)

we can notice that f(t− nT/2− τ − ni

N T ) may have relatively slow variations when ni

N T ∈
[0, τds] (τds is the maximum delay spread of the channel) [48], [49]. Indeed, compared to the
coherence bandwidth Bc, the filter bandwidth is very small, which also means that the time
variations of the prototype filter f(t) are necessarily limited.
Consequently, the signal r(t− τ, φ) becomes

r(t− τ, φ) =
L−1∑
i=0

hie
−j 2π

N mni

+∞∑
n=−∞

am,nf(t− nT/2− τ)ej
2π
T m(t−τ)ejφ

= H(m)sm(t− τ, φ) (3.39)

Now, let φH(m) be the phase angle of the complex channel gain H(m), i.e.

H(m) = |H(m)|ejφH(m)

Hence, we can write r(t− τ, φ) as follows

r(t− τ, φ) = |H(m)|sm(t− τ, φ+ φH(m)) (3.40)

According (3.28) and (3.40), the output signal after the OQAM decision is given by

y′tot(τ, φ) = |H(m)|ytot(τ, φ+ φH(m)) (3.41)

where, ytot(τ, φ) is given in (3.28).
Now, let φ and φ′ be two uniform random variables defined in the following intervals φ ∈
[0, 2π] and φ′ ∈ [α, α+ 2π], respectively. We notice that,

Eam,n,φ

[
|ytot(τ, φ)|2

]
= Eam,n,φ′

[
|ytot(τ, φ′)|2

]
Therefore, the corresponding interference power Pinterf is also the product of the channel
power gain of the interfering subcarrier |H(m)|2 and the corresponding interference table
coefficient given in (3.29). Thus, the interference power at the m0-th subchannel is given by

Pinterf(m0, τ) = Ptrans(m)I(τ, |m−m0|)|H(m)|2 (3.42)

In general, the asynchronous interference power arriving through a frequency selective
channel can be calculated using the following expression

Pinterf(m0, τ) = d−βPtrans(m)I(τ, |m−m0|)|H(m)|2 (3.43)

where,
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• d is the distance between the interferer and the victim user

• β is the path loss exponent

• Ptrans(m) is the transmitted power on the interfering subchannel m

• I(τ, |m−m0|) is the interference table coefficient for the timing offset τ and the spectral
distance |m−m0|

• |H(m)|2 is the channel power gain between the interfering transmitter and the victim
receiver on subchannel m.

In the next section, we investigate the accuracy of the proposed interference modeling ex-
pressed by Equation (3.43). Several applications and scenarios can be studied using this
interference model.

3.6 Simulation results

In this section, we consider the uplink transmission in OFDM/FBMC based network de-
picted in Fig. 3.15.a. The reference mobile user MU0 and the interfering one MU1 communi-
cating respectively with BS0 and BS1. Moreover, MU0 and MU1 are respectively located at
distances d0 and d from the reference base station BS0. It is assumed that, the transmitted
power of each user must guarantee a target signal to noise ration SNRt = 20dB at its base
station (BS0 for MU0 and BS1 for MU1).

Concerning the frequency scheme, the subcarriers are allocated according to the scheme
described in Fig. 3.15.b. Here, the size of each subcarrier block is set at 18 subcarriers.
Here, we have chosen the practical size of subcarrier block in WiMax 802.16 [4].

All signals propagate through different multipath channels using a similar propagation
model, where the impulse responses of the multipath channel between MU0, MU1 and the
reference base station BS0 are denoted by h0 and h1, respectively. The considered model is
the Pedestrian-A model whose parameters are given in Table. 3.5. The choice of this model
is based on the assumption that the subcarriers of interest experience flat fading. Therefore,
the interference caused by the multipath effects are negligible, in the FBMC case.

Parameter value
Pedestrian-A Relative Delay [0 110 190 410] ns
Pedestrian-A Average Power [0 -9.7 -19.2 -22.8] dB

Table 3.5: Channel parameters used in simulations

Furthermore, the underlying channel model includes path loss effects which takes into
account the position of the mobile user with respect to the reference base station BS0. The
path loss of a received signal at distance d is governed by the following expression [82]
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Figure 3.15: Interference model: the reference user coexists with an asynchronous interferer.

corresponding to a path loss exponent β = 3.76 and a carrier frequency of 2 GHZ

Γloss(d) = 128.1 + 37.6 log10(d[km])[dB]

On the other hand, we consider a system with N = 1024 subcarriers and a sampling fre-
quency of 10 MHz. The noise term is considered as a thermal noise with spectral density
N0 = −174 dBm/Hz.

Each mobile user is assumed to be perfectly synchronized with its corresponding base
station but it is not synchronized with the other base station. Because of the timing misalign-
ment between MU1 and BS0, the signal arriving from MU1 at BS0 appears non-orthogonal
to the desired signal arriving from MU0. This non-orthogonality generates interference and
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degrades the signal to interference plus noise ratio SINR. Using the interference tables intro-
duced previously, the instantaneous SINR on a given subcarrieer m ∈ F0 can be expressed
as

SINR(m) =
d−β
0 Ptrans(m) |H0(m)|2∑

m′∈F1

d−βPtrans(m′)I(τ, |m′ −m|) |H1(m′)|2 +N0∆f
(3.44)

where ∆f is the subcarrier spacing.
Here, it is worth mentioning that the interference table coefficient I is computed by two
methods : PSD-based interference tables and our proposed interference tables.

The objective of this section is to evaluate the average SINR and the spectral efficiency
expressed, respectively by,

SINRaverage(m) = E [SINR(m)] (3.45)

Caverage(m) = E [log2 (1 + SINR(m))] (3.46)

where E[.] stands for the statistical expectation which is computed over all channel realiza-
tions (H0(m), {H1(m

′),m′ ∈ F1}) and all values of the timing offset τ which is uniformly
distributed over [0, T ].

Two different contexts will be analyzed as depicted in Fig. 3.15:

• The classical multi-cellular context: when d varies from R to 2R, i.e. MU1 can
move from the edge to the center of cell 1

• The cognitive radio context: when d varies from 0 to 2R, i.e. MU1 can be very
close to BS0 while transmitting to BS1.

In Fig. 3.16, Fig. 3.17 and Fig. 3.18, we investigate, respectively, the accuracy of
the SINR expression in the CP-OFDM, FBMC-PHYDYAS and FBMC-IOTA cases. The
averaged SINRs over all subcarriers m ∈ F0 are plotted against the distance d, using the
instantaneous tables (line), the PSD-based table (point markers) and numerical simulation
(cross markers). The instantaneous tables results depicted in these figures show a perfect
match to the corresponding simulation results. However, the PSD-based method exhibits a
strong inaccuracy especially in the cognitive radio context.

In the cognitive radio context, we observe a significant degradation of the OFDM SINR
with respect to the target SNR (20dB). Such a result can be explained by the high level
of OFDM asynchronous interference caused by the timing misalignment which damages the
orthogonality between the subcarriers. On the other hand, we notice a slight loss of the
FBMC SINR with respect also to the target SNR of 20dB. The better performance of
PHYDYAS-FBMC compared to IOTA-FBMC and CP-OFDM can be justified by the fact
that only the two subcarriers on the edge of the cluster (subcarrier block) F0 suffer from
the interference caused by their immediate adjacent subcarriers in F1 as depicted in Fig.
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Figure 3.16: CP-OFDM average SINR vs. distance between MU1 and BS0, τ ∈ [0, T ]
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Figure 3.17: PHYDYAS-FBMC average SINR vs. distance between MU1 and BS0, τ ∈ [0, T ]



3.6 Simulation results 65

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

16

16.5

17

17.5

18

18.5

19

19.5

20

d / R

S
IN

R
 [d

B
]

FBMC case, IOTA

 

 

inst. Tables
simulation
PSD−Table

CR context Cellular context

Figure 3.18: IOTA-FBMC average SINR vs. distance between MU1 and BS0, τ ∈ [0, T ]

3.12; whereas in IOTA-FBMC, two subcarriers at each edge are affected by the asynchronous
interference coming from the two neighboring subcarriers at each edge as shown in Fig. 3.13.
Furthermore, the entire cluster F0 suffers, in the CP-OFDM case, from the asynchronous
interference caused by all subcarriers of F1 (see Fig. 3.9).

In the cellular context, the asynchronous interferer MU1 is quite far from the reference
base station BS0 and, at the same time, it is close to its base station BS1. This means
that its transmitted power is reduced and consequently the interference power received by
BS0 will be much lower due to the path-loss effect (d is quite large). Therefore, the impact
of the asynchronous interference is less significant in the cellular context for all waveforms.
Also, it is worth mentioning that SINRs of OFDM and FBMC converge to the target SNR
(20dB) when MU1 is very far from BS0 as the interference becomes negligible compared to
the noise level.

The impact of the asynchronous interference on the average spectral efficiency has also
been investigated. Fig. 3.19, shows the average spectral efficiency over all subcarriers
m ∈ F0 against the distance d, for CP-OFDM (solid line −), FBMC-PHYDYAS (dashed-
dotted line −.) and FBMC-IOTA (dashed line −−). Also, the accuracy of instantaneous
and PSD-based tables is examined. Fig. 3.19 shows that timing synchronization errors
cause a degradation of the spectral efficiency. The same remarks can be formulated, here,
where the FBMC system still outperforms the OFDM system. Furthermore, simulation
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and instantaneous tables results shown in Fig. 3.19 validate the accuracy of the proposed
interference model while the PSD-based tables still present a strong inaccuracy with respect
to simulation results especially in the cognitive radio context where the noise level becomes
negligible compared to the asynchronous interference caused by MU1. We see that both
modulation schemes (OFDM and FBMC) lead to identical spectral efficiency floor when
MU1 is close to its base station because of the predominance of the noise term. We have to
remind that the actual bit rate is lower for CP-OFDM because of the redundancy introduced
by the cyclic prefix in each OFDM block.

3.7 Conclusion

In this chapter, we have investigated the asynchronous interference modeling in OFDM and
FBMC systems. We have first given a state-of-the-art review for the interference analysis in
multicarrier techniques. Then, the general concept of interference tables has been introduced
where we have derived the PSD-based interference tables of CP-OFDM and FBMC for two
considered waveforms : PHYDYAS and IOTA. It has been noticed that the PSD-based
tables do not consider the timing offset between the interferer and the victim user.

Next, we have proposed new interference tables that model the correlation between a
given interfering subcarrier and the victim one, not only as a function of the spectral distance
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separating both subcarriers but also with respect to the timing misalignment between the
subcarrier holders. Theoretical expressions of these tables have been derived for CP-OFDM,
PHYDYAS-FBMC and IOTA-FBMC systems.
The interference analysis has been extended to the case of frequency selective environments
where we have proposed a table-based estimation method as a computationally simpler
alternative to the numerical evaluation; as this latter requires huge computational efforts.
Finally, the accuracy of the proposed model has been validated through different simulation
results, where the results based on the instantaneous tables method shows an excellent match
with the corresponding simulation ones. In contrast to the instantaneous interference tables,
we have shown through this evaluation that the PSD modeling exhibits a strong inaccuracy
with respect to the numerical results.

However, it is worth pointing out that the proposed method is a semi-analytical method
which means that we always need to simulate the different channel realizations (useful and
interference channels). Hence, one can see that the complexity of the performance evalua-
tion still remains significant, especially when the number of interferers is important.
In the next two chapters, we develop new analytical expressions that significantly reduce
the computational complexity of the performance evaluation : error rate and spectral effi-
ciency.
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Chapter 4

Average Error Rates Analysis in
Asynchronous Cellular Networks

4.1 Introduction

In the literature, the impact of asynchronous interference in OFDM systems has been inten-
sively investigated. A performance analysis of OFDM in the presence of timing synchroniza-
tion can be found in [78], [83], [80], [84]. Using the Gaussian approximation for interchannel
interference, [85] gives approximate expressions of the symbol error rates. Moreover, the
degradation of the signal to interference plus noise ratio is a common criterion to analyze
the impact of timing desynchronization on the system performance [83], [86].

Although interference analysis in single user OFDM has become popular in the literature
e.g [87], [88], [89], the extension of this analysis to a multi-cellular environment is not so
straightforward. This problem is crucial for the following reasons. First, in a multi-cellular
environment the interference stems from subcarriers distributed among several transmitters
which require more than one random variable (RV) to properly model this interference,
therefore, the analysis becomes more difficult.

In this chapter, we present an analytical interference analysis related to asynchronous
downlink OFDM/FBMC in multi-cellular environment, providing exact expressions of av-
erage error rates in frequency selective fading channels.

The evaluation of the average error rate of a given transmission is considered as the
most common criterion used in the investigation of the impact of interference on the system
performance. Beaulieu [90], [91], based on the Fourier series and a Chernoff bound technique,
was able to express the average of the Gaussian complementary distribution function which

69
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is used for the evaluation of the average error rate. A recent study [78] has presented a
theoretical analysis of the average error rate of an asynchronous OFDM system in the special
case of interleaved subcarrier assignment scheme. However, to the best of our knowledge,
there is no published works addressing the impact of the asynchronous interference on the
bit error rate for FBMC systems.

Based on the interference table model introduced in the previous chapter, we derive in
this chapter an explicit expression of the bit error rate of time-asynchronous OFDM and
FBMC systems, taking into account the correlation between the subchannel gains belonging
to a given block subcarrier. The computation of the average error rate is based on the
moment generating function of the interference power.

The outline of this chapter is organized as follows. The SINR analysis is discussed in
Section 4.2. We further derive explicit expressions of the average error rates of asynchronous
OFDM/FBMC systems in Section 4.3. Section 4.4 is devoted to describing the system model
of the downlink of OFDM and FBMC based multi-cellular networks. Simulation results are
presented and discussed in Section 4.5. Section 4.6 concludes this chapter.

4.2 Interference and SINR Analysis

Let us consider a given receiver (receiver of interest) communicating synchronously with its
corresponding transmitter. Other transmitters, that coexist in the same geographical area,
are operating asynchronously in a wireless environment subject to path loss and multipath
fading.
We can express the composite signal at the reference receiver by the sum of the desired
signal coming from the reference transmitter and the interference signal coming from the
other transmitters,

r(t) = d
−β/2
0 s0(t) ∗ h0(t)︸ ︷︷ ︸

desired signal

+
K∑

k=1

d
−β/2
k sk(t− τk) ∗ hk(t)︸ ︷︷ ︸
interference signal

+n(t) (4.1)

where

• K is the total number of interfering transmitters

• d0 is the distance between the reference receiver and its corresponding transmitter

• dk represents the distance separating the reference receiver and the k-th interfering
transmitter

• s0(t) denotes the useful transmitted signal coming from the transmitter of interest

• sk(t) is the interfering signal arriving from the k-th transmitter

• hk(t) represents the propagation channel between the receiver of interest and the
transmitter k
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• τk stands for the timing offset between the reference receiver and the k-th interferer

• n(t) is the additive white Gaussian noise (AWGN)

• β denotes the path loss exponent

Because of the timing misalignment between the reference receiver and the other transmit-
ters, the signals arriving from the latter will appear non-orthogonal to the desired signal.
This non-orthogonality will generate interference and will degrade the SINR. This degrada-
tion will be investigated in the following analysis.

Based on (3.43) and (4.1), we can easily express the total interference power occurring
at the m-th output filter of the reference receiver by

Pinterf(m, {τk, k = 1, ...,K}) =
K∑

k=1

∑
m′∈Fk

d−β
k Ptrans(m

′)I(τk, |m′ −m|) |Hk(m
′)|2 (4.2)

where,

• Fk denotes the set of subcarriers that are assigned to the k-th transmitter

• Ptrans(m
′) is the transmitted power on the m′-th interfering subcarrier

• |Hk(m
′)|2 is the channel power gain between the reference receiver and the k-th trans-

mitter on subchannel m′

As previously mentioned, the reference receiver is assumed to be perfectly synchronized with
its transmitter. Consequently, the power of the desired signal can be written as

Pdesired(m) = d−β
0 Ptrans(m) |H0(m)|2 (4.3)

In the OFDM case, it is obvious that expression (4.3) is valid under the assumption that the
cyclic prefix duration ∆ is larger than the maximum delay spread of the channel. However
in the FBMC case, the subcarrier channel gains cannot be assumed flat unless the number
of subcarriers is very high. As we have said in Section 2.4.2, there are several approaches to
deal with the frequency selective fading as in [43], [51], [57]. One interesting approach which
is appropriate to our FBMC configuration, performs per-subcarrier equalization using finite
impulse response (FIR) filters [57]. It is worth noticing that the use of multi-tap equalizers
will be at the expense of a higher complexity. The purpose of this chapter being to focus on
the sensibility of OFDM and FBMC to timing synchronization errors. For this reason, we
assume that the subcarriers experience flat fading which is applicable in the case of weakly
and mildly frequency selective channels.

According to (4.2) and (4.3), the instantaneous SINR is given by

SINR(m) =
d−β
0 Ptrans(m) |H0(m)|2

K∑
k=1

∑
m′∈Fk

d−β
k Ptrans(m′)I(τk, |m′ −m|) |Hk(m′)|2 +N0∆f

(4.4)
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where N0 represents the noise power spectral density and ∆f is the bandwidth of the m-th
subcarrier.
From (4.4), we can rewrite the instantaneous SINR in the following form,

SINR(m) =
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b

(4.5)

where

Ak,m,m′ =

[
dk
d0

]−β
Ptrans(m

′)

Ptrans(m)
I(τk, |m′ −m|) (4.6)

b =
N0∆f

d−β
0 Ptrans(m)

(4.7)

It should be noticed that we consider the transmitted power Ptrans(m), of each transmitter,
as a constant. The coefficient Ak,m,m′ can thus be written as follows,

Ak,m,m′ =

[
dk
d0

]−β

I(τk, |m′ −m|) (4.8)

4.3 Average Error Rates Analysis

This section is devoted to derive a closed-form expression of the average bit error rate consid-
ering the asynchronous interference caused by the surrounding asynchronous transmitters.
The calculation of the bit error rate of any constellation is readily available in the literature
when the decision variables are Gaussian random variables. [18] gives the BER of a square
M-QAM in AWGN channel as

BER(SNR) =

√
M−2∑
i=0

λierfc

(
(2i+ 1)

√
1

2
SNR

)
(4.9)

where λis are constants that depend on the constellation size M and
∑√

M−2
i=0 λi = 1/2.

In the following derivation we analyze the QPSK constellation case, the extension to another
M-QAM constellation is straightforward.
For a QPSK constellation, (4.9) becomes

BER(SNR) =
1

2
erfc

(√
1

2
SNR

)
(4.10)

Without loss of generality, we consider constant values of the timing offsets τk to compute
the interference coefficients Ak,m,m′ . In this case, by conditioning on the set of variables H =

{H0(m),Hk(m
′), k ∈ {1, ...,K},m′ ∈ Fk} and substituting (4.5) in (4.10), we can obtain
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the exact closed form for the conditional error probabilities in the presence of interference

BER(SINR)|H =
1

2
erfc

1

2

|H0(m)|2
K∑

k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


1/2

(4.11)

It is worth mentioning that the BER expressed in (4.11) is obtained without any processing
for optimal multiuser detection as done in [92].
According to (4.11), the average error rate is thus given by

BERaverage = EH [BER(SINR)|H] = EH

12erfc

1

2

|H0(m)|2
K∑

k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


1/2


(4.12)

The direct approach to compute the average of this conditional error rate leads to a complex
(K × |Fk|)-fold integration (|Fk| is the cardinality of Fk) that is analytically intractable in
most cases

BERaverage =

∫
H

1

2
erfc

1

2

|H0(m)|2
K∑

k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


1/2

p(H)dH (4.13)

Here, p(H) stands for the probability density function of the vector H.
In order to reduce the complexity of computing the average bit error, we refer to the following
lemma [19], which is based on the moment generating function of the interference power.

Lemma Let x be a unit-mean gamma random variable (RV) with parameter α and c is an
arbitrary constant. Let g be an arbitrary non-negative random variable that is independent
of x. Then

Ex,y

[
erfc

(
x

g + c

)1/2
]
= 1− 2

π

Γ
(
α+ 1

2

)
Γ(α)

+∞∫
0

e−z

√
z

1F1

(
1− α;

3

2
; z

)
Mg(αz)e

−zαcdz

(4.14)

where

• Γ(α) =
+∞∫
0

zα−1e−zdz is the Gamma function (defined for α ∈ C and Re(α) > 0) [20]

• 1F1(a; b; z) = Γ(b)
Γ(b−a)Γ(a)

1∫
0

ezuua−1(1 − z)b−a−1du (Re(a) > 0 and Re(b) > 0) is the

confluent hypergeometric function of the first kind [20]
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• Mg(z) = Eg [e
−zg] is the moment generating function (MGF) of g.

Let x = |H0(m)|2, since |H0(m)| is a Rayleigh random variable, x is an exponential RV with
a probability density function (pdf) f(x) = e−x, x ≥ 0. In other words, x is a unit-mean
gamma RV with α = 1. This latter implies that 1F1(1 − α; 3/2; z) = 1F1(0; 3/2; z) = 1.
Hence, (4.14) becomes

Ex,y

[
erfc

(
x

g + c

)1/2
]
= 1− 1√

π

+∞∫
0

e−z(1+c)

√
z

Mg(z)dz (4.15)

Note that (4.15) could be obtained directly as shown in Appendix B.
For simplicity’s sake, we will denote in the sequel of this chapter |Hk(m

′)|2 by

gk,m′ = |Hk(m
′)|2 (4.16)

and the RV related to the total interference power by

g = 2
K∑

k=1

∑
m′∈Fk

Ak,m,m′gk,m′ (4.17)

4.3.1 The multi-interfering transmitters case

[93–95] In this case, the random variable related to the total interference power is

g = 2
K∑

k=1

∑
m′∈Fk

Ak,m,m′gk,m′ (4.18)

where gk,m′ = |Hk(m
′)|2.

As the signals coming from the different interfering transmitters {
∑

m′∈Fk

Ak,m,m′gk,m′ , k ∈

{1, ...,K}} are independent, the moment generating function of g is given by

Mg(z) = E{gk,m′ ,∀k,m′}

e−2z
K∑

k=1

∑
m′∈Fk

Ak,m,m′gk,m′


=

K∏
k=1

E{gk,m′ ,∀m′}

[
e
−2z

∑
m′∈Fk

Ak,m,m′gk,m′
]

(4.19)

Consequently, the MGF of g is the product of the MGFs Mk(z) where

Mk(z) = E{gk,m′ ,m′∈Fk}

[
e
−2z

∑
m′∈Fk

Ak,m,m′gk,m′
]

(4.20)

However, the RVs {gk,m′ = |Hk(m
′)|2 ,m′ ∈ Fk} are correlated because they belong to the

same cluster used by the k-th interfering transmitter. To deal with this problem, let Ωk

defined by

Ωk =
[
ρi,j

]
(i,j)∈Fk×Fk
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where ρi,j = ρj,i, is the correlation matrix of the RVs {gk,m′ ,m′ ∈ Fk}.
From [21], the MGF Mk(z) is obtained by

Mk(z) =
∣∣ILk

+ 2DA
k Ωk z

∣∣−1
(4.21)

where

• ILk
is the Lk × Lk identity matrix and Lk denotes the cardinal of Fk

•
∣∣ILk

+ 2DA
k Ωk z

∣∣ stands for the determinant of the matrix ILk
+ 2DA

k Ωk z

• DA
k is a diagonal matrix with diagonal elements,

DA
k (i, i) = Ak,m,i i ∈ Fk (4.22)

Substituting (4.21) in expression (4.19), we obtain the MGF related to the total interference
RV g defined in (4.18),

Mg(z) =

K∏
k=1

Mk(z) =

K∏
k=1

∣∣ILk
+ 2DA

k Ωk z
∣∣−1

(4.23)

Therefore, using expressions (4.15) and (4.23), the final expression of the average BER for
K interfering transmitters is shown in (4.24).

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

∣∣ILk
+ 2DA

k Ωk z
∣∣−1

dz (4.24)

We have derived the exact expression of the average error rate in the case of subcarrier block
assignment considering the frequency fading correlation between the interfering subchannels
belonging to a subcarrier block of a given interfering transmitter.

Now, let us examine the asymptotic performance of the average BER in (4.24) with re-
spect to the correlation between the subcarriers belonging to a given interfering transmitter.
Two cases will be analyzed: ρi,j ̸=i = 1 and ρi,j ̸=i = 0

Flat fading channels ρi,j ̸=i = 1

In the case of flat fading channels, the interfering subcarriers of a given transmitter k

experience the same power channel gain gk,

gk,m′ = gk m′ ∈ Fk (4.25)
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Hence, the MGF Mk(z) becomes

Mk(z) =
∣∣ILk

+ 2DA
k Ωk z

∣∣−1

=

∣∣∣∣∣∣∣∣∣∣
1 + 2Ak,m,m′

1
z 2Ak,m,m′

1
z · · · 2Ak,m,m′

1
z

2Ak,m,m′
2
z 1 + 2Ak,m,m′

2
z · · · 2Ak,m,m′

2
z

...
...

...
2Ak,m,m′

Lk
z 2Ak,m,m′

Lk
z · · · 1 + 2Ak,m,m′

Lk
z

∣∣∣∣∣∣∣∣∣∣

−1

=

(
1 + 2

∑
m′∈Fk

Ak,m,m′z

)−1

(4.26)

The proof of this expression is provided in Appendix B.
Therefore, the average error rate BERaverage in the case of flat fading channels is given by

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

(
1 + 2

∑
m′∈Fk

Ak,m,m′z

)−1

dz (4.27)

Totally uncorrelated interfering subcarriers ρi,j ̸=i = 0

In this case, the power gains of the interfering subcarriers of a given transmitter k are
assumed to be independent, such a case could be found when we use the interleaved sub-
carrier scheme in frequency selective channels. Hence, the correlation matrix Ωk becomes
the identity matrix

Ωk = ILk
(4.28)

and the MGF Mk(z) becomes

Mk(z) =
∣∣ILk

+ 2DA
k z
∣∣−1

=

∣∣∣∣∣∣∣∣∣∣
1 + 2Ak,m,m′

1
z 0 · · · 0

0 1 + 2Ak,m,m′
2
z · · · 0

...
...

...
0 0 · · · 1 + 2Ak,m,m′

Lk
z

∣∣∣∣∣∣∣∣∣∣

−1

=
∏

m′∈Fk

(1 + 2Ak,m,m′z)
−1 (4.29)

Consequently, BERaverage in this case is given by

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

∏
m′∈Fk

(1 + 2Ak,m,m′z)
−1

dz (4.30)

4.3.2 The partially-loaded network

In the previous subsection, we have derived a closed-form expression of the average error
rates for a fully-loaded network. However, a likely scenario would be that a given transmit-
ter experiences silent periods. Consequently, the network becomes partially loaded. Let us
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consider a Bernoulli RV Qk ∈ (0, 1) that models the partial load for each interfering trans-
mitter (Qk = 1 when the transmitter k is active, and Qk = 0 when it becomes inactive).
We assume that the Qk, k = 1, ...,K are independent and with probability density function

p(Qk) =

αk Qk = 1

1− αk Qk = 0
, k ∈ {1, ...,K} (4.31)

Our aim in this subsection is to derive a new closed-form expression of the average error
rate in the partially-loaded case. The total interference RV g can be written as follows

g = 2
K∑

k=1

QkAk,m,m′gk,m′ (4.32)

According to (4.21) and (4.32), the MGF Mg(z) is expressed as follows

Mg(z) =

K∏
k=1

(1− αk + αkMk(z))

=

K∏
k=1

(
1− αk + αk

∣∣ILk
+ 2Ωk D

A
k z
∣∣−1
)

(4.33)

Therefore, using expressions (4.15) and (4.33), the average error rate for a partially-loaded
network of K interfering transmitters is shown in (4.34).

BERaverage =
1

2
− 1

2
√
π

+∞∫
0

e−z(1+2b)

√
z

K∏
k=1

(
1− αk + αk

∣∣ILk
+ 2Ωk D

A
k z
∣∣−1
)
dz (4.34)

The obtained BER expressions have been derived in the general case. Nevertheless, in order
to investigate the accuracy of these expressions, we are going to limit our simulations to the
following system model.

4.4 System model

In this Section, we describe the system model which is considered in simulations performed
in Chapters 4 and 5. We consider the downlink transmission in OFDM/FBMC based multi-
cellular networks depicted in Fig. 4.1 (a). The reference mobile user is located at (u, v).
The reference base station is assumed to be situated at the origin (u0, v0) = (0, 0). In this
analysis, we consider two tiers of the neighboring cells that are surrounding the reference
mobile user. Let the k-th base station be located at (uk, vk), then, the distance between the
reference mobile user and the k-th base station is given by

dk =
√
(uk − u)2 + (vk − v)2 (4.35)

The cell radius is denoted by R in Fig. 4.1.
Concerning the frequency reuse scheme, the subcarriers are allocated according to the

most common subcarrier assignment scheme, namely, the subcarrier block assignment scheme
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[78] which is described in Fig. 4.1 (b). Each block k consists of the set of subcarriers as-
signed to base station k. We assume in this scheme that δ adjacent subcarriers to each block
are free and serve as guard bands between the different blocks.

(a)

(b)

δ 0 1 265

0

1

2

3

4

6

Interfering BSs

Reference mobile user

Reference BS

5

R

2

4

34

5

i

j

Figure 4.1: The geometry of the downlink of OFDM/FBMC based networks with a cluster
size of 7

All signals propagate through different multipath channels using a similar propagation
model, where the impulse response of the multipath channel between the k-th base station
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and the reference mobile user is given by

hk(t) =
L−1∑
i=0

hk,iδ(t−
nk,i

N
T ) (4.36)

where nk,0 < nk,1 < ... < nk,(L−1) < C. We recall that C is the maximum delay spread of
the channel normalized by the sampling period (T/N), and hk,i are the complex channel path
gains, which are assumed mutually independent, where E[hk,ih

∗
k,i] = γk,i, and E[hk,ih

∗
k,j ] = 0

when i ̸= j. We further assume that the power is normalized for each channel such that
L−1∑
i=0

γk,i = 1, ∀k. T and N denote respectively the OFDM symbol duration and the total

number of subcarriers in the system.
We also assume that the propagation channels are stationary over one OFDM symbol.

This is the case for time-invariant or slowly varying channels. Furthermore, the underlying
channel model includes path-loss effects which take into account the positions of the base
stations with respect to the reference mobile user. The reference mobile user is assumed to
be perfectly synchronized with its base station but it is not necessarily synchronized with
the other base stations.

Therefore, the composite signal at the reference mobile user can be expressed by the
sum of the desired signal coming from the reference base station and the interference sig-
nal coming from the surrounding base stations. This corresponds to the signal expression
previously given in (4.1).

4.5 Simulation Results

In the Section 4.3, we have derived closed-form expressions of the average error rates in
the downlink of an asynchronous K-cell network. In contrast to direct complex analytical
methods, these expressions present an efficient approach to compute the average BER with a
significantly reduced computational complexity. In this section, we present numerical results
for the downlink of OFDM and FBMC systems based on the subcarrier block scheme as
described in Section 4.4. We consider K = 11 interfering base stations which correspond to
two tiers of the neighboring cells surrounding the reference mobile user located at the vertex
of the cell as shown in Fig. 4.1. The cell radius in our simulation is R= 1km. Finally, as the
analytical expressions have been derived for a fixed value of τ , we need for these simulations
results to perform a numerical average over the different values of τ .

We have considered the Pedestrian-A model as a Rayleigh fading propagation channel
where the parameters are given in Table 3.5 [96]. The choice of this model is based on
the assumption that the subcarriers of interest experience flat fading channels. Therefore,
we can focus on the impact of the asynchronous inter-cell interference since the intra-cell
interference in the FBMC case is negligible. The path loss of the received signal at a
distance d, corresponding to a path loss exponent β = 3.76 and a carrier frequency of 2

GHz, is governed by the following expression [82]

Γloss(d) = 128.1 + 37.6 log10(d[km])[dB]
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Figure 4.2: The OFDM/FBMC average BER against the SNR for τ ∈ [0, T ], the guard
band size δ = 0

On the other hand, we consider a system with N = 1024 subcarriers. The data are
QPSK modulated and the sampling frequency is 10 MHz. The noise term is characterized
by a thermal noise density of -174 dBm/Hz. The cyclic prefix duration is fixed at ∆ = T/8,
and the size of the subcarrier block is set at 18 subcarriers. For the FBMC system, we recall
that we use the PHYDYAS and IOTA prototype filters with an overlapping factor of 4. It is
worth mentioning that the following results are compared to the so-called optimal scenario
in which the orthogonality between the different subchannels is assumed to be maintained.

In Fig. 4.2, we investigate the accuracy of the derived BER expressions corresponding
to the fully loaded case. The average BERs of OFDM and FBMC modulations are plotted
against the SNR, in absence of a guard band between the clusters of the different cells
(δ = 0). Both theoretical and simulation results are displayed in Fig. 4.2. The theoretical
results are evaluated using (4.24). The exact theoretical results depicted in Fig. 4.2 show
an excellent match with the corresponding simulation ones. In this case, we assume that
the timing offset τ is a uniform RV in the interval [0,T]. Fig. 4.2 also shows that the timing
synchronization errors cause a severe degradation in the average error rate. Moreover, this
degradation becomes larger for increasing SNR levels. We can also see an error floor at
high SNR values. This observation can be explained by the fact that the noise level is
negligible compared to the asynchronous interference caused by the other BSs. Such a case
is expected in the noise-less scenario.On the other hand, we observe a better performance
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Figure 4.3: The OFDM average BER for different timing offset intervals : Optimal case (a).
τ ∈[0,T/7] (b). τ ∈[0,T/4] (c). τ ∈[0,T], the guard-band size δ =0

of the asynchronous FBMC when compared to the asynchronous OFDM. Such a gain can
be explained by the fact that only a single subcarrier (PHYDYAS case) or two subcarriers
(IOTA case) on each edge suffer from the interference caused by their adjacent subcarriers
in the FBMC case (see Fig. 3.10 and Fig. 3.11). However, in the OFDM case, the entire
cluster suffers from the interference caused by all neighboring clusters (see Fig. 3.8). In
the optimal case, both modulation schemes lead to identical results which means that the
actual bit rate is higher for FBMC as it does not use CP.

In Fig. 4.3, we plot the OFDM average BER versus the SNR with different timing off-
set scenarios: [0,T/7] in scenario (a), [0,T/4] in scenario (b) and [0,T] in scenario (c). All
scenarios are compared to the optimal case.
In the OFDM system, the degradation is severe and increases when the timing error interval
gets larger. We can explain this result as follows: when the timing offset is lower than the
cyclic prefix duration τ ∈[0,∆], the orthogonality between the different clusters is main-
tained; otherwise the reference user will suffer from an asynchronous interference. Since the
timing offset is a uniform random variable, the probability of obtaining the performance of
the perfect synchronized case is given by the CP duration over the whole timing offset inter-
val (∆/τmax). The probability of the orthogonality decreases as τmax increases. Therefore,
the average error probability becomes higher.
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Figure 4.4: The FBMC average BER for different timing offset intervals : Optimal case (a).
τ ∈[0,T/7] (b). τ ∈[0,T/4] (c). τ ∈[0,T], the guard-band size δ =0

In Fig. 4.4, the same evaluation has been performed on PHYDYAS and IOTA FBMC sys-
tems. Through the results shown in Fig. 4.4, we find that the FBMC system is not sensitive
to the timing offset interval length because the significant interference (with a power level
higher than 30 dB) is roughly invariable with respect to the timing offset value (c.f Fig. 3.10
and Fig. 3.11).

The impact of the guard-band length δ on the system performance has also been inves-
tigated. Fig. 4.5 shows the OFDM average BER against the SNR for different guard band
values δ =0, 1, 5 and 20 subcarriers; we assume also that the timing offset τ is a uniform RV
defined on [0,T]. Comparing the different curves, one can see that the performance improves
with increasing δ. However, there is still a remaining gap with respect to the optimal case
even with a guard-band of δ = 20 subcarriers.
In contrast to the OFDM case, the FBMC waveforms present, in Fig. 4.6, an excellent

performance and provide the same BER values as for the optimal case with a guard-band
of a single subcarrier δ =1 in the case of PHYDYAS and 2 subcarriers δ = 2 for the IOTA
case. This result concords with those depicted in Fig. 3.10 that shows that in PHYDYAS-
FBMC, the interference power does not exceed −60 dB when the interfering subcarrier and
the victim one are separated by at least one subcarrier. The same remark can be noticed for
IOTA-FBMC where the interference power is negligible compared to the noise level when
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Figure 4.5: The OFDM average BER for different guard-band sizes δ = 0, 1, 5 and 20, the
timing offset interval τ ∈[0,T]
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Figure 4.6: The FBMC average BER for different guard-band sizes δ = 0,1 and 2, the timing
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spectral distance between the interfering subcarrier and the victim one is greater or equal
to 2 (δ ≥ 2).
Moreover, it should be noticed that Fig. 4.3, 4.4, 4.5 and 4.6 show also a perfect match
between the simulation and theoretical results obtained by the closed-form expression of the
average BER given by (4.24).

In what follows, we analyze the system performance in a partially loaded scenario. Fig.
4.7 and Fig. 4.8 depict the average error rates with respect to the load factor α for SNR
= 20 and 25 dB, respectively. The timing offset τ is assumed uniformly distributed on
[0,T]. From the obtained results, we find that the average BER increases when the load
factor α increases. We observe also that the FBMC system still outperforms the OFDM
system. Furthermore, simulation and theoretical results shown in Fig. 4.7 and 4.8 validate
the accuracy of the average BER expression given in (4.34) for partially-loaded network.

4.6 Conclusion

In this chapter, we have investigated the impact of timing synchronization errors on the bit
error rate performance of the downlink of OFDM and FBMC based multi-cellular networks.
We have first given a literature review of average error rate analysis in the presence of
asynchronous interference. Based on the interference tables introduced in the previous
chapter, we have derived the analytical expression of the instantaneous SINR. We have then
developed a theoretical derivation of the average error expressions for three scenarios: one
interfering BS, several interfering BSs in a fully-loaded network and also several interfering
BSs in a partially loaded network. Furthermore, the asymptotic behavior of the average
error rate has been analyzed in two scenarios : the interference-less scenario and the noise-
less one. Based on the interference tables and the frequency fading correlation between the
interfering subchannels, we have derived the exact expression of the average error rate in
the case of block subcarrier assignment. The accuracy of the obtained expressions has been
validated through different simulation results. A global evaluation of the performance has
been performed taking into account different parameters: the timing error range, the guard
band length and the load factor of the network. Through this evaluation, we have shown that
in OFDM case, timing errors between BSs cause a severe degradation in system performance.
This result is explained by the loss of orthogonality between all system subcarriers. In
contrast to the OFDM system, the FBMC waveforms are demonstrated to be less sensitive
to timing errors between the different cells, due to the better frequency localization of the
prototype filter.
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Chapter 5

Spectral Efficiency Analysis in
Asynchronous Cellular Networks

5.1 Introduction

One of the basic measure of performance is the channel capacity. The Shannon landmark
paper established the significance of the capacity as the maximum rate of communication
for which an arbitrarily small error probability can be achieved. The capacity of fading
channels under various assumptions about transmitter and receiver channel knowledge has
been examined in [97], [1], [98]. Several researches e.g [1], [97], [99] focus on the capacity
analysis without interference whereas Monte-carlo simulations are performed in [100] to
estimate the spectral efficiency of cellular systems in the presence of cochannel interference.
An analytical expression of the average capacity of OFDM has been derived in [101] taking
into account the carrier frequency offset.

However, to the best of our knowledge, there is no published work addressing the im-
pact of the asynchronous interference on the spectral efficiency of OFDM/FBMC systems.
This chapter presents an analytical interference analysis related to asynchronous down-
link OFDM/FBMC in a multi-cellular environment. We provide here exact expressions of
spectral efficiency in frequency selective fading channels. Based on the interference table
model introduced in Chapter 3, we derive an explicit form of the spectral efficiency of time-
asynchronous OFDM and FBMC systems. Two cases are investigated with respect to the
interference source: the block interfering subcarrier in both fully and partially loaded net-
works. The computation of the average spectral efficiency is based on the moment generating
function of the interference power.
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The remainder of this chapter is organized as follows. In Section 5.2, a theoretical
derivation of the spectral efficiency of asynchronous OFDM/FBMC systems in the presence
of : block interfering subcarrier in both fully and partially loaded networks is presented.
Section 5.3 is devoted to presenting and discussing the different simulation results. Finally,
we review our main results and offer some concluding remarks in Section 5.4. In this chapter,
we reuse the system model described in the previous chapter.

5.2 Spectral Efficiency Analysis

In this section, we consider deriving a closed-form expression of the spectral efficiency con-
sidering the asynchronous interference caused by the surrounding interfering transmitters.
In the literature, the capacity is given by Shannon’s well-known formula [102] if the decision
variables are Gaussian random variables,

C(SNR) = B log2 (1 + SNR) (5.1)

where B denotes the channel bandwidth.
Therefore, by conditioning on the set of variables H = {H0(m),Hk(m

′), k ∈ {1, ...,K},m′ ∈
Fk} and substituting the instantaneous SINR expressed by (4.5) in equation (5.1), we can
obtain the exact closed form expression for the conditional spectral efficient in presence of
interference

C(SINR)|H = B log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b

 (5.2)

We recall that b and Ak,m,m′ are given in (4.7) and (4.8), respectively.
The average spectral efficiency is thus given by

Caverage = EH

B log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b


 (5.3)

The average over channel realizations H of this conditional spectral efficiency is excessively
difficult to compute as it must be done over a K × |Fk| complex fold.

Caverage = B

∫
H

log2

1 +
|H0(m)|2

K∑
k=1

∑
m′∈Fk

Ak,m,m′ |Hk(m′)|2 + b

 p(H)dH (5.4)

Here, p(H) stands for the probability density function of the vector H.
Recently, moment generating functions (MGF) have been demonstrated to be a powerful

tool for an efficient performance analysis for generalized fading channels [22], [19]. In order to
reduce the complexity of computing the average spectral efficiency into only one integration,
we refer to the following lemma [19], which is based on the MGF of the interference power.
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Lemma Let x be a unit-mean gamma random variable (RV) with parameter α and c is an
arbitrary constant. Let g be an arbitrary non-negative random variable that is independent
of x. Then

Ex,g

[
ln

(
1 +

x

g + c

)]
=

+∞∫
0

[
1

z
− 1

z(1 + z)α

]
Mg(αz)e

−zαcdz (5.5)

where Mg(z) = Eg [e
−zg] is the MGF of g.

Let x = |H0(m)|2, since |H0(m)| is a Rayleigh random variable, x becomes an exponential
RV with a probability density function (pdf) f(x) = e−x, x ≥ 0. In other words, x is a
unit-mean gamma RV with α = 1.
Hence, according to (5.3) and (5.5), the average spectral efficiency becomes,

Caverage = B log2(e)

∞∫
0

e−zb

1 + z
Mg(z)dz (5.6)

Note that (5.6) could be directly obtained as shown in Appendix C.
For simplicity’s sake, we will denote in the sequel of this chapter |Hk(m

′)|2 by

gk,m′ = |Hk(m
′)|2 (5.7)

and the RV related to the total interference power by

g =

K∑
k=1

∑
m′∈Fk

Ak,m,m′gk,m′ (5.8)

Comparing (5.8) and (4.17), we notice that these two expressions are equivalent to a constant
factor η. Moreover, the terms Ak,m,m′ are scalar factors that can absorb that constant η.
In this case, η = 1/2.
In order to obtain a more detailed expression, we distinguish two cases that depend on the
activity of the surrounding interferers:

5.2.1 The multi-cell case

[103] Starting from (5.8) and based on the derivation of (4.23), the MGF of g can be
expressed as follows

Mg(z) =
K∏

k=1

Mk(z) =
K∏

k=1

∣∣ILk
+DA

k Ωk z
∣∣−1

(5.9)

We recall,

• ILk
is the Lk × Lk identity matrix and Lk denotes the cardinal of Fk

•
∣∣ILk

+DA
k Ωk z

∣∣ stands for the determinant of the matrix ILk
+ 2DA

k Ωk z
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• DA
k is a diagonal matrix with diagonal elements,

DA
k (i, i) = Ak,m,i i ∈ Fk (5.10)

• Ωk is the correlation matrix of the RVs {gk,m′ ,m′ ∈ Fk}.

Therefore, using the expressions (5.6) and (5.9), the final expression of the average spectral
efficiency for K interfering transmitters is shown in (5.11).

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

∣∣ILk
+DA

k Ωk z
∣∣−1

dz (5.11)

Two asymptotical cases of the average spectral efficiency given in (5.11) can be examined
with respect to the correlation between the interfering subcarriers belonging to a given
asynchronous transmitter: ρi,j ̸=i = 1 and ρi,j ̸=i = 0

Flat fading channels ρi,j ̸=i = 1

In the case of flat fading channels, the interfering subcarriers of a given transmitter k

experience the same power channel gain gk,

gk,m′ = gk m′ ∈ Fk (5.12)

As proceeded for equation (4.26), the MGF Mk(z) becomes

Mk(z) =

(
1 +

∑
m′∈Fk

Ak,m,m′z

)−1

(5.13)

Therefore, the average spectral efficiency in the case of flat fading channels is given by

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

(
1 +

∑
m′∈Fk

Ak,m,m′z

)−1

dz (5.14)

Totally uncorrelated interfering subcarriers ρi,j ̸=i = 0

Under the same conditions stated for the BER derivation in Chapter 4, the correlation
matrix Ωk becomes the identity matrix. Thus, the MGF Mk(z) is

Mk(z) =
∏

m′∈Fk

(1 +Ak,m,m′z)
−1 (5.15)

Consequently, the spectral efficiency in this case is given by

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

∏
m′∈Fk

(1 +Ak,m,m′z)
−1

dz (5.16)
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5.2.2 The partially-loaded network

Following the same steps done in the derivation of the average BER in Section 4.3.2, the
obtained MGF Mg(z) is

Mg(z) =
K∏

k=1

(
1− αk + αk

∣∣ILk
+ DA

k Ωk z
∣∣−1
)

(5.17)

Therefore, using the expressions (5.6) and (5.17), the average spectral efficiency for a
partially-loaded network of K interfering cells is shown in (5.18).

Caverage = B log2(e)

+∞∫
0

e−zb

1 + z

K∏
k=1

(
1− αk + αk

∣∣ILk
+ Ωk D

A
k z
∣∣−1
)
dz (5.18)

5.3 Simulation Results

In the previous section, we have derived closed-form expressions of the average spectral
efficiency in the presence of the asynchronous interference. In contrast to direct complex
analytical methods, these expressions constitute an efficient approach to compute the aver-
age spectral efficiency with a significantly reduced computational complexity. In this section,
we present some numerical results for the OFDM and FBMC downlink systems based on
the block subcarrier scheme described in Section 4.4. The details of the considered simu-
lation setup are given in Section 4.5. It is worth mentioning that the following results are
compared to the so-called optimal scenario where the orthogonality between the different
subchannels is maintained.
In the first figrue, Fig. 5.1, the estimated spectral efficiency expression given by (5.11) is
confronted with the real one. We consider here a configuration without guard bands be-
tween the clusters of the different cells (δ = 0). The figure depicts the average spectral
efficiency of OFDM and FBMC modulations as a function of the SNR for both theoretical
and simulation performances. The theoretical results are evaluated based on (5.11). Fig. 5.1
shows a perfect match between the exact theoretical performances and the corresponding
simulated ones. For these simulations, we have considered the timing offset τ as a uniformly
distributed RV over [0,T]. Moreover, Fig. 5.1 shows the impact of the loss of synchroniza-
tion. In fact, it can be seen that the average spectral efficiency is very sensitive to timing
asynchronism. In addition, the observed degradation increases for an increasing SNR levels.
The plotted curves show also, in the high SNR regime, the appearance of a spectral efficiency
floor for asynchronous OFDM systems. This behavior can be explained by the dominance
of the asynchronous interference caused by the other BSs over the considered noise levels.
Such a case is expected to happen for the interference-limited scenarios. On the other hand,
asynchronous FBMC performs quiet well and offers better performance compared to the
asynchronous OFDM.

Such an important gain between FBMC and OFDM can be explained by the amount of
interference collected. In fact, from figures Fig. 3.10 and Fig. 3.11 it can be seen that at
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each edge for FBMC systems only one single subcarrier suffers from a significant amount of
interference caused by its adjacent subcarrier. However, in the OFDM case and as illustrated
in figures Fig. 3.8, the entire cluster of subcarriers suffers from the interference caused by all
the neighboring clusters. Finally, for the optimal case (perfect orthogonality maintained),
both modulation schemes lead to identical results. But, taking into account the cyclic prefix
used for the OFDM scheme, FBMC offers higher real bit rates compared to OFDM.

In the next figure, Fig. 5.2, we use the optimal case as a reference and plot the average
spectral versus the SNR with different timing offset scenarios: [0,T/4] in scenario (a), [0,T/2]
in scenario (b) and [0,T] in scenario (c).
We notice trough these plots a severe degradation for the OFDM system. This degradation

grows with an increase of the timing error interval. This behavior can be explained by the
fact that orthogonality depends on the timing offset. In fact, when the timing offset remains
confined in the interval defined by the cyclic prefix duration (i.e. τ ∈[0,∆]), the orthogonality
between the different clusters is maintained. In all other cases, the reference user suffers
from the asynchronous interference. Considering now that the timing offset is a uniform
random variable, we can compute the probability of obtaining the perfect synchronized case
performances as the fraction of the CP duration over the entire considered timing offset
interval (∆/τmax). It is strait forward that the probability of keeping the orthogonality is
inversly proportional to τmax. Therefore, the achievable average spectral efficiency decreases.
On the other hand, for the FBMC systems, the amount of interference perceived at the two
subcarriers of the cluster’s edge remains roughly invariant with respect to the timing offset
value. Consequently, FBMC systems are not sensitive to the length of the timing offset
interval.

Up to now we have neglected the impact of the guard-band length δ. In the following
we investigate the performance variations in function of the guard-band length δ. In fact,
figure, Fig. 5.3 shows the OFDM and FBMC average spectral efficiency in function of the
SNR for different guard band values δ =0, 1 and 5 subcarriers. As previously, we also
assume that the timing offset τ is a uniform RV defined over [0,T]. The aim here is to get
some insight about the evolution of the spectral efficiency for a variation of the spectral
distance between the interfering subcarriers and the victim ones. As the spectral distance
influences the asynchronous interference, the average spectral efficiency will be exclusively
computed over the active subcarriers (subcarriers that are transmitting data). Comparing
the different plots for the OFDM system, we clearly see a significant improvement of the
performances as the spectral guard-band δ increases. However, there is still a significant
remaining gap with the optimal case even for an important guard-band of 5 subcarriers.
Unlike the OFDM case, FBMC waveforms offer excellent performances as they are capable of
achieving the optimal case performances just by leaving a guard-band of one single subcarrier
δ =1. This observation is easily explainable when looking at figures Fig. 3.10 and 3.11. In
fact, through these figures, it can be seen that for FBMC systems, the collected interference
power becomes negligible compared to the noise level when the subcarrier block of interest
is situated at just one subcarrier (δ = 1) from the nearest interfering block.
Furthermore, it should also be noticed through figures Fig. 5.2 and 5.3 that the theoretical-
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based results obtained using the closed-form expression of the average spectral efficiency
given in (5.11) constitute a perfect match to the simulated ones.

Finally, we focus on the system performances for a partially loaded scenario. Figures
Fig. 5.4 and Fig. 5.5 gives the average spectral efficiency with respect to the load factor α

for two SNR values = 20 and 25 dB, respectively. The random variable τ representing the
timing offset is assumed to be uniformly distributed over [0,T]. These curves show that for
an increasing load factor α, the average achievable spectral efficiency decreases. Moreover,
all systems: FBMC, OFDM as well as the optimal case are starting from the same point as
they offer the same performances for α = 0. Nevertheless, the curves diverge with growing
α where FBMC techniques remain close to each other and reasonably close to the optimal
performances. The OFDM case, on the other hand, present performances largely below
those achieved by FBMC. Furthermore, we note the excellent match between simulation
and theoretical results presented in figures Fig. 5.4 and 5.5. This validates the accuracy
of the computed average spectral efficiency expression for partially-loaded network given in
(5.18).

5.4 Conclusion

In this chapter, we have considered the derivation of the spectral efficiency for OFDM and
FBMC systems taking into account timing synchronization errors. We have started by
giving a brief review of the impact of asynchronism on the spectral efficiency present in
the literature. Several scenarios have been considered for the derivation of the theoretical
average spectral efficiency closed-form expressions. Among them, we considered multiple
interferers in both fully and partially loaded networks. The theoretical analysis has been
finalized by the asymptotic behavior analysis for the noise-less and the interference-free
scenarios. Then, some simulations have been carried out to validate these theoretically ob-
tained expressions. We have taken into consideration various parameters such as: the timing
error range, the guard band length and the load factor of the network. The obtained results
show that the OFDM performance suffers from significant degradations due to timing mis-
alignment between the interferers and the victim receiver. Theses degradations are mainly
explained by the loss of orthogonality between all system subcarriers. On the opposite of
OFDM systems, FBMC techniques have shown to be more robust to these timing synchro-
nization errors. The better frequency localization of the used prototype filters (PHYDYAS
and IOTA) constitutes the strength of FBMC systems against time asynchronism.
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Chapter 6

Conclusions and Perspectives

6.1 Conclusions

This thesis mainly focuses on the impact of the timing asynchronism on the performances
of OFDM and FBMC systems.

In the first part of the thesis, we have presented the research motivations and the back-
ground that resulted in the different contributions of this dissertation.

Since Multicarrier techniques are the heart of this thesis, the theory of OFDM and
FBMC systems has been introduced as a basis for the rest of the thesis. Additionally, the
asynchronism issue in multicarrier systems was discussed.

In Chapter 3, we have shown that the timing asynchronism can cause a loss of the or-
thogonality between subcarriers. This non-orthogonality results in the introduction of some
amount of interference which is called asynchronous interference. First, a literature review
of the asynchronous interference analysis has been presented. Then, we have introduced the
concept of interference tables where the PSD-based interference tables have been derived for
CP-OFDM and FBMC with IOTA and PHYDYAS waveforms. Since the PSD-based tables
do not take into account the timing misalignment between the interfering signal and the
reference one, we have proposed new interference tables called instantaneous interference
tables. In this latter, the interference is modeled as a function of the timing offset between
the interfering and the reference signals and the spectral distance between the interfering
subcarrier and the victim one previously considered in the PSD-based model. Furthermore,
we have extended the interference analysis to the case of frequency selective environments.
Using the instantaneous tables, we have proposed a semi-analytical method to evaluate the
average SINR and the spectral efficiency. We have finally examined the accuracy of the pro-
posed model through different simulation results. In fact, simulation results have shown a
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perfect match between the numerically computed performances and those obtained through
the proposed interference tables. In contrast to these results, the PSD-based evaluated
performance present a strong inaccuracy. Although the proposed model reduces the compu-
tation complexity compared to the numerical evaluation, there is still a need to simulate the
different channel realizations. The computational complexity of the performance evaluation
has been addressed in next chapters.

In Chapters 4 and 5, the analysis of the average error rate and the average spectral
efficiency in the presence of the asynchronous interference is respectively addressed. We have
first derived the analytical expression of the instantaneous SINR using the interference tables
proposed in Chapter 3. We have thus demonstrated that the direct approach to compute
the average BER and the average spectral efficiency leads to complex (K × |Fk|1)-fold
integrations which are analytically intractable in most cases. Then, based on the moment
generating functions of the asynchronous interference power, we have developed a theoretical
derivation of the expressions of the average of both the error rate and the spectral efficiency.
The obtained expressions reduce the previous multiple integral to only a single integration.
Moreover, three scenarios have been considered in this analysis : one interfering BS, several
interfering BSs in fully and partially loaded networks. Furthermore, an asymptotic analysis
has been developed for two cases: the interference-free case and the noise-less one. It is also
worth mentioning that the obtained expressions consider in addition the frequency fading
correlation between the interfering subcarriers.

The accuracy of the derived expressions has been validated through various simulation
results. Taking into account different parameters such as: the timing error range, the
network load factor and the length of the guard-band separating the interfering subcarrier
blocks and the victim one. Through these evaluations, we have shown that:

• the timing asynchronism between the interfering signals and the reference one cause
a severe degradation in the OFDM system performances. Such a result is explained
by the high amount of the asynchronous interference power resulting from the loss of
orthogonality between all system subcarriers

• thanks to the good frequency localization of both IOTA and PHYDYAS waveforms,
the FBMC system is less sensitive to timing errors compared to OFDM systems.

• asynchronous FBMC systems can achieve the performances of the optimal case rep-
resenting the lack of asynchronous interference. This can be achieved by inserting
guard-band between the interfering subcarriers and the victim ones. Moreover, a
single subcarrier is required for PHYDYAS and two for IOTA.

• OFDM systems are better than FBMC systems when the timing asynchronism is not
very important.

1K is the number of interfering BSs and |Fk| the number of subcarriers allocated to the k-th BS
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6.2 Suggestions for Future works

A number of interesting topics, based on the research issues studied in this thesis, could
be addressed. We hereunder provide some suggestions of possible extensions to the work
presented in this dissertation:

• The interference analysis in this work considers only time asynchronous interference.
It is wise to extend this analysis to a global model that takes into account both timing
and frequency offsets.

• We have shown in this thesis that one of the main advantages of FBMC modulation
is its robustness to multiuser timing asynchronism. It has been demonstrated that,
even for a large timing offset, a given subcarrier interferes at most the two adjacent
ones. However, this property has only been confirmed for linear power amplifiers.
The joint impact of the desynchronization and the non-linearity of power amplifiers
on OFDM and FBMC performances has not been well investigated in the literature.
The theoretical derivation developed in Chapters 4 and 5 could be extended to evalu-
ate the performance of OFDM and FBMC considering both non-linearity and timing
misalignments effects.

• Recently, many researches have focused on the problem of resource allocation in OFDM
and FBMC cognitive radio networks. Various resource allocation algorithms consider-
ing the mutual interference between the primary system and the secondary one have
been proposed [104], [105]. However in practice, it might happen that the nodes oper-
ating in the same system are not synchronized. In this context, the SINR is no more
constant during the execution of the allocation algorithm but changes according to the
current allocation state. Indeed, the SINR should be revised with respect to the in-
terference caused by the new allocated resource (power and/or frequency bandwidth).
Therefore, a new kind of optimization algorithms should be developed to deal with
this problem.
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Appendix A

Relative Appendix in Section 3.4

A.1 Proof of the expressions (3.24) and (3.25)

Substituting the expression (2.50) in (3.23), we obtain when l = 0
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Using some trigonometric transformations, the integral Ψ(t, τ, 0)
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can be written in the

following form
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After integration, we get
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After integration, we obtain
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Relative Appendix in Section 4.4

B.1 Proof of the expression (4.15)

In this section, we establish the theoretical derivation of the expression (4.15). We write
the following conditional expectation

Ex
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where x is an exponential RV which is independent of y.
Using a suitable change of variables z = x/(y + b), equation (B.1) becomes
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Since y and b are positive, −erfc(
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Substituting (B.3) in (B.2), we obtain

Ex

[
erfc

(
x

y + b

)1/2
]
= 1− 1√

π

+∞∫
0

e−z(1+b)

√
z

e−zydz (B.4)

By averaging on y, we get
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B.2 Proof of the expression (4.26)

The proof of (4.26) can be reduced to demonstrate that
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i
z.

In what follows, we demonstrate that the statement given in (B.6) holds for any positive
integer Lk > 1:

Basis(Lk = 2): In this case, we have∣∣∣∣∣1 + α1 α1

α2 1 + α2

∣∣∣∣∣ = (1 + α1)(1 + α2)− α1α2 = 1 +

2∑
i=1

αi (B.7)

Inductive step: Assume that the statement in (B.6) holds for Lk = N ,∣∣∣∣∣∣∣∣∣∣
1 + α1 α1 · · · α1

α2 1 + α2 · · · α2

...
...

...
αN αN · · · 1 + αN

∣∣∣∣∣∣∣∣∣∣
= 1 +

N∑
i=1

αi (B.8)

It must then be shown that (B.6) holds for Lk = N + 1, that is:∣∣∣∣∣∣∣∣∣∣
1 + α1 α1 · · · α1

α2 1 + α2 · · · α2

...
...

...
αN+1 αN+1 · · · 1 + αN+1

∣∣∣∣∣∣∣∣∣∣
= 1 +

N+1∑
i=1

αi (B.9)
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The left-hand side in (B.9) can be rewritten as∣∣∣∣∣∣∣∣∣∣
1 + α1 α1 · · · α1

α2 1 + α2 · · · α2

...
...

...
αN+1 αN+1 · · · 1 + αN+1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
1 + α1 α1 · · · α1

α2 1 + α2 · · · α2

...
...

...
αN αN · · · 1 + αN

∣∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
T1

+

∣∣∣∣∣∣∣∣∣∣
1 + α1 α1 · · · α1

α2 1 + α2 · · · α2

...
...

...
αN+1 αN+1 · · · αN+1

∣∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
T2

(B.10)

Based on the induction hypothesis given in (B.8), T1 becomes

T1 = 1 +
N∑
i=1

αi (B.11)

Now, doing the following linear transform on columns Ci=1,...,N of T2

Ci = Ci − CN+1 (B.12)

we get,

T2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 · · · 0 α1

0
. . . . . .

...
...

...
. . . . . . 0

...
...

. . . 1 αN

0 · · · · · · 0 αN+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= αN+1 (B.13)

Consequently, (B.11) and (B.13) show that indeed the statement in (B.9) holds. Since both
the basis and inductive steps have been validated, it has now been proved by mathematical
induction that (B.6) holds for any positive integer Lk > 1.
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Appendix C

Relative Appendix in Section 5.2

C.1 Proof of the expression (5.6)

In this section, we provide the proof of the expression (5.6), that is equivalent to

Ex,g

[
ln

(
1 +

x

g + c

)]
=

∞∫
0

e−zb

1 + z
Mg(z)dz (C.1)

where x is an exponential RV which is independent of g.
The expectation in left-hand side of (C.1) can be written as a double conditional expectation,

Ex,g

[
ln

(
1 +

x

g + c

)]
= Eg

[
Ex

[
ln

(
1 +

x

g + c

)]]
(C.2)

Since the pdf of x is f(x) = e−x, x ≥ 0, the following conditional expectation can be
expressed by

Ex

[
ln

(
1 +

x

g + c

)]
=

+∞∫
0

ln

(
1 +

x

g + c

)
e−xdx (C.3)

Substituting x/(g + b) by z, equation (C.3) becomes

Ex

[
ln

(
1 +

x

g + c

)]
=

+∞∫
0

ln (1 + z) e−z(g+b)(g + b)dz
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Here, the integral limits remain the same because g and b are positive.
Applying the rules of integration by parts, we obtain

Ex

[
ln

(
1 +

x

g + c

)]
= − ln (1 + z) e−z(g+b)

∣∣∣∣+∞

z=0

+

+∞∫
0

e−z(g+b)

[
d

dz
ln (1 + z)

]
dz (C.4)

Since g and b are positive, − ln (1 + z) e−z(g+b)

∣∣∣∣+∞

z=0

= 0 . Furthermore, the derivative of

ln (1 + z) is given by

d

dz
ln (1 + z) =

1

1 + z
(C.5)

Substituting (C.5) in (C.4), we get

Ex

[
ln

(
1 +

x

g + c

)]
=

+∞∫
0

e−z(g+b) 1

1 + z
dz (C.6)

By averaging on g, we obtain

Ex,g

[
ln

(
1 +

x

g + c

)]
= =

+∞∫
0

e−zb

1 + z
Eg

[
e−zg

]
dz

=

+∞∫
0

e−zb

1 + z
Mg(z)dz (C.7)


