
HAL Id: halshs-00151516
https://shs.hal.science/halshs-00151516

Submitted on 6 Jun 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Conditional Comonotonicity
Clotilde Napp, Elyès Jouini

To cite this version:
Clotilde Napp, Elyès Jouini. Conditional Comonotonicity. Decisions in Economics and Finance, 2005,
27 (2), pp.153-166. �halshs-00151516�

https://shs.hal.science/halshs-00151516
https://hal.archives-ouvertes.fr


Frqglwlrqdo frprqrwrqlflw|�

Ho|ëv MRXLQL_ Forwlogh QDSSh

Mxo| 8/ 5337

Devwudfw

Lq wklv sdshu zh sursrvh d jhqhudol}dwlrq ri wkh frprqrwrqlflw| qrwlrq
e| lqwurgxflqj dqg h{sorulqj wkh frqfhsw ri frqglwlrqdo frprqrwrqlflw|1
Zh fkdudfwhul}h wklv qrwlrq dqg zh vkrz rq h{dpsohv wkdw frqglwlrqdo
frprqrwrqlflw| lv wkh qdwxudo h{whqvlrq ri wkh frqfhsw ri frprqrwrqlflw|
wr g|qdplf vhwwlqjv1

4 Lqwurgxfwlrq

Wkh qrwlrq ri frprqrwrqlflw| dsshduv txlwh qdwxudoo| lq ghflvlrq wkhru| +vhh
\ddul/ 4<;:,/ �qdqfh +vhh G|eylj/ 4<;;d dqg e,/ lqvxudqfh dqg dfwxduldo vfl0
hqfhv +vhh Gkdhqh hw do1/ 5335 d dqg e,1 Lq wklv sdshu/ zh sursrvh d jhqhudo0
l}dwlrq ri wklv qrwlrq e| lqwurgxflqj dqg h{sorulqj wkh frqfhsw ri frqglwlrqdo
frprqrwrqlflw|1 Zh fkdudfwhul}h wklv qrwlrq dqg zh vkrz rq h{dpsohv wkdw
frqglwlrqdo frprqrwrqlflw| lv wkh qdwxudo frqfhsw zkhq ghdolqj zlwk g|qdplf
vhwwlqjv1

Ohw xv �uvw uhfdoo wkdw d vxevhw ri U5 lv vdlg wr eh frprqrwrqlf li lw lv
frpsohwho| rughuhg iru wkh frpsrqhqwzlvh rughu4 ri U51 Qrz/ wzr udqgrp
yduldeohv gh�qhg rq wkh vdph suredelolw| vsdfh duh vdlg wr eh frprqrwrqlf li
wkh vxssruw ri wkh mrlqw glvwulexwlrq lv frprqrwrqlf1

Fkdudfwhul}dwlrqv dqg surshuwlhv ri frprqrwrqlf udqgrp yduldeohv fdq eh
irxqg lq Ghqqhehuj +4<<7, ru Gkdhqh hw do1 +5335d,= Lq sduwlfxodu/ li wzr udqgrp
yduldeohv { dqg | duh vxfk wkdw wkhuh h{lvwv d qrqghfuhdvlqj ixqfwlrq * iru zklfk
{ fdq eh zulwwhq lq wkh irup { @ * +|, +ru li | fdq eh zulwwhq lq wkh irup
| @ * +{,,/ wkhq { dqg | duh frprqrwrqlf1 Lq idfw/ { dqg | duh frprqrwrqlf li
dqg rqo| li wkh| duh qrqghfuhdvlqj ixqfwlrqv ri wkh vdph wklug udqgrp yduldeoh
}1 Dv xqghuolqhg e| Vkdxq dqg Gkdhqh +4<<;, frprqrwrqlf ulvnv fdq eh wkhq
frqvlghuhg dv �frpprq prqrwrqlf�=

WWkh dxwkruv zdqw wr wkdqn Zdowhu Vfkdfkhupd|hu iru khosixo glvfxvvlrqv1
_Fruuhvsrqglqj dxwkru1 FHUHPDGH/ Xqlyhuvlwì gh Sdulv L[ Gdxsklqh/ Sodfh gx

Pduìfkdo gh Odwwuh gh Wdvvljq|/ :8449 Sdulv dqg Lqvwlwxw xqlyhuvlwdluh gh Iudqfh1 h0pdlo =
mrxlqlCfhuhpdgh1gdxsklqh1iu

hFHUHPDGH/ Xqlyhuvlwì gh Sdulv L[ Gdxsklqh/ Sodfh gx Pduìfkdo gh Odwwuh gh Wdvvljq|/
:8449 Sdulv dqg FUHVW1 h0pdlo = qdssCfhuhpdgh1gdxsklqh1iu1

4Iru wzr yhfwruv % dqg + ri U2c wklv rughu lv gh�qhg e| % $ + li %� $ +�c � ' �c 2�
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Wklv frqfhsw ri frprqrwrqlflw| hphujhv qdwxudoo| lq vrfldo fkrlfh wkhru|
vlqfh dv suryhg e| Odqgvehujhu dqg Phlolmvrq +4<<7, > doo Sduhwr rswlpdo +iru wkh
vhfrqg rughu vwrfkdvwlf grplqdqfh, ulvn doorfdwlrqv duh frprqrwrqlf1 Lq sduwlf0
xodu/ lq lqvxudqfh/ prvw fodvvlfdo ulvn vkdulqj vfkhphv ehwzhhq lqvxuhu dqg uhlq0
vxuhu ru ehwzhhq lqvxuhg dqg lqvxuhu ohdg wr sduwldo ulvnv wkdw duh frprqrwrqlf1
Iurp wkh lqglylgxdo srlqw ri ylhz/ wkh rswlpdo frqvxpswlrq sodq ri d xwlolw|
pd{lpl}lqj djhqw/ xqghu d jlyhq exgjhw frqvwudlqw/ lv dqwlfrprqrwrqlf zlwk
wkh vwdwh sulfh ghqvlw|5 1 G|eylj +4<;;d dqg e, hoderudwhv rq wklv surshuw| wr
lqwurgxfh wkh frqfhsw ri h!flhqw vwudwhjlhv dqg lqh!flhqf| frvwv1 Pruh jhqhu0
doo|/ wkh frqfhsw ri frprqrwrqlflw| kdv uhyhdohg wr eh yhu| xvhixo dqg kdv ehhq
h{whqvlyho| vwxglhg dqg dssolhg +vhh h1j1 Ghqqhehuj/ 4<<7> Gkdhqh hw do1/ 5335
d dqg e/ Odqgvehujhu dqg Phlolmvrq/ 4<<7/ Fkdwhdxqhxi hw do1/ 4<<9/ Fduolhu dqg
Gdqd/ 5335,1

Krzhyhu wkh frprqrwrqlflw| frqfhsw lv qrw lq jhqhudo dgdswhg wr g|qdplf
vhwwlqjv1 Lq sduwlfxodu/ zh vkdoo vhh wkdw wkh frprqrwrqlflw| ri Sduhwr rswlpdo
doorfdwlrqv lv qr orqjhu vdwlv�hg lq d jhqhudo g|qdplf vhwwlqj1 Pruh suhflvho|
zh vkrz wkdw zkhq wkh djhqwv pd{lpl}h d glvfrxqwhg vxp ri wkhlu h{shfwhg
xwlolw| iru ixwxuh frqvxpswlrq zlwk d sdwk0ghshqghqw xwlolw| ixqfwlrq +h1j1 d
kdelw irupdwlrq xwlolw| ixqfwlrq, dqg2ru d vwrfkdvwlf glvfrxqw udwh wkh Sduhwr
rswlpdo doorfdwlrqv duh qr pruh frprqrwrqlf exw frqglwlrqdoo| frprqrwrqlf1
Vlploduo|/ wkh rswlpdo frqvxpswlrq sodq ri d xwlolw| pd{lpl}lqj djhqw/ xqghu d
jlyhq exgjhw frqvwudlqw/ lv qr pruh dqwlfrprqrwrqlf zlwk wkh vwdwh sulfh ghq0
vlw| exw rqo|/ lq vrph vhqvh/ frqglwlrqdoo| dqwlfrprqrwrqlf1 Dqdorjrxvo|/ lq
lqvxudqfh/ dv vrrq dv zh frqvlghu d g|qdplf/ �uhdolvwlf hqrxjk� vhwwlqj/ zh duh
ohg wr lqwurgxfh d zhdnhu irup ri frprqrwrqlflw|1 Lqghhg/ pdq| frqwudfwv hq0
frxqwhuhg lq lqvxudqfh olnh txrwd vkduh fryhudjh +uhvs1 fryhudjh zlwk pd{lpdo
olplw/ uhvs1 vwrs0orvv fryhudjh, lq zklfk rqh djhqw wdnhv d ulvn htxdo wr �{ +uhvs1
plq+{> c,> uhvs1 +{ � g,

.
, zkhuh { uhsuhvhqwv wkh wrwdo ulvn dqg � +uhvs1 c> uhvs1

g, lv d jlyhq sursruwlrq +uhvs1 pd{lpdo olplw/ uhvs1 iudqfklvh, zrxog ohdg wr
frprqrwrqlf ulvnv li � +uhvs1 c> uhvs1 g, zdv frqvwdqw zklfk lv qrw wkh fdvh lq
sudfwlfh1 Lq sudfwlfh/ g|qdplf ulvn0vkdulqj frqwudfwv shuplw wr dgdsw g|qdpl0
fdoo| wkh sursruwlrq �> wkh olplw c ru wkh iudqfklvh g ghshqglqj rq wkh suhylrxv
fodlpv1 Orrvho| vshdnlqj/ lq wkhvh g|qdplf vhwwlqjv/ iru wkh lqvxudqfh h{dpsohv
dv zhoo dv iru wkh Sduhwr rswlpdo doorfdwlrqv ru iru wkh xwlolw| pd{lpl}lqj djhqw/
wkh frprqrwrqlflw| lv vdwlv�hg dw d jlyhq gdwh w exw rqo| iurp gdwh w � 4 srlqw
ri ylhz1 Zh sursrvh lq wklv sdshu wr lqwurgxfh/ fkdudfwhul}h dqg h{soruh wkh
lpsolfdwlrqv ri vxfk d jhqhudol}dwlrq ri wkh xvxdo frqfhsw ri frprqrwrqlflw|1 Lq
d qdwxudo zd|/ zh vkdoo fdoo wklv frqfhsw frqglwlrqdo frprqrwrqlflw|1

Wkh sdshu lv rujdql}hg dv iroorzv1 Zh vwduw lq Vhfwlrq 5 e| uhfdoolqj wkh
vwdqgdug qrwlrq ri frprqrwrqlflw|/ lwv gh�qlwlrq dqg lwv pdlq gl�huhqw fkdu0
dfwhul}dwlrqv dqg surshuwlhv1 Zh wkhq jlyh d irupdo gh�qlwlrq ri frqglwlrqdo
frprqrwrqlflw|1 Zh surylgh gl�huhqw fkdudfwhul}dwlrqv dqg surshuwlhv ri frqgl0
wlrqdo frprqrwrqlf udqgrp yduldeohv/ zklfk duh wkh �frqglwlrqdo dqdorj� ri wkh
zhoo nqrzq fkdudfwhul}dwlrqv dqg surshuwlhv ri +vlpso|, frprqrwrqlf udqgrp

5 l1h1 frprqrwrqlf zlwk wkh rssrvlwh ri wkh vwdwh sulfh ghqvlw|1
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yduldeohv1 Vhfwlrq 6 ghdov zlwk h{dpsohv dqg dssolfdwlrqv ri wkh qrwlrq ri frqgl0
wlrqdo frprqrwrqlflw|1 Zh vkrz wkdw wkh frqfhsw ri frqglwlrqdo frprqrwrqlflw|
dsshduv dv wkh qdwxudo h{whqvlrq ri wkh frqfhsw ri frprqrwrqlflw| dv vrrq dv
zh ghdo zlwk g|qdplf vhwwlqjv1 Zh frqvlghu wkh h{dpsohv ri kdelw0irupdwlrq
xwlolw| ixqfwlrqv dqg xwlolw| ixqfwlrqv zlwk d vwrfkdvwlf glvfrxqw udwhv1 Ixuwkhu0
pruh/ zh vkrz wkdw wkh frqfhsw ri frqglwlrqdo frprqrwrqlflw| lv sduwlfxoduo|
dgdswhg lq rughu wr dqdo|}h wkh lpsdfw ri vxemhfwlyh eholhiv rq wkh ulvn0suhplxp
lq d FFDSP0olnh iudphzrun1 Pruh suhflvho|/ zh vkrz wkdw d vxemhfwlyh sure0
delolw| wkdw kdv d ghqvlw| frqglwlrqdoo| dqwlfrprqrwrqlf zlwk wkh wrwdo zhdowk
fdq eh lqwhusuhwhg dv d shvvlplvwlf rqh dqg wkdw vxfk d shvvlplvwlf vxemhfwlyh
eholhi ohdgv wr dq lqfuhdvh ri wkh ulvn suhplxp1 Wkhvh uhvxowv duh frqvlvwhqw
zlwk wkrvh ri Deho +5335, ru Fhffkhwwl hw do1 +5333, rewdlqhg lq ydulrxv vhw0
wlqjv zlwk ydulrxv gh�qlwlrqv ri wkh frqfhsw ri shvvlplvp1 Doo wkhvh gh�qlwlrqv
kdyh lq frpprq wkdw/ orrvho| vshdnlqj/ wkh| sxw pruh zhljkw rq edg +uhvs1
jrrg, vwdwhv ri wkh zruog1 Rxu frqglwlrqdo frprqrwrqlflw| surshuw| dsshduv
wkhq dv d zhoo dgdswhg pdwkhpdwlfdo wrro iru d irupdo gh�qlwlrq ri wkh frqfhswv
ri rswlplvp dqg shvvlplvp lq d g|qdplf iudphzrun1

Doo surriv duh lq wkh Dsshqgl{1

5 Frqglwlrqdo frprqrwrqlflw|

Zh frqvlghu d suredelolw| vsdfh +
> I > S , dqg d vxe vljpd0�hog J ri I = Zh
dvvxph wkdw I dqg J duh frpsohwh/ l1h1 wkdw wkh| frqwdlq doo wkh }hur0suredelolw|
vhwv1 Zh vkdoo vrphwlphv dvvxph wkdw wkh vsdfh lv hqgrzhg zlwk d �owudwlrq
+Iw,

W

w@3 =

Zh vwduw e| uhfdoolqj wkh vwdqgdug frqfhsw ri frprqrwrqlflw|1

Gh�qlwlrq 4 D vxevhw D � U5 lv vdlg wr eh frprqrwrqlf li iru doo ++{4> |4,> +{5> |5,,
lq D � D> zh kdyh +{4 � |4, +{5 � |5, � 3=

Vr d vxevhw D � U5 lv frprqrwrqlf li iru dq| +{4> |4, dqg +{5> |5, lq D> hlwkhu
+{4> |4, � +{5> |5, ru +{4> |4, � +{5> |5, krogv1 Wklv phdqv wkdw iru dq| +{4> |4,
dqg +{5> |5, lq D> li {l ? |l iru vrph l @ 4> 5> wkhq +{4> |4, � +{5> |5,= Khqfh d
frprqrwrqlf vhw lv �vlpxowdqhrxvo| qrqghfuhdvlqj� lq hdfk frpsrqhqw1

Ehiruh wr lqwurgxfh wkh gh�qlwlrq ri frprqrwrqlf udqgrp yduldeohv ohw xv uh0
fdoo wkdw d vhw D lv fdoohg d vxssruw iru d jlyhq udqgrp yduldeoh ] li S +] 5 D, @
4 krogv wuxh1

Gh�qlwlrq 5 Wzr udqgrp yduldeohv [ dqg \ rq +
> I > S , duh vdlg wr eh
frprqrwrqlf li wkh odz ri +[/\ , kdv d frprqrwrqlf vxssruw1

Gkdhqh hw do1 +5335, rewdlq wkh iroorzlqj htxlydohqw fkdudfwhul}dwlrqv iru
frprqrwrqlflw| ri wzr udqgrp yduldeohv1 Dv xvxdo/ iru d jlyhq udqgrp ydul0
deoh]> zh ohw I] ghqrwh lwv fxpxodwlyh glvwulexwlrq ixqfwlrq1 Wklv ixqfwlrq
lv uljkw0frqwlqxrxv dqg qrqghfuhdvlqj dqg zh gh�qh/ dv xvxdo/ lwv lqyhuvh e|
I �4

] +s, @ lqi i{ 5 U = I]+{, � sj =
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Sursrvlwlrq 4 +Gkdhqh hw do1 +5335,, Ohw [ dqg \ eh wzr udqgrp ydul0
deohv rq +
> I > S , = Wkh iroorzlqj frqglwlrqv duh htxlydohqw=

41 Wkh odz ri +[/\ , kdv d frprqrwrqlf vxssruw1

51 Iru doo +{> |, 5 U5> zh kdyh I+[>\ ,+{> |, @ plq+I[+{,> I\ +|,,1

61 Zh kdyh +[> \ ,
g
@

�

I �4
[ +X,> I �4

\ +X,
�

zkhuh X � X^3>4`> l1h1 iru dq| Eruho

vxevhw D ri U5> S ^+[> \ , 5 D`, @ S
��

I �4
[ +X,> I �4

\ +X,
�

5 D
�

1

71 Wkhuh h{lvw d udqgrp yduldeoh � dqg wzr qrqghfuhdvlqj ixqfwlrqv i dqg

j vxfk wkdw +[> \ ,
g
@ +i+�,> j+�,, l1h1/ iru dq| Eruho vxevhw D ri U5>

S ^+[> \ , 5 D`, @ S ^+i+�,> j+�,, 5 D`1

Vhh dovr Ghqqhehuj +4<<7, iru rwkhu fkdudfwhul}dwlrqv dqg surshuwlhv ri
frprqrwrqlf udqgrp yduldeohv1 Zh sursrvh wr jhqhudol}h wklv qrwlrq ri frprqrwrqlf0
lw| frqglwlrqdoo| wr J= Lq wkh qh{w/ zh vkdoo ghqrwh e| I +[>\ ,m

J
wkh frqglwlrqdo

fxpxodwlyh glvwulexwlrq ixqfwlrq gh�qhg e| I +[>\ ,m
J

+{> |, @ S ^[ � {> \ � |m J`,=

Zh nqrz wkdw wkhuh h{lvwv d wudqvlwlrq nhuqho P = +
> I, $
�

U5> U5
�

vxfk wkdw
iru doo Eruho vxevhw D ri U5> S + +[> \ , 5 Dm J,+$, @ P +$> D, dqg P+$> =, lv
wkh frqglwlrqdo odz ri +[> \ , zlwk uhvshfw wr J1

Gh�qlwlrq 6 Wzr udqgrp yduldeohv [ dqg \ rq +
> I > S , duh vdlg wr eh
frprqrwrqlf frqglwlrqdoo| wr J li wkh frqglwlrqdo odz ri +[/\ , zlwk uhvshfw
wr J kdv d frprqrwrqlf vxssruw1

Ehiruh wr hoderudwh pruh rq wklv frqfhsw ohw xv surylgh dq hohphqwdu| h{0
dpsoh ri frqglwlrqdoo| frprqrwrqlf yduldeohv wkdw duh qrw frprqrwrqlf lq wkh
xvxdo vhqvh1 Ohw xv wdnh 
 @ i$4> $5> $6> $7j dqg ohw xv frqvlghu wkh udqgrp
yduldeohv [ dqg \ gh�qhg e|

[ \

$4 4 6
$5 5 7
$6 6 4
$7 7 5

=

Wkhvh wzr udqgrp yduldeohv duh fohduo| qrw frprqrwrqlf1 Krzhyhu/ li zh frq0
vlghu wkh vxe0vljpd �hog J gh�qhg e| J @ i>> i$4> $5j > i$6> $7j > 
j > wkhq lw
dsshduv wkdw [ dqg \ duh frprqrwrqlf frqglwlrqdoo| wr J1

Lw lv hdv| wr vhh wkdw li wzr udqgrp yduldeohv duh frprqrwrqlf lq wkh fodvvlfdo
vhqvh wkhq wkh| duh frprqrwrqlf frqglwlrqdoo| wr dq| vxe0vljpd �hog J= Ixuwkhu0
pruh/ wkh frprqrwrqlflw| lq wkh fodvvlfdo vhqvh lv htxlydohqw wr wkh frprqrwrqlf0
lw| frqglwlrqdoo| wr wkh wulyldo vljpd0�hog1

Zh rewdlq wkh �frqglwlrqdo dqdorj� ri Sursrvlwlrq 4=

Sursrvlwlrq 5 Ohw [ dqg \ eh wzr udqgrp yduldeohv rq +
> I > S , = Wkh iro0
orzlqj frqglwlrqv duh htxlydohqw=
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41 Wkh frqglwlrqdo odz ri +[/\ , zlwk uhvshfw wr J kdv d frprqrwrqlf vxssruw1

51 Iru doo +{> |, 5 U5> zh kdyh I +[>\ ,m
J

+{> |, @ lqi+I [m
J

+{,> I \ m
J

+|,,=

61 Zh kdyh/ iru dq| Eruho vxevhw D ri U5>

S ++[> \ , 5 Dm J,+$, @ S
k�

I �4
[m

J

+X> $,> I �4
\ m

J

+X> $,
�

5 D
l

>

zkhuh I �4
[m

J

+=> $, lv wkh lqyhuvh ixqfwlrq ri I [m
J

+=> $,=

71 Wkhuh h{lvw d udqgrp yduldeoh � dqg wzr ixqfwlrqv i = 
� U $ U dqg
j = 
� U $ U vxfk wkdw i+=> {, +uhvs1 j+=> {,, lv J�phdvxudeoh/ i+$> =,
+uhvs1 j+$> =,, lv qrqghfuhdvlqj dqg vxfk wkdw iru dq| Eruho vxevhw D ri
U5> S + +[> \ , 5 Dm J,+$, @ S ^+i+$> �,> j+$> �,, 5 D`1

Wkh odvw surshuw| phdqv wkdw +[> \ , kdv wkh vdph frqglwlrqdo glvwulexwlrq
dv +i+$> �,> j+$> �,, iru vrph udqgrp yduldeoh � dqg vrph J�phdvxudeoh zlwk
uhvshfw wr wkh �uvw yduldeoh/ qrqghfuhdvlqj zlwk uhvshfw wr wkh vhfrqg yduldeoh/
ixqfwlrqv i dqg j= Wkh qh{w sursrvlwlrq surylghv dq doprvw vxuh uhsuhvhqwdwlrq
lqvwhdg ri d uhsuhvhqwdwlrq lq glvwulexwlrq1

Sursrvlwlrq 6 Ohw [ dqg \ eh wzr udqgrp yduldeohv rq +
> I > S , = Wkh iro0
orzlqj frqglwlrqv duh htxlydohqw=

41 Wkh udqgrp yduldeohv [ dqg \ duh frprqrwrqlf frqglwlrqdoo| wr J1

51 Wkhuh h{lvw d udqgrp yduldeoh � dqg wzr ixqfwlrqv i = 
� U $ U dqg
j = 
� U $ U vxfk wkdw i+=> {, +uhvs1 j+=> {,, lv J�phdvxudeoh/ i+$> =,
+uhvs1 j+$> =,, lv qrqghfuhdvlqj dqg vxfk wkdw +[> \ , @ +i+$> �,> j+$> �,,
S �d1v1

61 Wkhuh h{lvw wzr ixqfwlrqv i = 
� U $ U dqg j = 
� U $ U vxfk wkdw
i+=> {, +uhvs1 j+=> {,, lv J�phdvxudeoh/ i+$> =, +uhvs1 j+$> =,, lv frqwlqxrxv
dqg qrqghfuhdvlqj dqg vxfk wkdw +[> \ , @ +i+$> [ . \ ,> j+$> [ . \ ,,
S �d1v1

Li zh uhsodfh lq wkh wzr odvw frqglwlrqv wkh doprvw vxuh htxdolw| e| dq htxdolw|
iru hdfk $/ zh zrxog rewdlq wkh gh�qlwlrq ri d qrq0suredelolvwlf frqfhsw ri
frqglwlrqdo frprqrwrqlflw|1 Wkh qrq0suredelolvwlf frqglwlrqdo frprqrwrqlflw|
zrxog wkhq fruuhvsrqg wr wkh +suredelolvwlf, frqglwlrqdo frprqrwrqlflw| zlwk
uhvshfw wr doo srvvleoh suredelolw| phdvxuhv S rq +
> I, =

Ilqdoo|/ zh vkdoo qhhg lq wkh qh{w vhfwlrq wkh iroorzlqj jhqhudol}dwlrq ri wkh
zhoo nqrzq uhvxow wkdw li wzr udqgrp yduldeohv rq +
> I > S , duh frprqrwrqlf/
wkhq wkhlu fryduldqfh zlwk uhvshfw wr dq| suredelolw| phdvxuh/ devroxwho| frq0
wlqxrxv zlwk uhvshfw wr S / lv qrqqhjdwlyh +vhh iru lqvwdqfh/ Fkdwhdxqhxi hw do1/

4<<9,1 Zh ghqrwh e| fry
T
J +[> \ , wkh fryduldqfh ri [ dqg \ frqglwlrqdoo| wr

J=

8



Sursrvlwlrq 7 Ohw [ dqg \ eh wzr udqgrp yduldeohv rq +
> I > S , = Li [ dqg

\ duh frprqrwrqlf frqglwlrqdoo| wr J> wkhq zh kdyh fry
T
J +[> \ , � 3 iru doo

suredelolw| phdvxuh T devroxwho| frqwlqxrxv zlwk uhvshfw wr S=

Zh dovr lqwurgxfh wkh qrwlrq ri frqglwlrqdoo| frprqrwrqlf surfhvvhv1

Gh�qlwlrq 7 Wzr dgdswhg udqgrp surfhvvhv +[w, dqg +]w, gh�qhg rq +
> I > +Iw, > S ,
duh vdlg wr eh frqglwlrqdoo| frprqrwrqlf li iru w @ 3> � � � > W �4> wkh udqgrp ydul0
deohv [w.4 dqg ]w.4 duh frprqrwrqlf frqglwlrqdoo| wr Iw=

Zkhq wkh xqfhuwdlqw| lv ghvfulehg e| dq hyhqw wuhh/ wkh frqglwlrqdo frprqrwrqlf0
lw| frqfhsw lv fohdu hqrxjk= dw hdfk gdwh�w qrgh wkh uhvwulfwlrq ri +[w.4, dqg
+]w.4, wr wkh lpphgldwh vxffhvvruv ri wkh frqvlghuhg qrgh duh frprqrwrqlf lq
wkh fodvvlfdo vhqvh1

Zlwk wkhvh gh�qlwlrqv/ lw lv hdv| wr vhh wkdw iru dgdswhg surfhvvhv +[w,/ +gw,
dqg +cw,/ wkh surfhvvhv +[w, > +[w � gw�4,./ [w � +[w � gw�4,./ plq+[w> cw�4,
dqg [w � plq+[w> cw�4, duh frqglwlrqdoo| frprqrwrqlf1

Wkh iroorzlqj uhvxow lv wkhq dq lpphgldwh frqvhtxhqfh ri Sursrvlwlrq 7

Fruroodu| 4 Wkh surgxfw ri wzr frqglwlrqdoo| frprqrwrqlf pduwlqjdohv +ru
vxepduwlqjdohv, lv d vxepduwlqjdoh1

Lq wkh qh{w vhfwlrq/ zh vkrz wkdw frqglwlrqdo frprqrwrqlflw| dsshduv dv d
sduwlfxoduo| zhoo dgdswhg jhqhudol}dwlrq ri wkh xvxdo frqfhsw ri frprqrwrqlflw|
zkhq ghdolqj zlwk g|qdplf vhwwlqjv1

6 H{dpsohv dqg dssolfdwlrqv

614 Kdelw irupdwlrq xwlolw| ixqfwlrqv

Ohw xv frqvlghu d xwlolw| pd{lpl}lqj djhqw hqgrzhg zlwk wkh iroorzlqj kdelw0
irupdwlrq xwlolw| ixqfwlrq

X ++fw,w@3>��� >W , @ H

%

W
[

w@3

x+fw � {w,

&

zkhuh +{w,w@3>��� >W lv gh�qhg e|

{3 @ 3> {w.4 @ dfw � e{w=

zkhuh d dqg e duh jlyhq frqvwdqwv zlwk d 9@ e dqg e 9@ 3 dqg zkhuh x lv d frqfdyh
gl�huhqwldeoh xwlolw| ixqfwlrq1 Zh fohduo| kdyh

{w.4 @ d

w
[

n@3

+�e,
w�n

fn=

Wklv kdelw0irupdwlrq glvfuhwh wlph iudphzrun lv d voljkw jhqhudol}dwlrq ri wkh
prgho ri Fdpsehoo dqg Frfkudqh +4<<<,1

9



Wkh djhqw lv vxeplwwhg wr d exgjhw frqvwudlqw jlyhq e|

H

%

W
[

w@3

twfw

&

� �

zkhuh � lv wkh djhqw*v lqlwldo zhdowk dqg zkhuh +tw, lv wkh vwdwh0sulfh ghqvlw|
surfhvv/ l1h1 S +$,tw+$, lv wkh sulfh dw gdwh 3 +dqg lq whupv ri gdwh03 xqlwv ri
frqvxpswlrq, ri rqh xqlw ri frqvxpswlrq dw gdwh w dqg lq wkh vwdwh ri wkh zruog
$=

Wkh �uvw rughu qhfhvvdu| frqglwlrqv iru rswlpdolw| fdq eh zulwwhq dv iroorzv

x3 +fw � {w, � �tw . d�w @ 3

x3 +fw � {w, . e�w . �w�4 @ 3

zkhuh wkh vfdodu � dqg wkh dgdswhg surfhvv +�w, duh wkh Odjudqjh pxowlsolhuv
dvvrfldwhg wr wkh rswlpl}dwlrq surjudp dqg zkhuh ��4 @ 31 Wklv ohdgv wr

�w @
�

d � e

w�4
[

n@3

tw�n

+d � e,n
.

4

+d � e,w
�3

�3 @ �
4

e
x3+f3,

x3+f3, @
�e

e � d
t3

dqg �qdoo|/

fw @ +x3,
�4

%

�

e � d

#

etw . d

w
[

n@4

tw�n

+d � e,n

$&

. d

w�4
[

n@3

+�e,
w�n

fn

Wkh pxowlsolhu � lv ghwhuplqhg e| wkh exgjhw frqvwudlqw1
Iurp wkh frqfdylw| ri x lw lv fohdu wkhq wkdw +fw, lv frqglwlrqdoo| frprqrwrqlf

wr
�

� �e
e�d

tw

�

= Iurp wkh frqglwlrq x3+f3, @ �e
e�d

t3 zh rewdlq wkdw �e
e�d

A 3 dqg

+fw, lv wkhq frqglwlrqdoo| frprqrwrqlf wr +�tw, =

D vlpsoh h{dpsoh vkrzv wkdw zh gr qrw kdyh wkh +joredo, frprqrwrqlflw|
ehwzhhq +fw, dqg +tw, = Ohw xv dvvxph wkdw d @ 3=4> e @ �3=<> x+f, @ orj f dqg
ohw xv fkrvh � lq rughu wr kdyh � @ 4= Ilqdoo|/ ohw xv wdnh wkh sulfh surfhvv t dv
iroorzv

t w @ 3 w @ 4 w @ 5
$4 4 5 7
$5 4 5 4=334
$6 4 3=8 4
$7 4 3=8 3=58

Zh rewdlq wkhq/ dw w @ 5> f5+$4, * 3=7:> f5+$5, * 4=;6> f5+$6, * 4=:6>

f5+$7, * 46=:6=

:



Wkh frqglwlrqdo frprqrwrqlflw| dsshduv wkhq dv pruh dgdswhg wkdq wkh fodv0
vlfdo +joredo, frprqrwrqlflw| wr wklv kdelw0irupdwlrq iudphzrun1

Li zh dvvxph qrz wkdw zh kdyh q djhqwv l @ 4> � � � > q zlwk xwlolw| ixqfwlrqv
gh�qhg dv suhylrxvo| e| xl> dl dqg el> lw lv fohdu wkdw dw wkh htxloleulxp doo wkh
lqglylgxdo doorfdwlrqv zloo eh frqglwlrqdoo| frprqrwrqlf1 Dq h{whqvlrq ri wkh
suhylrxv h{dpsoh wr d wzr djhqwv iudphzrun shuplwv wr vkrz wkdw wkh htxlole0
ulxp doorfdwlrqv duh qrw qhfhvvdulo| +joredoo|, frprqrwrqlf dprqj wkh djhqwv1
Lqghhg/ ohw xv wdnh wkh vdph xwlolw| ixqfwlrq iru erwk djhqwv x+f, @ orj f> wkh
vdph sulfh surfhvv dv lq wkh suhylrxv h{dpsoh/ wkh vdph sdudphwhu � @ 4 iru
erwk djhqwv dqg d4 @ 3=4> e4 @ �3=<> d5 @ 3=34> e5 @ �3=<<= Zh rewdlq wkhq wkh
iroorzlqj doorfdwlrqv

djhqwv l @ 4 l @ 5
$"w

$4

$5

$6

$7

w @ 3 w @ 4 w @ 5
4> 4444 3> 9<<6 3> 7:63
4> 4444 3> 9<<6 4> ;674
4> 4444 5> <9;6 4> :635
4> 4444 5> <9;6 46> :635

w @ 3 w @ 4 w @ 5
4> 3434 3> 84:: 3> 5:<9
4> 3434 3> 84:: 4> 388:
4> 3434 5> 3:53 4> 3897
4> 3434 5> 3:53 7> 664;

Lq idfw/ djhqw 5 sxwv ohvv zhljkw rq sdvw frqvxpswlrq lq rughu wr hydoxdwh suhvhqw
xwlolw|1 Wklv zhljkw rq sdvw frqvxpswlrq lv vx!flhqwo| vpdoo lq rughu wr kdyh dv
lq wkh fodvvlfdo h{shfwhg xwlolw| iudphzrun wkdw f5 lv frprqrwrqlf zlwk �t +ru
htxlydohqwo| dqwlfrprqrwrqlf zlwk t, zklfk lv qrw wkh fdvh iru f4=

Lw lv hdv| wr suryh wkdw wkh frqglwlrqdo frprqrwrqlflw| surshuw| lv vdwlv�hg
e| dq| Sduhwr rswlpdo doorfdwlrq1 Ixuwkhupruh/ wkh htxloleulxp doorfdwlrq deryh
lv dq h{dpsoh ri Sduhwr rswlpdo doorfdwlrq wkdw lv qrw +joredoo|, frprqrwrqlf1

615 H{shfwhg xwlolw| ixqfwlrqv zlwk d vwrfkdvwlf glvfrxqw
idfwru

Wkh vdph surshuwlhv dv lq wkh kdelw0irupdwlrq iudphzrun fdq eh rewdlqhg lq d
fodvvlfdo h{shfwhg xwlolw| iudphzrun li zh uhsuhvhqw wkh sv|fkrorjlfdo glvfrxqw
idfwru e| d vwrfkdvwlf dqg suhglfwdeoh surfhvv +lqvwhdg ri d vfdodu dv lq wkh
vwdqgdug iudphzrun,1

Lqghhg/ ohw xv frqvlghu dq djhqw pd{lpl}lqj wkh iroorzlqj xwlolw| ixqfwlrq

X ++fw,w@3>��� >W , @ H

%

W
[

w@3

�wx+fw,

&

xqghu wkh exgjhw frqvwudlqw

H

%

W
[

w@3

twfw

&

� �

zkhuh wkh dgdswhg surfhvv +tw, lv wkh vwdwh sulfh ghqvlw| surfhvv/ zkhuh � lv wkh
lqlwldo zhdowk dqg zkhuh +�w, lv d suhglfwdeoh sv|fkrorjlfdo glvfrxqw idfwru1

;



Wkh �uvw rughu frqglwlrqv ohdgv wr

�wx3+fw, @ �tw> iru doo w

zkhuh � lv wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh exgjhw frqvwudlqw1
Vlqfh +�w, lv suhglfwdeoh dqg x3 lv ghfuhdvlqj/ wkh frqvxpswlrq surfhvv ds0

shduv lpphgldwho| dv frqglwlrqdoo| dqwlfrprqrwrqlf zlwk wkh sulfh surfhvv1 Li
zh dvvxph dv suhylrxvo| wkdw x+f, @ orj f/ � @ 4 dqg wkdw wkh sulfh surfhvv dqg
wkh glvfrxqw surfhvv duh jlyhq e|

t w @ 3 w @ 4 w @ 5
$4 4 5 7
$5 4 5 4=334
$6 4 3=8 4
$7 4 3=8 3=58

� w @ 3 w @ 4 w @ 5
$4 4 4 4=38
$5 4 4 4=38
$6 4 4 4
$7 4 4 4

zh rewdlq
f w @ 3 w @ 4 w @ 5

$4 4 3=8 3=5958
$5 4 3=8 4=37<3
$6 4 5 4
$7 4 5 7

dqg lw dsshduv wkhq wkdw wkh frqvxpswlrq surfhvv lv qrw qhfhvvdulo| +joredoo|,
dqwlfrprqrwrqlf zlwk wkh sulfh surfhvv1

Li zh qrz lqwurgxfh d vhfrqg djhqw zlwk wkh vdph fkdudfwhulvwlfv h{fhsw
wkdw kh kdv d frqvwdqw +htxdo wr 4, glvfrxqw idfwru/ zh rewdlq wkh iroorzlqj
htxloleulxp doorfdwlrq

djhqwv l @ 4 l @ 5
$"w

$4

$5

$6

$7

w @ 3 w @ 4 w @ 5
4 3=8 3=5958
4 3=8 4=37<3
4 5 4
4 5 7

w @ 3 w @ 4 w @ 5
4 3=8 3=58
4 3=8 3> <<3
4 5 4
4 5 7

dqg wkh lqglylgxdo doorfdwlrqv duh wkhq reylrxvo| frqglwlrqdoo| frprqrwrqlf exw
duh qrw +joredoo|, frprqrwrqlf1

616 FFDSP dqg shvvlplvp

Dq lpphgldwh frqvhtxhqfh ri Sursrvlwlrq 7 lv wkh iroorzlqj

Fruroodu| 5 Iru srvlwlyh udqgrp yduldeohv [ dqg ] vxfk wkdw [ lv frprqrwrqlf
zlwk ] frqglwlrqdoo| wr Iw> zh kdyh

fryS
w

�

[\

HS
w ^[\ `

> ]

�

� fryS
w

�

\

HS
w ^\ `

> ]

�

iru dq| srvlwlyh udqgrp yduldeoh \ 1

<



D srvvleoh dssolfdwlrq ri wklv uhvxow lv uhodwhg wr wkh Frqvxpswlrq edvhg
Fdslwdo Dvvhw Sulflqj Prgho +Lqjhuvroo/ 4<;:/ Kxdqj dqg Olw}hqehujhu/ 4<;;/
Gx!h/ 4<<9,1 Wklv irupxod surylghv d uhodwlrqvkls/ ydolg dw wkh htxloleulxp/
ehwzhhq wkh h{fhvv h{shfwhg uhwxuq ri d jlyhq dvvhw dqg wkh fryduldqfh ehwzhhq
wkhvh uhwxuqv dqg wkh pdujlqdo xwlolw| ri wkh uhsuhvhqwdwlyh djhqw1 Pruh suh0
flvho|/ zh kdyh

HS
w ^Uw.4` � u

i
w.4 @ �fryS

w

�

y3 +w . 4> hw.4,

HS
w ^y3 +w . 4> hw.4,`

> Uw.4

�

zkhuh u
i
w.4 lv wkh ulvn0iuhh udwh ehwzhhq gdwh w dqg gdwh w . 4/ Uw.4 lv wkh uhwxuq

ri wkh frqvlghuhg dvvhw rq wkh vdph shulrg/ hw.4 lv wkh wrwdo zhdowk dw gdwh w . 4
dqg y lv wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw1

Lw kdv ehhq riwhq dujxhg wkdw lqyhvwruv pljkw kdyh d �vxemhfwlyh eholhi2rslqlrq�
uh hfwlqj wkhlu shvvlplvp2rswlplvp1 Frqvlghu wkhq d voljkw h{whqvlrq ri wkh
vwdqgdug prgho dqg vxssrvh wkdw wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv klv h{0
shfwhg xwlolw| iurp ixwxuh frqvxpswlrq xqghu d vxemhfwlyh suredelolw| T/ htxly0
dohqw wr S 1 Wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv

X ++fw,w@3>��� >W , @ HT

%

W
[

w@3

x+fw,

&

xqghu wkh exgjhw frqvwudlqw

H

%

W
[

w@3

twfw

&

� �=

Lw lv hdv| wr yhuli| wkdw wkh FFDSP irupxod ehfrphv wkhq

HS
w ^Uw.4` � u

i
w.4 @ �fryS

w

�

Pw.4y3 +w . 4> hw.4,

HS
w ^Pw.4y3 +w . 4> hw.4,`

> Uw.4

�

zkhuh +Pw, lv wkh ghqvlw| surfhvv ri T zlwk uhvshfw wr S

Wkhuh duh gl�huhqw zd|v wr gh�qh d shvvlplvwlf eholhi1 Lw vhhpv qdwxudo wr
uhodwh wkh gh�qlwlrq ri d shvvlplvwlf eholhi wr wkh idfw wkdw lw sxwv pruh zhljkw
+zlwk uhvshfw wr wkh wuxh suredelolw|, rq edg vwdwhv ri wkh zruog +edg uhwxuqv,
dqg ohvv zhljkw rq jrrg vwdwhv ri wkh zruog +jrrg uhwxuqv,1 Zh sursrvh wkh
iroorzlqj gh�qlwlrq1

Gh�qlwlrq 8 D suredelolw| eholhi T htxlydohqw wr S / zlwk ghqvlw| surfhvv +Pw,
lv vdlg wr eh shvvlplvwlf +uhvs1 rswlplvwlf, +zlwk uhvshfw wr wkh uhwxuqv surfhvv
+Uw,, li +Pw, lv frqglwlrqdoo| dqwlfrprqrwrqlf +uhvs1 frprqrwrqlf, zlwk +Uw, =

Xqghu T wkh h{shfwhg uhwxuq ehwzhhq gdwh w dqg gdwh w . 4/ iurp gdwh w

srlqw ri ylhz lv jlyhq e| H
T
w ^Uw.4` @ HS

w

k

Pw.4

Pw

Uw.4

l

dqg e| Sursrvlwlrq 7/

zh kdyh H
T
w ^Uw.4` � HS

w

k

Pw.4

Pw

l

HS
w ^Uw.4` @ HS

w ^Uw.4` = Wkh h{shfwhg uhwxuq
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xqghu wkh shvvlplvwlf suredelolw| lv wkhq orzhu wkdq xqghu wkh remhfwlyh lqlwldo
suredelolw| zklfk lv d qdwxudo surshuw| iru d shvvlplvwlf eholhi1

Wkh iroorzlqj fruroodu| lv wkhq dq lpphgldwh frqvhtxhqfh ri Fruroodu| 51

Fruroodu| 6 Wkh h{shfwhg h{fhvv uhwxuq suhglfwhg e| wkh FFDSP lq d shv0
vlplvwlf eholhiv vhwwlqj lv kljkhu wkdq lq wkh vwdqgdug vhwwlqj1

Lq dq rswlplvwlf eholhiv vhwwlqj zh zrxog kdyh wkh rssrvlwh uhvxow1 Wkh lp0
sdfw ri wkh lqwurgxfwlrq ri d vxemhfwlyh eholhi rq wkh pdunhw sulfh ri ulvn lv wkhq
yhu| fohdu= lw ohdgv wr dq lqfuhdvh +uhvs1 ghfuhdvh, ri wkh pdunhw sulfh ri ulvn ri
d jlyhq dvvhw +zlwk uhvshfw wr wkh vwdqgdug vhwwlqj, li wkh vxemhfwlyh suredelolw|
lv shvvlplvwlf +uhvs1 rswlplvwlf,/ zkhuh shvvlplvwlf phdqv/ lq sduwlfxodu/ wkdw
wkh lqvwdqwdqhrxv udwh ri uhwxuq ri wkh frqvlghuhg dvvhw +xqghu wklv suredelolw|,
lv orzhu wkdq xqghu wkh remhfwlyh lqlwldo suredelolw|1 Rxu uhvxowv duh frqvlv0
whqw zlwk wkrvh ri Deho +5335,/ Fhfkhwwl hw do1 +5333,/ Fkdxyhdx dqg Qdosdv
+4<<;, ru Kdqvhq hw do1 +4<<<, zklfk lqwurgxfh glvwruwhg eholhiv dvvrfldwhg wr
fdxwlrxv2shvvlplvwlf lqglylgxdo ehkdylru1

Dsshqgl{

Surri ri Sursrvlwlrq 5
4= , 5= Li wkh vxssruw ri P+$> =, lv frprqrwrqlf/ zh kdyh

I +[>\ ,m
J

+{> |, @ S ^[ � {> \ � |m J`,

@ P +�> `�4> {` � `�4> |`,

@ lqi iP +�> `�4> {` � `�4> .4`, > P +�> `�4> .4` � `�4> |`,j =

5= , 6= Lw vx!fhv wr suryh wkh htxdolw| iru doo Eruholdq vhw ri wkh irup
D @ `�4> {` � `�4> |` = Zh kdyh

S
k�

I �4
[m

J

+X> $,> I �4
\ m

J

+X> $,
�

5 `�4> {` � `�4> |`
l

@ S
k

X � I [m
J

+{> $,> X � I \ m
J

+|> $,
l

@ S
k

X � lqi
�

I [m
J

+{> $,> I \ m
J

+|> $,
�l

@ lqi+I [m
J

+{> $,> I \ m
J

+|> $,,=

6= , 7= Zh wdnh � @ X> i+$> v, @ I �4
[m

J

+v> $, dqg j+$> w, @ I �4
\ m

J

+w> $,=

7= , 4= Wkh vhw i+i +$> � +$3,, > j +$> � +$3,,, > $3 5 
j � U5 lv frprqrwrqlf1

Surri ri Sursrvlwlrq 6
4= , 5= Iurp Sursrvlwlrq 5> wkhuh h{lvw d udqgrp yduldeoh � dqg wzr ixqf0

wlrqv i = 
� U $ U dqg j = 
� U $ U vxfk wkdw i+=> {, +uhvs1 j+=> {,,
lv J�phdvxudeoh/ i+$> =, +uhvs1 j+$> =,, lv qrqghfuhdvlqj dqg vxfk wkdw iru
dq| Eruho vxevhw D ri U5> S ++[> \ , 5 Dm J,+$, @ S ^+i+$> �,> j+$> �,, 5 D` ru
htxlydohqwo| S + +i�4+$> [,> j�4+$> \ ,, 5 D

�

� J, @ S ^+�> �, 5 D` = Frqvhtxhqwo|/
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zh kdyh S +i�4+$> [, @ j�4+$> \ ,
�

� J, @ 4> S �d1v1 dqg wkhq S +i�4+$> [, @

j�4+$> \ ,, @ 4= Ohw xv gh�qh wkh udqgrp yduldeoh �� e| ��+$, @ i�4+$> [+$,,>

zh kdyh +[> \ , @
�

i+$> ��,> j+$> ��,
�

> S �d1v1

5= , 6= Iru d jlyhq $> +d> e, $ d . e lv dq krphrprusklvp ehwzhhq
i+i+$> {,> j+$> {,, = { 5 Uj dqg i+i+$> {, . j+$> {,, = { 5 Uj = Lqghhg/ li i+$> {,.
j+$> {, @ i+$> |, . j+$> |, zlwk { A | zh kdyh i+$> {, � i+$> |, dqg j+$> {, �
j+$> |, dqg wkhq i+$> {, @ i+$> |, dqg j+$> {, @ j+$> |,= Ohw xv ghqrwh *$

wkh frqyhuvh dssolfdwlrq1 Zh kdyh *$ = i+$> {, . j+$> {, $ +i+$> {,> j+$> {,,

dqg *$ fdq eh zulwwhq rq wkh irup
�

�i +$> =, > �j +$> =,
�

= Zh kdyh wkhq +[> \ , @
�

�i+$> [ . \ ,> �j+$> [ . \ ,
�

> S �d1v1

6= , 4= Lpphgldwh1
Surri ri Sursrvlwlrq 7
Zh kdyh

fry
T
w +[> \ , +$, @ Hw ^[\ ` +$, � Hw ^[` +$, Hw ^\ ` +$,

@

]

{4|4P +$> g +{4> |4,, 
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Uhihuhqfhv

^4` Deho/ D1/ 53351 Dq h{sorudwlrq ri wkh h�hfwv ri shvvlplvp dqg grxew rq
dvvhw uhwxuqv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 59/ 43:8043<51

^5` Fdpsehoo/ M1/ Frfkudqh/ M1/ 4<<<1 E| irufh ri kdelw = d frqvxpswlrq edvhg
h{sodqdwlrq ri djjuhjdwh vwrfn pdunhw ehkdylru/ Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ 435/ 5380584

^6` Fduolhu/ J1/ dqg U10D1 Gdqd/ 5335/ �Fruh ri frqyh{ glvwruwlrqv ri d sured0
elolw| rq d qrq dwrplf vsdfh� wr dsshdu lq Mrxuqdo ri Hfrqrplf Wkhru|1

^7` Fhffkhwwl/ V1J1/ Odp/ S1/ dqg Q1F1 Pdun/ 53331 Dvvhw sulflqj zlwk glvwruwhg
eholhiv= duh htxlw| uhwxuqv wrr jrrg wr eh wuxh B Dphulfdq Hfrqrplf Uhylhz/
<3/ :;:0;381

^8` Fkdwhdxqhxi/ D1/ U1 Ndvw dqg D1 Odslhg +4<<9,1 Fkrtxhw sulflqj iru �qdqfldo
pdunhwv zlwk iulfwlrqv1 Pdwkhpdwlfdo Ilqdqfh 9/ 65606631

^9` Fkdxyhdx/ W/ Qdosdv/ Q1/ 4<<;1 O*dowìudwlrq suxghqwh ghv suredelolwìv
frpph vroxwlrq ã o*ìqljph gh od sulph gh ulvtxh1 Zrunlqj Sdshu/ Fdlvvh ghv
Gìs÷wv hw Frqvljqdwlrqv/ Vhuylfh ghv Hwxghv Hfrqrpltxhv hw Ilqdqflëuhv/
Sdulv1

^:` Gkdhqh/ M1/ Ghqxlw/ P1/ Jrrydhuwv/ P1M1/ Nddv/ U1/ Y|qfnh/ G1/ 5335 Wkh
frqfhsw ri frprqrwrqlflw| lq dfwxduldo vflhqfh dqg �qdqfh = wkhru|1 Lqvxu0
dqfh/ Pdwkhpdwlfv dqg Hfrqrplfv/ 64/ 6066

^;` Gkdhqh/ M1/ Ghqxlw/ P1/ Jrrydhuwv/ P1M1/ Nddv/ U1/ Y|qfnh/ G1/ 5335 Wkh
frqfhsw ri frprqrwrqlflw| lq dfwxduldo vflhqfh dqg �qdqfh = dssolfdwlrqv1
Lqvxudqfh/ Pdwkhpdwlfv dqg Hfrqrplfv/ 64/ 4660494

^<` Ghqqhehuj/ G1/ 4<<7 Qrq dgglwlyh phdvxuh dqg lqwhjudo/ Noxzhu Dfdghplf
Sxeolvkhuv1

^43` Gx!h/ G1/ 4<<91 G|qdplf Dvvhw Sulflqj Wkhru|1 Sulqfhwrq Xqlyhuvlw|
Suhvv/ Sulqfhwrq1

^44` G|eylj/ S1/ 4<;;d Glvwulexwlrqdo dqdo|vlv ri sruwirolr fkrlfh/ Mrxuqdo ri
Exvlqhvv/ 94/ 69306<6

^45` G|eylj/ S1/ 4<;;e/ Lqh!flhqw G|qdplf Sruwirolr Vwudwhjlhv ru Krz wr
Wkurz Dzd| d Ploolrq Grooduv lq wkh Vwrfn Pdunhw/ Wkh Uhylhz ri Ilqdqfldo
Vwxglhv/ 4/ 9:0;;1

^46` Kdqvhq/ O10S1/ Vdujhqw/ W1 dqg W1 Wdoodulql/ 4<<<1 Urexvw Shupdqhqw Lq0
frph dqg Sulflqj1 Uhylhz ri Hfrqrplf Vwxglhv/ 99/ ;:60<3:1

^47` Kxdqj/ F10I1/ Olw}hqehujhu/ U1/ 4<;;1 Irxqgdwlrqv ri Ilqdqfldo Hfrqrplfv/
Suhqwlfh Kdoo/ Hqjohzrrg Fol�v/ Qhz0Mhuvh|1
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^48` Lqjhuvroo/ M1/ 4<;:1 Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj/ Urzpdq dqg
Olwwoh�hog/ Wrwrzd/ Qhz0Mhuvh|1

^49` Odqgvehujhu/ P1/ Phlolmvrq/ L1/ 4<<7/ �Fr0prqrwrqh doorfdwlrqv/ Elfnho0
Ohkpdqq glvshuvlrq dqg wkh Duurz0Sudww phdvxuh ri ulvn dyhuvlrq�/ Dqqdov
ri Rshudwlrqv Uhvhdufk/ 85/ 65606761

^4:` Vkdxq/ Z1/ dqg Gkdhqh/ M1/ 4<<;/ �Frprqrwrqlflw|/ fruuhodwlrq rughu dqg
suhplxp sulqflsohv�/ Lqvxudqfh= Pdwkhpdwlfv dqg Hfrqrplfv/ 55/ 6/ 5680
575

^4;` \ddul/ P1H1/ 4<;: Wkh gxdo wkhru| ri fkrlfh xqghu ulvn1 Hfrqrphwulfd/ 88/
<804481
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