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Sulflqj ri Qrq0uhgxqgdqw Ghulydwlyhv lq d
Frpsohwh Pdunhw�

Deghokdplg EL]LG| Ho|ëv MRXLQL}

Slhuuh0Iudqêrlv NRHKO{

Iheuxdu| 58/ 4<<<

Devwudfw

Zh frqvlghu d frpsohwh �qdqfldo pdunhw zlwk sulplwlyh dvvhwv dqg
ghulydwlyhv rq wkhvh sulplwlyh dvvhwv1 Qhyhuwkhohvv/ wkh ghulydwlyh dv0
vhwv duh qrq0uhgxqgdqw lq wkh pdunhw/ lq wkh vhqvh wkdw wkh pdunhw
lv frpsohwh/ rqo| zlwk wkhlu h{lvwhqfh1 Lq vxfk d iudphzrun/ zh gh0
ulyh dq htxloleulxp uhvwulfwlrq rq wkh dgplvvleoh sulfhv ri ghulydwlyh
dvvhwv1 Wkh htxloleulxp frqglwlrq lpsrvhv d zhoo0rughulqj sulqflsoh
uhvwulfwlqj wkh vhw ri suredelolw| phdvxuhv wkdw txdoli| dv fdqglgdwh
htxlydohqw pduwlqjdoh phdvxuhv1 Wklv uhvwulfwlrq lv suhihuhqfh iuhh dqg
dssolhv zkhqhyhu wkh xwlolw| ixqfwlrqv ehorqj wr wkh jhqhudo fodvv ri
Yrq0Qhxpdqq Prujhqvwhuq ixqfwlrqv1 Zh surylgh qxphulfdo h{dp0
sohv wkdw vkrz wkh dssolfdelolw| ri wkh uhvwulfwlrq iru wkh frpsxwdwlrq
ri rswlrq sulfhv1

�Zh duh lqghewhg wr wkh hglwru Pduwl Vxeudkpdq|dp dqg wzr dqrq|prxv uhihuhhv iru
yhu| frqvwuxfwlyh frpphqwv1 Zh kdyh dovr ehqh�wwhg iurp frqyhuvdwlrqv zlwk Qrxu Phg0
gdkl1 Zh zrxog olnh wr wkdqn vhplqdu sduwlflsdqwv dw Xqlyhuvlwì gh Prqwuìdo/ Zdvklqjwrq
Xqlyhuvlw|/ KHFPrqwuìdo/ Hfroh Sro|whfkqltxh gh Wxqlvlh/ Lqvwlwxw Khqul Srlqfduì/ Wuhqwr
Pdwkhpdwlfdo Ilqdqfh Frqihuhqfh+4<<:,/ Dvshw +ILTXDP, Frqihuhqfh +4<<;, dv zhoo dv
wkh sduwlflsdqwv dw wkh Txdqwlwdwlyh Phwkrgv ri Ilqdqfh Frqihuhqfh/ Dxvwudold/ 4<<:1

|FHUPVHP0Xqlyhuvlwì gh Sdulv 4 Sdqwkìrq0Vruerqqh
}FUHVW/ 48 Erxohydug Jdeulho Shul/ <5578 pdodnr� Fhgh{/ IUDQFH/ FHUPVHP0

Xqlyhuvlwì gh Sdulv 4 Sdqwkìrq0Vruerqqh dqg Fhqwhu iru Hfrqrplf Srolf| Uhvhdufk1 Wklv
dxwkru judwhixoo| dfnqrzohgjhv wkh �qdqfldo vxssruw ri LQTXLUH0Hxursh1

{HQVDH dqg FUHVW
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4 Lqwurgxfwlrq
Lw lv zhoo0nqrzq wkdw/ lq d frpsohwh �qdqfldo pdunhw/ wkhuh h{lvwv d uhs0
uhvhqwdwlyh djhqw1 Klv h{lvwhqfh lv frqyhqlhqw iru wkh ghwhuplqdwlrq ri wkh
Duurz0Gheuhx sulfhv dw wkh htxloleulxp/ vlqfh wkh| fdq eh olqnhg wr wkh jud0
glhqw ri klv xwlolw| ixqfwlrq wdnhq dw klv rswlpdo zhdowk +htxdo wr wkh wrwdo
zhdowk ri wkh hfrqrp|,1 Qrwh wkdw wkh wrwdo zhdowk grhv qrw ghshqg rq wkh
sulfhv ri wkh sxuho| �qdqfldo dvvhwv +l1h1 dvvhwv zlwk d wrwdo vxsso| htxdo wr
}hur,1 Wkhq/ lw lv srvvleoh wr �qg olqnv ehwzhhq wkh Duurz0Gheuhx sulfhv dqg
wkh sulfhv ri wkh sulplwlyh dvvhwv1

Pruh suhflvho|/ zh dvvxph lq wklv sdshu wkdw wkhuh h{lvwv d xqltxh sulpl0
wlyh dvvhw lqwhusuhwhg dv d vwrfn1 Zh vkrz wkdw/ iru d �{hg vwdwh ri wkh zruog/
wkh Duurz0Gheuhx sulfhv dvvrfldwhg zlwk wkh srvvleoh vxffhvvru vwdwhv duh gh0
fuhdvlqj zlwk wkh h{shfwhg glylghqgv ri wklv dvvhw1 Ixuwkhupruh/ li dw hdfk
gdwh/ wkh vwrfn uhwxuqv gr qrw ghshqg rq lwv sulfh/ wkh Duurz0Gheuhx sulfhv
duh wkhq ghfuhdvlqj zlwk wkh vwrfn sulfh1 Lq idfw/ wklv uhvxow fdq eh hdvlo|
h{whqghg wr wkh jhqhudo fdvh/ zkhuh wkhuh h{lvw pruh wkdq rqh qrq0sxuho|
�qdqfldo dvvhw> lq wkdw fdvh/ wkh Duurz0Gheuhx sulfhv duh ghfuhdvlqj zlwk wkh
wrwdo zhdowk1 Iurp d sudfwlfdo srlqw ri ylhz/ wklv dssurdfk fdq eh sduwlf0
xoduo| xvhixo iru lqgh{ rswlrqv/ wkh pdunhw lqgh{ ehlqj wdnhq dv d sur{| ri
wkh wrwdo zhdowk1 Rxu uhvxow frqvwudlqv wkh ulvn0qhxwudo suredelolwlhv/ dqg dv
vkrzq qxphulfdoo|/ wkh lqwhuydov ri dgplvvleoh sulfhv iru wkh sxuho| �qdqfldo
dvvhwv duh juhdwo| uhgxfhg lq frpsdulvrq zlwk wkh xqfrqvwudlqhg fdvh1

Vrph sdshuv lq wkh olwhudwxuh vxjjhvw frqvwudlqwv rq ulvn0qhxwudo sured0
elolwlhv 0 ru htxlydohqwo|/ rq vwdwh0sulfh gh dwruv1 Iru lqvwdqfh/ Frfkudqh dqg
Vdã0Uhtxhmr +4<<:, lpsrvh xsshu erxqgv rq wkh yrodwlolw| ri wkh vwdwh0sulfh
gh dwruv1 Wkh| prwlydwh wkhlu uhvwulfwlrqv e| dvvxplqj wkdw dq| wudghu zloo
dffhsw dq| sruwirolr zlwk d Vkdush Udwlr juhdwhu wkdq d jlyhq frqvwdqw +iru
lqvwdqfh/ 413,1 Lq rughu wr rewdlq wkh wdujhw ydoxh rq wkh Vkdush Udwlr/ wkh|
dujxh wkdw wkh frpprq ydoxh rq wkh pdunhwv ri wkh Vkdush Udwlr lv htxdo wr
3181 Wklv dssurdfk uhvwulfwv wkh dwwlwxgh ri wkh djhqwv wrzdugv ulvn 1 Hyhq li
wklv phwkrg fdq eh hdvlo| lpsohphqwhg 0 dv Vkdush Udwlrv duh revhuydeoh rq
wkh pdunhwv 0 wkh uhvwulfwlrqv vhhp wr eh txlwh duelwudu| iurp d wkhruhwlfdo
srlqw ri ylhz1 Lq wkh iroorzlqj/ zh gr qrw uhvwulfw wkh ulvn0dyhuvlrq ri wkh
djhqwv/ vlqfh zh ghdo zlwk yhu| jhqhudo Yrq Qhxpdqq0Prujhqvwhuq xwlolw|
ixqfwlrqv1 Dòw0Vdkdold dqg Or +4<<;, sursrvh d qrqsdudphwulf hvwlpdwlrq
ri wkh vwdwh0sulfh gh dwruv1 Xvlqj wkh pdunhw lqirupdwlrq/ wkh| hvwlpdwh dq
rswlrq0sulflqj irupxod/ wkhq gl�huhqwldwh wzlfh wklv hvwlpdwru zlwk uhvshfw
wr wkh vwulnh ri wkh rswlrq1 Xqghu vxlwdeoh uhjxodulw| frqglwlrqv/ wklv odvw
txdqwlw| frqyhujhv wr d vwdwh0sulfh gh dwru1

Dqrwkhu gluhfwlrq lq wkh olwhudwxuh lqyhvwljdwhv wkh khgjlqj sureohp dqg/
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vlqfh shuihfw khgjlqj lv qr pruh srvvleoh lq lqfrpsohwh pdunhwv/ wulhv wr
�qg wkh qhduhvw +lq vrph vhqvh, sd|r� wr wkh frqvlghuhg rqh dprqj doo wkh
srvvleoh vwudwhjlhv1 Wklv dssurdfk lv lqyhvwljdwhg iru gl�huhqw fulwhuld e|/
dprqj rwkhuv/ Ehuwvlpdv/ Nrjdq dqg Or +4<<:, dqg Vfkzhl}hu +4<<5/ 4<<8,1
Qhyhuwkhohvv/ zkhq wkhuh duh iulfwlrqv rq wkh pdunhwv ru zkhq wkh pdunhwv
duh lqfrpsohwh/ lw lv zhoo nqrzq wkdw wkh khgjlqj sureohp dqg wkh rswlpdo
frqvxpswlrq0lqyhvwphqw sureohp fdq qr pruh eh vhsdudwhg1 Lq wklv sdshu/
zh zrun gluhfwo| rq htxloleulxp doorfdwlrqv dqg rq htxloleulxp sulfhv1 Zh
gr qrw vhsdudwh wkh wzr sureohpv dqg zh gr qrw vshfli| dq dqdo|wlfdo irup
iru wkh ulvn fulwhulxp1 Zh rqo| qhhg wr dvvxph wkdw hdfk djhqw pd{lpl}hv
wkh h{shfwhg ydoxh ri klv xwlolw| ixqfwlrq/ wkh vshfl�fdwlrq ri wklv ixqfwlrq lv
xvhohvv1

Rxu dssurdfk lv qrw vlplodu wr wkdw ri Eodfn dqg Vfkrohv +4<:6, zkhuh
wkh pdunhw lv frpsohwh zlwkrxw wkh uhgxqgdqw ghulydwlyh dvvhwv1 Lqghhg/
zh dvvxph wkh pdunhw lv frpsohwh rqo| lq wkh suhvhqfh ri wkhvh ghulydwlyh
dvvhwv1 Rxu dssurdfk gl�huv dovr iurp wkh �fwlwlrxv frpsohwlrq sursrvhg
e| Ndudw}dv/ Ohkrf}n|/ Vkuhyh dqg [x +4<<4,1 Lqghhg/ rxu uhvxow grhv qrw
ghshqg rq d sduwlfxodu fkrlfh iru wkh xwlolw| ixqfwlrqv ri wkh djhqwv1 Lq rxu
dssurdfk/ wkh glylghqg surfhvv ri wkh sulplwlyh dvvhw lv jlyhq h{rjhqrxvo|1
Wkhq rxu uhvxowv fdq eh vhhq dv wkh ghulydwlyhv sulfhv frpsdwleoh zlwk sduwldo
htxloleulxp frqglwlrqv1

Sulflqj prghov kdyh wzr lpsruwdqw dssolfdwlrqv= wkh sulflqj ri qhzo|
lqwurgxfhg dvvhwv dqg wkh duelwudjh iurp plvsulflqj ri wkh h{lvwlqj dvvhwv1
Rxu dssurdfk dvvxphv wkdw wkh pdunhw lv dw wkh htxloleulxp1 Khqfh/ lw lv
sduwlfxoduo| uhohydqw iru wkh duelwudjh ru iru wkh sulflqj ri vrph h{lvwlqj dvvhwv
zlwk plvlqirupdwlrq rq wkh sulfhv1 Odvw/ wklv dssurdfk shuplwv dovr wr jlyh
uhvwulfwlrqv rq wkh sulfhv ri qhzo| lqwurgxfhg dvvhwv xqghu d frqglwlrq ri qrq
prgl�fdwlrq ri wkh vwrfn sulfh1 Frqyhuvho|/ li wkh qhz dvvhw lv lqwurgxfhg
dw d sulfh zklfk grhv qrw vdwlvi| rxu uhvwulfwlrqv wkhq wkh htxloleulxp vwrfn
sulfh zloo eh dxwrpdwlfdoo| prgl�hg dv lq Ghwhpsoh dqg Vhoghq +4<<4,1

Wkh sdshu lv rujdql}hg dv iroorzv= lq vhfwlrq 4/ zh vkrz wkh lqwhuhvw ri
rxu phwkrgrorj| rq d vlpsoh h{dpsoh1 Lq vhfwlrq 5/ zh suhvhqw wkh jhq0
hudo prgho1 Vhfwlrq 6 lv ghyrwhg wr wkh surri ri rxu pdlq uhvxow1 Vhfwlrq
7 lqyhvwljdwhv qxphulfdo h{dpsohv lq d txdgulqrpldo iudphzrun1 Zh frp0
sxwh wkh lqwhuydov ri dgplvvleoh sulfhv/ rewdlqhg zlwk wkh frqvwudlqhg dqg
fodvvlfdo xqfrqvwudlqhg phwkrgv/ iru gl�huhqw rswlrqv lq ydulrxv iudphzrunv=
lqgh{ rswlrqv dqg rswlrqv zlwk vwrfkdvwlf yrodwlolwlhv/ Hxurshdq dv zhoo dv
Dphulfdq1 Wkh uhvxowv duh yhu| hqfrxudjlqj1
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5 D Vlpsoh H{dpsoh
Ehiruh lqwurgxflqj rxu prgho/ ohw xv frqvlghu wkh vlpsohvw h{dpsoh ri lq0
frpsohwh pdunhwv dqg ohw xv h{sodlq wkh pdlq lghdv ri wkh sdshu rq wklv
h{dpsoh1

Pruh suhflvho|/ frqvlghu d vlpsoh rqh0shulrg prgho zkhuh wkh vdpsoh
vsdfh dqg wkh suredelolw| duh

l ' i/
�
c /

2
c /

�
j

� ' E�*�c �*�c �*��

Iluvw/ wkhuh duh wzr dvvhwv lq wkh pdunhw=
d sulplwlyh dvvhw zkrvh sulfhv duh

REf� ' 2D dw gdwh 3
RE/

�
� ' 2fc RE/

2
� ' �f ru RE/

�
� ' ef dw gdwh 4

dqg d ulvn0iuhh dvvhw gh�qhg e| dq lqwhuhvw udwh o ' �

�b

1
Lw lv vwudljkwiruzdug wkdw wkh ihdvleoh udqjh ri wkh Udgrq0Q|nrg|p ghulyd0

wlyh ri wkh pduwlqjdoh phdvxuhv zlwk uhvshfw wr � lv

�

�
E'E/

�
�c 'E/

2
�c 'E/

�
�� '

�

�
Ef��SH n'E/

�
�c f�S�2� 2'E/

�
�c 'E/

�
��

zkhuh
'E/

�
� 5 dfc f���So

Li wkhuh lv rqh xqlw ri sulplwlyh dvvhw dqg qr rwkhu hqgrzphqw lq wkh
hfrqrp|/ wkh wrwdo zhdowk ` lv wkhq htxdo wr R1

Ohw xv qrz dvvxph wkdw wkhuh lv dovr d qrq0uhgxqgdqw ghulydwlyh dvvhw lq
}hur qhw vxsso|1 Wkh pdunhw lv wkhq frpsohwh dqg wkhuh h{lvwv d uhsuhvhqwd0
wlyh djhqw lq wklv hfrqrp| zlwk d xwlolw| ixqfwlrq �1

Dw wkh htxloleulxp/ wkh pd{lpl}dwlrq surjudp ri wklv djhqw ohdgv wr wkh
iroorzlqj �uvw0rughu frqglwlrqv=

'E/
�
� '

��E2f�

��E2D�
('E/

2
� '

��E�f�

��E2D�
('E/

�
� '

��Eef�

��E2D�
�

Vlqfh � lv vwulfwo|0frqfdyh/ zh pxvw kdyh

'E/
�
� : 'E/

2
� : 'E/

�
��

Diwhu lpsrvlqj wkhvh uhvwulfwlrqv/ zh jhw wkh ihdvleoh udqjh ri wkh ulvn0qhxwudo
suredelolw|

'E/
�
� 5 df�fHHc f�2�f.o
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zklfk lv txlwh vpdoohu wkdq wkh udqjh lq wkh xquhvwulfwhg fdvh1 Ixuwkhupruh/
qrwh wkdw wkhvh vpdoohu erxqgv kdyh ehhq rewdlqhg rqo| xqghu dq dvvxpswlrq
rq wkh h{lvwhqfh ri wkh ghulydwlyh dvvhw exw zlwkrxw nqrzlqj dq|wklqj rq lwv
sulfh surfhvv1 Frqvhtxhqwo|/ wklv dssurdfk shuplwv wr rewdlq erxqgv rq wkh
sulfh ri wkh ghulydwlyh dvvhw/ zklfk duh ehwwhu wkdq wkh xvxdo duelwudjh0iuhh
erxqgv1

Pruh suhflvho|/ li wkh ghulydwlyh lv d fdoo rswlrq zlwk d vwulnh htxdo wr �fc
zh rewdlq df�H�Sc 2�ff�o dv erxqgv rq lwv sulfh dw | ' f lqvwhdg ri dfc ��ff2o
zkhq xvlqj wkh fodvvlfdo qr0duelwudjh dujxphqw1

6 Wkh Prgho
Wdnhq dv sulplwlyh duh d frpsohwh suredelolw| vsdfh ElcI c � � zkhuh l lv d
�qlwh vhw ri hyhqwv dqg d wlph krul}rq A 1 Ohw 8 ' iI

|

j
|'fc���cA

eh d �owudwlrq
prghoolqj wkh lqirupdwlrq vwuxfwxuh1 Zh ghqrwh e| . d�o wkh h{shfwdwlrq
xqghu � dqg e| .

|

d�o wkh frqglwlrqdo h{shfwdwlrq xqghu � zlwk uhvshfw wr
I
|

1 D gdwh |0qrgh j
|

lv dq dwrp ri I
|

1 Zh ghqrwh e| P
|

wkh vhw ri doo
gdwh |0qrghv dqg/ iru j

|

5 P
|

c s Ej
|

� ' ij
|n�

5 P
|n�

(j
|n�

� j
|

j fdq eh
lqwhusuhwhg dv wkh vhw ri wkh lpphgldwh vxffhvvruv ri wkh gdwh |0qrgh j

|

� Iru
| ' fc ���c A �� dqg j

|

5 P
|

c zh gh�qh wkh wudqvlwlrq suredelolw| ri � ehwzhhq
gdwhv | dqg |n � dw wkh qrgh j

|

dv iroorzv

�
j|
G s Ej

|

� �$ df c �o
j
|n�

:�$ � Ej
|n�

m j
|

�

Zh dovr gh�qh/ iru | ' fc ���c A ��c wkh I
|n�

phdvxudeoh udqgrp yduldeoh �
|n�

e|
;j

|n�
5 P

|n�
c �

|n�
Ej

|n�
� ' � Ej

|n�
m j

|

�

zkhuh j
|

lv wkh xqltxh hohphqw ri P
|

vxfk wkdw j
|n�

5 s Ej
|

� �
Wkhuh lv rqh qrqvwrudeoh frqvxpswlrq jrrg surgxfhg e| rqh �up1 Dw

hdfk gdwh/ wkh vxsso| _
|

ri wklv jrrg lv wkh surgxfwlrq ri wkh �up1 Wklv
surgxfwlrq lv glvwulexwhg dv glylghqgv wr vkduhkroghuv rzqlqj wkh �up1 Wkhuh
lv rqh htxlw| fodlp zklfk lv wudgdeoh dw gdwh |c shuihfwo| glylvleoh dqg zlwk dq
h{0glylghqg sulfh R

|

lq whupv ri frqvxpswlrq jrrg1 Diwhu wkh gdwh Ac wkh �up
ehfrphv revrohwh dqg lv ydoxhg dw }hur1 D txdqwlw| w ri wklv fodlp lqvxuhv wr
lwv rzqhu d txdqwlw| w_

|

ri wkh shulvkdeoh jrrg dw gdwh |1 Wkurxjkrxw wkh
sdshu/ wkh wrwdo vxsso| ri wkh �up lv qrupdol}hg wr rqh1

Lq dgglwlrq wr wkh htxlw| fodlp ghvfulehg deryh/ wkhuh duh 6 n � sxuho|
�qdqfldo dvvhwv1 E| gh�qlwlrq/ wkhlu wrwdo vxsso| lv dozd|v }hur1 Pruhryhu/ iru
� ' fc ���c6c wkh �|� sxuho| �qdqfldo dvvhw lv wudgdeoh dw hdfk gdwh zlwk d sulfh
^�
|

lq whupv ri frqvxpswlrq jrrg1 Wkrvh dvvhwv gr qrw surylgh glylghqgv1
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Wkh surfhvvhv ER
|

n _
|

�
|'fc���cA

dqg
�
E^�

|

�
�'fc���c6

�
|'fc���cA

duh dvvxphg wr eh

srvlwlyh dqg 8 0dgdswhg1 Ixuwkhupruh/ zh dvvxph wkdw wkh f|� sxuho| �qdqfldo
dvvhw lv ulvn0iuhh/ l1h1 wkh surfhvv E-

|

�
|'�c���cA

gh�qhg iru doo |c | ' fc ���c A � �c

e| �

�n-|n�

' ^

f

|

^

f

|n�

lv dqwlflsdwhg1

Wkhuh duh � frqvxphuv1 Wkh ?|� frqvxphu kdv dq lqwhuwhpsrudo xwlolw|
ixqfwlrq zklfk dvvrfldwhv wkh xwlolw| ohyho L? E�� zlwk dq| 8 0dgdswhg frq0
vxpswlrq surfhvv � ' E�

|

�
|'fc���A

/ dv iroorzv =

L? E�� ' .

%
A[
|'f

�? E�
|

c |�

&

zkhuh �? pdsv UnW�ifc ���c Aj lq U1 Zh zloo uhtxluh wkh iroorzlqj surshuwlhv
rq �? G

Dvvxpswlrq 4 iru doo ?c �?E�c |� lv d frqwlqxrxvo| gl�huhqwldeoh lqfuhdvlqj
dqg vwulfwo| frqfdyh ixqfwlrq1 Pruhryhu/ zh lpsrvh wkh iroorzlqj frq0
glwlrq=

iru | ' fc ���c Ac �? E%( |� $
%<f

n

�4�

Iru dq| vwrsslqj wlph � � A / zh gh�qh dovr wkh dx{loldu| xwlolw| ohyho=

L?

�

�
E�

|

�
|'�c���cA

�
' .

�

%
A[
|'�

�? E�
|

c |�

&
D wudglqj vwudwhj| 7 lv d yhfwru�

E�
|

�
|'fc���cA

( Ew
|

�
|'�c���cA

( Ek
|

�
|'�c���cA

'
��
k�
|

�
�'fc���c6

�
|'�c���cA

�
zkhuh=

� ; |c | ' fc ���c Ac �
|

lv I
|

phdvxudeoh>

� ; |c | ' �c ���c Ac w
|

dqg k
|

duh I
|3�

phdvxudeoh>

Zh lqwhusuhw w
|

+uhvs1 k�
|

, dv wkh txdqwlw| ri wkh htxlw| fodlp +uhvs1 ri wkh
�|� sxuho| �qdqfldo dvvhw, rzqhg dw gdwh | dqg lqkhulwhg iurp gdwh |�� e| dq
djhqw iroorzlqj vwudwhj| 71 Lq sduwlfxodu/ kf

|

lv wkh txdqwlw| ri fdvk +lqfoxglqj
wkh lqwhuhvwv, iurp gdwh |�� wr gdwh |c wkurxjk wkh lqwhuphgldu| ri wkh pdunhw
lqwhuhvw udwh1 Ixuwkhupruh/ w

f
dqg k

f
duh wkh lqlwldo txdqwlwlhv ri dvvhwv rzqhg

e| wkh djhqw1 Zh wdnh/ e| frqyhqwlrq/ k�
An�

' w
An�

' -
An�

' f1

9



Wkh pdunhw vfkhgxoh lv= �uvw/ wkh �up surgxfhv dqg wkhq glvwulexwhv
wkh glylghqgv dprqj wkh vkduhkroghuv> vhfrqg/ frqvxpswlrq/ qhz sruwirolrv
dqg qhz sulfhv wdnh sodfh1 Sulfhv frph iurp wkh htxloleulxp frqglwlrqv/
dv gh�qhg lq Dvvxpswlrq 5 ehorz1 Zh ghqrwh e| k

|

� ^
|

wkh lqqhu surgxfw
ehwzhhq k

|

dqg ^
|

1 Wkh exgjhw frqvwudlqw dw gdwhv | ' fc ���c A lv=

�
|

n w
|n�

R
|

n k
|n�

� ^
|

' w
|

ER
|

n _
|

� n k
|

� ^
|

' `
|

+4,

zkhuh `
|

lv lqwhusuhwhg dv wkh zhdowk dw gdwh | ehiruh frqvxpswlrq1 Lw lv d
I
|

phdvxudeoh udqgrp yduldeoh1
Dq dgplvvleoh vwudwhj| lv d wudglqj vwudwhj| 7 vdwlvi|lqj wkh exgjhw frq0

vwudlqw E�� dqg wkh frqvxpswlrq frqvwudlqw �
|

� f iru doo | ehwzhhq f dqg A 1
Zh ghqrwh e| D wkh +frqyh{, vhw ri wkh dgplvvleoh vwudwhjlhv1

Wkurxjkrxw wkh sdshu/ zh dvvxph wkdw wkhuh h{lvwv dq htxloleulxp/ l1h1=

Dvvxpswlrq 5 Jlyhq wkh xwlolw| ixqfwlrqv dqg wkh lqlwldo hqgrzphqwv ri
wkh djhqwv/ wkhuh h{lvwv d yhfwru=�

7�c ���c 7� c ER
|

n _
|

�
|'fc���cA

(
��
^�
|

�
�'fc���c6

�
|'fc���cA

�
vxfk wkdw 7? lv wkh vwudwhj| ri djhqw ? dqg vroyhv

t�T
7M�

L? E��

zkhuh wkh exgjhw frqvwudlqwv gh�qlqj wkh vhw D duh frpsxwhg zlwk wkh
sulfh surfhvvhv ER

|

n _
|

�
|'fc���cA

dqg
�
E^�

|

�
�'fc���c6

�
|'fc���cA

1

Ixuwkhupruh/ wkhvh vwudwhjlhv vdwlvi| wkh pdunhw fohdulqj frqglwlrqv =S
�

�
7? '

q
E_

|

�
|'fc���cA

( E��
|'�c���cA

( Ef�
|'�c���cA

r
/ l1h1 dw hdfk gdwh dqg lq

hyhu| vwdwh ri wkh zruog/ wkh wrwdo frqvxpswlrq lv htxdo wr wkh glylghqgv/
wkh wrwdo ghpdqg lq wkh sulplwlyh dvvhw lv htxdo wr 4 +wkh wrwdo vxsso|,
dqg wkh wrwdo ghpdqg lq hdfk sxuho| �qdqfldo dvvhw lv htxdo wr }hur1

Zh dovr dvvxph wkdw wkh �qdqfldo pdunhw lv frpsohwh1 Irupdoo|=

Dvvxpswlrq 6 Iru dq| 8 0dgdswhg surfhvv %c wkhuh h{lvw Ew
|

�
|'fc���cA

dqg
Ek

|

�
|'fc���cA

vxfk wkdw=

� ;|c � � | � Ac w
|

dqg k
|

duh I
|3�

phdvxudeoh> w
f
dqg k

f
duh frqvwdqw1

� ;|c f � | � Ac w
|

ER
|

n _
|

� n k
|

� ^
|

� w
|n�

R
|

� k
|n�

� ^
|

' %
|

c zlwk wkh
frqyhqwlrq w

An�
' k

An�
' f�

:



Qrwh wkdw/ lq rssrvlwlrq wr wkh Eodfn dqg Vfkrohv +4<:6, prgho/ wkh �qdq0
fldo dvvhwv pd| eh qrq0uhgxqgdqw1 Zh lqyhvwljdwh wkh fdvh zkhuh wkh sulfh
surfhvvhv ri wkh ghulydwlyhv duh qrw nqrzq ehfdxvh ri d odfn ri lqirupdwlrq rq
wkh pdunhw1 Zh suryh lq wkh uhvw ri wkh sdshu wkdw wkhuh h{lvw frqvwudlqwv rq
wkh xqrevhuyhg sulfhv frplqj iurp wkh htxloleulxp dqdo|vlv dqg lqghshqghqw
ri wkh djhqwv* suhihuhqfhv1

7 Wkh Pdlq Uhvxow
Lq wklv vhfwlrq/ zh uhvwulfw wkh vhw ri pduwlqjdoh suredelolwlhv xvhg iru wkh
sulflqj ri wkh �qdqfldo dvvhwv1 Wklv uhvxow zloo eh dssolhg wr vshfl�f xqghuo|lqj
sulfhv* g|qdplfv dqg vwdqgdug rswlrq sulfhv lq wkh qh{w vhfwlrq1

Zh �uvw jlyh vrph xvhixo gh�qlwlrqv=

Gh�qlwlrq 4 Wkh glvfrxqwhg fxp0glylghqgv sulfh surfhvvhv ri wkh xqghuo|0
lqj dvvhw dqg ri wkh �|� �qdqfldo dvvhw duh gh�qhg dv iroorzv=

ER
|

�
|'fc���cA

'

#
R
|

|\
�'�

E� n-
�

�3� n
|[

�'f

_
�

�\
&'�

E� n-
&

�3�
$
|'fc���cA�

^�
|

�
|'fc���cA

'

#
^�
|

|\
�'�

E� n-
�

�3�
$
|'fc���cA

Gh�qlwlrq 5 Zh gh�qh wkh vhw S dv wkh vhw ri suredelolw| phdvxuhv ' htxly0
dohqw wr wkh wuxh suredelolw| � wkdw wudqvirup wkh glvfrxqwhg surfhvv E7R

|

�
|'fc���cA

lqwr d pduwlqjdoh1

Qrwh wkdw dw wkh htxloleulxp wkhuh lv qr0duelwudjh rssruwxqlwlhv dqg wkh vhw
S lv wkhq qrq0hpsw| +vhh h1j1 Gx!h +4<<6,/ Wkhruhp s15<,1

Gh�qlwlrq 6 Zh gh�qh wkh vhw SW dv wkh vhw ri suredelolw| phdvxuhv ' 5 S
vxfk wkdw=
;| ' fc ���c A � �c ;j

|

5 P
|

c ; �
j
|n�

c j�
|n�

� 5 s Ej
|

�2 c#
'
j|
Ej

|n�
�

�
j|
Ej

|n�
�
� '

j|

�
j�
|n�

�
�
j|

�
j�
|n�

�$�_
|n�

Ej
|n�

�� _
|n�

�
j�
|n�

�� � f

Lq rwkhu zrugv/ wkh vhw SW lv wkh vhw ri suredelolw| phdvxuhv lq S vxfk
wkdw/ iru hyhu| gdwh |/ wkh wudqvlwlrq suredelolwlhv ehwzhhq d gdwh |�qrgh dqg
lwv vxffhvvruv dw gdwh | n � duh lq uhyhuvh rughu wkdq wkh glylghqgv dw gdwh
| n �1

Rxu pdlq uhvxow lv=

;



Wkhruhp 7 Dvvxph wkdw wkhuh h{lvwv dq htxloleulxp dqg wkdw wkh �qdqfldo
pdunhw lv frpsohwh1 Wkhq/ xqghu Dvvxpswlrq 4/ zh jhw= iru dq| �qdqfldo
dvvhw � ' �c ���c 6c

^�
f
5
�
�?u
'M�

W

.'

�
^�
A

�
c t�T
'M�

W

.'

�
^�
A

��
+5,

Wklv wkhruhp fodlpv wkdw zh rqo| kdyh wr frqvlghu d vxevhw ri wkh pduwlq0
jdoh phdvxuhv vhw/ qdpho| wkh zhoo0rughuhg rqhv/ lq rughu wr sulfh ghulydwlyh
dvvhwv1 Lq wkh iroorzlqj/ zh zloo uhihu wr wklv uhvxow dv wkh �zhoo0rughulqj sulq0
flsoh�1 Lqwxlwlyho|/ wkh xqghuo|lqj dvvhw lv lq srvlwlyh txdqwlw| lq wkh hfrqrp|/
wkhuhiruh lw lv khog lq d srvlwlyh txdqwlw| e| dw ohdvw rqh ulvn0dyhuvh djhqw1
Wkxv/ wkh sulfh ri wklv dvvhw kdv wr eh orzhu wkdq lwv h{shfwhg glvfrxqwhg
ydoxh xqghu wkh wuxh suredelolw|/ wkh gl�huhqfh ehlqj wkh ulvn0suhplxp1 Lw lv
hdv| wr vhh wkdw wklv lv wkh fdvh zkhq wkh ulvn0qhxwudo suredelolw| wdnhv kljkhu
ydoxhv zkhq wkh xqghuo|lqj dvvhw lv fkhdshu1 Wkh frqyhuvh lv qrw reylrxv exw
krogv dv zh vkdoo vhh lq wkh surri ehorz1
Surri1 Vlqfh wkh pdunhw lv frpsohwh/ wkhuh h{lvwv d uhsuhvhqwdwlyh djhqw +vhh
h1j1 Gx!h +4<<6, Sursrvlwlrq s159,1 Pruh suhflvho|/ +Gx!h +4<<6,/ Fruroodu|
5 s15:,/ wkhuh h{lvwv � vdwlvi|lqj Dvvxpswlrq 4 dqg pdsslqj UnW�ifc ���c Aj
lq U/ vxfk wkdw wkh xwlolw| ohyho ri wkh uhsuhvhqwdwlyh djhqw iru dq 8�dgdswhg
frqvxpswlrq surfhvv � ' E�

|

�
|'fc���cA

lv

L E�� ' .

%
A[
|'f

� E�
|

c |�

&
E| gh�qlwlrq ri wkh uhsuhvhqwdwlyh djhqw/ klv rswlpdo frqvxpswlrq surfhvv
lv htxdo/ dw hdfk gdwh/ wr wkh wrwdo frqvxpswlrq ri wkh pdunhw/ l1h1 �W '
E_

|

�
|'fc���cA

/ dqg klv rswlpdo sruwirolr lv/ dw hdfk gdwh/ wkh pdunhw sruwirolr/
l1h1 iru doo | ' fc ���c A / wW

|

� � dqg kW
|

� f1 Zh frqvlghu qrz wkh iroorzlqj
dx{loldu| surjudpv gh�qhg e| edfnzdug lqgxfwlrq=

T
A

E` � ' � E` (A �

dqg/ iru doo |/ | ' fc ���c A � �/

T
|

E` � ' 4@ 
�|Dfcw|n�ck|n�

� E�
|

c |� n .
|

dT
|n�

EE` � �
|

� E� n-
|n�

�

nw
|n�

ER
|n�

n _
|n�

� E� n-
|n�

� R
|

�

n
6S
�'�

k�
|n�

E^�
|n�

� E� n-
|n�

� ^�
|

��o

Iru doo | ehwzhhq f dqg A / T
|

pdsv Un lq wkh vsdfh ri wkh I
|

phdvxudeoh
yduldeohv1 Lq rwkhu zrugv/ T

|

E` � lv wkh ehvw wkh djhqw fdq gr dw gdwh | zlwk

<



wkh zhdowk ` 1 Zh �uvw suryh wkdw/ iru doo |c | ' fc ���c A / wkh ixqfwlrq T
|

E�� lv
lqfuhdvlqj/ frqfdyh dqg gl�huhqwldeoh dw wkh rswlpdo ydoxh` W

|

1 Wkhvh uhvxowv
duh hvwdeolvkhg e| edfnzdug lqgxfwlrq1

Vxssrvh wkdw T
|n�

vdwlv�hv wkh surshuwlhv1 Lpphgldwho|/ T
|

lv lqfuhdvlqj
dqg frqfdyh1 Pruhryhu/ iru doo ` : fc

T
|

E` � � � E�W

|

c |�n.
|

dT
|n�

EE` � �W

|

� E� n-
|n�

� n R
|n�

n _
|n�

� E� n-
|n�

� R
|

�o

dqg wkh htxdolw| krogv iru ` ' ` W

|

� Wkh ixqfwlrq lq wkh vhfrqg whup ri wkh
suhylrxv lqhtxdolw| lv frqfdyh dqg gl�huhqwldeoh zlwk uhvshfw wr ` dw ` W

|

vlqfh T
|n�

lv gl�huhqwldeoh dw wkh rswlpdo ydoxh

` W

|n�
' E` W

|

� �W

|

� E� n-
|n�

� n ER
|n�

n _
|n�

� E� n-
|n�

� R
|

� �

Wkhuhiruh/ dffruglqj wr Ehqyhqlvwh dqg Vfkhlqnpdq +4<:<, +vhh dovr Vwrnh|
dqg Oxfdv +4<;<,/ s;7,/ T

|

lv gl�huhqwldeoh dw ` W

|

dqg=

T
|

E` W

|

� ' � E�W

|

c |� n .
|

�
T
|n�

�
` W

|n�

��
+6,

T �

|

E` W

|

� ' E� n-
|n�

�.
|

�
T �

|n�

�
` W

|n�

��
+7,

Wklv hqgv wkh surri ri wkh gl�huhqwldelolw|1
Wkh rswlpdo vwudwhj| dw dq| gdwh | ' fc ���c A iru wkh uhsuhvhqwdwlyh djhqw

dfklhyhv wkh pd{lpxp ri wkh dx{loldu| surjudp dvvrfldwhg zlwk ` ' ` W

|

'
wW
|

ER
|

n _
|

�nkW
|

�^
|

vlqfh wkh exgjhw frqvwudlqwv fdq eh holplqdwhg e| uhsodflqj
kf

|n�
dv iroorzv=

kf
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Iru doo gdwh |c wkh gl�huhqwldelolw| ri T
|

lpsolhv wkdw zh kdyh +�uvw rughu
frqglwlrqv ri wkh pd{lpl}dwlrq surjudp zlwk uhvshfw wr �

|

/ w
|n�

dqg k
|

,=

�� E�W

|

c |�� E� n-
|n�
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|

�
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|n�

�
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' f +8,

.
|

k
ER
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|n�
� E� n-

|n�
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|

�T
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�
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dqg iru doo � ' �c ���c6c
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Iru doo gdwh |c htxdwlrqv Ee� dqg ED� ohdg wr=

�� E�W

|

c |� ' T �

|

E` W

|

�

Wkhuhiruh/ wkh �uvw rughu frqglwlrqv fdq eh uhzulwwhq

R
|

'
�

E� n-
|n�

�
.'

|

dER
|n�

n _
|n�

�o +9,

dqg iru doo � ' �c ���c6c

^�
|

'
�

E� n-
|n�

�
.'

|

�
^�
|n�

�
+:,

zkhuh .'

|

d�o vwdqgv iru wkh frqglwlrqdo h{shfwdwlrq xqghu d qhz suredelolw|
' gh�qhg e| wkh iroorzlqj ghqvlw| ri wkh wudqvlwlrq suredelolwlhv ehwzhhq
gdwhv | dqg |n � zlwk uhvshfw wr � dw qrgh j

|

G

'
j|
E�� '

T �

|n�

�
` W

|n�
E��
�

.
|

�
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�

|n�

�
` W

|n�

���
j|
E�� +;,

'
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|n�
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�
�W

|n�
E�� c |n �
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�� E�W

|

c |�
�
j|
E�� +<,

Htxdwlrqv ES� dqg E.� suryh wkdw wkh glvfrxqwhg surfhvvhv ER
|

�
|'fc���cA

dqg�
^�
|

�
|'fc���cA

duh pduwlqjdohv xqghu wkh suredelolw| '1 Pruhryhu/ jlyhq d qrgh
j
|

/ wkh rswlpdo zhdowk ri wkh uhsuhvhqwdwlyh djhqw dw dq| vxffhvvru j
|n�

ri j
|

lv
` W

|n�
Ej

|n�
� ' ER

|n�
n _

|n�
� Ej

|n�
�

dqg klv rswlpdo frqvxpswlrq lv

�W

|n�
Ej

|n�
� ' _

|n�
Ej

|n�
�

Qrwlfh wkdw wkh ixqfwlrq T
|n�

lq +;, ghshqgv rq wkh qrgh j
|n�

+ehfdxvh ri
wkh edfnzdug lqgxfwlrq,/ frqwudu| wr wkh ixqfwlrq � E�c | n ��1 Dv � E�c |� lv
dozd|v frqfdyh/ wkh ghqvlw| ri suredelolw| lv ghfuhdvlqj zlwk wkh frqvxpswlrq
dffruglqj wr +<,1 Dv ^f

|

lv dozd|v vwulfwo| srvlwlyh/ zh rewdlq wkdw ' 5 SW

dqg Uhvxow E2� lpphgldwho| krogv1
Wkhuhiruh/ li zh gr qrw nqrz wkh sulfh dw gdwh f ri d jlyhq �qdqfldo

dvvhw ^�
f
/ wkh lqwhuydo ri dgplvvleoh sulfhv lv jlyhq e| wkh lq�pxp dqg wkh

vxsuhpxp ryhu SW/ lqvwhdg ri S1
Ehiruh wkh frpsxwdwlrqdo uhvxowv/ zh h{whqg wkh Wkhruhp wr wkh fdvhv

zkhuh wkhuh duh Dphulfdq ghulydwlyhv/ zkhuh wkhuh duh pruh wkdq rqh vwrfn
dqg zkhuh wkh djhqwv kdyh vwrfkdvwlf hqgrzphqwv1
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8 H{whqvlrqv

814 Dphulfdq ghulydwlyhv1

Zkhq Dphulfdq ghulydwlyhv duh doorzhg/ zh qhhg wr dgdsw Wkhruhp 7/ vlqfh
wkh h{huflvh wlph ri dq Dphulfdq ghulydwlyh lv qrw �{hg dq|pruh1 Ohw xv
frqvlghu dq h{huflvh srolf| iru wkh dvvhw �

f
dvvxphg wr eh Dphulfdq/ dvvr0

fldwhg wr d vwrsslqj wlph � erxqghg e| A 1 Wkhq/ wkh sd|r� ri wkh dvvhw
dw wkh h{huflvh lv ^�f

�

1 Dgdswlqj wkh surri ri Wkhruhp 7/ lw lv hdvlo| fkhfnhg
wkdw wkhuh h{lvwv ' 5 SW vxfk wkdw ^�f

f
E� � ' .'

�
^�f
�

�
+wkh suredelolw| ' lv

gh�qhg e| wkh rswlpl}dwlrq surjudp ri wkh uhsuhvhqwdwlyh djhqw,1 Dq rswl0
pdo h{huflvh srolf| pxvw eh vxfk wkdw wkh dvvrfldwhg vwrsslqj wlph dfklhyhv
4@ 

�$A
^�f
f
E��1 Wkhq/ wkh iroorzlqj lv suryhg=

Fruroodu| 8 Dvvxph wkdw wkh �|�
f
dvvhw lv dq Dphulfdq dvvhw1 Lwv sulfh pxvw

olh lq wkh lqwhuydo=�
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815 Pxowlsoh ulvn| dvvhwv

Dvvxph wkdw wkhuh duh� E� �� ulvn| dvvhwv/ zlwk d wrwdo vxsso|
�
1�
�
�'�c���c�

lq

U
n
dqg d glylghqg surfhvv

��
_�
|

�
�'�c���c�

�
|'fc���cA

jlyhq h{rjhqrxvo|1 Dvvxph

dovr wkdw wkhuh lv d ulvn0iuhh udwh ehwzhhq gdwhv | dqg |n� htxdo wr -
|

1 Dv lq
vhfwlrq wzr/ zh zdqw wr frqvwudlq wkh sulfh surfhvvhv

�
E^�

|

�
�'�c���c6

�
|'fc���cA

ri

6 sxuho| �qdqfldo dvvhwv1 Zh gh�qh wkh pdunhw joredo glylghqg surfhvv e|=

E(
|

�
|'fc���cA

'
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1�_�
|

$
|'fc���cA

Wkh dqdo|vlv ri wkh suhylrxv vhfwlrq/ dqg lq sduwlfxodu Wkhruhp 7/ dprxqwv
wr fkdqjh S dqg SW dv iroorzv1 Zh gh�qh S dv wkh vhw ri suredelolw| phdvxuhv
' htxlydohqw wr wkh wuxh suredelolw| � vxfk wkdw iru dq| � ' �c ���c� / wkh
glvfrxqwhg surfhvv

�
7R�
|

�
|'fc���cA

lv pduwlqjdoh xqghu wkh suredelolw| '/ dqg SW

dv wkh vhw ri suredelolw| phdvxuhv ' 5 S vxfk wkdw=
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Wkh uhvwulfwlrq rq wkh ulvn0qhxwudo suredelolwlhv lv wkhq olqnhg wr wkh pdunhw
joredo frqvxpswlrq rqo|/ hyhq li zh zdqw wr sulfh d ghulydwlyh rq d vlqjoh
dvvhw1 Wklv surshuw| frphv iurp wkh xvh ri wkh uhsuhvhqwdwlyh djhqw phwkrg1
Lq idfw/ iurp d sudfwlfdo srlqw ri ylhz/ zh fdq wdnh wkh pdunhw lqgh{ dv d
sur{| ri wkh joredo zhdowk1

Pruh suhflvho|/ zh kdyh wr frqvlghu wkh suredelolw| phdvxuhv wkdw pdnh
pduwlqjdohv doo wkh sulfh surfhvvhv dqg vdwlvi| wkh zhoo0rughulqj sulqflsoh zlwk
uhvshfw wr wkh lqgh{ glylghqgv1 Zkhq vrph sulfh surfhvvhv duh qrw revhuydeoh
ru zkhq wkh lqgh{ ohyho lv wkh rqo| lqirupdwlrq dydlodeoh/ zh uhvwulfw rxu
dwwhqwlrq wr wkh sduwldo frqglwlrqv jlyhq e| wkh dydlodeoh lqirupdwlrq1

Zh surylgh d qxphulfdo h{dpsoh ri dq lqgh{ rswlrq lq wkh odvw vhfwlrq1

816 Vwrfkdvwlf hqgrzphqw

Wkh h{lvwhqfh ri vwrfkdvwlf hqgrzphqwv fdq eh wuhdwhg dv zhoo li wkh pdunhw
joredo hqgrzphqw surfhvv E.

|

�
|'fc���cA

lv h{rjhqrxvo| jlyhq1 Lq wkdw fdvh/ wkh
dqdo|vlv lv h{dfwo| wkh vdph dv lq wkh suhylrxv vxevhfwlrq/ lqfoxglqj wkh pdu0
nhw joredo hqgrzphqw lq wkh pdunhw joredo zhdowk dqg lq wkh frqvxpswlrq
ri wkh uhsuhvhqwdwlyh djhqw1

Lq rughu wr pdnh wklv srlqw fohdu/ ohw xv frqvlghu d vlpsoh h{dpsoh zlwk
wzr gdwhv +| ' fc | ' �, dqg wkuhh vwdwhv ri wkh zruog E/

�
c /

2
c /

�
�1 Vxssrvh

wkdw wkh whuplqdo sd|r� ri wkh sulplwlyh dvvhw lv

R E/
�
� ' 2f> R E/

2
� ' �f( R E/

�
� ' ef

zkhuhdv lwv sulfh dw gdwh f lv htxdo wr �� Dvvxph wkdw wkh ulvn0iuhh udwh lv
htxdo wr f dqg wkdw wkh whuplqdo hqgrzphqw lv

e E/
�
� ' f> e E/

2
� ' �D( e E/

�
� ' f�

Wkh wrwdo zhdowk ri wkh hfrqrp| +zklfk lv htxdo wr wkh wrwdo frqvxpswlrq,
lv wkhq

` E/
�
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2
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�
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dqg zh kdyh wr wdnh lqwr frqvlghudwlrq wkh suredelolw| phdvxuhv EZ
�
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2
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Lq idfw/ wkh suredelolw| phdvxuh kdv wr vdwlvi| d zhoo rughulqj sulqflsoh zlwk
uhvshfw wr vrph shupxwdwlrq ri wkh sulplwlyh dvvhw glylghqgv1 Li wkh vwrfkdvwlf
hqgrzphqw lv vwurqjo| fruuhodwhg wr wkh glylghqg surfhvv ri wkh xqghuo|lqj
dvvhw/ zh fdq h{shfw wkdw wkh lqwurgxfwlrq ri wkh vwrfkdvwlf hqgrzphqw zloo
eh lqqrfxrxv1

9 Frpsxwdwlrqdo Uhvxowv lq d Txdgulqrpldo
Iudphzrun

Lq wklv vhfwlrq/ zh surylgh qxphulfdo h{dpsohv lq d txdgulqrpldo iudphzrun1
Lw hqdeohv xv wr frqvlghu jhqhudo prghov zlwk rswlrqv zulwwhq rq dq lqgh{
dqg rswlrqv zlwk vwrfkdvwlf yrodwlolwlhv1 Zh frqvlghu d ? wlph0vwhsv wuhh1 Lw
lv dvvxphg/ lq doo wklv vhfwlrq/ wkdw wkh glvwulexwlrq ri wkh xqghuo|lqj dvvhw*v
uhwxuqv dw hdfk gdwh lv lqghshqghqw ri wkh qrgh1 Wklv phdqv wkdw wkhuh h{lvwv
dq 8 0dgdswhg vwrfkdvwlf surfhvv

�
4
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vxfk wkdw

4
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iru & ' �c ���c ?c ;j 5 P
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c 4
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'
R
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R
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zh zloo dvvxph wkdw 4
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wdnhv lwv ydoxhv lq i�
�
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2
c �

�
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e
j dqg wkdw wkh vwrfn

sulfh dw d jlyhq gdwh lv dq lqfuhdvlqj ixqfwlrq ri wkh glylghqg1 Li zh dvvxph
wkdw wkh glvwulexwlrq ri wkh dvvhw sulfhv lv nqrzq h{rjhqrxvo|/ zh fdq fkrrvh�
R
&A*?

�
&'fc���c?

dv wkh xqghuo|lqj surfhvv1 Zh frqvlghu wkhq dw hdfk qrgh wkh

wudqvlwlrqv R
&A*?

$ �
R
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n _
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1 Wkh shulrg glvfrxqw udwh - lv

dvvxphg wr eh frqvwdqw/ dqg zh ghqrwh e| o wkh lqvwdqwdqhrxv glvfrxqw udwh
zklfk vdwlv�hv=
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914 Wkh jhqhudo iudphzrun
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Zh zloo ghqrwh e| iZ
�

j
�'�c���ce

5 Efc ��e wkh wuxh wudqvlwlrq suredelolwlhv1

Ohw ieZ
�

j
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5 Efc ��e eh vxfk wkdw
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Vlqfh zh kdyh d olqhdu pd{lpl}dwlrq surjudp/ h{wuhph sulfhv ri wkh rswlrq
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zklfk lqyroyhv wkh wuxh wudqvlwlrq suredelolwlhv dqg lv uhvwulfwlyh rqo| li
�
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Zh qrz dsso| wkh suhylrxv uhvxowv wr wkh sulflqj ri rswlrqv zlwk vwrfkdvwlf

yrodwlolw| dqg wr wkh sulflqj ri lqgh{ rswlrqv1 Wkh wuhh0vwuxfwxuh zloo eh
uhfrqqhfwlqj dqg/ h{fhsw lq wkh Srlvvrq yrodwlolw| surfhvv fdvh/ vwdwlrqdu|1

915 Vwrfkdvwlf yrodwlolw|

91514 Elqrpldo gl�xvlrq surfhvv iru wkh yrodwlolw|

Zh frqvlghu wkh iroorzlqj glvfuhwh surfhvv rq d txdgulqrpldo wuhh ri ? wlph0
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Wklv surfhvv lv d glvfuhwl}dwlrq ri wkh iroorzlqj gl�xvlrq surfhvv iru wkh ulvn|
dvvhw lq d frqwlqxrxv0wlph pdunhw prgho=

_7
|

' o7
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_|n j
|

7
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_`
|

zkhuh/ dw hdfk gdwh |c j
|

lv nqrzq wr eh htxdo doprvw hyhu|zkhuh wr j
6�?

ru wr
j
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1 Zh dvvxph wkdw iru � ' �c ���c ec Z
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1 Zh duh lq d srvlwlrq wr dsso|
wkh jhqhudo uhvxowv hvwdeolvkhg lq wkh suhylrxv vxevhfwlrq zlwk �
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1 Li zh gr qrw wdnh lqwr dffrxqw wkh zhoo0rughulqj sulqflsoh/ wkh lq0

whuydo ri dgplvvleoh sulfhv iru wkh Hxurshdq Fdoo lv dFUU Ej
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zkhuh FUUEj� lv wkh sulfh ri d Hxurshdq Fdoo lq d elqrpldo iudphzrun zlwk
d yrodwlolw| j1 Wklv uhvxow lv gxh wr wkh frqyh{lw| ri wkh sd|r� ri wkh rswlrq
zlwk uhvshfw wr wkh sulfh ri wkh xqghuo|lqj dvvhw dv vkrzq e| Dyhoodqhgd/
Ohy| dqg Sdudv +4<<8,1 Wkh vdph uhvxow krogv iru Hxurshdq dqg Dphulfdq
Sxwv1 Li zh wdnh lqwr dffrxqw wkh zhoo0rughulqj surshuw|/ wkh lqwhuydo ri dg0

plvvleoh sulfhv frqyhujhv wr FUU
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kdyh dw hdfk qrgh d pd{lpl}dwlrq surjudp rq wkh wkuhh iroorzlqj srlqwv
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Zh frqvlghu dq xqghuo|lqj dvvhw vxfk wkdw R
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�DI� Zh dvvxph dovr wkdw wkh lqwhuhvw udwh lv o ' DI1 Zh zdqw wr sulfh/
lq wklv iudphzrun/ gl�huhqw nlqgv ri rswlrqv1 Wkh fkdudfwhulvwlfv ri wkhvh
rswlrqv duh=

� d Hxurshdq Fdoo dw wkh prqh| +l1h1 g ' �ff, zlwk A ' � |hdu

� d Hxurshdq Elqdu| Fdoo dw wkh prqh| +^
A

' � li R
A

n _
A

� �ff/ ^
A

' f
rwkhuzlvh, zlwk A ' � |hdu

� d Hxurshdq Sxw dw wkh prqh| zlwk A ' � |hdu
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Wdeohv 4 dqg 5 suhvhqw wkh lqwhuydov ri dgplvvleoh sulfhv iru gl�huhqw
rswlrqv/ zkhq ydu|lqj wkh qxpehu ri wlph0vwhsv ?�

Wdeoh 6 vkrzv pruh vshfl�fdoo| wkh frqyhujhqfh surshuw| iru d Hxurshdq
Fdoo/ zlwk uhvshfw wr ?1

Zh suryh wkdw zh kdyh d juhdw vwdelolw| ri wkh uhvxowv iru ydulrxv lqwhuydov
ri yrodwlolw|1 Zh �qg dovr wkdw wkh sulflqj lqwhuydov duh yhu| wlq| +Wdeoh 7,1

Wklv odvw uhvxow lv gxh lq sduw wr wkh idfw wkdw wkh frqvlghuhg wuxh sured0
elolw| +iru � ' �c ���c ec Z
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, pdnhv wkh vwrfn sulfh surfhvv txdvl0pduwlqjdoh1
Lw fdq eh vhhq iurp Wdeoh 8 wkdw wkh glvfrxqwhg sulfh ri wkh xqghuo|lqj dvvhw
lv forvh wr wkh h{shfwdwlrq/ wkdw lv/ wkh ulvn suhplxp lv forvh wr }hur1

Wkh uhvxowv rewdlqhg zlwk ydu|lqj wuxh suredelolwlhv +ru ydu|lqj ulvn suh0
pld, duh qrw vr jrrg/ exw vdwlvi|lqj1 Lqghhg/ vxssrvh qrz wkdw zh frqvlghu
wkh iroorzlqj h{dpsoh = Z
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ulvn suhplxp pd| eh kljkhu1 Zh rewdlq wkh wkuhh iroorzlqj srlqwv rq zklfk
zh frpsxwh wkh pd{lpl}dwlrq surjudp dw hdfk qrgh ri wkh wuhh =
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wuhh/ dqg ydu|lqj lqwhuydov ri yrodwlolw| lq Wdeoh 91
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Zh frqvlghu qrz ydu|lqj wuxh suredelolwlhv ghshqglqj olqhduo| rq d sd0
udphwhu 0 5 U/ dv iroorzv= Z
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Zh rewdlq wkh wkuhh iroorzlqj srlqwv rq zklfk zh frpsxwh wkh pd{lpl}dwlrq
surjudp dw hdfk qrgh ri wkh wuhh=
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Iljxuh 5 uhsuhvhqwv wkh sulflqj erxqgv iru wkh Hxurshdq Fdoo +zlwk j
4�?

'
�fIc j

4@ 
' �DI dqg d �ff wlph0vwhsv wuhh, dqg ydu|lqj 01 Wkh erxqgv

zlghq dv 0 lqfuhdvhv +l1h1 dv wkh wuxh suredelolw| pryhv dzd| iurp wkh pdu0
wlqjdoh fdvh,1

91515 Srlvvrq gl�xvlrq surfhvv iru wkh yrodwlolw|

Wkh iudphzrun lv yhu| forvh wr wkh suhylrxv rqh/ h{fhsw wkdw zh dvvxph qrz
wkdw wkh wudqvlwlrq suredelolwlhv ghshqg rq wkh ydoxh ri j1 Pruh suhflvho|/ li
wkh yrodwlolw| dw gdwh | lv htxdo wr j
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zkhuh b lv d srvlwlyh sdudphwhu1 Zh fdq lqwhusuhw b dv wkh Srlvvrq sdudphwhu
ri wkh yrodwlolw| surfhvv1 Wkhq/ zh pxvw kdyh bA 	 ?�

Wkh jhqhudo lqwhuydo ri dgplvvleoh sulfhv lv wkh vdph dv ehiruh/ vlqfh lw
grhv qrw ghshqg rq wkh wuxh wudqvlwlrq suredelolwlhv1 Iru wkh ghwhuplqdwlrq
ri wkh zhoo0rughuhg lqwhuydo ri dgplvvleoh sulfhv/ wkhuh duh wzr fdvhv=

� Li wkh yrodwlolw| ri wkh ulvn| dvvhw lv j
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/ wkh pd{lpl}dwlrq surjudp lv
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� Wkh rwkhu fdvh lv rewdlqhg v|pphwulfdoo|/ e| fkdqjlqj b*? lqwr ��b*?1

Zh frpsxwh wkh lqwhuydov ri dgplvvleoh sulfhv iru ? ' �ff zkhuh wkh
yrodwlolw| lv lqlwldoo| htxdo wr j

4�?
' �fI ru j

4@ 
' �DI dqg wkh ulvn0iuhh

udwh lv o ' DI1 Wkh rswlrqv frqvlghuhg duh d Hxurshdq Fdoo dw wkh prqh|
zlwk fkdudfwhulvwlfv g ' �ffc A ' � |hdu dqg Hxurshdq dqg Dphulfdq Sxwv
dw wkh prqh| zlwk fkdudfwhulvwlfv g ' �ffc A ' � |hdu1 Lq Iljxuhv 6/ 7 dqg
8/ zh surylgh wkh lqwhuydov zlwk d ydu|lqj sdudphwhu b1

Qrwh wkdw wkh prgho fdq eh hdvlo| jhqhudol}hg xvlqj gl�huhqw mxps sure0
delolwlhv b
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dqg b
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iru wkh wudqvlwlrqv j

4@ 
$ j

4�?
dqg j
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dovr vwxg| wkh pruh jhqhudo fdvh zkhuh b olhv lq wkh lqwhuydo db
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Zh frqvlghu qrz wkh sulflqj ri dq lqgh{ rswlrq zlwk d frqvwdqw yrodwlolw|1

916 Rswlrq rq Lqgh{

Zh frqvlghu d pdunhw frqvlvwlqj lq wkuhh edvlf dvvhwv= d ulvn0iuhh dvvhw dqg
wzr ulvn| dvvhwv qrq shuihfwo| fruuhodwhg1 Zh zdqw wr sulfh lq wklv vhwwlqj d
fdoo rq wkh Lqgh{= ER
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Li zh dgg wkh zhoo0rughulqj frqglwlrq dqg dvvxph wkdw wkh wuxh wudqvlwlrq
suredelolwlhv duh htxdo/ zh jhw wkdw
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Zh jhw wkh iroorzlqj uhvxowv wkdw zh fdq frpsduh zlwk wkh wzr h{wuhphv +wkh
jhqhudo surjudp dqg wkh ulvn0qhxwudo zruog,1 Frpsxwdwlrqdoo|/ wkh erxqgv
duh jlyhq lq Wdeoh :/ zlwk o ' fIc j

�
' �DI dqg j

2
' �fIc iru d Hxurshdq

Fdoo dw wkh prqh|/ zlwk d vwulnh g ' 2ff

Wdeoh ; surylghv uhvxowv iru d Hxurshdq dqg dq Dphulfdq Sxw dw wkh
prqh| zlwk wkh vdph vwulnh/ exw zlwk d glvfrxqw udwh o ' DI +lq rughu wr
fkdqjh wkh rswlpdo h{huflvh srolf|, dqg �ff Vwhsv

: Frqfoxvlrq
Lq wklv sdshu zh kdyh vkrzq wkdw wkh htxloleulxp frqglwlrqv jlyh vwurqj uh0
vwulfwlrqv rq wkh dgplvvleoh pduwlqjdoh0phdvxuhv dqg wkhq rq wkh ghulydwlyhv
sulfhv1 Wkh uhohydqf| ri wkhvh uhvwulfwlrqv kdv ehhq qxphulfdoo| h{klelwhg rq
vhyhudo h{dpsohv ghdolqj zlwk gl�huhqw iudphzrunv dqg ghulydwlyh dvvhwv1

Qrwh wkdw wkh wuxh suredelolw| lv gluhfwo| lqyroyhg lq rxu frqglwlrqv/ zklfk
lv xqxvxdo1 Qhyhuwkhohvv/ vrph lqirupdwlrq kdv douhdg| ehhq ghulyhg iurp wkh
wuxh suredelolw| vlqfh/ dv vkrzq e| Duurz +4<:3,/ dqg txrwhg e| Kxdqj dqg
Olw}hqehujhu +4<;;/ s14<,/ d ulvn| dvvhw fdq eh fkrvhq e| dq djhqw rqo| li lwv
h{shfwhg udwh ri uhwxuq +xqghu wkh wuxh suredelolw| phdvxuh, lv juhdwhu wkdq
wkh ulvn0iuhh dvvhw uhwxuq1 Lw lv wkhq qhfhvvdu| wr ghulyh wkh wuxh suredelolw|
+lghqwl�hg zlwk wkh klvwrulfdo rqh, iurp wkh gdwd lq rughu wr dsso| rxu prgho1

Zh kdyh qrw lqyhvwljdwhg wkh khgjlqj ri wkh ghulydwlyh dvvhwv1 Zkhq wkrvh
dvvhwv duh uhgxqgdqw/ khgjlqj frphv wr irup d uhsolfdwlqj sruwirolr1 Wklv lv
qrw wkh fdvh lq rxu prgho1 Wkh khgjlqj vwudwhj| pxvw eh ghulyhg iurp wkh
lqglylgxdo rswlpl}dwlrq sureohp1 Wklv uhtxluhv wr nqrz wkh sulfh surfhvv ri
hyhu| h{lvwlqj dvvhw/ zklfk lv rewdlqhg iurp wkh xwlolw| ri wkh uhsuhvhqwdwlyh
djhqw1 Wklv xwlolw| kdv wr eh hvwlpdwhg hfrqrphwulfdoo| iurp wkh gdwd1

Dw odvw zh frqmhfwxuh wkdw dq| sulfh o|lqj lq rxu frqvwudlqhg lqwhuydo fdq
eh vxvwdlqhg dw wkh htxloleulxp e| d zhoo0fkrvhq xwlolw| ixqfwlrq1 Zh ohdyh
wkdw srlqw iru ixuwkhu uhvhdufkhv1

Uhihuhqfhv
^4` Dòw0Vdkdold/ \1 dqg D1 Z1 Or +4<<;,/ �Qrqsdudphwulf hvwlpdwlrq ri

vwdwh0sulfh ghqvlwlhv lpsolflw lq �qdqfldo dvvhw sulfhv�/ Mrxuqdo ri Il0
qdqfh/ 86/ 7<<087:1

^5` Duurz/ N1 M1 +4<:3,/ Hvvd|v lq wkh Wkhru| ri Ulvn0Ehdulqj/ Qruwk0
Kroodqg/ Dpvwhugdp1
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^6` Dyhoodqhgd/ P1/ Ohy|/ D1 dqg D1 Sdudv +4<<8,/ �Sulflqj dqg khgj0
lqj ghulydwlyh vhfxulwlhv lq pdunhwv zlwk xqfhuwdlq yrodwlolwlhv�/ Dssolhg
Pdwkhpdwlfdo Ilqdqfh/ 5/ :60;;1

^7` Ehqyhqlvwh/ O1 P1 dqg M1 D1 Vfkhlqnpdq +4<:<,/ �Rq wkh gl�huhqwldelolw|
ri wkh ydoxh ixqfwlrq lq g|qdplf prghov ri hfrqrplfv�/ Hfrqrphwulfd/
7:/ :5:0:651

^8` Ehuwvlpdv/ G1/ O1 Nrjdq dqg D1Z1 Or +4<<:,/ �Sulflqj dqg khgjlqj
ghulydwlyh vhfxulwlhv lq lqfrpsohwh pdunhwv = dq 00duelwudjh dssurdfk�/
Zrunlqj sdshu/ Vordq Vfkrro ri Pdqdjhphqw/ PLW1

^9` El}lg/ D1/ H1 Mrxlql dqg S1I1 Nrhko +4<<;,/ �Sulflqj lq lqfrpsohwh pdu0
nhwv= dq htxloleulxp dssurdfk�/ Zrunlqj sdshu/ FUHVW1

^:` Eodfn/ I1 dqg P1 Vfkrohv +4<:6,/ �Wkh sulflqj ri rswlrqv dqg frusrudwh
oldelolwlhv�/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;4 96:�9871

^;` Frfkudqh/ M1 K1 dqg M1 Vdã0Uhtxhmr +4<<:,/ �Eh|rqg duelwudjh= �jrrg0
ghdo� dvvhw sulfh erxqgv lq lqfrpsohwh pdunhwv�/ Zrunlqj Sdshu1

^<` Ghwhpsoh/ M1 dqg O1 Vhoghq +4<<4,/ �D jhqhudo htxloleulxp dqdo|vlv ri
rswlrq dqg vwrfn pdunhw lqwhudfwlrqv�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz
65 5:<06361

^43` Gx!h/ G1 +4<<6,/ G|qdplf Dvvhw Sulflqj Wkhru|/ Sulqfhwrq Xqlyhuvlw|
Suhvv/ Sulqfhwrq/ Qhz Mhuvh|1

^44` Kxdqj/ F1 I1 dqg U1 K1 Olw}hqehujhu +4<;;,/ Irxqgdwlrqv iru Ilqdqfldo
Hfrqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp1

^45` Ndudw}dv/ L1/ Ohkrf}n|/ M1 S1/ Vkuhyh/ V1 H1 dqg J10O1 [x +4<<4,/ �Pdu0
wlqjdoh dqg gxdolw| phwkrgv iru xwlolw| pd{lpl}dwlrq lq dq lqfrpsohwh
pdunhw�/ VLDP Mrxuqdo ri Frqwuro dqg Rswlpl}dwlrq/ 5</ :350:631

^46` Vfkzhl}hu/ P1/ +4<<5,/ �Phdq0yduldqfh khgjlqj iru jhqhudo fodlpv�/ Dq0
qdov ri Dssolhg Suredelolw|/ 5/ 4:404:<1

^47` Vfkzhl}hu/ P1/ +4<<8,/ �Yduldqfh0rswlpdo khgjlqj lq glvfuhwh wlph�/
Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 53/ 40641

^48` Vwrnh|/ Q1 O1 dqg U1 H1 Oxfdv +4<;<, Uhfxuvlyh Phwkrgv lq Hfrqrplf
G|qdplfv/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/ PD1
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Hxu1 Fdoo Elq1 Fdoo Hxu1 Sxw Dp1 Sxw Xs ) Rxw

FUU

�t
j

2

4�?
nj

2

4@ 

2

�
:1:97449 31897637 51;;:38< 6173:947 6133473;

Zhoo0rug1 Orzhu Olp1 :1::3646 318<<684 51;<6588 617396<6 51<:3;;7
Zhoo0rug1 Xsshu Olp1 :1::<;:7 319338;: 51<35;49 61749343 51<;:455
Duelwudjh Orzhu Olp1 91;45;57 317:8:4: 41<68:99 5176:4<4 41:35;:;
Duelwudjh Xsshu Olp1 ;1935354 31:578;3 61:57<96 7156:3;: 71;<<583

Wdeoh 4 0 Uhvxowv iru gl�huhqw nlqgv ri rswlrqv +zlwk ? ' �ff,

Zh frqvlghu khuh d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov d elqrpldo

vwuxfwxuh ri wkh yrodwlolw| iru wkh ulvn| dvvhw1 Lq wklv Wdeoh/ �FUU

�t
j

2

4�?
nj

2

4@ 

2

�
�

lv wkh dv|pswrwlf fdvh/ zkhq wkh qxpehu ri vwhsv whqgv wr lq�qlw| > �Zhoo0rug1
Orzhu Olp1� dqg �Zhoo0rug1 Xsshu Olp1� duh wkh erxqgv jlyhq e| rxu dssurdfk
dw wkh htxloleulxp > �Duelwudjh Orzhu Olp1� dqg �Duelwudjh Xsshu Olp1� duh
wkh erxqgv jlyhq e| wkh duelwudjh1 Fdofxodwlrqv duh pdgh iru vrph uhsuhvhqwdwlyh
rswlrqv= dq �dw wkh prqh|� +DWP, Hxurshdq Fdoo +�Hxu1 Fdoo�,/ dq DWP Elqdu|
Fdoo +�Elq1 Fdoo�,/ dq DWP Hxurshdq Sxw +�Hxu1 Sxw�,/ dq DWP Dphulfdq Sxw
+�Dp1 Sxw�, dqg dq DWP Xs ) Rxw Fdoo +�Xs ) Rxw�,1 Uhvxowv duh jlyhq iru
d wuhh ri ? ' Dff shulrgv/ zlwk j

4�?
' �fI dqg j

4@ 
' �DI1 Wkh sdudphwhuv

ydoxhv duh d pdwxulw| A ' �+e@o iru hdfk rswlrq dqg d glvfrxqw idfwru o ' DI�
Wkh lqlwldo sulfh ri wkh xqghuo|lqj dvvhw lv R

f
' �ff1 Dv wkh rswlrqv duh �dw wkh

prqh|�/ wkhlu vwulnh lv htxdo wr wkh lqlwldo sulfh ri wkh dvvhw & ' �ff� Pruhryhu/
wkh eduulhu ri wkh Xs ) Rxw Fdoo lv �{hg dw u ' �2f� Zh jhw yhu| wlq| lqwhuydov
zlwk rxu dssurdfk dqg odujhu lqwhuydov frqvlghulqj rqo| wkh duelwudjh frqglwlrqv1
Qrwh dovr wkdw wkh dv|pswrwlf fdvh lv qrw dozd|v lqfoxghg lq wkh lqwhuydo/ exw wkdw
lw lv d jrrg dssur{lpdwlrq1
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Hxu1 Fdoo Elq1 Fdoo Hxu1 Sxw Dp1 Sxw Xs ) Rxw

FUU

�t
j

2

4�?
nj

2

4@ 

2

�
:1::78;< 31934:4< 51;<:864 617459;; 51;;<:7

Zhoo0rug1 Orzhu Olp1 :1::44;3 318<;973 51;<7455 61743335 51;;3:9<
Zhoo0rug1 Xsshu Olp1 :1::8784 318<<445 51;<;6<7 617475;< 51;;::45
Duelwudjh Orzhu Olp1 91;39759 317<85<4 41<5<69; 51769:8: 419;8::7
Duelwudjh Xsshu Olp1 ;18<64<4 31:3;;57 61:49467 71566746 719;9595

Wdeoh 5 0 Uhvxowv iru gl�huhqw nlqgv ri rswlrqv +zlwk ? ' Dff,

Zh frqvlghu khuh d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov d elqrpldo

vwuxfwxuh ri wkh yrodwlolw| iru wkh ulvn| dvvhw1 Lq wklv Wdeoh/ �FUU

�t
j

2

4�?
nj

2

4@ 

2

�
�

lv wkh dv|pswrwlf fdvh/ zkhq wkh qxpehu ri vwhsv whqgv wr lq�qlw| > �Zhoo0rug1
Orzhu Olp1� dqg �Zhoo0rug1 Xsshu Olp1� duh wkh erxqgv jlyhq e| rxu dssurdfk
dw wkh htxloleulxp > �Duelwudjh Orzhu Olp1� dqg �Duelwudjh Xsshu Olp1� duh
wkh erxqgv jlyhq e| wkh duelwudjh1 Fdofxodwlrqv duh pdgh iru vrph uhsuhvhqwdwlyh
rswlrqv= dq �dw wkh prqh|� +DWP, Hxurshdq Fdoo +�Hxu1 Fdoo�,/ dq DWP Elqdu|
Fdoo +�Elq1 Fdoo�,/ dq DWP Hxurshdq Sxw +�Hxu1 Sxw�,/ dq DWP Dphulfdq Sxw
+�Dp1 Sxw�, dqg dq DWP Xs ) Rxw Fdoo +�Xs ) Rxw�,1 Uhvxowv duh jlyhq
iru d wuhh ri ? ' �ff shulrgv/ j

4�?
' �fI dqg j

4@ 
' �DI1 Wkh sdudphwhuv

ydoxhv duh d pdwxulw| A ' �+e@o iru hdfk rswlrq dqg d glvfrxqw idfwru o ' DI�
Wkh lqlwldo sulfh ri wkh xqghuo|lqj dvvhw lv R

f
' �ff1 Dv wkh rswlrqv duh �dw wkh

prqh|�/ wkhlu vwulnh lv htxdo wr wkh lqlwldo sulfh ri wkh dvvhw & ' �ff�Pruhryhu/ wkh
eduulhu ri wkh Xs ) Rxw Fdoo lv �{hg dw u ' �2f� Zh jhw yhu| wlq| lqwhuydov zlwk
rxu dssurdfk1 Qrwh wkdw/ lq frpsdulvrq wr Wdeoh 4/ zklfk jlyhv uhvxowv iru d �ff
vwhsv wuhh/ wkh htxloleulxp lqwhuydo lv pruh suhflvh dqg wkh dv|pswrwlf fdvh lv pruh
riwhq lqfoxghg lq wkh htxloleulxp lqwhuydo1 Rq wkh frqwudu|/ wkh duelwudjh erxqgv
gr qrw vhhp wr frqyhujh iru d kljk qxpehu ri vwhsv1 Lq idfw/ iru frqyh{ sd|0r�v
+vwdqgdug Hxurshdq dqg Dphulfdq Fdoov ru Sxwv,/ wkh orzhu erxqg frqyhujhv wr
wkh Eodfn dqg Vfkrohv sulfh dvvrfldwhg wr j

4�?
dqg wkh xsshu erxqg frqyhujhv wr

wkh Eodfn dqg Vfkrohv sulfh dvvrfldwhg wr j
4@ 

1 Iru wkh rwkhu rswlrqv +Elqdu| Fdoo
dqg Xs ) Rxw Fdoo,/ rqh fdq rqo| suryh wkdw wkh Eodfn dqg Vfkrohv erxqgv duh
lqfoxghg lq wkh duelwudjh lqwhuydo1
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? ' �f ? ' Df ? ' �ff ? ' Dff ? ' �fff

FUU

�t
j

2

4�?
nj

2

4@ 

2

�
.�H.��SS .�.b�.2S .�.Se��S .�..eDHb .�..2b��

Zhoo0rug1 Orzhu Olp1 .�.bHeb2 .�..�22. .�..f��� .�..��Hf .�..�eHe
Zhoo0rug1 Xsshu Olp1 .�H2bS�b .�.He.S� .�..bH.e .�..DeD� .�..eDfe

Wdeoh 6 0 Frqyhujhqfh Uhvxowv iru wkh Hxurshdq Fdoo

Zh frpsxwh d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov d elqrpldo vwuxf0

wxuh ri wkh yrodwlolw| iru wkh ulvn| dvvhw1 Lq wklv Wdeoh/ �FUU

�t
j

2

4�?
nj

2

4@ 

2

�
� lv

wkh dv|pswrwlf fdvh/ li wkh qxpehu ri vwhsv whqgv wr lq�qlw| > �Zhoo0rug1 Orzhu
Olp1� dqg �Zhoo0rug1 Xsshu Olp1� duh wkh erxqgv jlyhq e| rxu htxloleulxp
dssurdfk1 Zh frqvlghu dq �dw wkh prqh|� +DWP, Hxurshdq Fdoo1 Uhvxowv duh
jlyhq iru wuhhv zlwk ydulrxv wlph0vwhsv ?/ j

4�?
' �fI dqg j

4@ 
' �DI1 Wkh

sdudphwhuv ydoxhv duh dglvfrxqw idfwru o ' DI dqg d pdwxulw| A ' �+e@o iru wkh
rswlrq� Wkh lqlwldo sulfh ri wkh xqghuo|lqj dvvhw lv vhw dw R

f
' �ff dqg wkh vwulnh

& lv dovr htxdo wr �ff� Zh fdq vhh wkdw wkh suhflvlrq ri wkh lqwhuydo lv lqfuhdvlqj
zlwk wkh qxpehu ri wlph0shulrgv1
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Lqwhuydo dj
4�?

c j
4@ 

o Zhoo0Rughuhg Lqwhuydo Duelwudjh Lqwhuydo
dfDI c 2fIo dH�e2S��bc H�eD��SSo dD�2.b���c �f�eDb2HSo
dfSI c �bIo dH�2eH.D.c H�2.f.eHo dD�D�b2DHc �f�fHH�SHo
df.I c �HIo dH�fbe�2Dc H����fHHo dD�H��fe�c b�.�SH.eo
dfHI c �.Io d.�bS�2S�c .�b..�H�o dS���Hf.Dc b��eDe��o
dfbI c �SIo d.�HD2b..c .�HSD.Hbo dS�eSbfffc H�b.�.b2o
d�fI c �DIo d.�..f���c .�..bH.eo dS�H�2H2ec H�Sf2f2�o
d��I c �eIo d.�.�DHbHc .�.2�bDDo d.��DSDS�c H�2�f�f.o
d�2I c ��Io d.�SHD�HSc .�SH.�e�o d.�Dff2fec .�HDHfSfo

Wdeoh 7 0 Fdoo Sulfh Erxqgv iru d ydu|lqj udqjh ri dj
4�?

c j
4@ 

o

Zh frqvlghu d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov d elqrpldo vwuxf0
wxuh ri wkh yrodwlolw| iru wkh ulvn| dvvhw1 Lq wklv Wdeoh/ wkh �Zhoo0rughuhg Lqwhuydo�
jlyhv wkh erxqgv xvlqj rxu htxloleulxp dssurdfk dqg wkh �Duelwudjh Lqwhuydo�
jlyhv wkh erxqgv rewdlqhg rqo| e| wkh duelwudjh frqglwlrqv1 Zh sulfh dq �dw wkh
prqh|� +DWP, Hxurshdq Fdoo +�Hxu1 Fdoo�,1 Uhvxowv duh jlyhq iru d wuhh ri �ff
shulrgv1 Wkh sdudphwhuv ydoxhv duh d glvfrxqw idfwru o ' DI dqg d pdwxulw|
A ' �+e@o iru wkh rswlrq� Wkh lqlwldo sulfh ri wkh xqghuo|lqj dvvhw lv R

f
' �ff

dqg wkh vwulnh & lv dovr htxdo wr �ff� Zh frqvlghu ydu|lqj yrodwlolw| ydoxhv1 Zh
�qg wkdw wkh duelwudjh suhflvlrq lv yhu| vhqvlwlyh wr wkh lqwhuydo ri yrodwlolwlhv +dv
lw frqvlvwv lq wkh Eodfn dqg Vfkrohv sulfhv iru j

4�?
dqg j

4@ 
,1 Lw lv qrw wkh fdvh

iru wkh zhoo0rughuhg lqwhuydo/ zklfk jlyhv yhu| vwdeoh uhvxowv1
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Lqwhuydo dj
4�?

c j
4@ 

o Ulvn Suhplxp
dfDI c 2fIo 31:;887< (
dfSI c �bIo 31:<895; (
df.I c �HIo 31;48:;< (
dfHI c �.Io 31;7936; (
dfbI c �SIo 31;;96;8 (
d�fI c �DIo 31<69;73 (
d��I c �eIo 31<<:753 (
d�2I c ��Io 4139;474 (

Wdeoh 8 0 Ulvn suhplxp ri wkh vwrfn

Lq Wdeoh 7/ zh frpsduhg wkh sulflqj lqwhuydov iru gl�huhqw udqjhv ri yrodwlolwlhv1
Zh rewdlqhg yhu| suhflvh uhvxowv hyhq iru zlgh udqjhv1 Wklv lv lq sduw gxh wr rxu
fkrlfh ri wuxh suredelolw| glvwulexwlrq1 Lqghhg/ iru hdfk qrgh ri wkh wuhh/ wkh
irxu srvvleoh vwdwhv ri wkh zruog dw wkh iroorzlqj gdwh duh vxssrvhg htxlsuredeoh1
Wklv pd| d sulrul lqihu lpsruwdqwo| rq wkh frpsxwdwlrqdo uhvxowv1 D jrrg zd|
wr phdvxuh wkh lpsruwdqfh ri wkh glvwulexwlrq ri wkh wuxh suredelolw| fkrlfh lv wr
frpsxwh wkh ulvn suhplxp ri wkh ulvn| dvvhw1 Wklv ulvn suhplxp lv htxdo wr wkh
uhodwlyh gl�huhqfh ehwzhhq wkh h{shfwhg ydoxh ri wkh dvvhw dw wkh �qdo gdwh dqg lwv
lqlwldo sulfh +pruh suhflvho|= E.dR

A

o� R
f
�*R

f
,1 Zh frpsxwh d txdgulqrpldo wuhh

ri 433 vwhsv dv grqh lq Wdeoh 71 Rqh fdq vhh lq wklv Wdeoh wkdw wkh ulvn suhplxp
lv yhu| vpdoo lq rxu prgho +doprvw rqh shufhqw lq d |hdu,1

5;



Lqwhuydo dj
4�?

c j
4@ 

o Ulvn suhplxp Zhoo0Rughuhg Lqwhuydo
dfDI c 2fIo �D�2Hf�H. I d.�.2bHDbc .�bf.fbeo
dfSI c �bIo �f�eSfHee I d.�.fS�e.c .�.2f�eHo
df.I c �HIo fe�S��HfH I d.�DSb2.bc .�Sb��Hbo
dfHI c �.Io fb�bD�2ee I d.�eD.2ebc .�SHDbDfo
dfbI c �SIo �D�D.�HbD I d.��b2�fec .�SH�bbfo
d�fI c �DIo 2��eHHbbS I d.��H2SH�c .�SHe.SSo
d��I c �eIo 2.�.�HS2D I d.�ee�fDfc .�SH.D�Ho
d�2I c ��Io �e�2...D. I d.�D.HDHHc .�SHSD�fo

Wdeoh 9 0 Fdoo Sulfh Erxqgv iru d ydu|lqj udqjh ri dj
4�?

c j
4@ 

o

Lq rughu wr vhh li wkh ulvn suhplxp lv lpsruwdqw lq wkh suhflvlrq ri rxu sulflqj
phwkrg/ zh frqvlghu d gl�huhqw glvwulexwlrq ri wkh wuxh suredelolw|1 Lq wklv Wdeoh/
zh frpsxwh vlpxowdqhrxvo| wkh ulvn suhplxp dqg wkh sulflqj lqwhuydo zlwk rxu
dssurdfk iru gl�huhqw udqjhv ri yrodwlolwlhv1 Zh frqvlghu khuh d txdgulqrpldo
uhfrqqhfwlqj wuhh/ zklfk prghov d elqrpldo vwuxfwxuh ri wkh yrodwlolw| iru wkh ulvn|
dvvhw1 Zh sulfh d vwdqgdug Hxurshdq Fdoo1 Uhvxowv duh jlyhq iru d wuhh ri �ff
shulrgv1 Wkh sdudphwhuv ydoxhv duh o ' DI dqg d pdwxulw| A ' �+e@o iru wkh
rswlrq� Wkh lqlwldo sulfh ri wkh xqghuo|lqj dvvhw lv R

f
' �ff dqg wkh vwulnh & lv dovr

htxdo wr �ff1 Zh rewdlq dovr suhflvh lqwhuydov iru kljk ulvn suhpld1 Zh frqvlghu
dovr wkh fdvh ri qhjdwlyh ulvn suhpld +zklfk lv qrw d sulrul frpsdwleoh zlwk wkh
duelwudjh, ehfdxvh wklv fdvh lv uhdolvwlf rq vkruw shulrgv1 Wkh suhflvlrq lv dovr
vdwlvi|lqj1
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Df 7|eRr �ff 7|eRr
-�r&b�e�|o@, .�2f��.. .�2f�2�H
`e,,b�o_eoe_ d.���H�SHc .�2�DDe.o d.���e.22c .�22eD2Do
Ce?eo@, d��D�fDf2c b�bDf.��o d���DHHDSc b�bSDHHbo

Wdeoh : 0 Hxurshdq Fdoo Sulfhv rq d Edvnhw zlwk gl�huhqw vwhsv

Zh frqvlghu d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov dq lqgh{ rq wzr
ulvn| dvvhwv1 Zh dvvxph wkdw wkh �uvw dvvhw kdv wkh iroorzlqj fkdudfwhulvwlfv= lqlwldo
sulfh R�

f
' �ffc yrodwlolw| j

�
' �fI1 dqg wkdw wkh vhfrqg dvvhw kdv dq lqlwldo sulfh

R2
f
' �ff dqg d yrodwlolw| j

2
' �DI1 Wkh fruuhodwlrq ehwzhhq wkh dvvhwv lv qrw

shuihfw dqg wkh h{rjhqrxv lqirupdwlrq lv rqo| rq wkh lqgh{ gl�xvlrq surfhvv1 Zh
sulfh d vwdqgdug Hxurshdq Fdoo rq wkh lqgh{1 Uhvxowv duh jlyhq iru wuhhv ri Df dqg
�ff shulrgv1 Wkh sdudphwhuv ydoxhv duh o ' fI dqg d pdwxulw| A ' �+e@o iru
wkh rswlrq� Wkh lqlwldo sulfh ri wkh lqgh{ lv 2ff dqg wkh vwulnh & lv dovr htxdo wr 2ff
+wkh Fdoo lv dw wkh prqh|,1 Zh jlyh uhvxowv lq d ulvn qhxwudo zruog1 Lq wklv fdvh/
zh nqrz h{dfwo| wkh gl�xvlrq surfhvv ri wkh wzr dvvhwv1 Wkh pdunhw lv wkhuhiruh
frpsohwh dqg ohdgv wr d xqltxh sulfh iru wkh rswlrq +urz �UlvnbQhxwudo�,1 Rxu
phwkrg xvlqj wkh htxloleulxp lv frpsxwhg lq urz �ZhoobRughuhg� dqg ohdgv wr d
suhflvh sulflqj lqwhuydo1 Wkh suhflvlrq lv qrw vdwlvi|lqj li zh xvh rqo| wkh duelwudjh
frqglwlrqv +urz �Jhqhudo�,1
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.�oJRe@? ��| �6eo�S@? ��|
-�r&b�e�|o@, ���.SD�S e��H��b�
`e,,b�o_eoe_ d���222fHc ���bS��Ho de��2HSe�c e�2f�fbDo
Ce?eo@, df�ffffffc D�Sf2�.So df��De22ec S�S2HD��o

Wdeoh ; 0 Hxurshdq dqg Dphulfdq Sxw Sulfhv rq d Edvnhw

Zh frqvlghu lq wklv Wdeoh d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov
dq lqgh{ rq wzr ulvn| dvvhwv1 Zh dvvxph wkdw wkh �uvw dvvhw kdv wkh iroorzlqj
fkdudfwhulvwlfv= lqlwldo sulfh R

f
' �ffc yrodwlolw| j

�
' �fI1 dqg wkdw wkh vhfrqg

dvvhw kdv dq lqlwldo sulfh R
f
' �ff dqg d yrodwlolw| j

2
' �DI1 Wkh fruuhodwlrq

ehwzhhq wkh dvvhwv lv qrw shuihfw dqg wkh h{rjhqrxv lqirupdwlrq frqvlvwv rqo| lq
wkh lqgh{ gl�xvlrq surfhvv1 Zh sulfh d Hxurshdq Sxw dqg dq Dphulfdq Sxw rq
wkh lqgh{1 Uhvxowv duh jlyhq iru d wuhh ri �ff shulrgv1 Wkh sdudphwhuv ydoxhv
duh o ' DI dqg d pdwxulw| A ' �+e@o iru wkh rswlrq� Wkh lqlwldo sulfh ri wkh
lqgh{ lv 2ff dqg wkh vwulnh & lq erwk fdvhv lv htxdo wr 2ff +wkh Sxwv duh dw wkh
prqh|,1 Dv wkh glvfrxqw idfwru lv qrw qxoo/ wkh sulfhv ri wkh Hxurshdq dqg wkh
Dphulfdq rswlrqv duh gl�huhqw1 Zh jlyh uhvxowv lq d ulvn qhxwudo zruog1 Lq wklv
fdvh/ zh nqrz wkh gl�xvlrq surfhvv ri wkh wzr dvvhwv1 Wkh pdunhw lv frpsohwh dqg
zh jhw d xqltxh sulfh iru wkh rswlrq +urz �UlvnbQhxwudo�,1 Rxu phwkrg xvlqj
wkh htxloleulxp lv frpsxwhg lq urz �ZhoobRughuhg� dqg ohdgv wr d suhflvh sulflqj
lqwhuydo1 Wkh suhflvlrq lv qrw vdwlvi|lqj li zh xvh rqo| wkh duelwudjh frqglwlrqv
+urz �Jhqhudo�,1
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Iljxuh 4=

Iljxuh 5=
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Iljxuh 6=

Iljxuh 7=
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Iljxuh 8=
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