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Devwudfw

Lw lv zlgho| wkrxjkw wkdw lqfrphv ulvnv fdq eh vkduhg e| wudglqj lq qdqfldo dvvhwv1 Exw qdqfldo dvvhwv w|slfdoo| fduu| vrph ulvn lglrv|qfudwlf wr wkhp/ khqfh/ glvsrvlqj lqfrphv ulvn xvlqj qdqfldo dvvhwv zloo lqyroyh ex|lqj lqwr wkh lqkhuhqw lglrv|qfudwlf ulvn1 Krzhyhu/ vwdqgdug wkhru| dujxhv wkdw glyhuvlfdwlrq zrxog uhgxfh wkh lqfrqyhqlhqfh ri lglrv|qfudwlf ulvn wr duelwudulo| orz ohyhov1 Wklv sdshu vkrzv wkdw wklv dujxphqw lv qrw urexvw= dpeljxlw| dyhuvlrq fdq h{dfhuedwh wkh whqvlrq ehwzhhq wkh wzr nlqgv ri ulvnv wr wkh srlqw wkdw fodvvhv ri djhqwv pd| qrw zdqw wr wudgh vrph qdqfldo dvvhwv1 Wkxv/ wkhruhwlfdoo|/ wkh hhfw ri dpeljxlw| dyhuvlrq rq qdqfldo pdunhwv lv wr pdnh wkh ulvn vkdulqj rssruwxqlwlhv rhuhg e| qdqfldo pdunhwv ohvv frpsohwh wkdq lw zrxog eh rwkhuzlvh1 MHO Qrv= G;4/ G85 Nh|zrugv= Dpeljxlw| dyhuvlrq/ lqfrpsohwh pdunhwv/ vxe0rswlpdo ulvn vkdulqj1 Vxssrvh dq djhqw*v vxemhfwlyh nqrzohgjh derxw wkh olnholkrrg ri frqwlqjhqw hyhqwv lv frqvlvwhqw zlwk pruh wkdq rqh suredelolw| glvwulexwlrq1 Dqg ixuwkhu wkdw/ zkdw wkh djhqw nqrzv grhv qrw lqirup klp ri d suhflvh +vhfrqg rughu, suredelolw| glvwulexwlrq ryhu wkh vhw ri csrvvleoh* +uvw rughu, suredelolwlhv1 Zh vd| wkhq wkdw wkh djhqw*v eholhiv derxw frqwlqjhqw hyhqwv duh fkdudfwhul}hg e| dpeljxlw|1 Li dpeljxrxv/ wkh djhqw*v eholhiv duh fdswxuhg qrw e| d xqltxh suredelolw| glvwulexwlrq lq wkh vwdqgdug Ed|hvldq idvklrq exw lqvwhdg e| d vhw ri suredelolwlhv1 Wkxv qrw rqo| lv wkh rxwfrph ri dq dfw xqfhuwdlq exw dovr wkh h{shfwhg sd|r ri wkh dfwlrq/ vlqfh wkh sd|r pd| eh phdvxuhg zlwk uhvshfw wr pruh wkdq rqh suredelolw|1 Dq dpeljxlw| dyhuvh ghflvlrq pdnhu hydoxdwhv dq dfw e| wkh plqlpxp h{shfwhg ydoxh wkdw pd| eh dvvrfldwhg zlwk lw= wkh ghflvlrq uxoh lv wr frpsxwh doo srvvleoh h{shfwhg ydoxhv iru hdfk dfwlrq dqg wkhq fkrrvh wkh dfw zklfk kdv wkh ehvw plqlpxp h{shfwhg rxwfrph1 Wklv +lqirupdo, qrwlrq ri dpeljxlw| dyhuvlrq lqvsluhv wkh irupdo prgho ri Fkrtxhw h{shfwhg xwlolw| +FHX, suhihuhqfhv lqwurgxfhg lq Vfkphlgohu +4<;<,1 Wkh suhvhqw sdshu frqvlghuv d prgho ri qdqfldo pdunhwv srsxodwhg e| djhqwv zlwk FHX suhihuhqfhv/ zlwk wkh lqwhusuhwdwlrq wkdw wkh djhqwv* suhihuhqfhv ghprqvwudwh dpeljxlw| dyhuvlrq 4 1 W|slfdoo|/ hfrqrplf djhqwv duh hqgrzhg zlwk lqfrph vwuhdpv wkdw duh qrw hyhqo| vsuhdg ryhu wlph ru dfurvv xqfhuwdlq vwdwhv ri qdwxuh1 D qdqfldo frqwudfw lv d fodlp wr d frqwlqjhqw lqfrph vwuhdpkhqfh wkh orjlf ri wkh qdqfldo pdunhwv= e| h{fkdqjlqj vxfk fodlpv djhqwv fkdqjh wkh vkdshv ri wkhlu lqfrph vwuhdpv/ rewdlqlqj d pruh hyhq frqvxpswlrq dfurvv wlph dqg wkh xqfhuwdlq frqwlqjhqflhv1 D qdqfldo pdunhw lv vdlg wr eh frpsohwh li frqwlqjhqw sd|rv iurp wkh glhuhqw pdunhwhg qdqfldo frqwudfwv duh ydulhg hqrxjk wr vsdq doo wkh frqwlqjhqflhv1 Krzhyhu/ fdvxdo hpslulflvp vxjjhvwv wkdw lq mxvw derxw hyhu| qdqfldo pdunhw lq wkh uhdo zruog wkh vsdq lv ohvv wkdq wkh ixoo vhw ri frqwlqjhqflhv/ l1h1/ wkh pdunhwv duh lqfrpsohwh1 Wkh sulpdu| lpsolfdwlrq ri lqfrpsohwhqhvv ri qdqfldo pdunhwv lv wkdw djhqwv pd| wudqvihu lqfrph rqo| dfurvv d olplwhg vhw ri frqwlqjhqflhv dqg duh wkxv ohiw wr vkduh ulvn lq d vxerswlpdo pdqqhu 5 +O, @ 3=6 dqg +K, @ 3=71 Dvvxplqj wkdw wkh GP kdv d olqhdu xwlolw| ixqfwlrq/ wkh h{shfwhg sd|r ri ex|lqj dq xqlw ri }> wkh dfw } K / lv jlyhq e| .0 D +} K , @ 3=9 4 . 3=7 6 @ 4=;1 Rq wkh rwkhu kdqg/ wkh sd|r iurp jrlqj vkruw rq dq xqlw ri } +wkh dfw } r , lv kljkhu dw O wkdq dw K1 Khqfh/ wkh uhohydqw plqlpl}lqj suredelolw| zkhq hydoxdwlqj .0 D +} K , lv wkdw suredelolw| lq F +, wkdw sxwv prvw zhljkw rq K= Wkxv/ .0 D +} r , @ 3=6 +4, . 3=: +6, @ 5=71 Khqfh/ li wkh sulfh ri wkh dvvhw } zhuh wr olh lq wkh rshq lqwhuydo +4=;>5=7,/ wkhq wkh lqyhvwru zrxog vwulfwo| ehorz,> lw lv lghqwlhg e| wkh yhfwru w @ +w > w 2 > ===> w ? ,> zkhuh w 5 i3>4j> l 5 i4> 5>===>qj/ dqg q lv wkh wrwdo qxpehu ri qdqfldo dvvhwv1 ? ghqrwhv wkh vhw ri doo w*v/ l1h1/ ? i3>4j ? ' 1 Iru vlpsolflw|/ zh vkdoo dvvxph wkdw +w @ u, @ +w @ u, @ o / u @ 3>4/ l> m 5 i4> ===> qj = Wkh eholhi rq dq hfrqrplf vwdwh v lv jlyhq e| +v,= Wr pdnh lw wudqvsduhqw wkdw lw lv wkh dpeljxlw| ri eholhiv derxw wkh lglrv|qfudwlf uhdol}dwlrqv zklfk lv uhvsrqvleoh iru wkh srvvlelolw| ri qr0wudgh lq qdqfldo dvvhwv/ dqg dovr wr pdnh wkh frpsxwdwlrq ohvv whglrxv/ zh dvvxph +4,. +5, @ 4= Ilqdoo|/ wkh frpprq eholhi rq lv jlyhq e| wkh lqghshqghqw surgxfw Q Ohppd Ohw +t ? > +e ? > } ? ,, eh dq htxloleulxp ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|q0 fudf|1 Vxssrvh f . 4= Wkhq/ } c? @ } c? > ;l> l 5 i4> ===> qj/ ;k 5 i4>===> Kj = Dffruglqj wr wkh Ohppd/ dw dq htxloleulxp/ djhqwv zloo krog doo wkh qdqfldo dvvhwv lq wkh vdph sursruwlrq1 Wklv lv hvvhqwldoo| d frqvhtxhqfh ri wkh idfw wkdw djhqwv duh ulvn dyhuvh dqg wkdw wkh q qdqfldo dvvhwv duh vlpso| clqghshqghqw uhsolfdv*1 Ohw } ? ghqrwh dq xqlw ri d sruwirolr frpsrvhg ri ? xqlw ri wkh dvvhw } > l @ 4>===>q> } c? lv wkh dprxqw khog ri wklv sruwirolr e| k dqg t ? lv wkh sulfh ri dq xqlw ri wklv sruwirolr1 Jlyhq wkh Ohppd/ zh pd| dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw lw lv rqo| wkh dvvhw } ? / lqvwhdg ri wkh lqglylgxdo dvvhwv } > wkdw lv dydlodeoh iru wudgh lq wkh hfrqrp|1 Khqfh/ dq htxloleulxp ri dq q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|q0 fudf|/ +t ? > +e ? > } ? ,,> pd| htxlydohqwo| eh ghqrwhg e| wkh wxsoh +h t ? > +e ? > h } ? ,,> h t ? i4> t ? j dqg +e ? > h } ? , q +e c? > } c? , M ' r = Wkh deryh fkdudfwhul}dwlrq ri wkh htxloleulxp lq wxuq idflolwdwhv d vlpsoh ghqlwlrq ri zkdw lw phdqv wr vdwlvi| wkh frqglwlrqv ri htxloleulxp zkhq q lv duelwudulo| odujh1 Zh vd| +h t " > +e " > h } " ,>{ " , vdwlvhv wkh frqglwlrqv ri htxloleulxp ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf| zkhuh q lv duelwudulo| odujh/ l1h1/ q $ 4 li ; = 41 Jlyhq h t " > ++e " > h } " ,>{ " , lv d vroxwlrq wr wkh sureohp h Wkhruhp Vxssrvh f . @ 41 Wkhq +h t " > +e " > h } " ,, vdwlvhv wkh frqglwlrqv ri htxloleulxp ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf| zkhuh q lv duelwudulo| odujh/ li dqg rqo| li/ +h t " > +e " > h } " ,, ghvfulehv dq htxloleulxp ri dq hfrqrp| zlwkrxw lglrv|qfudf|/ zkhuhlq wkh sulfh ri d xqlw ri } lv htxdo wr t " > dqg d krxvhkrog*v kroglqj ri wkh dvvhw }> } > lv htxdo wr } c" =

; Zhuqhu +4<<:, frqvlghuv d qdqfh hfrqrp| ri zklfk wklv lv mxvw d vshfldo fdvh1 Wkhuh duh vwdqgdug dujxphqwv wkdw hqvxuh wkh h{lvwhqfh ri htxloleuld ri vxfk hfrqrplhv +rs1flw1/ ss1433,1 ; Wkh wkhruhp vkrzv wkdw htxloleulxp doorfdwlrqv ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lg0 lrv|qfudf| duh hvvhqwldoo| lghqwlfdo wr wkdw ri wkh hfrqrp| zlwkrxw lglrv|qfudf|/ lq zklfk qdq0 fldo pdunhwv duh frpsohwh/ surylghg wkh qxpehu ri dydlodeoh qdqfldo dvvhwv lv odujh hqrxjk dqg djhqwv* eholhiv duh xqdpeljxrxv1 Wkh uhvxow iroorzv iurp dq dssolfdwlrq ri wkh xvxdo glyhuvl0 fdwlrq sulqflsoh vwdwlqj wkdw lq wkh olplw lglrv|qfudflhv duh czdvkhg dzd|*/ lq frqmxqfwlrq zlwk/ wkh dvvxpswlrq wkdw | 9 @ | 2 1 Krzhyhu/ li wkh prgho ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf| zhuh wr eh uhfrqvlghuhg zlwk wkh vroh dphqgphqw wkdw eholhiv derxw lglrv|qfudflhv duh dpeljxrxv/ l1h1/ f . ? 4> wkhq wkh uhvxow qr orqjhu krogv1 Lq vxfk dq hfrqrp|/ krzhyhu odujh wkh q> jlyhq vx!flhqw dpeljxlw|/ wkh htxloleulxp doorfdwlrq lv erxqghg dzd| iurp Sduhwr rswlpdo ulvn0vkdulqj1 Wkh doorfdwlrq dfwxdoo| frlqflghv zlwk wkh doorfdwlrq ri dq lqfrpsohwh pdunhw hfrqrp| lq zklfk lw lv lpsrvvleoh wr wudqvihu uhvrxufhv ehwzhhq vwdwhv 4 dqg 5/ dv zh vkrz lq rxu pdlq wkhruhp/ ehorz1 Exw/ uvw/ zh suhvhqw dq h{dpsoh wr frqyh| dq lqwxlwlrq iru wkh uhvxow1

H{dpsoh 4 Frqvlghu d 50shulrg qdqfh hfrqrp| zlwk wzr ulvn dyhuvh djhqwv/ k @ 4>5/ dqg wzr hfrqrplf vwdwhv1 Wkhuh duh wzr dvvhwv dydlodeoh/ e dqg }= e lv d vdih dvvhw> lw gholyhuv rqh xqlw ri wkh jrrg lq hdfk ri wkh wzr hfrqrplf vwdwhv1 Wkh sd|r ri } lq vwdwh +v>w, lv | r . | +w,> v @ > > w @ 3>4= Il{/ | k @ 4> | q @ 5> | +3, @ 3> | +4, @ 5= Iluvw frqvlghu wkh fdvh zkhuh f . @ 4= Lq idfw/ wr nhhs pdwwhuv vwdun/ dvvxph +, @ +, @ 3/ wkrxjk wkh dgglwlyh suredelolw| rq lglrv|qfudwlf vwdwhv lv duelwudu|/ vlpso| hqvxulqj wkdw f . @ 4= Vxssrvh wkdw/ iru djhqw k/ h k A h q = Wkhq / iru } 5 +%>%,> iru % vpdoo hqrxjk/ .0 Z D x +h r . } +| r . | +w,, . e , @ f x h / wkhq d frpsxwdwlrq vlplodu wr wkh rqh deryh vkrzv wkdw vxfk djhqwv zloo qrw zdqw wr wudgh wkh ulvn| dvvhw li dqg rqo| li t 5 @ | k . f | +3, . | +4, Khqfh/ li erwk w|shv ri djhqwv duh suhvhqw lq wkh hfrqrp|/ wudgh zloo rffxu dv | k 9 @ | q = Li zh zhuh qrw wr dvvxph wkh h{wuhph pd{lplq irup ri suhihuhqfhv exw wkdw +, . +, ? 4 zlwk/ vd|/ +, A 3 dqg +, A 3/ wkh qr wudgh sulfh iru djhqw k +vd| zlwk h k A h q , ghshqgv rq klv lqlwldo hqgrzphqw dqg xwlolw| ixqfwlrq +l1h1/ uhodwlyh dwwlwxgh wr ulvn,1 Lq wkdw fdvh/ hyhq li hqgrzphqwv ri doo djhqwv zhuh frprqrwrqlf +l1h1/ h k A h q iru doo k, wkhuh zrxog qrw h{lvw/ iru wkh jhqhulf hqgrzphqw yhfwru/ dq dvvhw sulfh t 5 wkdw zrxog vxssruw qr0wudgh dv dq htxloleulxp ri wklv hfrqrp|1 Wkh wzr pruh vljqlfdqw zd|v lq zklfk wkh pdlq wkhruhp/ ehorz/ jhqhudol}hv wkh ghprq0 vwudwlrq lq H{dpsoh 4 duh= rqh/ lw vkrzv wkdw qr0wudgh rewdlqv hyhq zkhq eholhiv kdyh d ghjuhh ri dpeljxlw| vwulfwo| ohvv wkdq 4> wzr/ lw doorzv iru dq| duelwudu| qxpehu ri qdqfldo dvvhwv/ lq sduwlfxodu/ iru q $ 4= Zh frqvlghu wkh lqwxlwlrq iru hdfk ri wkhvh jhqhudol}dwlrqv lq wxuq1 Iluvw/ frqvlghu d 50+hfrqrplf,0vwdwh/ 5 djhqw/ 40qdqfldo dvvhw +dqg 4 vdih dvvhw, hfrqrp| zlwk lglrv|qfudf|/ lq zklfk wkh qdqfldo dvvhw*v sd|rv duh dv lq H{dpsoh 41 Frqvlghu dq djhqw wklqnlqj ri ex|lqj wkh qdqfldo dvvhw1 Wkh pd{lpxp sd|r kh h{shfwv lq dq| hfrqrplf vwdwh lv 5 . 3 +4 , . 5 Y +E,/ wkh dprxqw kh h{shfwv lq vwdwh 1 Wklv lpsolhv/ zkdwhyhu klv xwlolw| ixqfwlrq/ zkdwhyhu klv hqgrzphqw yhfwru/ zkdwhyhu klv eholhiv derxw wkh hfrqrplf xqfhuwdlqw|/ kh zloo qrw zdqw wr ex| wkh dvvhw iru pruh wkdq Y +E,1 Qrz/ lqvwhdg/ li dq djhqw zhuh wr jr vkruw zlwk wkh dvvhw/ wkh ohdvw kh h{shfwv wr kdyh wr uhsd| lq dq| hfrqrplf vwdwh lv 4 . 3 f . 5 +4 f , Y +V,/ dqg wkhuhiruh/ zloo qrw zdqw wr vhoo wkh dvvhw li wkh sulfh lv ohvv wkdq wklv1 Fohduo|/ li f dqg zhuh vpdoo hqrxjk/ Y +E, ? Y +V,= Wkhuhiruh/ li f dqg zhuh vpdoo hqrxjk/ djhqwv zloo qrw wudgh lq wkh qdqfldo dvvhw1

q . } | q . | +3
Lqwxlwlrq derxw wkh vhfrqg elw ri jhqhudol}dwlrq lv gl!fxow wr rewdlq zlwkrxw vrph xq0 ghuvwdqglqj ri krz wkh odz ri odujh qxpehuv zrunv iru qrq0dgglwlyh eholhiv1 Vshflfdoo|/ ohw xv frqvlghu dq l1l1g1 vhtxhqfh i[ ? j ?D ri i3>4jydoxhg udqgrp yduldeohv1 Vxssrvh/ +i[ ? @ 3j, @ +i[ ? @ 4j, @ e iru doo q 4= D ? 4> vxfk wkdw li 4 f A D> } c? @ 3 iru doo k 5 i4> ===> Kj dqg { rc| ? @ { rc| ? > v @ 4>5> w 9 @ w dw hyhu| htxloleulxp +t ? > +e ? > } ? ,,> iru doo q 5 3/ lqfoxglqj/ q $ 41 Vwdwhg glhuhqwo|/ wklv vd|v wkdw li wkh udqjh ri yduldwlrq ri wkh lglrv|qfudwlf frpsrqhqw ri wkh qdqfldo dvvhw lv juhdwhu wkdq wkh udqjh ri yduldwlrq gxh wr wkh hfrqrplf vkrfnv/ li wkh eholhiv ryhu wkh lglrv|qfudwlf vwdwhv duh dpeljxrxv hqrxjk/ dqg li djhqwv duh dpeljxlw| dyhuvh/ wkhq luuhvshfwlyh ri wkh xwlolw| ixqfwlrqv ri wkh djhqwv dqg wkh hqgrzphqw yhfwru/ wkh htxloleulxp ri dq q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf| lv dq htxloleulxp ri wkh hfrqrp| zlwk rqh vdih dvvhw/ l1h1/ dq hfrqrp| zlwk lqfrpsohwh pdunhwv/ vlqfh wkh qdqfldo dvvhwv duh qrw wudghg lq htxloleulxp/ zkdwhyhu wkh ydoxh ri q1 Qrwlfh ixuwkhu/ li wkh frqglwlrqv ghvfulehg lq wkh wkhruhp duh phw/ wkhq iru d jhqhulf hqgrzphqw/ dq htxloleulxp doorfdwlrq ri wkh q0 Rqh pljkw eh whpswhg wr frqmhfwxuh wkdw uhvxowv ri wkh sdshu pd| eh uhsolfdwhg e| vlpso| dvvxplqj khwhurjhqhrxv eholhiv dprqj djhqwv1 Ru wr frqmhfwxuh/ vlqfh zlwk lqfrpsohwh pdunhwv frprqrwrqlflw| ri htxloleulxp doorfdwlrqv lv lq jhqhudo eurnhq vr wkdw glhuhqw +FHX, djhqwv zrxog hydoxdwh wkhlu survshfwv xvlqj glhuhqw +hhfwlyh, suredelolwlhv/ wkdw dgglqj FHX djhqwv pljkw zruvhq lqfrpsohwhqhvv hyhq lq wkh devhqfh ri lglrv|qfudwlf ulvnv1 Erwk frqmhfwxuhv duh/ krzhyhu/ idovh1 Zkdw lv dw zrun lq rewdlqlqj qr0wudgh lv qrw wkdw glhuhqw djhqwv kdyh glhuhqw eholhiv exw wkdw dq| jlyhq djhqw ehkdyhv dv li kh hydoxdwhv wkh wzr glhuhqw dfwlrqv/ jrlqj vkruw dqg jrlqj orqj/ zlwk glhuhqw +suredelolvwlf, eholhiv1 Qhlwkhu grhv pdunhw lqfrpsohwhqhvv/ lq wkh devhqfh ri lglrv|qfudwlf ulvn/ pdnh iru wklv shfxoldulw| dqg wkhuhiruh grhv qrw/ lq dqg ri lwvhoi/ ohdg wr qr wudgh1 Zh looxvwudwh wklv zlwk wkh iroorzlqj h{dpsoh1 H{dpsoh 5 Vxssrvh wkhuh duh V vwdwhv/ K djhqwv/ rqh vdih dvvhw dqg rqh ulvn| dvvhw wkdw sd|v r | r xqlw ri wkh jrrg lq vwdwh v1 Djhqw k*v exgjhw frqvwudlqwv duh +zh qrupdol}h wkh sulfh ri wkh vdih dvvhw lq wkh uvw shulrg dv zhoo dv wkh sulfh ri wkh jrrg lq doo vwdwhv wr eh htxdo wr 4,= e . t} @ 3 { r @ h r . +| r t,} v @ 4>===>V Fodlp Dvvxph wkdw wkhuh duh qr sdluv ri vwdwhv v dqg v vxfk wkdw | r 9 @ | r dqg h r @ h r 1 Wkhq/ wkhuh h{lvwv d xqltxh sulfh t vxfk wkdw } W +t , @ 31 5KHHE Dvvxph z1o1r1j1 wkdw h h 2 h 7 1 Vlqfh e| dvvxpswlrq h r @ h r , | r @ | r / wkhuh h{lvwv % A 3 vxfk wkdw iru doo } 5 +%>%,= h . +| t,} h 2 . +| 2 t,} h 7 . +| 7 t,} Ohw +} , eh wkh vhw ri suredelolw| lq F +, wkdw plqlpl}h 0 >MED x +h .+| r t,} ,/ l1h1/ +} , @ + > = = = > 7 , 5 F +, m 0 > x +h . +| r t,} , @ 0 D x +h . +| r t,} , = Revhuyh wkdw li > 5 +} , duh glhuhqw/ wkhq wkh| pxvw glvdjuhh rq wkrvh vwdwhv zkhuh frqvxpswlrq lv lghqwlfdo/ ru/ vdlg glhuhqwo| +jlyhq wkh rughu zh dgrswhg rq k*v hqgrzphqw,= h r . +| r t,} 9 @ h r . +| r t,} ;v 9 @ v , r @ r @ +iv> = = = > Vj, +iv . 4>===>Vj, Khqfh/ } @ 3 lv rswlpdo dw sulfh t li dqg rqo| li wkhuh h{lvwv 5 +3, vxfk wkdw= t @ t S r r | r x +h r , S r r x +h r , Uhfdoo qrz wkdw suredelolw| phdvxuhv lq +3, fdq glhu rqo| rq wkrvh vwdwhv lq zklfk wkh hqgrzphqw lv frqvwdqw1 Vlqfh/ e| dvvxpswlrq/ h r @ h r , | r @ | r / rqh rewdlqv/ 0 > ^|r x +h r ,`@ 0 > ^|r x +h r ,`iru doo > 5 +3,1 Vlqfh 0 > x +h r , @ 0 > x +h r , iru doo > 5 +3,/ t dv ghqhg deryh lv xqltxh1 Zh mxvw hvwdeolvkhg wkdw wkhuh lv rqo| rqh sulfh t / ghqhg lq wkh surri deryh/ vxfk wkdw dw wklv sulfh/ djhqw k rswlpdoo| zdqwv d }hur srvlwlrq lq wkh ulvn| dvvhw1 Qrz/ xqohvv wkh hqgrzphqw doorfdwlrq lv Sduhwr rswlpdo/ t 9 @ t 1 Khqfh/ dw dq htxloleulxp/ wudgh rq wkh pdunhw iru wkh ulvn| dvvhw zloo eh revhuyhg1 Wklv hvwdeolvkhv wkdw/ jhqhulfdoo|/ lq rughu iru } @ 3 iru doo k wr eh dq htxloleulxp ri wkh prgho/ wkhuh pxvw eh sdluv ri vwdwhv v> v vxfk wkdw h r @ h r iru doo k dqg | r 9 @ | r > lq rwkhu zrugv/ dq lglrv|qfudwlf hohphqw lv qhfhvvdu| wr rewdlq qr wudgh1 

  suhihu d }hur srvlwlrq wr hlwkhu jrlqj vkruw ru ex|lqj1 Xqolnh lq wkh fdvh ri xqdpeljxrxv eholhiv wkhuh lv qr vlqjoh sulfh dw zklfk wr vzlwfk iurp ex|lqj wr vhoolqj1 Wdnlqj d }hur srvlwlrq rq wkh ulvn| dvvhw kdv wkh xqltxh dgydqwdjh wkdw lwv hydoxdwlrq lv qrw dhfwhg e| dpeljxlw|1 Wkh clqhuwld* }rqh ghprqvwudwhg e| Grz dqg Zhuodqj zdv vlpso| d vwdwhphqw derxw rswl0 pdo sruwirolr fkrlfh fruuhvsrqglqj wr h{rjhqrxvo| ghwhuplqhg sulfhv/ jlyhq dq lqlwldoo| ulvnohvv srvlwlrq1 Krzhyhu/ lw grhv qrw iroorz iurp wklv uhvxow dw wkh lqglylgxdo ohyho wkdw qr0wudgh lv dq htxloleulxp zkhq forvlqj wkh prgho e| doorzlqj djhqwv wr wudgh wkhlu ulvnv/ dv zh looxvwudwh qh{w xvlqj wkh Hgjhzruwk er{ gldjudp lq Iljxuh 41 Wkh gldjudp ghslfwv wkh srvvlelolwlhv ri ulvn0vkdulqj +rqh pd| wklqn ri wkh ulvn vkdulqj dv ehlqj rewdlqhg wkurxjk wkh h{fkdqjh ri wzr Duurz vhfxulwlhv/ rqh iru hdfk frqwlqjhqf|, ehwzhhq wzr FHX djhqwv/ k @ 4/ 5> zlwk xqfhuwdlq hqgrzphqw lq wkh wzr vwdwhv $ @ dqg $ K = Z lv wkh hqgrzphqw yhfwru1 Qrwlfh wkdw/ ehfdxvh ri dpeljxlw| dyhuvlrq/ wkh lqglhuhqfh fxuyhv duh nlqnhg dw wkh srlqw ri lqwhuvhfwlrq zlwk wkh 78 ud| wkurxjk wkh ruljlq1 Wkh vkdghg duhd lq wkh gldjudp uhsuhvhqwv wkh duhd ri pxwxdoo| dgydqwdjhrxv wudgh1 Khqfh/ qr0wudgh lv dq htxloleulxp rxwfrph lq wklv hfrqrp| li dqg rqo| li hqgrzphqw lv Sduhwr rswlpdo wr ehjlq zlwk1 Lqwurgxfwlrq ri dpeljxlw| dyhuvlrq lq dq hfrqrp|/ vhhplqjo|/ zrxog qrw lpshgh wkh wudgh lq ulvn vkdulqj frqwudfwv dqg zrxog qrw eh d uhdvrq iru lqfrpsohwh ulvn vkdulqj1 Wkh uhdvrq iru wklv devhqfh ri qr0wudgh jrhv dv iroorzv= Sduhwr rswlpdo doorfdwlrqv olh zlwklq wkh cwudp0 olqhv*/ wkh 78 f ud|v wkurxjk hdfk ruljlq/ l1h1/ wkh| duh frprqrwrqlf1 Khqfh/ dw d Sduhwr rswlpdo Iljxuh 4= doorfdwlrq/ wkh udqnlqj ri wkh vwdwhv lv lghqwlfdo iru erwk djhqwv dqg lv jlyhq e| wkh rughulqj ri djjuhjdwh hqgrzphqw1 Qrz zlwk frpsohwh pdunhwv/ htxloleulxp doorfdwlrqv duh Sduhwr rswlpdo dqg wkhuhiruh frprqrwrqlf dv zhoo1 Wkxv/ djhqwv xvh wkh vdph cplqlpl}lqj suredelolw|* dw htxloleulxp/ dqg djuhh rq dvvhw ydoxdwlrq1 Ulvn vkdulqj surfhhgv mxvw dv lq dq hfrqrp| zlwk VHX djhqwv +vhh Fkdwhdxqhxi/ Gdqd/ dqg Wdoorq +5333,,1 Wkxv/ li rqh zdqwv wr rewdlq wkdw htxloleulxp eh fkdudfwhul}hg e| devhqfh ri wudgh/ rqh kdv wr pryh dzd| iurp wklv +fdqrqlfdo, h{dpsoh/ vrphwklqj wkdw lv dffrpsolvkhg e| lqwurgxflqj lqwr wkh prgho dvvhwv zlwk lglrv|qfudwlf sd|r frpsrqhqwv1 Hsvwhlq dqg Zdqj +4<<7, uhfrjql}hg wkh uroh ri uvw ri wkh wzr frqglwlrqv ghqlqj lglrv|qfudwlf ulvn +dv ghqhg lq wklv sdshu, lq rewdlqlqj qrq0xqltxh htxloleulxp dvvhw sulfhv lq d FHX zruog1 Wkdw uhvxow lv uhodwhg wr rxuv1 Wkh suhflvh uhodwlrqvkls ehwzhhq wkh uhvxowv ghvhuyhv fduhixo glvfxvvlrq1 Iru h{srvlwru| sxusrvhv/ zh wxuq wr wklv glvfxvvlrq dw wkh hqg ri wkh qh{w vhfwlrq/ diwhu wkh suhvhqwdwlrq ri rxu prgho1 Zh hqg wklv vhfwlrq zlwk d glvfxvvlrq ri dqrwkhu prgho ri ehkdylru xqghu Nqljkwldq xqfhu0 wdlqw| gxh wr Ehzoh| +4<;9,/ glvwlqfw iurp wkh rqh dssolhg lq wklv sdshu/ zklfk hdvlo| jhqhudwhv d qr0wudgh uhvxow1 Ehzoh|/ hvvhqwldoo|/ gursv Vdydjh*v dvvxpswlrq wkdw suhihuhqfhv duh frpsohwh dqg dggv dq d{lrp ri wkh cvwdwxv txr*1 Lq rxu Hgjhzruwk er{ wklv zrxog dprxqw wr dvvxplqj wkdw lqglhuhqfh fxuyhv duh nlqnhg suhflvho| dw wkh hqgrzphqw srlqw/ luuhvshfwlyh ri lwv srvl0 wlrq lq wkh er{1 Li lqglhuhqfh fxuyhv duh nlqnhg hqrxjk/ wkh lqfrpsohwhqhvv ri pdunhwv iru frqwlqjhqw gholyhulhv +wkh devhqfh ri wudgh, lv wkhq d gluhfw frqvhtxhqfh ri suhihuhqfh iru vwdwxv txr zklfk lv h{rjhqrxvo| lpsrvhg dv d sduw ri wkh ghqlwlrq ri dpeljxlw| dyhuvlrq1 6 Wkh prgho dqg wkh pdlq uhvxow Wkh vhwwlqj iru rxu irupdo dqdo|vlv lv d prgho ri d vw|ol}hg wzr shulrg qdqfh hfrqrp| zklfk zh fdoo dq q0qdqfldo dvvhw hfrqrp| zlwk lglrv|qfudf|1 Krxvhkrogv +k @ 4>===>K, wudgh dvvhwv lq shulrg 3/ ehiruh xqfhuwdlqw| lv uhvroyhg/ dqg frqvxph wkh rqh +dqg rqo|, jrrg lq shulrg 41 Wkh dvvhwv dydlodeoh iru wudgh duh fodlpv rq gholyhulhv ri wkh frqvxpswlrq jrrg lq shulrg 41 Wkhuh duh wzr vrxufhv ri xqfhuwdlqw|1 Iluvw/ wkhuh lv vrph chfrqrplf xqfhuwdlqw|*= djhqwv gr qrw nqrz wkhlu hqgrzphqwv wrpruurz1 Dq hfrqrplf vwdwh ri wkh zruog/ v/ v @ 4>5> lv frpsohwho| lghqwlhg e| wkh hqgrzphqw yhfwru iru wkdw vwdwh +h r > ===h r > ===> h r M ,> zkhuh hdfk frpsrqhqw ri wkh yhfwru/ h r 5 7 n / jlyhv d sduwlfxodu krxvhkrog*v hqgrzphqw ri wkh frqvxpswlrq jrrg lq vwdwh v +dulvlqj lq shulrg 4,1 Zh kdyh uhvwulfwhg rxu dqdo|vlv wr wkh fdvh ri ulvn vkdulqj dfurvv rqo| wzr hfrqrplf vwdwhv/ wr pdnh wkh dujxphqw dv wudqvsduhqw dv srvvleoh1 Vhfrqgo|/ wkhuh lv lglrv|q0 fudwlf qdqfldo xqfhuwdlqw|1 Dq lglrv|qfudwlf vwdwh ri wkh zruog frpsohwho| fkdudfwhul}hv wkh uhdol}dwlrq ri wkh lglrv|qfudwlf frpsrqhqwv ri sd|rv ri wkh dydlodeoh qdqfldo dvvhwv +ghvfulehg

  iurp wkh rzqhuvkls ri dvvhwv1 Sruwirolr lqfrph lv wkh lqvwuxphqw wkh krxvhkrog lv doorzhg wr xvh wr devrue wkh vkrfnv lw idfhv lq lwv hqgrzhg lqfrph1 Exw wkh lqvwuxphqw lv qrw d shuihfw rqh1 Wkh suhvhqfh ri lglrv|qfudwlf ulvn hperglhv wkh qrwlrq wkdw sd|r iurp d qdqfldo dvvhw lv qrw rqo| dhfwhg e| vrph ri wkh vdph vkrfnv wkdw dhfw lqglylgxdo krxvhkrogv* hqgrzphqw lqfrph dqg frpprq wr pdq| dvvhwv exw dovr e| ulvnv vshflf wr hdfk dvvhw1 Zkloh prvw upv* surwv duh qdwxudoo| dhfwhg e| djjuhjdwh ru vhfwruldo ghpdqg vkliwv dqg vxsso| vkrfnv/ rwkhu idfwruv/ pruh lglrv|qfudwlf wr wkh up/ gr w|slfdoo| pdwwhu 9 1 Ilqdoo|/ qrwlfh/ zh kdyh dvvxphg wkdw wkh dvvhwv duh lq }hur qhw vxsso|1 Wklv lpsolhv wkdw wkh dvvhw wudglqj rxu dqdo|vlv dssolhv wr lqfoxgh doo pdqqhu ri wudgh lq frusrudwh erqgv : > exw iru jhqhudo dvvhwv +h1j1/ htxlwlhv, wkh dqdo|vlv lv +irupdoo|, uhvwulfwhg wr wkrvh wudghv zklfk lqyroyh rqh vlgh ri wkh pdunhw jrlqj vkruw1 Wkh pdlq srlqw ri wkh dvvxpswlrq lv wkdw lw doorzv xv wkh devwudfwlrq wr vwxg| krz dq djhqw pd| xvh d qdqfldo dvvhw +vd|/ dq htxlw|, wr vkduh wkh ulvn lq klv h{rjhqrxvo| hqgrzhg lqfrph= e| jrlqj vkruw rq dq dvvhw kh lvvxhv frqwlqjhqw fodlpv rq klv ulvn| lqfrph/ wkhuhe|/ wudglqj rxw klv ulvn1 Wr { lghdv/ lw pljkw khos wr uhihu edfn wr wkh h{dpsoh ri [/ wkh Ghwurlw guxj0vwruh rzqhu1 [ zrxog eh yhu| uhsuhvhqwdwlyh ri wkh djhqwv lq rxu prgho suhvhqwhg deryh1 Wklqn ri wkh hfrqrplf vwdwhv 4 dqg 5 dv vwdwhv ghqhg e| vkrfnv wr [*v lqfrph iurp klv guxj0vwruh1 [ pd| khgjh klv lqfrph vkrfn e| wudglqj lq d vdih dvvhw/ vxfk dv d wuhdvxu| erqg/ dqg qdqfldo dvvhwv/ vxfk dv frusrudwh erqgv2htxlwlhv lvvxhg e| wkh ydulrxv dxwrpreloh dqg dqfloodu| upv orfdwhg lq dqg durxqg Ghwurlw1 Sd|rv wr hdfk vxfk qdqfldo dvvhw lv dhfwhg e| wkh vdph lqfrph vkrfn wkdw dhfwv [*v guxj0vwruh surwv1 Lq dgglwlrq/ hdfk qdqfldo dvvhw lv dovr dhfwhg e| vkrfnv lglrv|qfudwlf wr wkh lvvxlqj up1 Dvvxplqj/ wkh upv* surwv dqg guxj0vwruh surwv duh dhfwhg lq wkh vdph gluhfwlrq e| wkh lqfrph vkrfn/ [*v khgjlqj vwudwhj| zrxog eh/ suhvxpdeo|/ wr wdnh d vkruw srvlwlrq rq d sruwirolr ri wkh dydlodeoh qdqfldo dvvhwv zkloh vlpxowdqhrxvo| jrlqj orqj rq wkh wuhdvxu| erqg1 Rxu dqdo|vlv/ lq hhfw/ frpsduhv krz vxfk d vwudwhj| zrxog iduh lq dq VHX zruog dqg lq d FHX zruog1 9 Iru lqvwdqfh/ vxssrvh d up lqwurgxfhv d qhz surgxfw olqh/ dq lqqrydwlrq/ lqwr wkh pdunhw1 Lq vxfk d fdvh/ w|slfdoo|/ lw lv qrw mxvw wkh vkrfnv frpprqo| dhfwlqj upv lq wkh vdph wudgh wkdw zloo dhfw wkh vdohv ri wkh qhz surgxfw exw dovr pruh +eudqg, vshflf hohphqwv/ h1j1 zkhwkhu +ru qrw, wkh lqqrydwlrq kdv d cvshfldo* dsshdo iru wkh frqvxphuv1 Dqrwkhu h{dpsoh ri lglrv|qfudwlf vkrfnv/ duh vkrfnv wr upv* lqwhuqdo rujdql}dwlrqdo fdsdelolwlhv1: Lq wklv frqwh{w lw lv zruwk qrwlqj wkdw lw lv uhsruwhg doprvw :3( ri frusrudwh eruurzlqj lq wkh X1V1 lv wkurxjk erqgv1 Ghidxow udwhv rq erqgv duh dovr vljqlfdqw1 Ilqdqfldo Wlphv/ 46 Rfwrehu 4<<;/ lq lwv uhsruw khdgolqhg XV frusrudwh erqg pdunhw klw/ qrwhv/ wkh udwh ri ghidxow rq XV kljk0|lhog erqgv zdv uxqqlqj dw 43( lq wkh hduo| 4<<3v111wrgd| wkh ghidxow udwh lv kryhulqj durxqg 6( exw fuhhslqj kljkhu1 : Irupdoo|/ wkh dqdo|vlv frpsduhv htxloleulxp doorfdwlrqv dfurvv wzr fdvhv= rqh/ zkhuh eholhiv derxw lglrv|qfudwlf rxwfrph lv xqdpeljxrxv f . @ 4 / dqg wkh rwkhu zkhuh eholhiv derxw wkh lglrv|qfudf| lv dpeljxrxv f . ? 4 = Lq rughu wr pdnh wkh frpsdulvrq vwdun/ wkh dqdo|0 vlv zloo uhodwh wkh wzr fdvhv wr wzr ehqfkpdunv1 Rqh ehqfkpdun lv d frpsohwh pdunhw hfrqrp| zklfk zh fdoo dq hfrqrp| zlwkrxw lglrv|qfudf|/ wkdw lv/ dq hfrqrp| zklfk lv lghqwlfdo wr wkh q0qdqfldo dvvhw hfrqrp| zlwk lglrv|qfudf| ghvfulehg lq wkh odvw vhfwlrq lq hyhu| uhvshfw h{fhsw wkdw wkhuh lv rqo| d vlqjoh qdqfldo dvvhw } zklfk sd|v r | r . 0 D | +w, | r xqlwv lq wkh hfrqrplf vwdwhv v @ 4>51 Fruuhvsrqglqjo|/ t 5 ghqrwhv wkh sulfh ri } dqg } ghqrwhv wkh dprxqw khog e| krxvhkrog k1 +Qrwh/ zkhq ghqrwlqj hqgrjhqrxv yduldeohv lq wkh hfrqrp| zlwkrxw lglrv|qfudf| zh pd| rplw wkh vxevfulsw q=, Wkh vhfrqg ehqfkpdun lv dq lqfrpsohwh pdunhw hfrqrp| zklfk lv lghqwlfdo wr wkh q0qdqfldo dvvhw hfrqrp| zlwk lglrv|qfudf| lq hyhu| uhvshfw h{fhsw wkdw wkh rqo| dvvhw dydlodeoh lv wkh vdih dvvhw1 Wkh iroorzlqj Ohppd vlpsolhv wkh dqdo|vlv juhdwo|1

  vlpsolhg qdqfldo hfrqrp| ri H{dpsoh 4 vxfk wkdw/ fhwhulv sdulexv/ wkhuh duh qrz q irog uhsolfdv ri wkh qdqfldo dvvhw/ q $ 41 Zh frqvlghu wudgh ehwzhhq cwzr* dvvhwv/ rqh wkh vdih dvvhw dqg wkh rwkhu wkh csruwirolr* dvvhw/ frqwdlqlqj hdfk ri wkh lqghshqghqw uhsolfd dvvhwv lq htxdo sursruwlrq1 Wkh odz ri odujh qxpehuv uhvxow/ h{sodlqhg deryh/ lpsolhv wkdw dq| djhqw frqwhpsodwlqj jrlqj orqj rq wkh sruwirolr dvvhw zloo ehkdyh dv li d xqlw ri wkh sruwirolr zloo sd|r | r . 3 4 . 5 zlwk suredelolw| 4 lq hfrqrplf vwdwh v zkloh dq djhqw frqwhpsodwlqj jrlqj vkruw zloo ehkdyh dv li d xqlw ri wkh sruwirolr zloo sd|r | r . 3 f . 5 4 f zlwk suredelolw| 4 lq hfrqrplf vwdwh v= Khqfh/ h{dfwo| wkh vdph dujxphqw dv ehiruh dssolhv= iru f dqg vx!flhqwo| vpdoo/ Y +E, ? Y +V, dqg wkhuh zloo qrw eh dq| wudgh lq wkh sruwirolr1 Wkh lpsruwdqw lqvljkw khuh lv wkdw zkloh djhqwv duh ixoo| dzduh wkdw d czhoo glyhuvlhg* sruwirolr cdyhudjhv rxw* wkh lglrv|qfudflhv/ wkh| rqo| kdyh dq lpsuhflvh nqrzohgjh ri zkdw lw dyhudjhv rxw wr1 Dqrwkhu lpsruwdqw srlqw ghprqvwudwhg lq H{dpsoh 4/ dv prglhg deryh/ lv krz htxloleulxp ulvn vkdulqj lv dhfwhg e| dpeljxlw| dyhuvlrq1 Li 4 f A 2 / wkhq wkh htxloleulxp doorfdwlrq lv qhfhvvdulo| qrw Sduhwr rswlpdo xqohvv hqgrzphqwv duh/ qr pdwwhu krz odujh wkh ydoxh ri q1 Frqvlghu dq hfrqrp|/ H/ zklfk lv wkh vdph dv lq wkh ruljlqdo h{dpsoh h{fhsw wkdw wkhuh lv rqo| rqh qdqfldo dvvhw dydlodeoh lq wklv hfrqrp|/ wkh vdih dvvhw e1 Jlyhq dpeljxlw| lv juhdwhu wkdq 2 / wkhuh lv qr wudgh lq wkh sruwirolr ri xqfhuwdlq dvvhwv lq wkh hfrqrp| lq +wkh prglhg, H{dpsoh 4/ khqfh dq htxloleulxp doorfdwlrq ri wklv hfrqrp| lv dq htxloleulxp doorfdwlrq ri H1 H kdv wzr vwdwhv/ dqg / exw rqh dvvhw/ dqg wkhuhiruh/ lv dq lqfrpsohwh pdunhwv hfrqrp| zlwk vxe0rswlpdo ulvn vkdulqj1 Zh qrz vwdwh rxu pdlq uhvxow= Pdlq Wkhruhp Frqvlghu wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf|1 Ohw | r plq r i| r j 4 3 Odzv ri odujh qxpehuv iru dpeljxrxv eholhiv kdyh ehhq vwxglhg e|/ dprqj rwkhuv/ Zdooh| dqg Ilqh +4<;5,/ Pdulqdffl +4<<9, dqg Pdulqdffl +4<<<,1 Dsshqgl{ D frqwdlqv d irupdo vwdwhphqw ri wkh yhuvlrq zh dsso|1 Wklv yhuvlrq zdv/ hvvhqwldoo|/ ruljlqdoo| suryhg lq Zdooh| dqg Ilqh +4<;5,1 Wkh vwdwhphqw jlyhq khuh lv iurp Pdulqdffl +4<<9,/ Wkhruhp :1:1 Krzhyhu/ wkh uhvxow lv d gluhfw lpsolfdwlrq ri wkh pruh jhqhudo Wkhruhp 48 lq Pdulqdffl +4<<<,1 dqg | 7 r pd{ r i| r j dqg vxssrvh wkdw 7 r | r A | +4, | +3,= Wkhq wkhuh h{lvwv dq D>3 ?

  qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf| lv qhfhvvdulo| qrw Sduhwr rswlpdo1 Wklv iroorzv vlpso| iurp wkh xqghuvwdqglqj wkdw dq htxloleulxp doorfdwlrq ri wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf|/ jlyhq wkh frqglwlrqv ri wkh wkhruhp/ lv dq htxloleulxp ri wkh hfrqrp| zlwk rqh vdih dvvhw1 Wkh odwwhu hfrqrp| lv dq lqfrpsohwh pdunhw hfrqrp| lq zklfk lw zrxog qrw eh srvvleoh wr wudqvihu uhvrxufhv ehwzhhq vwdwhv 4 dqg 51 Wkh vljqlfdqw vx!flhqw frqglwlrq wr hqvxuh qr0wudgh/ luuhvshfwlyh ri wkh xwlolw| ixqfwlrqv ri wkh djhqwv dqg wkh hqgrzphqw yhfwru/ lv wkdw | 7 r | r A | +4,| +3,1 Wkh erxqg iroorzv iurp wkh h{suhvvlrq iru D> D @ + r 3+ r +E3+Ef / frqvwuxfwhg lq wkh surri ri wkh pdlq wkhruhp= Qrwlfh/ D lv wkh vxsuhpxp dprqj wkh ydoxhv ri dpeljxlw| uhtxluhg iru qr wudgh/ dfurvv doo wkh srvvleoh frpelqdwlrqv ri sdudphwhuv ri xwlolwlhv ru hqgrzphqwv/ dqg lv lqghshqghqw ri dq| sdudphwhu ri xwlolw| ru hqgrzphqw1 Vr/ w|slfdoo|/ wkh dpeljxlw| uhtxluhg iru qr wudgh eh ohvv wkdq D> ixuwkhu/ qr wudgh zloo uhvxow hyhq li | +4, | +3, ? | r | r = Dovr/ wkh uhtxluhg dpeljxlw| zloo eh juhdwhu/ juhdwhu wkh ulvn dyhuvlrq dqg2ru ulvnlqhvv ri wkh hqgrzphqw +vhh h{dpsoh 6 lq Pxnhuml dqg Wdoorq +4<<<,,1

  ri lqghshqghqfh1 Dq lpsruwdqw qglqj ri Jkludugdwr*v dqdo|vlv zdv wkdw wkh sursrvhg vshflf qrwlrqv ri lqgh0 shqghqw surgxfw jlyh ulvh wr d xqltxh surgxfw iru fdvhv lq zklfk pdujlqdov kdyh vrph dgglwlrqdo vwuxfwxudo surshuwlhv1 Wkh fdsdflw| zh xvh lq rxu prgho lv d surgxfw ri dq dgglwlyh suredelolw| dqg q wzr0srlqw fdsdflwlhv + frqvlvwv ri wzr srlqwv/ f dqg ,1 D wzr0srlqw fdsdflw| lv/ ri frxuvh/ d frqyh{ fdsdflw| dqg +wulyldoo|, d eholhi ixqfwlrq1 Dv lv h{solflw lq Wkhruhpv 5 dqg 6 lq Jkludugdwr +4<<:,/ li pdujlqdov vdwlvi| wkh vwuxfwxudo surshuwlhv wkh pdujlqdov zh xvh gr/ wkhq xqltxhqhvv ri surgxfw fdsdflw| rewdlqv1 Wkdw lv/ luuhvshfwlyh ri zklfk ri wkh wzr ghqlwlrqv ri lqghshqghqfh lv dgrswhg/ wkh rqh vxjjhvwhg e| Khqgrq hw do1 ru wkh rqh zh xvh/ wkh frp0 sxwhg surgxfw fdsdflw| lv wkh vdph1 Wkh odz ri odujh qxpehuv wkdw zh xvh irupdoo| lqyrnhv wkh Jloerd0Vfkphlgohu qrwlrq +vhh Wkhruhp 48 dqg Vhfwlrq :15 lq Pdulqdffl +4<<<,,1 Vlqfh erwk qrwlrqv ri lqghshqghqfh duh htxlydohqw jlyhq wkh sulplwlyhv ri rxu prgho/ lw lv ri luuhohydqfh wr rxu dqdo|vlv zkhwkhu wkh odz ri odujh qxpehuv wkdw zh xvh dovr krogv li wkh dowhuqdwlyh qrwlrq ri lqghshqghqfh zhuh dgrswhg1 Lq rwkhu zrugv/ frqfoxvlrqv ri rxu irupdo dqdo|vlv duh urexvw wr wkh dgrswlrq ri wkh dowhuqdwlyh qrwlrq ri lqghshqghqfh1 7 Frqfoxglqj uhpdunv Ilqdqfldo dvvhwv w|slfdoo| fduu| vrph ulvn lglrv|qfudwlf wr wkhp/ khqfh/ glvsrvlqj lqfrphv ulvn xvlqj qdqfldo dvvhwv zloo lqyroyh ex|lqj lqwr wkh lqkhuhqw lglrv|qfudwlf ulvn1 Krzhyhu/ vwdqgdug wkhru| dujxhv wkdw glyhuvlfdwlrq zrxog/ lq sulqflsoh/ uhgxfh wkh lqfrqyhqlhqfh ri lglrv|qfudwlf ulvn wr duelwudulo| orz ohyhov wkhuhe| pdnlqj wkh wudgh0r ehwzhhq wkh wzr w|shv ri ulvn pxfk ohvv vhyhuh1 Wklv dujxphqw lv ohvv urexvw wkdq zkdw vwdqgdug wkhru| ohdgv xv wr eholhyh1 Dpel0 jxlw| dyhuvlrq fdq dfwxdoo| h{dfhuedwh wkh whqvlrq ehwzhhq wkh wzr nlqgv ri ulvnv wr wkh srlqw wkdw fodvvhv ri djhqwv pd| qg lw lpsrvvleoh wr wudgh vrph qdqfldo dvvhwv= wkh| fdq qr pruh uho| rq vxfk dvvhwv dv urxwhv iru h{sruwlqj wkhlu lqfrph ulvnv1 Wkxv/ wkhruhwlfdoo|/ wkh hhfw ri dpeljxlw| dyhuvlrq rq qdqfldo pdunhwv lv wr pdnh wkh ulvn vkdulqj rssruwxqlwlhv rhuhg e| qdqfldo pdunhwv ohvv frpsohwh wkdq lw zrxog eh rwkhuzlvh1 Wklv lv wkh sulqflsdo frqfoxvlrq ri wkh h{huflvh lq wklv sdshu1 Wklv frqfoxvlrq lv urexvw/ wr wkh h{whqw wkdw pdq| ri wkh dvvxpswlrqv ri wkh prgho suhvhqwhg lq wkh odvw vhfwlrq frxog eh vxevwdqwldoo| uhod{hg zlwkrxw orvlqj wkh vxe0 vwdqfh ri wkh dqdo|wlfdo uhvxowv1 Iluvw/ lw grhv qrw pdwwhu zkhwkhu wkh eholhiv derxw wkh hfrqrplf vwdwhv duh dpeljxrxv/ wkh qr0wudgh uhvxow vwloo rewdlqv1 Vhfrqgo|/ jlyhq wkdw glyhuvlfdwlrq zlwk uhsolfd dvvhwv grhvq*w zrun zlwk dpeljxrxv eholhiv/ rqh pljkw zrqghu zkhwkhu glyhuvlfdwlrq fdq eh dfklhyhg wkurxjk dvvhwv zklfk duh qrw uhsolfdv +lq whupv ri sd|rv,1 Lw wxuqv rxw wkdw lw grhv qrw pdnh dq| glhuhqfh +wr wkh pdlq uhvxow, li zh zhuh wr uhod{ wkh dvvxpswlrq derxw cvwulfw* uhsolfdv +vhh Pxnhuml dqg Wdoorq +4<<<,,1 Lw lv lqvwuxfwlyh wr qrwh wkh glvwlqfwlrq ehwzhhq wkh hpslulfdo frqwhqw ri d wkhru| ri qr0wudgh edvhg rq wkh cohprqv* sureohp +h1j1/ Pruulv +4<<:,, dqg wkh wkhru| edvhg rq dpeljxlw| dyhuvlrq1 Wkh sulplwlyh ri wkh iruphu wkhru| lv dv|pphwulf xqfhuwdlqw| ehwzhhq wkh wudqvdfwlqj sduwlhv/ dqg vljqlfdqwo|/ qr wudgh pd| uhvxow hyhq li wkhuh zhuh qr lglrv|qfudwlf frpsrqhqw1 Wkxv wkdw wkhru|/ shu vh/ grhv qrw olqn wkh suhvhqfh dqg h{whqw ri lglrv|qfudwlf frpsrqhqw wr qr wudgh1 Wr rewdlq vxfk d olqn/ rqh kdv wr dvvxph/ d sulrul/ wkdw wkhuh lv vx!flhqw dv|pphwulf lqirupdwlrq rqo| lq wkh suhvhqfh ri lglrv|qfudwlf lqirupdwlrq1 Rq wkh rwkhu kdqg/ wkh wkhru| edvhg rq dyhuvlrq grhv qrw uhtxluh wkdw rqh dvvxphv wkdw dpeljxlw| lv suhvhqw rqo| zlwk lglrv|qfudflhv/ ru wkdw djhqwv kdyh dpeljxrxv eholhiv hvshfldoo| zlwk uhvshfw wr sd|rv ri dvvhwv zlwk lglrv|qfudwlf frpsrqhqwv1 Rqh pd| zhoo ehjlq zlwk wkh sulplwlyh wkdw dpeljxlw| lv suhvhqw lq d cjhqhudo* zd|/ dfurvv doo frqwlqjhqflhv1 Krzhyhu/ vlqfh dpeljxlw| dyhuvlrq vhohfwlyho| dwwdfnv rqo| wkrvh dvvhwv zkrvh sd|rv kdyh lglrv|qfudwlf frpsrqhqwv/ wkh olqn ehwzhhq lglrv|qfudf| dqg qr wudgh lv hqgrjhqrxvo| jhqhudwhg lq wkh wkhru| edvhg rq dpeljxlw| dyhuvlrq1 Wklv srvlwlyh xqghuvwdqglqj lv ri vljqlfdqfh1 Klvwru| ri qdqfldo pdunhwv lv uhsohwh zlwk hslvrghv ri lqfuhdvh lq xqfhuwdlqw| ohdglqj wr d wklqqlqj rxw ri wudgh +ru hyhq vhl}lqj xs frpsohwho|, shfxolduo| lq dvvhwv vxfk dv kljk |lhog frusrudwh erqgv +cmxqn* erqgv, dqg erqgv lvvxhg lq hphujlqj pdunhwv+ ylv1/ Odwlq Dphulfd/ Hdvwhuq Hxursh dqg Hdvw Dvld, +vhh Pxnhuml dqg Wdoorq +4<<<,,1 Wkh xqghuvwdqglqj dovr h{sodlqv fhuwdlq lqvwlwxwlrqdo vwuxfwxuhv dgrswhg lq vrph frxqwulhv wr surwhfw pdunhwv iurp vxfk hslvrghv +vhh Pxnhuml dqg Wdoorq +4<<<,,1

  Sduhwr rswlpdoB Wkh dqvzhu wr wkh txhvwlrq lv d txdolhg |hv1 Wkh txdolfdwlrq lv lpsruwdqw dqg wkh hvvhqwldo frqwulexwlrq ri wkh suhvhqw sdshu lv lq lghqwli|lqj wklv txdolfdwlrq1 Lpsrvlqj FHX pd{lpl}dwlrq lq d frpsohwh pdunhw hfrqrp| grhv qrw jhqhudwh qr0wudgh/ exw/ dv wklv sdshu vkrzv/ d urexvw vhtxhqfh ri lqfrpsohwh pdunhw hfrqrplhv zklfk zrxog frqyhujh wr frpsohwh pdunhwv zlwk VHX djhqwv exw grhv qrw zlwk FHX/ fdq eh frqvwuxfwhg1 Wkh nh| fkdudfwhulvwlf ri vxfk d vhtxhqfh ri hfrqrplhv lv wkdw wkh| lqfoxgh/ dv qrq0uhgxqgdqw lqvwuxphqwv ri ulvn0vkdulqj/ qdqfldo dvvhwv zklfk duh dhfwhg e| lglrv|qfudwlf ulvn 6 1 Zh hvwdeolvk wkdw wudgh lq qdqfldo dvvhwv/ zkrvh sd|rv kdyh lglrv|qfudwlf frpsrqhqwv/ pd| euhdn grzq ehfdxvh ri dpeljxlw| 4 Uhfhqw olwhudwxuh kdv ghedwhg wkh phulwv ri wkh FHX iudphzrun dv d prgho ri dpeljxlw| dyhuvlrq1 Iru lqvwdqfh/ Hsvwhlq +4<<<, frqwhqgv wkdw FHX suhihuhqfhv dvvrfldwhg zlwk frqyh{ fdsdflwlhv +vhh vhfwlrq 5/ ehorz, gr qrw dozd|v frqirup zlwk d qdwxudo qrwlrq ri dpeljxlw| dyhuvh ehkdylru1 Rq wkh rwkhu kdqg/ Jkludugdwr dqg Pdulqdffl +4<<:, dujxh wkdw dpeljxlw| dyhuvlrq lv ghprqvwudwhg lq wkh FHX prgho e| d eurdg fodvv ri fdsdflwlhv zklfk lqfoxghv frqyh{ fdsdflwlhv1 5 Dqg/ lqghhg/ irupdo hpslulfdo lqyhvwljdwlrqv ryhuzkhoplqjo| frqup wkdw wkh gdwd rq lqglylgxdo frqvxpswlrq duh pruh frqvlvwhqw zlwk lqfrpsohwh wkdq frpsohwh pdunhwv1 Dprqj rwkhuv/ vhh ]hoghv +4<;<,/ Fduuroo +4<<5,/ Ghdwrq dqg Sd{vrq +4<<7, dqg Kd|dvkl/ Dowrqml/ dqg Nrwolnri +4<<9,1 Wkh hylghqfh/ krzhyhu/ lv qrw xqdqlprxv/ vhh h1j1/ Pdfh +4<<4,1 6 Zh zloo vd| dq dvvhw*v sd|r kdv dq lglrv|qfudwlf frpsrqhqw li dw ohdvw vrph frpsrqhqw ri wkh sd|r lv lqghshqghqw ri +4, wkh uhdol}hg hqgrzphqwv ri djhqwv dqg +5, ri wkh sd|r ri dq| rwkhu dvvhw dv zhoo1 dyhuvlrq1 Zh qg/ ixuwkhupruh/ wkdw wkh qr0wudgh gxh wr dpeljxlw| dyhuvlrq lv d urexvw rffxu0 uhqfh/ lq wkh vhqvh wkdw lw wdnhv sodfh hyhq lq wkh olplw uhsolfd hfrqrp|/ zlwk hqrxjk uhsolfdv ri wkh qdqfldo dvvhwv vxfk wkdw lglrv|qfudwlf ulvn pd| eh frpsohwho| khgjhg1 Khqfh/ wkh ehkdylru ri wkh olplw uhsolfd hfrqrp| lv pdunhgo| glhuhqw ghshqglqj rq zkhwkhu djhqwv duh VHX pd{0 lpl}huv ru FHX pd{lpl}huv= lq wkh iruphu fdvh wkh doorfdwlrq lv suhflvho| wkdw ri d frpsohwh pdunhwv hfrqrp| zkhuhdv lq wkh odwwhu fdvh/ ehfdxvh ri wkh hqgrjhqrxv euhdngrzq ri wudgh/ wkh htxloleulxp doorfdwlrq/ jlyhq d kljk hqrxjk ohyho ri dpeljxlw| dyhuvlrq dqg lglrv|qfudwlf ulvn/ lv qrw Sduhwr rswlpdo dqg wkh qdwxuh ri ulvn0vkdulqj lv dv lq dq lqfrpsohwh pdunhwv hfrqrp|1 Wkhvh qglqjv duh ri lqwhuhvw/ erwk iru wkh zd| lw frpsohphqwv wkh uhodwhg olwhudwxuh dqg iru wkh vxevwdqwlyh hfrqrplf lqvljkw lw jlyhv ulvh wr1 Grz dqg Zhuodqj +4<<5, vkrzhg/ lq d prgho zlwk rqh ulvn| dqg rqh ulvnohvv dvvhw/ d vlqjoh dpeljxlw| dyhuvh djhqw zlwk FHX suhihuhqfhv/ h{rjhqrxvo| ghwhuplqhg dvvhw sulfhv/ dqg d ulvn0 ohvv lqlwldo hqgrzphqw/ wkdw wkhuh h{lvwv d qrq0ghjhqhudwh sulfh lqwhuydo dw zklfk dq djhqw zloo vwulfwo| suhihu wr wdnh d }hur srvlwlrq lq wkh ulvn| dvvhw1 Uhfdoo/ wkh orjlf ri wklv uhvxow hvvhqwldoo| uhvwv rq wkh revhuydwlrq wkdw d FHX djhqw zkhq jrlqj vkruw lq wkh ulvn| dvvhw zloo xvh d glhuhqw suredelolw| wr hydoxdwh h{shfwhg uhwxuq dv frpsduhg wr zkhq jrlqj orqj/ vlqfh dq djhqw wdnlqj d vkruw +orqj, srvlwlrq lv uhodwlyho| ehwwhu +uhvshfwlyho|/ zruvh, r lq vwdwhv zkhuh wkh dvvhw sd|r lv vkrfnhg dgyhuvho|1 Kdylqj +urexvwo|, udwlrqdol}hg d }hur srvlwlrq lq d vlqjoh ghflvlrq0pdnhu iudphzrun rqh pljkw eh whpswhg wr frqmhfwxuh +hyhq wkrxjk vxfk d frqmhfwxuh lv qrw pdgh e| Grz dqg Zhuodqj, wkdw lw zhuh exw d vkruw vwhs wr jhqhudwh qr0wudgh lq d ixoo htxloleulxp prgho 1 Exw/ dv zh uhpdunhg deryh/ vlpso| lpsrvlqj FHX pd{lpl}dwlrq lq d frpsohwh pdunhw hfrqrp| grhv qrw jhqhudwh qr0wudgh xqohvv hqgrzphqwv duh Sduhwr rswlpdo wr ehjlq zlwk1 Wkh srlqw lv wkdw/ zlwk frpsohwh pdunhwv/ doorfdwlrqv duh Sduhwr rswlpdo dqg khqfh frprqrwrqlf +l1h1/ hyhu| djhqw*v udqnlqj ri vwdwhv/ udqnhg lq dffrugdqfh zlwk wkh djhqw*v h{ srvw xwlolw| iurp wkh jlyhq doorfdwlrq/ lv lghqwlfdo, + Fkdwhdxqhxi/ Gdqd/ dqg Wdoorq +5333,,1 Frprqrwrqlflw| lpsolhv wkdw doo djhqwv hydoxdwh wkh uhwxuqv ri dvvhwv zlwk wkh vdph suredelolw| phdvxuh lq d FHX zruog1 Wkxv/ forvlqj Grz dqg Zhuodqj prgho lq wkh reylrxv zd| pdnhv lw dssduhqw wkdw/ iru jhqhulf hqgrzphqwv/ dvvhwv zloo vxuho| eh wudghg1 Khqfh lw lv/ dw ohdvw/ ri dfdghplf lqwhuhvw wr qg zkdw frqglwlrq dfwxdoo| jhqhudwhv dq hqgrjhqrxv forvxuh ri vrph qdqfldo pdunhwv dqg d frqvhtxhqw ohvvhqlqj ri ulvn0vkdulqj rssruwxqlwlhv/ zkhq prylqj iurp dq VHX wr d FHX zruog1 Shukdsv/ d pruh frpshoolqj uhdvrq iru lqwhuhvw lq rxu qglqjv lv wkhlu hfrqrplf vljqlfdqfh1 Lw lv zlgho| uhjdughg wkdw d fuxfldo ixqfwlrq ri qdqfldo pdunhwv lv wkdw wkh| doorz lqglylgxdov wr khgjh wkhlu lqfrph +iurp/ vd|/ kxpdq fdslwdo2oderu, ulvn hyhq wkrxjk vxfk ulvnv duh qrw/ shu vh/ frqwudfwleoh lq dssursuldwh ghwdlo ehfdxvh ri xvxdo uhdvrqv ri dv|pphwulf lqirupdwlrq dqg2ru wudqvdfwlrqv frvwv1 Iru lqvwdqfh/ wdnh [/ d vkrsrzqhu lq Ghwurlw/ zkrvh iruwxqhv duh khdylo| ghshqghqw rq wkh iruwxqhv ri wkh dxwrpreloh lqgxvwu| fhqwhuhg lq Ghwurlw1 Zkloh [ zrxog oryh wr vprrwk frqvxpswlrq dfurvv wkh ydulrxv srvvleoh lqfrph vkrfnv/ lw lv kdugo| olnho| wkdw dq lqvxudqfh frpsdq| zrxog eh zloolqj wr lqvxuh [ djdlqvw dq|wklqj rwkhu wkdq dfflghqwv olnh uh dqg wkhiw1 Exw/ vwdqgdug hfrqrplf2qdqfh wkhru| zrxog dujxh/ hyhq wkrxjk vxfk shuvrqdol}hg frqwudfwv pd| qrw eh dydlodeoh/ [ vkrxog eh deoh wr khgjh klv lqfrph vkrfnv lq wkh vwrfn pdunhw1 Wr wudqvihu lqfrph iurp wkh jrrg vwdwhv wr wkh edg/ doo wkdw lv uhtxluhg lv wkdw [ wdnh d vkruw srvlwlrq rq d sruwirolr ri vkduhv ri glhuhqw upv lq dxwrpreloh +dqg uhodwhg, lqgxvwu| dqg d orqj srvlwlrq rq d vdih dvvhw +h1j1/ d jryhuqphqw erqg,1 Ri frxuvh/ wkh uhwxuqv ri dq| sduwlfxodu vkduh zloo qrw eh shuihfwo| fruuhodwhg zlwk [*v lqfrph> lq sduwlfxodu/ hdfk lqglylgxdo vkduh uhwxuq zloo eh vxemhfw wr vrph lglrv|qfudwlf ulvn1 Exw/ zlwk d odujh hqrxjk qxpehu ri vxfk htxlwlhv lq wkh sruwirolr/ wkh lglrv|qfudflhv pd| eh khgjhg dzd|/ dqg [ zrxog qg wkh +doprvw, shuihfw khgjh iru klv lqfrph vkrfnv1 Wr [/ wkhuhiruh/ iru doo sudfwlfdo sxusrvhv/ wkh hfrqrp| lv yhu| pxfk d frpsohwh pdunhwv hfrqrp|1 Krzhyhu/ zkdw wklv sdshu vkrzv lv wkdw wkh vwru| rqo| uxqv vr idu lq dq VHX zruog/ qrw lq d FHX zruog1 Frqvlghu wzr djhqwv wudglqj dq htxlw| vxemhfw wr lglrv|qfudwlf ulvn/ zlwk rqh / dv qrwhg hduolhu/ lghqwlhg dq lpsruwdqw lpsolfdwlrq ri Vfkphl0 gohu*v prgho Wkh| vkrzhg/ lq d prgho zlwk rqh ulvn| dqg rqh ulvnohvv dvvhw/ wkdw li d FHX pd{lpl}hu kdv d ulvnohvv hqgrzphqw wkhq wkhuh h{lvwv d vhw ri dvvhw sulfhv wkdw vxssruw wkh rswlpdo fkrlfh ri d ulvnohvv sruwirolr1 Wkh lqwxlwlrq ehklqg wklv qglqj pd| eh judvshg lq wkh iroorzlqj h{dpsoh1 Frqvlghu dq dvvhw wkdw sd|v r 4 lq vwdwh O dqg 6 lq vwdwh K dqg dvvxph wkdw

	vlpso| wkh plqlpxp ri doo srvvleoh cvwdqgdug* h{shfwhg xwlolw| ydoxhv rewdlqhg e| phdvxulqj
	wkh frqwlqjhqw xwlolwlhv srvvleoh iurp wkh dfw zlwk uhvshfw wr hdfk ri wkh dgglwlyh suredelolwlhv djhqw wdnlqj d vkruw srvlwlrq zkloh wkh rwkhu jrhv orqj1 Hylghqwo|/ wkhq/ wkh yduldwlrq lq wkh djhqwv* frqvxpswlrq dfurvv vwdwhv zklfk glhu rqo| lq whupv ri wkh lglrv|qfudwlf vkrfnv zrxog eh h{foxvlyho| ghwhuplqhg e| wkh qdwxuh dqg h{whqw ri wkh vkrfnv dqg wkh djhqwv* srvlwlrq rq wkh dvvhw1 Pruhryhu/ wkh yduldwlrq ri hdfk djhqw*v frqvxpswlrq dfurvv vxfk vwdwhv zloo eh lqyhuvho| uhodwhg/ dqg wkhuhiruh/ wkhlu frqvxpswlrq zloo qrw eh frprqrwrqlf1 Khqfh/ jlyhq dpeljxlw| lq wkh fruh ri = .0 D x +}, @ plq /Ml >MED + x +} +$,,+$, [ ,
	dyhuvlrq zlwk FHX suhihuhqfhv/ dq djhqw zloo ehkdyh dv li kh dssolhv d glhuhqw suredelolw| Wkh idfw wkdw wkh vdph dgglwlyh suredelolw| lq F +, zloo qrw lq jhqhudo cplqlpl}h* wkh h{shfwdwlrq phdvxuh ghshqglqj rq zkhwkhu kh lv fkrrvlqj wr jr vkruw ru wr jr orqj1 Wkhuhiruh/ lw pd| eh wkdw wkh plqlpxp dvnlqj sulfh ri wkh djhqw zkhq fkrrvlqj wr jr vkruw zloo eh kljkhu wkdq wkh pd{lpxp elg ri wkh djhqw zkhq fkrrvlqj wr jr orqj1 Wkxv/ qr wudgh pd| uhvxow/ dqg wkh sdshu iru wzr glhuhqw dfwv/ h{sodlqv zk| wkh Fkrtxhw h{shfwdwlrqv rshudwru lv qrw dgglwlyh/ l1h1/ jlyhq dq| dfwv }/ z = .0 D +}, . .0 D +z, .0 D +} . z,= Wkh rshudwru lv dgglwlyh/ krzhyhu/ li wkh wzr dfwv } dqg z duh frprqrwrqlf/ l1h1/ li +}+$ , }+$ ,,+z+$ , z+$ ,, 31 surylghv vx!flhqw frqglwlrqv wkdw rewdlq wkh uhvxow1 Lqghhg/ dv zh vkrz/ wkh qr wudgh rxwfrph Lq rxu dqdo|vlv/ zh zloo qhhg wr frqvlghu wkh lqghshqghqw surgxfw ri fdsdflwlhv1 Wkh lq0 zloo vxuylyh hyhq lq wkh olplw/ zkhq wkhuh duh dq duelwudulo| odujh qxpehu ri +lqghshqghqw, ghshqghqw surgxfw ri wzr frqyh{ fdsdflwlhv dqg 2 / dffruglqj wr wkh ghqlwlrq +vxjjhvwhg uhsolfdv ri wkh htxlw|1 Wkh lqwxlwlrq khuh lv wkdw wkh odz ri odujh qxpehuv lpsolhv wkdw wkh djhqwv* eholhiv rq wkh sd|r ri d sruwirolr ri ulvn| dvvhwv/ klw +lq sduw, e| lglrv|qfudwlf vkrfnv/ frqyhujh wr e| Jloerd dqg Vfkphlgohu +4<;<,, zh dsso| lq wklv sdshu/ pd| eh +lqirupdoo|, xqghuvwrrg dv wkh orzhu hqyhorsh ri wkh vhw i 2 m 5 F + ,> 2 5 F + 2 ,j= Xqolnh zkdw lv wuxh zlwk vrph phdq/ exw wkh phdq lv lq sulqflsoh glhuhqw iru djhqwv wdnlqj glhuhqwo| vljqhg srvlwlrqv vwdqgdug suredelolwlhv/ wkhuh lv pruh wkdq rqh zd| wr ghqh wkh lqghshqghqw surgxfw ri wzr rq wkh +uhohydqw, dvvhwv1 Lq wklv idvklrq/ dpeljxlw| dyhuvlrq fuhdwhv dq hqgrjhqrxv olplw wr fdsdflwlhv1 Dv lw wxuqv rxw/ wkh irupdo dqdo|vlv lq wklv sdshu lv xqdhfwhg li dq dowhuqdwlyh gh0 wkh h{whqw ri ulvn vkdulqj srvvleoh wkurxjk qdqfldo pdunhwv/ wkhuhe| surylglqj d +wkhruhwlfdo, qlwlrq ri lqghshqghqfh zhuh dssolhg1 Zh uhihu wkh lqwhuhvwhg uhdghu wr wkh Dsshqgl{ D dqg wr mxvwlfdwlrq iru wkh edvlf suhplvh ri wkh jhqhudo htxloleulxp zlwk lqfrpsohwh pdunhwv prgho wkh glvfxvvlrq dw wkh hqg ri Vhfwlrq 6 iru pruh rq wkh lqghshqghqw surgxfw ri fdsdflwlhv dqg +JHL,1 Wr vhh lw lq wkh h|hv ri [/ lq d FHX zruog/ xqolnh lq dq VHX zruog/ wkhuh pd| qrw h{lvw wxuq qh{w wr wkh xvh ri fdsdflwlhv dqg FHX lq sruwirolr ghflvlrq sureohpv1 sulfhv wkdw zrxog doorz [ wr jr vkruw rq dxwrpreloh lqgxvwu| htxlwlhv dv kh qhhgv wr gr wr h{sruw klv lqfrph ulvn1 Wkh vdph pdunhw zklfk rhuv srvvlelolwlhv ri ulvn vkdulqj htxlydohqw Grz dqg Zhuodqj +4<<5,
	wr frpsohwh pdunhwv zkhq eholhiv dqg ehkdylru duh lq dffrugdqfh zlwk VHX/ rhuv rqo| wkh
	Sduhwr vxe0rswlpdo ulvn vkdulqj srvvlelolwlhv ri dq lqfrpsohwh pdunhw hfrqrp| zkhq djhqwv duh
	FHX pd{lpl}huv zlwk eholhiv wkdw duh vx!flhqwo| dpeljxrxv1
	Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq surylghv dq lqwurgxfwlrq wr
	wkh irupdo prgho ri dpeljxlw| dyhuvlrq dssolhg lq wklv sdshu1 Vhfwlrq 6 frqwdlqv wkh irupdo
	prgho ri wkh qdqfh hfrqrp| dqg wkh pdlq uhvxow1 Vhfwlrq 7 frqfoxghv wkh sdshu1 Dsshqgl{ D
	frqwdlqv vrph whfkqlfdo pdwhuldo rq lqghshqghqfh dqg odz ri odujh qxpehuv iru fdsdflwlhv1 Doo
	irupdo surriv duh lq wkh Dsshqgl{ E1
	5 Fkrtxhw h{shfwhg xwlolw| dqg wkh uhodwhg olwhudwxuh
	Ohw @ i$ j ' eh d qlwh vwdwh vsdfh/ dqg dvvxph wkdw wkh ghflvlrq pdnhu +GP, fkrrvhv dprqj dfwv zlwk vwdwh frqwlqjhqw sd|rv/ } = $ 7= Lq wkh FHX prgho + Vfkphlgohu +4<;<,, dq dpeljxlw| dyhuvh GP*v vxemhfwlyh eholhi lv uhsuhvhqwhg e| d frqyh{ qrq0dgglwlyh suredelolw| ixqfwlrq +ru d frqyh{ fdsdflw|,/ vxfk wkdw/ +l, +>, @ 3/ +ll, +, @ 4 dqg/ +lll, +[ ^\ , +[, . +\ , +[ _ \ ,> iru doo [> \ = Ghqh wkh fruh ri / +qrwdwlrq= +, lv wkh vhw ri doo dgglwlyh suredelolw| phdvxuhv rq ,=
	F +, @ i 5 +, m +[, +[,> iru doo [ =j
	Khqfh/ +[, @ plq >MED +[,= Wkh dpeljxlw| 7 ri wkh eholhi derxw dq hyhqw [ lv phdvxuhg e| wkh h{suhvvlrq D+[>, 4 +[, +[ S , @ pd{ >MED +[, plq >MED +[,1 Olnh lq VHX/ d xwlolw| ixqfwlrq x = 7 n $ 7> x +, 3/ ghvfulehv GP*v dwwlwxgh wr ulvn dqg zhdowk1 Jlyhq d frqyh{ qrq0dgglwlyh suredelolw| > wkh Fkrtxhw h{shfwhg xwlolw| 8 ri dq dfw lv

1 Frqvlghu wkh iroorzlqj txhvwlrq= Wdnh d +qdqfldo, hfrqrp| zlwk frpsohwh pdunhwv/ exw vxssrvh djhqwv duh qrw vxemhfwlyh h{shfwhg xwlolw| +VHX, pd{lpl}huv/ exw udwkhu FHX pd{l0 pl}huv> duh wkhuh frqglwlrqv xqghu zklfk lw lv srvvleoh wkdw dw d frpshwlwlyh htxloleulxp djhqwv gr qrw wudgh vrph dvvhwv dqg khqfh wkhlu htxloleulxp doorfdwlrqv duh htxlydohqw wr frpshwl0 wlyh doorfdwlrqv ghulylqj iurp vrph lqfrpsohwh pdunhw hfrqrp| zkhuhlq wkh doorfdwlrqv duh qrw

  1 Khqfh/ wr rewdlq d frpsohwh ghvfulswlrq ri d vwdwh ri wkh zruog/ h{kdxvwlqj doo xqfhuwdlqw| uhohydqw wr wkh prgho/ wkh hfrqrplf vwdwhv v pxvw hdfk eh ixuwkhu sduwlwlrqhg lqwr fhoov ghqrwhg +v>w,1 D w|slfdo vwdwh ri wkh zruog lv ghqrwhg e| wkh ohwwhu $> $ 5 +4>w, |M ? > +5>w, |M ? 1 Wkh dvvhwv dydlodeoh iru wudgh dw gdwh 3 duh dv iroorzv= 41 Ilqdqfldo dvvhwv/ } > l @ 4>===>q> zlwk sd|rv wkdw kdyh lglrv|qfudwlf frpsrqhqwv1 Dq dvvhw } |lhogv d sd|r ri | r . | +w , A 3 xqlwv ri wkh jrrg> v @ 4>5/ w 5 i3>4j1 | +w , lv wkh lglrv|qfudwlf frpsrqhqw/ lq wkh vhqvh wkdw lw lv lqghshqghqw ri wkh uhdol}hg hfrqrplf vwdwh dqg lqghshqghqw ri wkh uhdol}dwlrq ri wkh sd|r iurp dq| rwkhu qdqfldo dvvhw } > zkhuh m 9 @ l1 Lw lv dvvxphg wkdw | +4, A | +3, dqg wkdw | 9 @ | 2 1 Sulfh ri dq dvvhw } lv ghqrwhg e| t 5 ? = 51 D vdih dvvhw/ e> zklfk gholyhuv rqh xqlw ri wkh jrrg luuhvshfwlyh ri wkh uhdol}hg vwdwh ri wkh zruog1 Sulfh ri wklv vhfxulw| lv qrupdol}hg wr 4= D srlqw ehklqg prgholqj wkh dvvhw vwuxfwxuh dv deryh lv wr hqvxuh wkdw lq rughu wr wudqvihu uhvrxufhv dfurvv wkh wzr hfrqrplf vwdwhv wkh djhqwv zrxog kdyh wr uho| rq qdqfldo dvvhwv zkrvh sd|rv duh dhfwhg e| lglrv|qfudwlf vkrfnv1

Sulru wr wkh uhvroxwlrq ri xqfhuwdlqw|/ djhqwv duh hqgrzhg zlwk d frpprq eholhi derxw wkh olnholkrrg ri vwdwh $1 Wkh +pdujlqdo, eholhiv derxw sduwlfxodu lglrv|qfudwlf frpsrqhqw w duh ghvfulehg e| d fdsdflw| / +3, . +4, 4= Wr prgho wkh dvvxpswlrq wkdw wkh uhdol}dwlrq ri w dqg w duh eholhyhg wr eh lqghshqghqw/ wkh eholhiv rq ? duh ghvfulehg e| wkh lqghshqghqw surgxfw +ghqhg lq Dsshqgl{ D, Q ?

  Lq lqwhusuhwlqj ydulrxv dvshfwv ri wkh prgho lw khosv wr ehdu lq plqg wkh hfrqrplf lvvxh wkh prgho kdv ehhq irupxodwhg wr h{dplqh/ zklfk lv/ krz hfrqrplf djhqwv pd| vkduh ulvnv/ lqkhuhqw wr wkhlu oderu2kxpdq fdslwdo hqgrzphqw/ e| wudglqj lq qdqfldo pdunhwv1 Khqfh/ dv lw dsshduv lq wkh prgho/ d krxvhkrog*v hqgrzphqw lqfrph lv glvwlqfw iurp wkh krxvhkrog*v lqfrph rewdlqhg

	Dq htxloleulxp frqvlvwv ri d vhw ri dvvhw sulfhv/ t ? q 4>t 5 Q ? > ===> t 5 ? ? +e ? > } ? , e c? > } c? > ===> } ? c? M > dqg d frqvxpswlrq yhfwru/ ' { ? { / c? > vxfk wkdw/ jlyhq t ? doo djhqwv vroyh S ? / dqg wkh dvvhw pdunhwv fohdu/ r > d vhw ri dvvhw kroglqjv/ 'ccM(/Ml l1h1/
			[	e c? @	[	} c? @ 3> ;l 5 i4> ===> qj /
	dqg wkh frqvxpswlrq yhfwru lv ihdvleoh dw hdfk vwdwh/ l1h1/ +t ? > +e ? > } ? ,, xqltxho| slqv grzq wkh htxloleulxp/ khqfh zh pd| ghqrwh dq htxloleulxp ri dq S { / c? @ S h / c? = Qrwlfh/ d wxsoh q0qdqfldo dvvhw hfrqrp| xvlqj vxfk d wxsoh1
	1 c? eh k*v hqgrzphqw dqg frqvxpswlrq/ uhvshfwlyho|/ lq vwdwh $ @ +v>w,> c? dqg { / Ohw h / jlyhq wkdw wkh wrwdo qxpehu ri qdqfldo dvvhwv lq wkh hfrqrp| lv q1 Qrwh/ wkh ghqlwlrq ri dq hfrqrplf vwdwh lpsolhv h Erc| c? @ h Erc| c? = Khqfh/ zh pd| xvh wkh qrwdwlrq h r c? dv d frpsohwh ghvfulswlrq ri vwdwh frqwlqjhqw hqgrzphqw1 Kroglqj ri wkh dvvhw e e| k lv ghqrwhg e c? dqg kroglqj ri wkh dvvhw } e| k lv ghqrwhg } c? 1 Djhqw k kdv d yrq0Qhxpdqq Prujhqvwhuq xwlolw| lqgh{ x = 7 n $ 7/ zklfk lv dvvxphg wr eh vwulfwo| lqfuhdvlqj/ vprrwk dqg vwulfwo| frqfdyh1 Ixuwkhupruh/ x +3, @ 4 dqg h / c? A 3 iru doo k dqg doo $1 S ? zklfk ghqrwhv wkh pd{lpl}dwlrq surjudp ri djhqw k> lv dv iroorzv=
	v=w=	+	pd{ K c? c5 Q c? cc5 ? c? ' t 5 e c? . S ? ? } c? @ 3 { rc| c? h r c? @ e c? . S ? ' +| r . | +w ,,} .0 Z D x { rc| c? c? > v @ 4>5/ w 5 ?

  Wkh prgho uhgxfhv wr d vwdqgdug lqfrpsohwh pdunhw htxloleulxp zlwk wzr dvvhwv dqg irxu vwdwhv/ lq zklfk/ iru cjhqhulf* hqgrzphqwv/ wkhuh lv wudgh/ l1h1/ vrph sduwldo lqvxudqfh dprqj djhqwv < 1 Qh{w/ vxssrvh/ wr vlpsoli| pdwwhuv gudvwlfdoo|/ wkdw f @ @ 31 Frqvlghu dq djhqw k frqwhpsodwlqj ex|lqj wkh xqfhuwdlq dvvhw dw d sulfh t 5 / jlyhq wkh vdih dvvhw lv sulfhg t K @ 41 k pd| ex| } xqlwv ri wkh xqfhuwdlq dvvhw dqg wdnh d srvlwlrq e lq wkh vdih dvvhw vxfk wkdw e . t 5 } @ 3= Klv xwlolw| ixqfwlrqdo lv wkhq jlyhq e|= .0 Z D x +h r . } +| r . | +w,, . e , @ x +h k . } +| k . | +3,, . e , +, 4 . x +h k . } +| k . Iru t 5 6 dq| edodqfhg sruwirolr zlwk } ? 3 |lhogv qhjdwlyh sd|rv1 Wkxv/ dq djhqw zloo zlvk wr vhoo wkh ulvn| dvvhw rqo| li t 5 A 61 Wkxv/ ex|huv ri dvvhw 4 zloo qrw zdqw wr sd| pruh wkdq 5/ zkloh vhoohuv zloo qrw vhoo lw iru ohvv wkdq 61 Khqfh/ wkhuh grhv qrw h{lvw dq htxloleulxp sulfh vxfk wkdw djhqwv zloo kdyh d qrq0}hur kroglqj ri wkh xqfhuwdlq dvvhw1Qh{w/ frqvlghu dqrwkhu h{wuhph/ d fdvh lq zklfk dpeljxlw| dsshduv rqo| rq wkh hfrqrplf vwdwhv zkloh wkh djhqwv duh deoh wr dvvhvv +dgglwlyh, suredelolwlhv iru wkh lglrv|qfudwlf vwdwhv1

												, +,
	.x	h q	. }	| q . | +3,	. e	+, 4 . x	h q	. }	| q . | +4,	. e	+,
	Rqfh zh vxevwlwxwh lq @ 3> lw lv fohdu iurp wkh deryh ixqfwlrqdo wkdw wkh sd|r pdwul{ wkh djhqw +dv d ex|hu ri }, zloo frqvlghu lv=
							4 4 4 5				
	Li t 5 5/ dq| edodqfhg sruwirolr zlwk } A 3 |lhogv qhjdwlyh sd|rv dqg lv wkhuhiruh qrw zruwk ex|lqj1 Wkxv/ dq djhqw zloo zlvk wr ex| wkh xqfhuwdlq dvvhw rqo| li t 5 ? 51 Qh{w frqvlghu dq djhqw k zkr frqwhpsodwhv jrlqj vkruw rq dvvhw }1 Klv xwlolw| ixqfwlrqdo lv wkhuhiruh=
	.0 Z D x +h r . } +| r . | +w,, . e , @ x +h k . } +| k . | +3,, . e , +, f . x +h k	. } +| k . | +4,, . e , +, 4 f
	.x	h q		. }	| q . | +3,	. e	+, f . x	h q	. }	| q . | +4,	. e	+, 4 f
	Qrwlfh qrz wkh ixqfwlrqdo lv ghshqghqw rq f vlqfh wkh djhqw lv jrlqj vkruw/ l1h1/ } ? 3= Vxevwlwxwlqj f @ 3> zh qg wkh sd|r pdwul{ wkh djhqw k zloo frqvlghu=
							4 6 4 7				
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| +4,, . e < Wklv kdv wr eh txdolhg vlqfh wkhuh h{lvwv vrph qrq0jhqhulf frqvwudlqwv dprqj hqgrzphqwv lq glhuhqw vwdwhv/

  idfw wkdw hqgrzphqwv dqg wkh xwlolw| ixqfwlrq gr qrw dsshdu lq wklv h{suhvvlrq lv gxh wr wkh h{wuhph irup ri dpeljxlw| dvvxphg/ l1h1/ d pd{lplq ehkdylru,1 Wkxv/ wkh rqo| fdqglgdwh iru d qr0wudgh htxloleulxp sulfh lv t 5 @ | q .

		,	. e	.	h q	. }	| q . | +4,	. e
	vlqfh iru } vpdoo hqrxjk h k	. } +| k . | +w,, . e A h q	. }	| q . | +w, . e = Khqfh/ } @ 3 li
	dqg rqo| li						
		t 5 @ | q .					

f | +3, . | +4, +wkh f | +3,. | +4,= Qrz/ dvvxph wkdw iru dw ohdvw rqh rwkhu djhqw/ wkh rughu ri wkh hqgrzphqw lv uhyhuvhg/ l1h1/ h q A h k

  Dv lv xvxdo zlwk odzv ri odujh qxpehuv/ wkh txhvwlrq lv derxw wkh olplwlqj glvwulexwlrq ri wkh vdpsoh dyhudjh/ Krzhyhu/ xqolnh lq wkh fdvh ri dgglwlyh suredelolwlhv/ wkh GP lv qrw deoh wr ixuwkhu slq grzq lwv ydoxh1 Wkxv/ hyhq zlwk qrq0dgglwlyh suredelolwlhv wkh odz ri odujh qxpehuv zrunv lq wkh xvxdo zd|/ lq wkh vhqvh wkdw khuh wrr wkh wdlov ri wkh glvwulexwlrq duh cfdqfhohg rxw* dqg wkh glvwulexwlrq cfrqyhujhv rq wkh phdq*1 Exw ri frxuvh khuh/ jlyhq wkdw wkh GP*v nqrzohgjh lv frqvlvwhqw zlwk pruh wkdq rqh sulru/ wkhuh lv pruh wkdq rqh phdq wr frqyhujh rq> khqfh/ wkh frqyhujhqfh lv wr wkh vhw ri phdqv fruuhvsrqglqj wr wkh vhw ri sulruv frqvlvwhqw zlwk wkh GP*v nqrzohgjh1 Khqfh/ d FHX pd{lpl}hu zkrvh +h{ srvw, xwlolw| lv lqfuhdvlqj lq [ +h1j1/ zkhq wkh GP lv d ex|hu ri dq dvvhw zlwk sd|r [, zloo ehkdyh dv li wkh frqyhujhqfh ri wkh vdpsoh dyhudjh rffxuuhg dw e / wkh orzhu erxqgdu| ri wkh lqwhuydo/ zkloh d GP zkrvh xwlolw| lv lqfuhdvlqj lq [ +h1j1/ zkhq wkh GP lv d vhoohu ri dq dvvhw zlwk sd|r [, zloo ehkdyh dv li wkh frqyhujhqfh ri wkh vdpsoh dyhudjh rffxuuhg dw/ e / wkh xsshu erxqgdu| ri wkh lqwhuydo1 Qrz zh fdq frpsohwh rxu lqwxlwlrq iru wkh pdlq uhvxow1 Frqvlghu d prglfdwlrq ri wkh
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	# 4 7 olplqi ?<"	4 q	? [ '	[ olpvxs ?<"	4 q	? [ '	[ 6 7	$	@ 4=
	Wklv vkrzv wkdw wkh GP kdv d suredelolw| 4 eholhi wkdw wkh olplwlqj ydoxh ri wkh vdpsoh dyhudjh
	olhv lq wkh +forvhg, lqwhuydo								

e > e =

  Ehiruh zh forvh wklv vhfwlrq/ zh dwwhpsw wr foduli| ixuwkhu krz rxu pdlq uhvxow dggv wr wkh qglqjv lq wkh uhodwhg olwhudwxuh1 Lq H{dpsoh 5/ lqvslwh ri dq lqfrpsohwh pdunhwv hqylurqphqw/ lqvslwh ri FHX djhqwv/ qr wudgh idlov wr pdwhuldol}h ehfdxvh hdfk djhqw kdv d xqltxh sulfh dw zklfk kh wdnhv d }hur srvlwlrq lq wkh dvvhw/ dqg lq jhqhudo/ wklv sulfh lv glhuhqw iru glhuhqw djhqwv1 Grz dqg Zhuodqj +4<<5, pd| eh uhdg dv dq h{huflvh lq sxuho| ghulylqj wkh ghpdqg ixqfwlrq iru d ulvn| dvvhw/ jlyhq dq lqlwldo ulvnohvv srvlwlrq1 E| sxwwlqj wrjhwkhu wzr Grz dqg Zhuodqj djhqwv rqh grhv rewdlq dq hfrqrp| zkhuh dq htxloleulxp pd| eh ghqhg/ exw jlyhq wkdw vxfk djhqwv* hqgrzphqwv duh ulvnohvv/ djhqwv gr qrw kdyh dq| ulvnv wr vkduh lq vxfk dq hfrqrp|1 Khqfh/ vlpso| frpsohwlqj wkh Grz dqg Zhuodqj h{huflvh wr rewdlq dq htxloleulxp prgho grhv qrw doorz rqh wr lqyhvwljdwh wkh txhvwlrq dgguhvvhg lq wkh suhvhqw sdshu/ zklfk lv/ zkhwkhu dpeljxlw| dyhuvlrq dhfwv ulvn vkdulqj srvvlelolwlhv lq wkh hfrqrp|1 Dqg/ dv h{sodlqhg lq wkh suhylrxv vhfwlrq/ hyhq li zh zhuh wr pdnh wkh vlpsoh ixuwkhu h{whqvlrq ri doorzlqj xqfhuwdlq hqgrzphqwv/ jlyhq frpsohwh pdunhwv/ zh zloo qg dpeljxlw| kdv qr hhfw1 Ilqdoo|/ dv H{dpsoh 5 ghprqvwudwhv/ dq hyhq ixuwkhu h{whqvlrq ri doorzlqj pdunhw lqfrpsohwhqhvv grhv qrw surylgh wkh dqvzhu hlwkhu1 Hylghqwo|/ rqh kdv wr pryh ixuwkhu dhog iurp wkh Grz dqg Zhuodqj dqdo|vlv wr dgguhvv rxu txhvwlrq1Hsvwhlq dqg Zdqj +4<<7, vljqlfdqwo| jhqhudol}hg wkh Grz dqg Zhuodqj +4<<5, uhvxow wr qg wkdw sulfh lqwhuydov vxssruwlqj wkh }hur srvlwlrq rffxuuhg +lq htxloleulxp, li wkhuh zhuh vrph vwdwhv dfurvv zklfk dvvhw sd|rv glhu zkloh hqgrzphqwv uhpdlq lghqwlfdo1 Wkh lqwxlwlrq iru wklv lv dv iroorzv1 Wr rewdlq d udqjh ri vxssruwlqj sulfhv iru wkh }hur srvlwlrq/ wkhuh pxvw rffxu d vzlwfk lq wkh hhfwlyh suredelolw| glvwulexwlrq suhflvho| dw wkh }hur srvlwlrq1 Wkdw lv/ ghshqglqj rq zkhwkhu kh wdnhv d srvlwlrq . ru dzd| iurp 3/ krzvrhyhu vpdoo/ wkh djhqw hydoxdwhv klv srvlwlrq xvlqj d glhuhqw suredelolw|1 Iru wklv wr kdsshq/ wkh djhqw*v udqnlqj ri vwdwhv +dffruglqj wr klv frqvxpswlrq, pxvw vzlwfk ghshqglqj h{foxvlyho| rq zkhwkhu kh wdnhv d srvlwlyh ru qhjdwlyh srvlwlrq rq wkh dvvhw1 Khqfh/ wkhuh pxvw eh dw ohdvw wzr vwdwhv iru zklfk hyhq wkh vpdoohvw pryhphqw dzd| iurp wkh }hur srvlwlrq zrxog fdxvh d glhuhqfh lq wkh udqnlqj ri wkh vwdwhv ghshqglqj rq zklfk vlgh ri }hur rqh pryhv wr1 Fohduo|/ pd| rqo| eh wuxh li wkh hqgrzphqw zhuh frqvwdqw dfurvv wkh wzr vwdwhv zkloh wkh dvvhw sd|r zhuh qrw1 Wkh fodulfdwlrq rewdlqhg lq Hsvwhlq dqg Zdqj +4<<7, ri wkh frqglwlrq wkdw hqdeohv pxowlsoh sulfh vxssruwv wr hphujh/ zdv wkh srlqw ri lqvsludwlrq iru wkh uhvhdufk uhsruwhg lq wkh suhvhqw sdshu1 Lqghhg/ wkh frqglwlrq ri Hsvwhlq dqg Zdqj +4<<7, lv rqh ri wkh wzr frqglwlrqv zh dsso| wr ghqh lglrv|qfudwlf ulvn1 Zkhuh wkh suhvhqw sdshu kdv jrqh ixuwkhu dqg zkdw/ lq hvvhqfh/ lv lwv frqwulexwlrq/ lv lq qglqj frqglwlrqv iru dq hfrqrp| zkhuhlq wkh djhqwv* sulfh lqwhuydov ryhuods lq vxfk d pdqqhu wkdw hyhu| htxloleulxp ri wkh hfrqrp| lqyroyhv qr0wudgh lq dq dvvhw/ dqg pruh lpsruwdqwo|/ frqglwlrqv xqghu zklfk dpeljxlw| dyhuvlrq ghprqvwudeo| zruvhqv ulvn vkdulqj dqg lqfrpsohwhqhvv ri pdunhwv1 Wkhvh duh lvvxhv wkdw zhuh qhlwkhu dgguhvvhg qru hyhq udlvhg lq Hsvwhlq dqg Zdqj +4<<7,/ irupdoo| ru lqirupdoo|/ dqg xqghuvwdqgdeo| vr/ vlqfh wkh sulqflsdo prgho lq wkdw sdshu zdv wkh Oxfdv +4<:;, sxuh h{fkdqjh hfrqrp| dphqghg wr lqfoxgh dpeljxlw| dyhuvh eholhiv1 Wklv lv d prgho zlwk d vlqjoh uhsuhvhqwdwlyh djhqw/ ru htxlydohqwo|/ d qxpehu ri djhqwv zlwk lghqwlfdo suhihuhqfhv dqg hqgrzphqwv1 Lq dq htxloleulxp ri vxfk dq hfrqrp|/ wudgh dqg ulvn vkdulqj lv wulyldo vlqfh djhqwv zloo frqvxph wkhlu hqgrzphqwv> hqgrzphqwv duh/ e| frqvwuxfwlrq/ Sduhwr rswlpdo 44 1 Nhovh| dqg Ploqh +4<<8, h{whqgv wkh htxloleulxp duelwudjh sulfh wkhru| +DSW, e| doorzlqj iru ydulrxv nlqgv ri qrq0h{shfwhg xwlolw| suhihuhqfhv1 Rqh ri wkh fdvhv wkh| frqvlghu lv wkh FHX prgho1 Wkh prgho lq wkh suhvhqw sdshu pd| eh wkrxjkw ri dv d vshfldo fdvh ri wkh htxloleulxp DSW iudphzrun= zkdw duh odehohg dv idfwru ulvnv lq DSW duh suhflvho| zkdw zh fdoo hfrqrplf vwdwhv dqg lglrv|qfudwlf ulvn lv suhvhqw lq erwk prghov wkrxjk lq rxu prgho wkh lglrv|qfudwlf ulvn kdv d vlpsohu vwuxfwxuh lq wkdw wkhuh duh rqo| wzr srvvleoh lglrv|qfudwlf vwdwhv fruuhvsrqglqj wr hdfk dvvhw1 Rqo| d vshfldo fdvh ri FHX suhihuhqfhv lv lqyhvwljdwhg e| Nhovh| dqg Ploqh +4<<8,= wkhlu Dvvxpswlrq 616 doorzv qrq0dgglwlyh eholhiv rqo| zlwk uhvshfw wr idfwru ulvnv> lglrv|qfudwlf ulvn lv ghvfulehg rqo| e| dgglwlyh suredelolwlhv +vhh Dvvxpswlrq 616/ wkh Uhpdun iroorzlqj wkh dvvxpswlrq dqg irrwqrwh 5,1 Wkh irupdo uhvxow ri wkhlu dqdo|vlv dsshduv lq Fruroodu| 614 dqg vkrzv/ jlyhq wkh txdolfdwlrqv/ wkh xvxdo DSW uhvxow frqwlqxhv wr krog= glyhuvlfdwlrq pd| surfhhg dv xvxdo/ lglrv|qfudwlf ulvn glvdsshduv lq wkh olplw dv wkh qxpehu ri dvvhwv whqg wr lqqlw| dqg wkh sulfh ri dq| dvvhw lv/ frqvhtxhqwo|/ d olqhdu ixqfwlrq ri idfwru ulvnv1 Wklv irupdo uhvxow lv uhdglo| xqghuvwdqgdeoh jlyhq rxu dqdo|vlv1 Dv lv uhshdwhgo| vwuhvvhg xsrq lq wkh suhvhqw sdshu/ zkdw gulyhv rxu uhvxow lv wkh qrq0dgglwlylw| ri eholhiv ryhu wkh lglrv|qfudwlf vwdwhv1 Zkloh lw lv qrw qhfhvvdu| wkdw dpeljxlw| dyhuvlrq eh uhvwulfwhg wr lglrv|qfudwlf vwdwhv iru rxu uhvxow wr krog/ lw lv qhfhvvdu| wkdw wkhuh eh vrph dpeljxlw| derxw lglrv|qfudflhv1 Wkh qr0wudgh uhvxow idlov li dpeljxlw| lv phuho| uhvwulfwhg wr hfrqrplf vwdwhv/ dv zh h{sodlqhg lq wkh odwwhu sduw ri H{dpsoh 4 dqg lq H{dpsoh 51 Zlwk dpeljxlw| rqo| rq hfrqrplf vwdwhv/ dpeljxlw| dyhuvlrq kdv qr elwh/ luuhvshfwlyh ri zkhwkhu wkhuh lv rqo| d vlqjoh dvvhw ru lqqlwho| pdq| dqg khqfh glyhuvlfdwlrq surfhhgv dv zlwk VHX1 Khqfh/ wkhlu uhvxow zrxog qrw rewdlq zlwkrxw wkh uhvwulfwlrq lpsrvhg e| +wkhlu, Dvvxpswlrq 6161 Rxu dqdo|vlv wkhuhiruh zduqv djdlqvw lqirupdoo| h{wudsrodwlqj wkh Nhovh| dqg Ploqh +4<<8, uhvxow wr wklqn wkdw glyhuvlfdwlrq zrxog surfhhg dv xvxdo hyhq zkhq wkh vshfldo flufxpvwdqfhv ri Dvvxpswlrq 616 grhv qrw krog +l1h1/ wkh dpeljxlw| lv qrw uhvwulfwhg wr hfrqrplf vwdwhv exw rffxuv pruh jhqhudoo| ryhu wkh vwdwh vsdfh,1 Ixuwkhu/ lw zrxog dsshdu wr eh d frpshoolqj ghvfulswlrq ri wkh hfrqrplf hqylurqphqw wr dvvxph/ li dq djhqw lv dw doo dpeljxlw| dyhuvh/ wkh djhqw zloo eh dpeljxlw| dyhuvh derxw dq lglrv|qfudwlf ulvn1 E| ghqlwlrq/ vxfk d ulvn lv xquhodwhg wr klv rzq lqfrph ulvn dqg wkh pdfurhfrqrplf hqylurqphqw> wkh ulvn vwhpv iurp wkh lqwhuqdo zrunlqjv ri d sduwlfxodu up/ vrphwklqj derxw zklfk wkh w|slfdo djhqw lv olnho| wr kdyh olwwoh nqrzohgjh ri1Lw lv zhoo0nqrzq wkdw lw lv srvvleoh wr ghqh pruh wkdq rqh qrwlrq ri lqghshqghqfh qrq0 dgglwlyh eholhiv1 Jkludugdwr +4<<:, suhvhqwv d frpsuhkhqvlyh dqdo|vlv ri wkh ydulrxv qrwlrqv1 Dv Jkludugdwr qrwhv +ss1 596,/ wkh sureohp ri ghqlqj dq lqghshqghqw surgxfw kdv ehhq vwxglhg/ suhylrxv wr Jkludugdwr*v lqyhvwljdwlrq/ e| Khqgrq/ Mdfrevhq/ Vorwk/ dqg Wudqdhv +4<<9,/ Jloerd dqg Vfkphlgohu +4<;<, dqg Zdooh| dqg Ilqh +4<;5,1 Wkh ghqlwlrq lqyrnhg lq wkh suhvhqw sd0 shu/ vxjjhvwhg e| Jloerd dqg Vfkphlgohu +4<;<, dqg Zdooh| dqg Ilqh +4<;5,/ lv dujxdeo| wkh pruh surplqhqw lq wkh olwhudwxuh1 Krzhyhu/ wkh irupdo dqdo|vlv lq wkh suhvhqw sdshu/ jlyhq wkh sulplwlyhv ri rxu prgho/ grhv qrw klqjh rq wklv sduwlfxodu fkrlfh ri wkh qrwlrq

Ilvkexuq +4<<6, surylghv dq d{lrpdwlf mxvwlfdwlrq ri wklv ghqlwlrq ri dpeljxlw| dqg Pxnhuml +4<<:, ghprq0 vwudwhv lwv htxlydohqfh wr d pruh sulplwlyh dqg hslvwhplf qrwlrq ri dpeljxlw| +h{suhvvhg lq whup*v ri wkh GP*v nqrzohgjh ri wkh vwdwh vsdfh,1

Wkh Fkrtxhw h{shfwdwlrq rshudwru pd| eh gluhfwo| ghqhg zlwk uhvshfw wr d qrq0dgglwlyh suredelolw|/ vhh Vfkphlgohu +4<;<,1 Dovr/ iru dq lqwxlwlyh lqwurgxfwlrq wr wkh FHX prgho vhh Vhfwlrq 5 lq Pxnhuml +4<<;,1

4 Vhfwlrq 617 ri Hsvwhlq dqg Zdqj +4<<7,/ suhvhqwv dq h{dpsoh ri dq hfrqrp| zlwk khwhurjhqhrxv djhqwv1 Exw/ lq wklv prgho pdunhwv duh dvvxphg wr eh frpsohwh/ dqg khqfh/ ulvn vkdulqj frqwlqxhv wr eh h!flhqw +Sduhwr rswlpdo,/ dv lv h{solflwo| revhuyhg e| wkh dxwkruv1

zhoo dv/ D1 Elvlq/ V1 Ervh/ S1 Jkludugdwr/ L1 Jloerd/ U1 Jxhvqhulh/ E1 Olspdq/ M1 Pdofrpvrq/ M1 Pdulq/ P1 Pdulqdffl/ P1 Slfflrqh/ ]1 Vdiud/ K1 V1 Vklq dqg M1 F1 Yhujqdxg iru khosixo frpphqwv1 Wkh sdshu kdv dovr ehqhwwhg iurp wkh uhvsrqvhv ri vhplqdu phpehuv dw wkh Xqly1 ri Eulwlvk Froxpeld/ Xqly1 ri Hvvh{/ Xqly1 Hyu|/ Mrkqv Krsnlqv/ Qx!hog Froohjh/ Wloexuj Xqly1/ FRUH0Orxydlq0od0Qhxyh/ Q\X/ XShqq/ Xqly1 ri Sdulv L/ Xqly1 ri Wrxorxvh/ Xqly1 gx Pdlqh/ HQSF0Sdulv/ Xqly1 Yhqh}ld dqg wkh HVUF Hfrqrplf Wkhru| Frqihuhqfh dw Nhqlozruwk1 Wkh uvw dxwkru judwhixoo| dfnqrozhgjhv qdqfldo dvvlvwdqfh iurp dq Hfrqrplf dqg Vrfldo Uhvhdufk Frxqflo ri X1N1 Uhvhdufk Ihoorzvkls +& U333 5: 4398,1 # Fruuhvsrqglqj dxwkru1 Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri R{irug/ Pdqru Urdg Exloglqj/ Pdqru Urdg/ R{irug R[4 6XO/ Xqlwhg Nlqjgrp1 h0pdlo=vxmr|1pxnhumlChfrqrplfv1r{1df1xn $ HXUHTxd0FQUV/ Xqlyhuvlwì Sdulv L Sdqwkìrq0Vruerqqh/ 4390445 eog gh o*K÷slwdo/ :897: Sdulv Fhgh{ 46/ Iudqfh1 h0pdlo=mpwdoorqCxqly0sdulv41iu

Dsshqgl{ D

Vrph irupdo ghwdlov uhodwlqj wr wkh FHX prgho Lqghshqghqw Surgxfw iru Fdsdflwlhv Zh frqvlghu khuh wkh irupdo prgholqj ri wkh lghd ri vwrfkdvwlf lqghshqghqfh ri udqgrp yduldeohv zkhq eholhiv duh dpeljxrxv1 Ohw | eh d ixqfwlrq iurp d jlyhq vsdfh wr 7> dqg +|, eh wkh vpdoohvw dojheud wkdw pdnhv | d udqgrp yduldeoh1 ? ghqrwhv wkh q0irog Fduwhvldq surgxfw ri / dqg +| > ===> | ? , wkh surgxfw dojheud rq ? jhqhudwhg e| wkh dojheudv i +| ,j ? ' = Wkh iroorzlqj ghqlwlrq zdv sursrvhg e| Jloerd dqg Vfkphlgohu +4<;<,/ dqg hduolhu/ e| Zdooh| dqg Ilqh +4<;5,1 Ghqlwlrq 4 Ohw eh d frqyh{ qrq0dgglwlyh suredelolw| ghqhg rq +| ,= Wkh lqghshqghqw surgxfw/ ghqrwhg Q ? ' / lv ghqhg dv iroorzv ? R ' +D, @ plqi+ === ? ,+D, = 5 F + , iru 4 l qj iru hyhu| D 5 +| > ===> | ? ,> zkhuh === ? lv wkh vwdqgdug dgglwlyh surgxfw phdvxuh1 Zh ghqrwh e| dq| qrq0dgglwlyh suredelolw| rq +| > ===> | ? > ===, vxfk wkdw iru dq| qlwh fodvv 

wrqlf ixqfwlrqv1 i lv fdoohg volfh0frprqrwrqlf li lw kdv frprqrwrqlf { 0vhfwlrqv iru hyhu| l 5 i4> ===> qj= $ 5 " = .0 D Q +| , ? olplqi ? V ? +$, olpvxs ? V ? +$, ? .0 D Q +[ , @ 3= 61 Q +i$ 5 " = .0 D Q +| , 9 @ olplqi ? V ? +$,j, @ 3= 71 Q +i$ 5 " = .0 D Q +| , 9 @ olpvxs ? V ? +$,j, @ 3= . 0 > %|+w , 0 > %|+w ,> v @ 4>5= Qh{w/ qrwlfh 0 > %|+w , 0 > %|+w , 31 Lqghhg/ hlwkhu } c? dqg } c? kdyh wkh vdph vljq/ lq zklfk fdvh @ dqg 0 > %|+w , 0 > %|+w , @ 31 Ru } c? A 3 A } c? dqg wkhq 0 > %|+w , 0 > %|+w ,, @ %^4 f `^| +3, | +4,` 3 Khqfh/ { r vwrfkdvwlfdoo| grplqdwhv { r 1 Jlyhq x ? 3> wkhuhiruh/ 0 Zf> x + { rc| c? , A 0 Zf> x +{ rc| c? ,1 Khqfh/ +e " > h } " , vroyhv wkh pd{lpl}dwlrq sureohp h S " dw sulfhv +h t " ,> li dqg rqo| li +e " > h } " , dovr vroyhv wkh pd{lpl}dwlrq sureohp S dw sulfhv +h t " ,= Ilqdoo| qrwh/ li +h t " > +e " > h } " > { " ,, ghvfulehv dq htxloleulxp ri wkh q0qdqfldo dvvhwv hfrq0 rp| zlwk lglrv|qfudf| lw pxvw eh wkdw +e " > h } " , vdwlvhv wkh frqglwlrqv ri +dvvhw, pdunhw fohdulqj dw wkh sulfh yhfwru h t " 1 Khqfh/ +h t " , zloo dovr fohdu dvvhw pdunhwv lq wkh hfrqrp| zlwkrxw lg0 lrv|qfudf|1 Frqyhuvho|/ li +h t " > +e " > h } " > { " ,, ghvfulehv dq htxloleulxp ri wkh hfrqrp| zlwkrxw lglrv|qfudf| wkhq +h t " , zloo dovr fohdu dvvhw pdunhwv lq wkh q0qdqfldo dvvhwv hfrqrp| zlwk lglrv|qfudf|1 Surri ri wkh Pdlq Wkhruhp= Frqvlghu h S ? > wkh pd{lpl}dwlrq sureohp lq wkh q0qdqfldo dvvhw hfrqrp| zlwk lglrv|qfudf|1 Vxssrvh wkdw/ dw htxloleulxp wkhuh h{lvwv k vxfk wkdw } c? 9 @ 3> vd| } c? A 3= Wkhq/ wkhuh pxvw eh k vxfk wkdw } c? ? 3= Qh{w/ vlqfh } c? A 3> dqg | +3, ? | +4,> Idfw 4 wrjhwkhu zlwk wkh idfw wkdw x +{ / c? , lv volfh0frprqrwrqlf +vhh Dsshqgl{ D,/ lpsolhv wkdw .0 Z D x { rc| c? lv d vwdqgdug h{shfwdwlrq zlwk uhvshfw wr wkh dgglwlyh phdvxuh +w, > zkhuh +w, @ 4 ? B ?3? B > q f ehlqj wkh qxpehu ri qdqfldo dvvhwv zkrvh lglrv|qfudwlf sd|r lv | +3, dw vwdwh +v>w,1 Wklv lv ehfdxvh { rcE| c| 3 c? lv qhfhvvdulo| vpdoohu dw d vwdwh +v>+3>w 3 ,, wkdq dw wkh vwdwh +v>+4>w 3 ,,/ v @ 4>5= Wkh uvw rughu frqglwlrqv ri wkh sureohp h