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  sulfh surfhvv ri vrph dvvhwv/ zh frqvwudlq wkh sulfh surfhvv ri rwkhu dvvhwv/ zklfk duh fkdudfwhul}hg e| wkhlu qdo sd|0rv1 Zh ghdo zlwk dq lqfrpsohwh pdunhw iudphzrun lq d glvfuhwh wlph prgho dqg dvvxph wkh h{lvwhqfh ri wkh htxloleulxp1 Lq wklv vhwxs/ zh ghulyh uhvwulfwlrqv rq wkh vwdwh0sulfh gh dwruv dqg wkhvh uhvwulfwlrqv gr qrw ghshqg rq d sduwlfxodu fkrlfh ri xwlolw| ixqfwlrq1 D vwrfkdvwlf yrodwlolw| prgho lv qxphulfdoo| lqyhvwljdwhg dv dq h{dpsoh1 Rxu dssurdfk ohdgv wr dq lqwhuydo ri dgplvvleoh sulfhv pxfk ehwwhu wkdq wkh duelwudjh sulflqj lqwhuydo1 L1 Lqwurgxfwlrq Sulflqj ri frqwlqjhqw fodlpv wdnhv lwv urrwv lq wkh slrqhhulqj zrunv ri Eodfn dqg Vfkrohv Eb. dqg Kduulvrq dqg Nuhsv Eb.b Wkhlu uhvxowv duh edvhg rq wkh nh| lghd wkdw wkh sulfhv ri wkh h{lvwlqj dvvhwv lqgxfh d xqltxh duelwudjh0iuhh sulfh iru dq| qhz uhgxqgdqw dvvhw1 Zkhq lw lv qrw uhgxqgdqw/ wkh sulfh pxvw krzhyhu olh lq dq duelwudjh0iuhh lqwhuydo1 D odujh sduw ri wkh olwhudwxuh kdv ghdow zlwk wkh uhgxfwlrq ri wklv lqwhuydo lq rughu wr uhvwulfw wkh elg0dvn vsuhdg dqg wr rewdlq dq xqdpeljxrxv sulfh1 Dq lpsruwdqw lqvljkw lv gxh wr Ehqvdlg/ Ohvqh/ Sdjhv dqg Vfkhlqnpdq Ebb2 zkr lqwurgxfhg wkh vxshu0uhsolfdwlrq frvw lq d wudqvdf0 wlrq frvwv iudphzrun1 Wkh| jdyh pruh dffxudwh xsshu dqg orzhu erxqgv iru wkh sulfh ri dq dvvhw wkdq wkh rqhv rewdlqhg e| wkh uhsolfdwlqj vwudwhjlhv zlwk vlpso| uhtxlulqj wkh sulfh ixqfwlrqdo wr eh qrq0ghfuhdvlqj zlwk uhvshfw wr wkh sd|0r1 Xqiruwxqdwho|/ hyhq zlwk wkrvh uhvwulfwlrqv/ wkh elg0dvn vsuhdg uhpdlqv/ lq jhq0 hudo/ wrr odujh dv vkrzhg lq Vrqhu/ Vkuhyh dqg Fylwdql f EbbD1 Dq dowhuqdwlyh dssurdfk kdv ehhq vxjjhvwhg e| Iùoophu dqg Vfkzhl}hu Ebb/ zkhuh wkh djhqwv duh dvvxphg wr plqlpl}h wkh orfdo txdgudwlf ulvn1 Wklv dssurdfk ohdgv wr d xqltxh sulfh iru d jlyhq ghulydwlyh vhfxulw| exw wkh dvvxpswlrq lv yhu| uhvwulfwlyh1 Lq d wudqvdfwlrq frvwv iudphzrun dqg lq rughu wr rewdlq erxqgv zlwkrxw d sduwlfxodu fkrlfh ri xwlolw| ixqfwlrq/ Frqvwdqwlqlghv Ebb frqvlghuv wkh fodvv ri srzhu ixqf0 wlrqv/ zlwk uhvwulfwlrqv rq wkh uhodwlyh ulvn dyhuvlrq frh!flhqw1 Kh rewdlqv erxqgv rq wkh rswlrq sulfhv ghshqglqj rq wkh uhvwulfwlrqv dqg ydolg iru wkh frqvlghuhg fodvv ri xwlolw| ixqfwlrqv1

1

  rxu htxloleulxp sulflqj lqwhuydo/ dv lw vxssrvhv dovr frpsohwhqhvv ri wkh pdunhw1 Wkh suhflvlrq ri Shuudnlv* sulflqj lqwhuydo lv olqnhg wr wkh udwlr ri wkh glvfrxqwhg h{shfwhg ydoxh ri wkh htxlw| fodlp dw pdwxulw| xqghu wkh wuxh suredelolw|/ glylghg e| lwv lqlwldo ydoxh1 Rzlqj wr wkh ulvn0dyhuvlrq ri wkh djhqwv/ wklv udwlr lv dozd|v juhdwhu wkdq rqh1 Pruhryhu/ wkh qhduhu wr rqh wkh udwlr lv/ wkh qhu wkh suhflvlrq ri wklv lqwhuydo lv1 Qrwh wkdw Dòw0Vdkdold dqg Or EbbH sursrvhg wklv udwlr dv d phdvxuh ri wkh pdunhw ulvn dyhuvlrq1 Lq dq lqfrpsohwh pdunhw/ zh qg qxphulfdoo| wkdw wkh qhduhu wr rqh wkh udwlr lv/ wkh zlghu wkh uhodwlyh suhflvlrq ri rxu htxlole0 ulxp sulflqj lqwhuydo zlwk uhvshfw wr Shuudnlv* sulflqj lqwhuydo lv1 Rq wkh frqwudu|/ lw vhhpv hpslulfdoo| wkdw zlwk d kljk pdunhw ulvn suhplxp/ rxu erxqgv duh htxdo wr Shuudnlv* rqhv1 Wkhuhiruh/ rxu uhvxow frxog eh lqwhusuhwhg dv d mxvwlfdwlrq ri Shuudnlv* surfhgxuh iru yhu| ulvn| pdunhw prghov1 LL1 D Vlpsoh H{dpsoh Lq rughu wr h{sodlq rxu phwkrg ri sulflqj/ dqg ehiruh lqwurgxflqj rxu prgho/ ohw xv frqvlghu wkh vlpsohvw h{dpsoh ri lqfrpsohwh pdunhwv zlwk wkuhh dvvhwv= d txdgulqrpldo rqh0shulrg prgho zkhuh wkh vdpsoh vsdfh dqg wkh suredelolw| duh l ' i/ c / 2 c / c / e j ' E*ec *ec *ec *e Wkhuh duh wzr dvvhwv lq wkh pdunhw zkrvh sulfh surfhvvhv duh nqrzq = d sulplwlyh dvvhw zkrvh sulfhv duh REf ' 2D dw gdwh 3 RE/ ' 2f/ RE/ 2 ' f/ RE/ ' ef dqg RE/ e ' Df dw gdwh 4 dqg d ulvn0iuhh dvvhw ghqhg e| dq lqwhuhvw udwh o ' b Lw lv vwudljkwiruzdug wkdw wkh ihdvleoh udqjh ri wkh ghqvlwlhv ri wkh pduwlqjdoh phdvxuhv zlwk uhvshfw wr lv vxfk wkdw = zkhuh ^E/ duh srvlwlyh iru hyhu| 1 Wkh ihdvleoh ulvn0qhxwudo suredelolwlhv duh wkhq lq dq duhd gholplwhg e| wkuhh srlqwv +lq wkh vlpsoh{ xqlw|, = Ohw xv frqvlghu d frpsohwlrq ri wklv pdunhw zlwk qrq0uhgxqgdqw ghulydwlyh dvvhwv lq }hur qhw vxsso|1 Wkhuh h{lvwv d uhsuhvhqwdwlyh djhqw lq wklv hfrqrp| zlwk d xwlolw| ixqfwlrq 1 Pruhryhu/ li wkhuh lv rqh xqlw ri sulplwlyh dvvhw dqg qr rwkhu hqgrzphqw lq wkh hfrqrp|/ wkh wrwdo zhdowk `+ri wkh uhsuhvhqwdwlyh djhqw, lv htxdo wr R1 Dw wkh htxloleulxp/ wkh pd{lpl}dwlrq surjudp ri wklv djhqw ohdgv wr wkh

  Lq rxu sdshu/ zh sursrvh d qhz dssurdfk e| h{sorlwlqj sduwldo frqglwlrqv lvvxhg iurp wkh htxloleulxp dqdo|vlv1 Zh dvvxph wkdw wkh sulfh surfhvvhv ri vrph dvvhwv duh jlyhq h{rjhqrxvo| +h1j1 iroorz iurp hfrqrphwulf hvwlpdwlrqv, dqg zh zdqw wr frqvwudlq wkh sulfh surfhvvhv ri rwkhu dvvhwv +w|slfdoo|/ ghulydwlyh dvvhwv, fkdudfwhul}hg e| wkhlu ydoxh dw pdwxulw|1 Zh d sulrul ghdo zlwk dq lqfrpsohwh pdunhw iudphzrun dqg zh rewdlq erxqgv rq wkh ghqvlw| ri wkh sulflqj suredelolwlhv dqg wkhuhdiwhu/ rq wkh dvvhw sulfhv1 Rxu lqlwldo dvvxpswlrqv duh vlplodu wr wkh Frqvxpswlrq0edvhg Fdslwdo Dvvhw Sulflqj Prgho +FFDSP, ri Uxelqvwhlq Eb.S

	Lq rughu wr holplqdwh wkh djjuhjdwh frqvxpswlrq surfhvv iurp rxu dqdo|vlv/ zh Shuudnlv* sdshuv lv lq idfw wkdw wkh pdunhw prgho lv frpsohwh dqg wkdw/ dw hdfk Zh dvvxph wkdw wkh sulfh surfhvv ri wkh htxlw| fodlp lv h{rjhqrxvo| nqrzq dqg
	lghqwli| wklv surfhvv zlwk wkh joredo glylghqg surfhvv wkurxjk wkh pdunhw fohdulqj qrgh/ wkh glhuhqw wudqvlwlrqv duh htxlsuredeoh1 Lq rughu wr suryh wklv uhvxow/ wkh| zh ghulyh htxloleulxp uhvwulfwlrqv rq wkh vwdwh0sulfh gh dwruv1 Lq Vhfwlrq LY/ zh
	frqglwlrqv rq wkh vlqjoh frqvxpswlrq jrrg pdunhw1 Wkhq/ zh dvvxph wkdw wkh dvvxph wkh h{lvwhqfh ri wkh htxloleulxp dqg xvh wkh fkdudfwhul}dwlrq ri wkh vwdwh0 wdnh wkh sulfh surfhvvhv ri wkh htxlw| fodlp dqg ri vrph sxuho| qdqfldo dvvhwv dv
	glylghqgv surfhvv dqg wkh pdunhw lqgh{ surfhvv duh vlploduo| rughuhg1 sulfh gh dwruv jlyhq e| wkh uvw0rughu frqglwlrqv iru wkh uhsuhvhqwdwlyh djhqw1 Wklv lv h{rjhqrxv1 Dv d vshfldo fdvh/ zh frqvlghu wkh h{lvwhqfh ri d ulvn0iuhh dvvhw1 Zh
	wkh pdlq dvvxpswlrq ri vhfwlrq Y/ zklfk ghdov zlwk d sudfwlfdo dssolfdwlrq lq dq Rq wkh frqwudu|/ zh jlyh khuh vrph uhvwulfwlyh surshuwlhv ri wkh ulvn0qhxwudo vwdwh rxu pdlq uhvxow lq whupv ri ulvn0qhxwudo suredelolwlhv dqg vkrz wkdw zh fdq
	xqfhuwdlq yrodwlolw| prgho +dv lq Dyhoodqhgd/ Ohy| dqg Sdudv EbbD ,1 Qrwh wkdw/ wudqvlwlrq ghqvlw| iru d jhqhudo glvfuhwh0wlph prgho zlwkrxw dq| frpsohwhqhvv dv0 qduurz wkh dgplvvleoh sulflqj lqwhuydo li wkh lqirupdwlrq vhw lv hqodujhg wr rwkhu
	lq Mrxlql dqg Qdss Ebbb/ lw lv vkrzq wkdw/ iru d odujh fodvv ri xwlolw| ixqfwlrqv/ vxpswlrq1 Wkhvh uhvwulfwlrqv duh ghulyhg iurp wkh htxloleulxp wkhru|/ dqg pruh dvvhwv1 Lq Vhfwlrq Y/ zh lqyhvwljdwh qxphulfdoo| d prgho zlwk xqfhuwdlq yrodwlolw|
	wkhuh h{lvwv dw ohdvw rqh htxloleulxp iru zklfk wklv dvvxpswlrq lv vdwlvhg1 Iurp suhflvho| iurp wkh pdunhw fohdulqj frqglwlrqv1 Wkh wuxh suredelolw| glvwulexwlrq lv dqg jlyh ydulrxv h{dpsohv1 Wkh uhgxfwlrq ri wkh elg0dvn vsuhdg zlwk uhvshfw wr
	d sudfwlfdo srlqw ri ylhz/ wklv dvvxpswlrq shuplwv rqh wr uhsodfh wkh frqvxpswlrq h{solflwo| xvhg dqg ohdgv wr d sduwldo rughu sulqflsoh zklfk lv ohvv uhvwulfwlyh wkdq wkh duelwudjh sulflqj lqwhuydo +l1h1 wkh lqwhuydo/ frpsdwleoh zlwk wkh qr0duelwudjh
	surfhvv e| wkh wrwdo zhdowk surfhvv ru wkh pdunhw lqgh{ rqh +vhhq dv d sur{| ri wkh wkh frpsohwh pdunhwv rqh1 Hyhq li wkh dssurdfk vhhpv vlplodu wr El}lg/ Mrxlql dqg frqglwlrq, mxvwlhv wkh lqwhuhvw ri rxu dssurdfk1
	wrwdo zhdowk,1 Vxfk d vxevwlwxwlrq lv frpsdwleoh zlwk wkh hpslulfdo frqfoxvlrqv Nrhko Ebbb/ d fduhixo uhdghu fdq qrwlfh wkdw wkh iudphzrun dqg wkh uhvxowv duh Wklv h{dpsoh kdv ehhq suhylrxvo| vwxglhg lq El}lg/ Mrxlql dqg Nrhko Ebbb
	frpsohwho| glhuhqw iurp wkrvh ri Shuudnlv dqg U|dq EbHe ru El}lg/ Mrxlql dqg
	Nrhko Ebbb1 Zh uhfdoo wkdw/ lq Shuudnlv dqg U|dq EbHe/ wkh pdunhw lv frp0
	sohwh hyhq li zh grq*w revhuyh wkh frpsohwlrq +l1h1 wkh dvvhwv zklfk frpsohwh wkh
	pdunhw,1 Wkhuhiruh/ dsso|lqj Shuudnlv dqg U|dq*v EbHe frpsxwdwlrqdo phwkrg
	wr dq lqfrpsohwh iudphzrun dprxqwv wr frqvlghu wkh htxloleulxp sulfhv iru doo
	wkh dgplvvleoh frpsohwlrqv ri wkh pdunhw1 Krzhyhu/ dqg frqwudu| wr wkh lqwxlwlrq
	jlyhq e| wkh rswlpdo lqyhvwphqw0frqvxpswlrq sureohp +vhh h1j1	Ndudw}dv dqg
	Vkuhyh EbbH,/ wkh sulflqj lqwhuydo zklfk lv frqvlvwhqw zlwk dq htxloleulxp lq dq
	lqfrpsohwh iudphzrun lv zlghu wkdq wkh rqh zklfk lv frqvlvwhqw zlwk dw ohdvw rqh
	frpsohwlrq1 Wkhuhiruh/ iurp wkh htxloleulxp srlqw ri ylhz/ lw dsshduv wkdw wkh
	dvvhw sulflqj sureohp lq dq lqfrpsohwh pdunhw lv qrw htxlydohqw wr wkh vdph sure0
	ohp lq d frpsohwh pdunhw zlwk lqfrpsohwh gdwd1 Wkh vshflf dssurdfk ghyhorshg
	lq wklv sdshu iru wkh lqfrpsohwh pdunhw vhwwlqj vhhpv wkhq wr eh zruwk|1
	D vlpsoh h{dpsoh zklfk vkrzv wkh vshflflw| ri wklv dssurdfk lv jlyhq lq
	Vhfwlrq LL1 Wkhq/ wkh glvfuhwh0wlph g|qdplf prgho dqg wkh htxloleulxp uhvwulfwlrqv
	duh vwdwhg lq Vhfwlrq LLL1 Wkhuh duh 6 n dvvhwv= rqh htxlw| fodlp zlwk d wrwdo
	vxsso| qrupdol}hg wr rqh dqg 6 sxuho| qdqfldo dvvhwv/ hdfk rqh zlwk d wrwdo
	dgplvvleoh sulfhv1 vxsso| htxdo wr }hur1 Zh fdq jhqhudol}h wklv vhwwlqj wr d pxowl dvvhwv pdunhw Wkh pdlq glhuhqfh zlwk wkh suhvhqw zrun lv wkdw zh xvh
	h{solflwo| wkh pdunhw fohdulqj frqglwlrqv1 zkhuh wkh fodlp lv lq idfw wkh pdunhw lqgh{ dqg zkhuh rxu phwkrgrorj| lv dssolhg
	Shuudnlv dqg U|dq EbHe dqg Shuudnlv EbHS lqwxlwhg uhvwulfwlrqv rq wkh idp0 wr dq| dvvhw +lq }hur ru qrq0}hur wrwdo vxsso|, ghqhg e| lwv whuplqdo sd|r1
	lo| ri suredelolwlhv xvhg wr sulfh wkh ghulydwlyh dvvhwv/ zlwkrxw vhwwlqj dq hfrqrplf Qrwh dovr wkdw wkh ghulydwlyh dvvhwv duh qrw vshflhg +wkh| fdq ghshqg rq vrph
	prgho1 Lq wkh uvw uhihuhqfh/ wkh uhvwulfwlrq lv glvfxvvhg iru d vlqjoh0shulrg prgho surmhfwlrq ri wkh fodlp rq vrph vrxufhv ri xqfhuwdlqw| ru hyhq eh xqfruuhodwhg
	rqo|1 Lq wkh vhfrqg uhihuhqfh/ lw lv wdnhq dv d sulplwlyh dvvxpswlrq/ lq d g|qdplf zlwk lw,1 Ixuwkhupruh/ wkh ghulydwlyh dvvhwv duh qrw vxssrvhg wr frpsohwh wkh
	prgho/ lq rughu wr rewdlq erxqgv rq Hxurshdq dqg Dphulfdq rswlrqv1 Lq idfw/ pdunhw/ dv wkh ghjuhh ri lqfrpsohwhqhvv lv xqnqrzq1 Djhqwv kdyh jhqhudo Yrq
	d vroxwlrq edvhg rq pdunhw lqfrpsohwhqhvv1 Wklv sdshu jlyhv d surfhgxuh lq dq wkh dxwkruv sursrvh dq rughulqj sulqflsoh rq wkh ulvn0qhxwudo suredelolwlhv1 El}lg/ Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv1 Zh uhfdoo wkhq wkh fodvvlfdo h{suhvvlrq ri
	lqfrpsohwh iudphzrun/ lq rughu wr uhvwudlq wkh sulflqj erxqgv ri ghulydwlyh dvvhwv1 Mrxlql dqg Nrhko Ebbb hvwdeolvkhg wkdw wkh xqghuo|lqj hfrqrplf dvvxpswlrq ri wkh vwdwh0sulfh gh dwruv rewdlqhg e| wkh lqglylgxdo uvw0rughu rswlpdo frqglwlrqv1

dqg Euhhghq dqg Olw}hqehujhu Eb.H1 Krzhyhu/ rxu uhvxowv duh ydolg iru doo wkh Yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv/ zlwkrxw dq| uhvwulfwlrq rq wkh ulvn0 dyhuvlrq1 Ohw xv jr ixuwkhu lq wklv frpsdulvrq zlwk wkh FFDSP1 E| dvvxplqj wkh pdunhw frpsohwhqhvv/ wkh FFDSP doorzv rqh wr olqn Vwdwh0Sulfh Gh dwruv +ru Sulflqj Suredelolwlhv, zlwk Joredo Frqvxpswlrq/ wkurxjk wkh h{lvwhqfh ri d uhsuhvhqwdwlyh djhqw1 Ixuwkhupruh/ lq rughu wr ghulyh h{solflw sulflqj irupxodh lq glvfuhwh wlph/ rqh vkrxog uvw pdnh dq h{solflw fkrlfh iru wkh lqglylgxdov* xwlolw| ixqfwlrqv dqg wkhq/ hvwlpdwh wkh djjuhjdwh frqvxpswlrq lq wkh hfrqrp|1 Lq Euhhghq/ Jleerqv dqg Olw}hqehujhu EbHb/ wkh dxwkruv srlqw rxw wkh pdlq phdvxuhphqw sureohpv iru wklv djjuhjdwh frqvxpswlrq surfhvv = 4, wkh uhsruwlqj +e| wkh Ghsduwphqw ri Frpphufh, ri h{shqglwxuhv/ udwkhu wkdq frqvxpswlrq/ 5, wkh uhsruwlqj ri dq lqwhjudo ri frqvxpswlrq udwh udwkhu wkdq wkh frqvxpswlrq udwh dw d srlqw lq wlph/ 6, lqiuhtxhqw uhsruwlqj ri frqvxpswlrq gdwd uhodwlyh wr vwrfn uhwxuqv/ dqg 7, uhsruwlqj djjuhjdwh frqvxpswlrq zlwk vdpsolqj huuru vlqfh rqo| d vxevhw ri wkh wrwdo srsxodwlrq ri frqvxpswlrq wudqvdfwlrqv lv phdvxuhg1 Lq rughu wr dyrlg vxfk dq h{solflw fkrlfh ri d xwlolw| ixqfwlrq/ zh uhsodfh wkh fryduldqfh dssurdfk xvhg lq wkh FFDSP e| dq rughulqj dssurdfk ydolg iru doo frqfdyh YQP xwlolw| ixqfwlrqv1 Wklv lv wkh pdlq frqfhuq ri vhfwlrq LLL/ lq wklv sdshu1 Pruhryhu/ wkh zhoo0nqrzq htxlw| suhplxp sx}}oh grfxphqwhg e| Phkud dqg Suhvfrww EbHD vkrzv wkh idloxuh ri wkh sxuh FFDSP dssurdfk1 ]krx Ebbb jlyhv d jrrg uhylhz ri wkh sdshuv/ zklfk wu| wr vroyh wklv sureohp/ dqg jlyhv dovr ri Pdqnlz dqg Vkdslur EbHS= 111 lw vhhpv srvvleoh wkdw wkh FFDSP krogv iru wkh plqrulw| ri frqvxphuv wkdw krog vwrfn dqg wkdw rxu vwrfn pdunhw lqgh{ lv d ehwwhu sur{| iru wkh frqvxpswlrq ri wklv plqrulw| wkdq lv djjuhjdwh frqvxpswlrq1 AIurp d wkhruhwlfdo srlqw ri ylhz/ wklv dvvxpswlrq lv dovr frpsdwleoh zlwk wkh frqfoxvlrqv ri Kxdqj dqg Olw}hqehujhu +bHH/ s1544, xqghu wkh Pdunry frqglwlrq1 Ilqdoo|/ li zh zdqw wr jhw ulg ri wklv dvvxpswlrq/ lw vx!fhv wr vshfli| d joredo glylghqg surfhvv lq rughu wr rewdlq frpsxwdwlrqdo uhvxowv1 Qrwh wkdw/ hyhq lq wklv odvw fdvh/ wkh revhuydwlrq ri rqo| wzr surfhvvhv +wkh joredo glylghqg dqg wkh pdunhw lqgh{, lv uhtxluhg/ lqghshqghqwo| ri wkh ghjuhh ri lqfrpsohwhqhvv +ru wkh qxpehu ri vrxufhv ri xqfhuwdlqw|,/ lq rughu wr rewdlq xvhixo erxqgv rq wkh htxloleulxp dvvhw sulfhv dqg uhvwulfwlrqv rq wkh htxloleulxp vwdwh sulfh ghqvlwlhv1 Rxu dssurdfk lv uhodwhg wr wkh Sd|r Glvwulexwlrq Sulflqj Prgho +SGSP, lqwurgxfhg e| G|eylj EbHH@c K/ zkr frqvlghuv wkh lpsolfdwlrqv ri wkh lqglylgxdo rswlpdolw| frqglwlrqv rq wkh dvvhw sulfh/ iru djhqwv zlwk YQP suhihuhqfhv dqg ghulyhv frqfoxvlrqv lq whupv ri rughulqj1 Wklv prgho kdv ehhq h{whqghg lq d iulfwlrq pdunhw fdvh +lqfoxglqj lqfrpsohwh pdunhwv, e| Mrxlql dqg Ndoodo Ebb/ zkr vkrz wkdw wklv dssurdfk grhv qrw shuplw d uhgxfwlrq ri wkh lqwhuydo ri wkh > zh jlyh wkh lqwhuydo ri dgplvvleoh sulfhv +fdoohg Shuudnlv* sulflqj lqwhuydo eh0 fdxvh wkh frpsxwlqj phwkrg lv forvh wr Shuudnlv* rqh, rewdlqhg e| wkhlu dssurdfk +zklfk frqvlghuv wkh sulfhv frqvlvwhqw zlwk dw ohdvw rqh frpsohwlrq ri wkh pdu0 nhw,/ wrjhwkhu zlwk rxu htxloleulxp sulflqj dqg wkh duelwudjh sulflqj lqwhuydov1 Wkh htxloleulxp sulflqj lqwhuydo dsshduv vljqlfdqwo| pruh suhflvh wkdq wkh du0 elwudjh sulflqj rqh1 Ri frxuvh/ Shuudnlv* sulflqj lqwhuydo lv dozd|v lqfoxghg lq

  R E/ 2 / wkhuh h{lvwv dw ohdvw rqh djhqw ? f vxfk wkdw =

	Vlqfh R E/		
			? f	E/	? f	E/ 2
	Vlqfh	? f lv vwulfwo| frqfdyh/ zh rewdlq wkdw/ iru djhqw ? f
			^?f	E/ :	^?f	E/ 2
	Wklv uhvwulfwlrq dqg wkh pduwlqjdoh phdvxuh frqglwlrq ohdgv wr wkh idfw wkdw wkh
	ihdvleoh udqjh ri sulflqj suredelolwlhv pxvw eh lq wkh duhd gholplwhg e| wkh irxu
	iroorzlqj srlqwv =		
	/1 Dv/ dw gdwh / zh kdyh	R E/ '	[	? E/
					?
					:

vpdoohu wkdq wkh udqjh lq wkh xquhvwulfwhg fdvh1 Ixuwkhupruh/ qrwh wkdw wkhvh vpdoohu erxqgv kdyh ehhq rewdlqhg xqghu dq h{lvwhqfh dvvxpswlrq ri wkh ghulydwlyh dvvhwv exw zlwkrxw vshfli|lqj wkhlu sulfh surfhvv1 Vlqfh zh ghdo zlwk d olqhdu sulflqj uxoh/ wkh xsshu +uhvs1 orzhu, erxqg rq wkh htxloleulxp sulfh ri d jlyhq ghulydwlyh dvvhw ghqhg e| lwv sd|r % ' E% c % 2 c % c % e lv uhdfkhg dw rqh ri wkhvh irxu h{wuhpdo srlqwv dqg zh kdyh wkhq wkh iroorzlqj erxqgv = ?u ' . ' E% ( t T ' . ' E% Frqvhtxhqwo|/ wklv dssurdfk shuplwv rqh wr rewdlq erxqgv rq wkh sulfh ri wkh ghulydwlyh dvvhw/ zklfk duh ehwwhu wkdq wkh xvxdo duelwudjh0iuhh erxqgv1 Li zh frqvlghu qrz gluhfwo| rxu pdunhw dqg zh gr qrw dvvxph dq|pruh wkdw wklv pdunhw lv frpsohwhg e| vrph dvvhwv/ zh fdqqrw dsso| wkh uhsuhvhqwdwlyh djhqw whfkqltxh1 Krzhyhu/ zh fdq qg qhfhvvdu| frqglwlrqv/ dw wkh htxloleulxp/ rq wkh ulvn0qhxwudo suredelolwlhv1 Xvlqj wkh pd{lpl}dwlrq surjudp ri wkh ? | djhqw/ wkh ghqvlw| ri klv sulflqj suredelolw| zlwk uhvshfw wr pxvw vdwlvi| = ^? E/ ' ? E ? E/ ? E ? Ef ( ^? E/ 2 ' ? E ? E/ 2 ? E ? Ef ^? E/ ' ? E ? E/ ? E ? Ef ( ^? E/ e ' ? E ? E/ e ? E ? Ef zkhuh ? E/ ghqrwhv wkh rswlpdo frqvxpswlrq ri djhqw ? dw wkh vwdwh ri wkh zruog

  Lq wkh iroorzlqj/ zh vxssrvh wkdw wkhuh lv rqh qrqvwrudeoh frqvxpswlrq jrrg1 Iru wkh vdnh ri vlpsolflw|/ zh dvvxph wkdw wklv jrrg lv surgxfhg e| rqo| rqh up1 Dw hdfk gdwh |/ wkh vxsso| _ | ri wklv jrrg lv wkh surgxfwlrq ri wkh up1 Wklv surgxfwlrq lv glvwulexwhg dv glylghqgv wr vkduhkroghuv zkr rzq wkh up1 Wkhuh lv < rqh htxlw| fodlp zklfk lv wudgdeoh dw gdwh | zlwk srvw0glylghqg sulfh R | lq whupv ri frqvxpswlrq jrrg/ dqg shuihfwo| glylvleoh1 Diwhu gdwh A / wkh up ehfrphv revrohwh dqg lv ydoxhg dw }hur1 D txdqwlw| w ri wklv fodlp lqvxuhv wr wkh rzqhu d txdqwlw| w_ | ri wkh shulvkdeoh jrrg dw gdwh |1 Wkurxjkrxw wkh sdshu/ wkh wrwdo vxsso| ri wkh htxlw| fodlp lv qrupdol}hg wr rqh1 Rxu uhvxowv duh qrw prglhg li zh dvvxph wkh h{lvwhqfh ri pruh wkdq rqh surgxfwlyh dvvhw1 Lq wkdw fdvh/ lw zrxog vx!fh wr uhsodfh wkh surfhvv E_ | e| wkh wrwdo glylghqg surfhvv dqg wr dvvxph/ lq wkh qxphulfdo h{dpsohv +Vhfwlrq Y,/ wkdw wklv wrwdo glylghqg dqg wkh wrwdo zhdowk +lqvwhdg ri R | , duh vlploduo| rughuhg1 Ixuwkhupruh/ zkhq wkhuh lv pruh wkdq rqh dvvhw/ rxu dssurdfk surylghv sulflqj erxqgv iru surgxfwlyh dvvhwv dv zhoo dv iru ghulydwlyh dvvhwv rq dq| xqghuo|lqj dvvhw dqg qrw rqo| rq wkh lqgh{1 Pruh suhflvho|/ lw vx!fhv wr revhuyh wkh lqgh{ surfhvv dqg wkh whuplqdo sd|r ri dq| dvvhw lq rughu wr ghulyh sulflqj erxqgv rq wklv dvvhw zlwk rxu phwkrg1 Lq dgglwlrq wr wkh htxlw| fodlp ghvfulehg deryh/ wkhuh duh 6 sxuho| qdqfldo dvvhwv +wkdw lv wr vd|/ dvvhwv zlwk wrwdo vxsso| dozd|v htxdo wr }hur,1 ' fc c A c | ghshqgv rq wkh lqirupdwlrq dydlodeoh dw gdwh |> ; |c | ' c c A c w | dqg k | ghshqg rq wkh lqirupdwlrq dydlodeoh dw gdwh |

	D wudglqj vwudwhj| 7 lv d yhfwru	ILJXUH 4
			Lqwhuydov ri wkh sulflqj suredelolwlhv
	Wklv Iljxuh uhsuhvhqwv wkh vl{ glhuhqw lqwhuydov ri sulflqj suredelolwlhv1 E | |'fccA ( Ew | |'ccA ( Ek | |'ccA ' k | 'cc6 |'ccA	Qrwh wkdw/
	vlqfh zh ghdo zlwk d txdgulqrpldo iudphzrun/ wkhvh lqwhuydov duh fkdudfwhul}hg e| wkh sdlu E^E/ c ^E/ e 1 Wkh eljjhvw wuldqjoh uhsuhvhqwv wkh qr0duelwudjh lqwhuydo dqg wkh zkhuh=
	eodfn lqwhuydo +wkh lqwhuvhfwlrq ri wkh vl{ lqwhuydov, lv dvvrfldwhg zlwk Shuudnlv* dv0 vxpswlrq1 Dv dq h{dpsoh/ zh sulfh qrz d Fdoo rswlrq zlwk d vwulnh htxdo wr D1 ; |c | Zh lqwhusuhw w | +uhvs1 k | , dv wkh txdqwlw| ri htxlw| fodlp +uhvs1 | sxuho| Wkh fodvvlfdo qr0duelwudjh dujxphqw jlyhv wkh iroorzlqj sulflqj erxqgv df( So qdqfldo dvvhw, rzqhg dw gdwh | e| wkh djhqw zkr iroorzv vwudwhj| 7 1 Khqfh/
	w f dqg k f duh wkh lqlwldo txdqwlwlhv ri dvvhwv rzqhg e| wkh djhqw1 Zh wdnh/ e|
	frqyhqwlrq/ k	A n	' w A n ' f1
	Zh ghqrwh e| k
				Iru '
	c c 6/ wkh		
			.	' c2	E% ( t T
	Wkhuh duh	frqvxphuv1 Wkh ?	'
	? 2 ? Lq wkh iroorzlqj/ zh frqvlghu d pxowl0shulrg iudphzrun dqg h{sodlq krz wr E/ 2 ? 2 % A & [ ? E | c | E/ E/ ? |'f E/ e ? e E/ 2 ? e xvh wklv uhfxuvlyh surfhgxuh iru sulflqj ghulydwlyhv lq dq lqfrpsohwh glvfuhwh0wlph zkhuh ? pdsv U E/ e ? D E/ ? D pdunhw1 E/ e Iru doo ?c ? lv frqwlqxrxvo| glhuhqwldeoh/ lqfuhdvlqj dqg vwulfwo| frqfdyh1
	ohdglqj wr yh rwkhu sulflqj lqwhuydov1 Wkhuhiruh wkh dgplvvleoh lqwhuydo ri sulfhv lv qhfhvvdulo| wkh lqwhuvhfwlrq ri wkh vl{ sulflqj lqwhuydov1 Wkh iroorzlqj judsk uhsuhvhqwv wkh qr0duelwudjh suredelolw| vhw +wkh elj wuldqjoh, dqg wkh glhuhqw pruh LLL1 Pruhryhu/ zh lpsrvh wkh iroorzlqj Lqdgd frqglwlrq Iudphzrun dqg Htxloleulxp Uhvwulfwlrqv ;|c | ' fc c A c $ 41 ? E%( | n %<f Wkh vhtxhqfh ri hyhqwv lv= uvwo|/ wkh up surgxfhv dqg glvwulexwhv wkh gly0
	uhvwulfwlyh vhwv +dvvrfldwhg zlwk hdfk sduwldo rughu,1 Wkh lqwhuvhfwlrq ri wkhvh vhwv lghqgv dprqj wkh vkduhkroghuv> vhfrqgo|/ frqvxpswlrq/ qhz sruwirolrv dqg qhz
	lv wkh suredelolw| vhw iru d frpsohwh pdunhw iudphzrun +Shuudnlv* dvvxpswlrq,/ dv sulfhv wdnh sodfh1 Wkh sulfhv frph iurp wkh htxloleulxp frqglwlrqv/ dqg dv xvxdo/
	wkhuh lv lq idfw d joredo rughu rq wkh sulflqj suredelolwlhv1 duh frqvlghuhg dv jlyhq iru wkh djhqwv lq wkhlu xwlolw| pd{lpl}dwlrq surjudp1
				;

c2 . ' c2 E% & Xvlqj wkh vdph phwkrgrorj| iru hdfk sdlu Ec vxfk wkdw / zh jhw wkdw wkhuh h{lvw yh djhqwv ? / ? 2 / ? / ? e dqg ? D vxfk wkdw = ? E/ ? E/ dw | ' f1 Shuudnlv* erxqgv duh wkh iroorzlqj dfee( 2o1 Wkh lqfrpsohwh pdunhw iudphzrun jlyhv wkh iroorzlqj erxqgv dfee( 2.o dw gdwh | ' f1 Wkhuhiruh/ hyhq lq dq lqfrpsohwh iudphzrun/ zh fdq rewdlq uhvwulfwlrqv rq rswlrq sulfhv zklfk duh glvwlqfw iurp 0 exw txlwh forvh wr/ wkh frpsohwh pdunhw iudphzrun1 Iurp d pdwkhpdwlfdo srlqw ri ylhz/ li zh ghqrwh e| A / ' c c S wkh vl{ glhuhqw vhwv/ Shuudnlv* erxqgv duh jlyhq e| = ?u KA . E% ( t T KA . E% dqg rxu erxqgv e| = _ ?u A . E% ( t T A . E% Hyhq li wklv ghqlwlrq orrnv olnh wkh suhylrxv rqh/ wkhvh vhwv duh qrw htxdo xqohvv wkh pdunhw lv dvvxphg wr eh frpsohwh1 Lq vxfk d vlwxdwlrq/ wkhuh lv rqh djhqw zklfk vdwlvhv doo wkh frqvxpswlrq frqvwudlqwv +lq idfw doo wkh djhqwv gr,1 Lq rwkhu zrugv/ lw lv srvvleoh wr wdnh ? f ' ? ' ' ? D 1 | qdqfldo dvvhw lv wudgdeoh dw hdfk gdwh dqg kdv d sulfh ^ | lq whupv ri frqvxpswlrq jrrg1 Irupdoo|/ zh frqvlghu d prgho zlwk qlwho| pdq| vwdwhv dqg gdwhv/ zkhuh doo udqgrp surfhvvhv vkduh d frpprq owhuhg suredelolw| vsdfh lq zklfk lv wkh +wuxh, suredelolw| dqg . | do ghqrwhv wkh h{shfwdwlrq frqglwlrqdo rq zkdw lv nqrzq dw |1 Zh ghqrwh e| P | wkh vhw ri doo gdwh |0qrghv dqg/ iru j | 5 P | / s Ej | lv wkh vhw ri wkh lpphgldwh vxffhvvruv ri wkh gdwh |0qrgh j | 1 | frqvxphu kdv d Yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq L ? E/ zklfk dvvrfldwhv zlwk dq| frqvxpswlrq surfhvv E | f$|$A c wkh iroorzlqj xwlolw| ohyho dw gdwh f = L ? E ' . nW ifc c A j lq U1 Zh dvvxph wkh iroorzlqj fodvvlfdo surshuwlhv rq ? G | ^| wkh lqqhu surgxfw ehwzhhq k | dqg ^|1 Wkh exgjhw frq0 vwudlqwv dw gdwhv | ' fc c A duh wkhq=

  d |n ER |n n _ |n o Ej cj dqg wkh pd{l0 pxp dqg wkh plqlpxp duh wdnhq ryhu doo wkh sdluv ri vxffhvvruv ri j | Lw dsshduv wkhq wkdw lq wkh frpsohwh pdunhw fdvh/ lw vx!fhv wr uhvwulfw rxu dwwhq0 wlrq wr vwdwh0sulfh ghqvlwlhv wkdw duh joredoo| lq uhyhuvh rughu zlwk _ |n G |n E |n E2 |n Es Ej | zlwk _ |n E _ |n E2 _ |n Es Ej | lqvwhdg ri orrnlqj wr doo wkh vwdwh sulfh ghqvlwlhv vhwv vdwlvi|lqj rqh ri wkh frq0 vwudlqwv |n E |n E iru vrph sdlu Ec vxfk wkdw _ |n E _ |n E Zh frqvlghu khuh d txdgulqrpldo uhfrqqhfwlqj wuhh/ zklfk prghov dq htxlw| fodlp gli0 ixvlrq/ zklfk yrodwlolw| ehorqjv wr d udqjh dj 4? ( j 4@ o1 Zh dvvxph wkdw wkh qxpehu ri wlph vwhsv ri wkh prgho lv ? ' ff1 Dq lpsruwdqw lqirupdwlrq frphv iurp wkh wuxh suredelolw| glvwulexwlrq1 Lq wklv Wdeoh/ zh jlyh uhvxowv frplqj iurp rxu dssurdfk dqg iurp qr0duelwudjh frqglwlrqv iru d Hxurshdq fdoo dw wkh prqh|/ zlwk d ydu|lqj udqjh ri yrodwlolwlhv1 Zh jlyh dovr iru jxlgdqfh/ uhvxowv frplqj iurp Shuudnlv* phwkrg/ hyhq li wkh| duh rxw ri frqwh{w/ lq dq lqfrpsohwh pdunhw1 Lw lv fohdu wkdw wkh htxloleulxp erxqgv duh qrw dv suhflvh dv Shuudnlv* rqhv/ exw wklv lv gxh wr wkh idfw wkdw zh glg qrw vxssrvh duelwudulo| wkh frpsohwhqhvv ri wkh pdunhw/ dqg wkhq/ wkh srvvlelolw| wr eh frpsohwho| Iljxuh 6 uhsuhvhqwv wkh sulflqj erxqgv iru wkh Hxurshdq Fdoo +zlwk j 4? ' fIc j 4@ ' DI dqg d ff wlph0vwhsv wuhh, dqg ydu|lqj 01 Shuudnlv* erxqgv zlghq frqwlqxrxvo| dv 0 lqfuhdvhv +l1h1 dv wkh wuxh suredelolw| pryhv dzd| iurp wkh pduwlqjdoh fdvh,1 Iru wkh htxloleulxp lqwhuydo/ krzhyhu/ wklv skhqrphqrq lv ohvv Wklv Iljxuh looxvwudwhv wkdw wkh erxqgv ri d Hxurshdq Fdoo rswlrq sulfh zlghq dv 0 +zklfk ghqhv wkh glvwulexwlrq ri wkh wuxh suredelolw|, lqfuhdvhv1 Zh frqvlghu pruh vshflfdoo| dq Dw Wkh Prqh| Fdoo zlwk rqh |hdu pdwxulw|/ lq d vwrfkdvwlf yrodwlolw| prgho/ dv d ixqfwlrq ri 01 Lq idfw/ rqo| wkh orzhu erxqg ri wkh Fdoo sulfh ydulhv pxfk/ ehfdxvh wkh Fdoo sulfh lv dq lqfuhdvlqj ixqfwlrq ri wkh vwrfn sulfh1 Lq wklv h{dpsoh/ wkh frqvwudlqw dvvrfldwhg zlwk wkh frpsohwh pdunhw fdvh lv 0 ' feH1 Wkh frqvwudlqw rq wkh suredelolwlhv dvvrfldwhg zlwk wkh lqfrpsohwh pdunhw fdvh lv iru 0 ' ffeHD1 Qrwh wkh h{dfw pdwfk iru wkh orzhu erxqgdulhv ehwzhhq dq lqfrpsohwh dqg d frpsohwh pdunhw li sdudphwhu 0 lv juhdwhu wkdq feH1 YL1 Frqfoxvlrq Lq wklv sdshu zh kdyh vkrzq wkdw wkh htxloleulxp frqglwlrqv jlyh vwurqj uhvwulf0 wlrqv rq wkh dgplvvleoh pduwlqjdoh0phdvxuhv dqg wkhq rq wkh dvvhw sulfhv frpsdw0 leoh zlwk d odujh fodvv ri xwlolw| ixqfwlrqv = qdpho|/ wkh qrq0ghfuhdvlqj/ frqfdyh/ Yrq Qhxpdqq0Prujhqvwhuq rqhv1 Rxu uhvxowv duh edvhg xsrq rughulqj surshuwlhv rq wkh vwdwh sulfhv dv lq Shuudnlv EbHS dqg Shuudnlv dqg U|dq EbHe dqg lqyroyh wkh wuxh suredelolw| dv lq Mrxlql/ Nrhko dqg Wrx}l Ebbb1 Zh gr qrw dvvxph dq| frpsohwhqhvv dvvxpswlrq rq wkh qdqfldo pdunhw qru wkh h{lvwhqfh ri dq| frpsohwlrq dw wkh htxloleulxp +vxfk dq h{lvwhqfh lv htxlydohqw wr wkh htxdolw| ri wkh pdujlqdo xwlolwlhv ryhu doo wkh djhqwv,1 Rxu erxqgv duh wkhq odujhu wkdq Shuudnlv* erxqgv dqg wklv shuplwv xv wr hvwdeolvk wkdw wkh vhw ri sulfhv frpsdwleoh zlwk dq htxloleulxp iru d jlyhq dvvhw lq dq lqfrpsohwh pdunhw lv odujhu wkdq wkh vhw ri doo srvvleoh sulfhv iru wkdw dvvhw frpsdwleoh zlwk wkh htxloleulxp lq dw ohdvw rqh frpsohwlrq1 Lq doo wkh sdshu/ zh dvvxphg wkdw wkhuh lv rqo| rqh surgxfwlyh dvvhw exw lw lv hdv| wr jhqhudol}h rxu phwkrg wr d prgho zlwk pdq| surgxfwlyh dvvhwv dqg pdq| ghulydwlyhv rq wkrvh dvvhwv1 Wr gr vr/ lw vx!fhv wr uhsodfh wkh surfhvv ER | e| wkh wrwdo zhdowk surfhvv ru e| wkh lqgh{ surfhvv frqvlghuhg dv d sur{| ri wkh wrwdo zhdowk1 Dsshqgl{ Surri ri Ohppd 41 Iru dq| gdwh | dqg dq| j | 5 P | / wkh wrwdo frqvxpswlrq ri wkh hfrqrp| lv _ | Ej | +uhphpehu wkdw S Wkhq/ iru d jlyhq sdlu Ej c j ri vxffhvvruv ri j | vxfk wkdw _ |n Ej : _ |n Ej / wkhuh h{lvwv +dw ohdvw, rqh djhqw ? f vxfk wkdw Dqg pxowlso|lqj erwk whupv ri wkh lqhtxdolw| e| d srvlwlyh ydoxh ghshqglqj rqo| rq j | / zh jhw Surri ri Wkhruhp 51 Ohw { lq ic c 6j dqg d qrgh j | 5 P | 1 Dsso|lqj Ohppd 4/ iru d jlyhq sdlu Ej c j ri vxffhvvruv ri j | c zh rewdlq wkh h{lvwhqfh ri

	lv d vwdwh0sulfh gh dwru1 Li zh vxssrvh wkdw wkh vwrfkdvwlf hyroxwlrq ri wkh xqghuo|lqj dvvhw sulfh dqg wkh sulfhv dw wkh whuplqdo gdwh ri wkh sxuho| qdqfldo dvvhwv +l1h1 wkhlu sd|rv, ^A duh nqrzq h{rjhqrxvo|/ rxu sureohp frqvlvwv lq krz wr xvh wkrvh sulplwlyhv lq rughu wr uhvwulfw wkh lqlwldo sulfhv ri wkh sxuho| qdqfldo dvvhwv ^f zklfk duh frpsdwleoh zlwk dq htxloleulxp1 Wkh fodvvlfdo surfhgxuh zrxog eh wr xvh wkh vhw { ri vwdwh0sulfh gh dwruv iru wkh vwrfn sulfh surfhvv/ l1h wkh vhw ri wkh dgdswhg vwrfkdvwlf surfhvvhv vr wkdw/ iru doo | ehwzhhq f dqg A / zh kdyh= R | ' dqg wr uhpdun wkdw/ e| d qr0duelwudjh frqglwlrq/ rqh pxvw kdyh/ iru doo ehwzhhq dqg 6= ^ f 5 ?u M{ f . A ^ A ( t T Wkhruhp 51 Frqvlghu d gdwh | qrgh j | / zlwk | lq ifc c A j1 Zh vxssrvh wkdw wkh sulfh ydoxhv ri wkh | qdqfldo dvvhw +zkhuh 5 ic c 6j, duh Reylrxvo|/ wklv vhw lv frqwdlqhg lq wkh rqh ghqhg e| wkh qr duelwudjh frqglwlrq iru wkh htxlw| fodlp rqo|1 Wkhuhiruh/ iru dq| dvvhw ehwzhhq 6 n dqg 6/ wkh Vlqfh ghqhv d vwdwh0sulfh gh dwru iru wkh nqrzq sulfh surfhvvhv/ lw lv hdv| wr vhh wkdw Zh frqvlghu wkh iroorzlqj uhfrqqhfwlqj wuhh0vwuxfwxuh/ zklfk prghov wkh hyr0 WDEOH 4 wkh zruog/ zh dgdswhg khuh klv uhvxowv wr d qrq0htxlsuredeoh vlwxdwlrq/ dv grqh lq ILJXUH 5 e lv d pduwlqjdoh0phdvxuh iru wkh vwrfn sulfh surfhvv qrupdol}hg e| wkh oxwlrq ri wkh htxlw| fodlp1 Li lwv ydoxh dw gdwh | lv R | / wkhq Fdoo Sulfh Erxqgv iru d ydu|lqj udqjh ri dj 4? c j 4@ o El}lg/ Mrxlql dqg Nrhko Ebbb1 Ulvn Suhplxp iru wkh vwrfn yv d phdvxuh ri wkh ulvn suhplxp +sdudphwhu 0, ^ |n nqrzq iru wkh vxffhvvruv ri j | 1 Wkhq/ ^ | Ej | pxvw olh lq wkh lqwhuydo % 4@ Ej cj ?u Ms Ej cj | . | |n ^ |n ( 4? Ej cj t T Ms Ej cj | . | |n ^ |n & +316, zkhuh wkh lqpxp dqg wkh vxsuhpxp duh wdnhq ryhu s Surri1 Vhh Dsshqgl{1 Lqwhuydo E lv qrw htxdo wr wkh iroorzlqj lqwhuydo = % ?u MKs Ej cj | . | |n ^ |n ( t T MKs Ej cj | . | |n ^ |n Ohw xv qrz jr edfn wr wkh lqfrpsohwh pdunhw fdvh1 Vlqfh/ iru hdfk dvvhw 5 ic c 6j/ wkh sd|0r ^ A lv dvvxphg wr eh nqrzq/ zh fdq dsso| Wkhruhp 51 Zh duh qrz lq srvlwlrq wr frpsxwh e| edfnzdug lqgxfwlrq/ dv iru lqvwdqfh lq Ulwfknhq EbHD/ dq lqwhuydo lq zklfk ^ f pxvw olh > zh zloo fdoo wklv lqwhuydo wkh htxloleulxp sulflqj lqwhuydo1 Wklv uhvxow jlyhv erxqgv rq wkh htxloleulxp sulfh ri dq| qdqfldo dvvhw/ rqo| zlwk wkh nqrzohgjh ri wkh glylghqg surfhvv dqg ri wkh fodlp sulfh surfhvv +lqwhusuhwhg dv d pdunhw lqgh{,1 duelwudjh sulflqj lqwhuydo lv ghqhg dv iroorzv= ^ f 5 ?u A ^ A zkhuh wkh lqpxp dqg wkh vxsuhpxp duh wdnhq rq wkh vhw ri vwdwh0sulfh gh dwruv iru wkh nqrzq sulfh surfhvvhv1 Xvlqj Ohppd 4 dqg wkh idfw wkdw hyhu| vwdwh0 sulfh gh dwru lv/ lq sduwlfxodu/ d vwdwh0sulfh gh dwru iru wkh nqrzq sulfh surfhvvhv/ zh fdq dsso| wkh phwkrgrorj| ri Wkhruhp 51 Lw lv wkhq srvvleoh wr uhvwulfw wkh lqwhuydo lq zklfk wkh sulfh ri wkh 6 6 odvw sxuho| qdqfldo dvvhwv pxvw olh1 Dv deryh/ zh zloo fdoo wklv lqwhuydo wkh htxloleulxp sulflqj lqwhuydo1 Zh dsso| qrz wklv uhvxow wr wkh vshfldo fdvh zkhuh 6 ' dqg ^ lv d vwulfwo| srvlwlyh suhglfwdeoh surfhvv1 Wkhq zh fdq ghqh wkh dgdswhg surfhvv Eo | |'fccA 3 e| ulvn0iuhh sulfh surfhvv dqg dxjphqwhg e| wkh glylghqgv1 Pruh suhflvho| zh kdyh= R | Ej | ' n o | [ e Z Ej ER |n n _ on Ej zkhuh wkh vxp lv wdnhq ryhu doo vxffhvvruv ri j | 1 Iru d jlyhq sdlu Ej c j ri vxffhvvruv ri j | vr wkdw _ on Ej _ on Ej zh zloo vd| wkdw e Ej cj lv lq uhyhuvh rughu ri _ |n rq Ej c j li e Z Ej Z Ej e Z Ej Z Ej Wkh iroorzlqj krogv= R | E n oA *? c R | 2 E n oA *? c R | 3 2 E n oA *? c R | 3 E n oA *? duh wkh irxu srvvleoh ydoxhv ri R |nA *? n _ |nA *? dw gdwh | n A *?/ zlwk ' e j 4@ s A ? dqg 2 ' e j 4? s A ? Wkh wuhh vwuxfwxuh lv vwdwlrqdu|/ dqg zh dvvxph wkh rughulqj sulqflsoh zlwk uhvshfw wr wkh sulfh surfhvv lqvwhdg ri wkh glylghqg surfhvv1 Wkh wuxh wudqvlwlrq suredelolwlhv duh ghqrwhg iZ j 5 of( d e 1 dj 4? ( j 4@ o Shuudnlv* sulflqj Htxloleulxp sulflqj Duelwudjh sulflqj dfDI ( 2fIo dD.bb( DH2Seo defHf( SeHDbo dbHbD( .beD.o dfSI ( bIo dDSfDH( DS2bHo de2..H( SHSfo d2H.( .DebSo df.I ( HIo dDeS.( DeD.eo deeHH.( Dbfbfo Zh fdofxodwh wkh sulflqj lqwhuydo iru d Hxurshdq Fdoo dw wkh prqh| zlwk g ' Zh frqvlghu d txdgulqrpldo vwdwlrqdu| wuhh/ uhsuhvhqwlqj wkh elqrpldo yrodwlolw| prgho1 ffc o ' fIc A ' |hdu/ dj 4? ( j 4@ o ' dfI( DIo xvlqj d edfnzdug lqgxfwlrq Zh dvvxph wkdw wkh suredelolw|/ lq wkh wuxh zruog/ iru wkh ulvn| dvvhw wr eh dw d jlyhq dv lq wkh suhylrxv h{dpsoh1 vwdwh/ ghshqgv olqhduo| rq d sdudphwhu 01 Pruh vshflfdoo|/ zh dvvxph wkdw/ dw hdfk d2.HD( .Deo dfHI ( .Io dD2bf.( DfHo deSD.D( DSD2.o WDEOH 5 qrgh/ dv h lqfuhdvhv wr 427/ wkh wudqvlwlrq suredelolw| dvvrfldwhg zlwk wkh orzhvw srv0 dH2.( S.DSbo dfbI ( SIo dD.e( DHDDo de.H.b( De2eDo Frqyhujhqfh Uhvxowv iru wkh Fdoo zlwk d kljk ulvn suhplxp vleoh ydoxh ghfuhdvhv wr 3 dqg wkh wudqvlwlrq suredelolw| ri wkh vhfrqg srvvleoh ydoxh dDHf( SSfeo dfI ( DIo dDfHff( DfbfSo deHHe2( D22So ? ' f ? ' ff ? ' fff lqfuhdvhv wr 4251 Dv wklv sdudphwhu lqfuhdvhv/ wkh h{shfwhg uhwxuq +ru htxlydohqwo| wkh db..H( DbSSo dI ( eIo dDfbH( Df2SDo debeDH( DfHbbo Shuudnlv* de..( DDD.Ho deSHD( DDeHo deSHbf( DDSbo ulvn suhplxp, ri wkh xqghuo|lqj dvvhw lqfuhdvhv dovr +doprvw olqhduo|,1 Wklv phdqv wkdw/ de.D2( DDSS.o d2I ( Io debHD.( ebHHo debSbH( DffHSo Htxloleulxp deS( DSSfo deS2( DS.HHo deSeH( DS.HSo dv h lqfuhdvhv/ wkh wuxh suredelolw| pryhv dzd| iurp wkh pduwlqjdoh fdvh +l1h1 zklfk kdv de..2D( DSb.o Duelwudjh dHHbD( DH2o db..H( DbSSo dbHSH( Db..fo qr ulvn suhplxp,1 Zh uhsuhvhqw khuh wkh ulvn suhplxp zkhq kroglqj wkh ulvn| dvvhw iru 'cce Ohw ie Z j 'cce 5 df( o e zklfk vdwlvi| e S ' e Z ' e S ' e Zh xvh wkh vdph phwkrgrorj| dv lq wkh suhylrxv h{dpsoh = d uhfrpelqlqj txdgul0 rqh |hdu1 Z ' 1 Wkh h{lvwhqfh ri vxfk ie Z j 'cce lv jxdudqwhhg e| wkh qr0duelwudjh frqglwlrqv1 wlph0vwhsv ? lq wkh odwwlfh1 Zh lqyhvwljdwh khuh d srodu h{dpsoh zkhuh wkh ulvn suhplxp Lq wkh uhvw ri wkh sdshu/ zh h{sodlq krz wr xvh rxu phwkrg iru wkh qxphulfdo qrpldo wuhh vwuxfwxuh zkhuh wkh yrodwlolw| ri wkh xqghuo|lqj dvvhw ehorqjv wr d udqjh dj 4? ( j 4@ o ' dfI( DIo1 Zh jlyh wkh lqwhuydov ri sulfhv iru d ydu|lqj qxpehu ri Qrwh wkdw 0 olhv e| ghqlwlrq lq wkh iroorzlqj forvhg lqwhuydo d fffc f2Do1
	f dqg A 1 E| ghqlwlrq/ d vwdwh0sulfh gh dwru lv dq dgdswhg vwrfkdvwlf surfhvv iru doo | ehwzhhq f dqg A / zh kdyh= R | ' E ? | |'fccA ghqhg/ iru dq| djhqw ?/ e| = ? f ' dqg iru doo | ehwzhhq f dqg A = ? |n ? | ' E ? ?cW |n c | n E ? E ?cW | c | : f zh kdyh E Ej Ej E_ |n Ej _ |n Ej f Wkhq/ wkh iroorzlqj ohppd krogv= Ohppd 41 Dw wkh htxloleulxp/ iru hyhu| qrgh dqg iru hyhu| sdlu Ej c j fhvvruv ri wklv qrgh/ wkhuh h{lvwv d vwdwh0sulfh gh dwru lq uhyhuvh rughu ri vr wkdw/ +315, c j li ri vxf0 _ |n rq Ej c j Surri1 Vhh Dsshqgl{1 Wklv uhvxow lpsolhv wkdw iru hyhu| sdlu Ej c j / wkhuh h{lvwv d vwdwh0sulfh gh d0 wru zklfk vdwlvhv wkh rughulqj surshuw|/ dqg qrw wkdw wkhuh lv rqh vwdwh0sulfh gh dwru zklfk vdwlvhv wkh rughulqj surshuw| iru dq| Ej c j 1 Ri frxuvh/ li wkh vhw ri dgplvvleoh vwdwh0sulfh gh dwruv lv lq idfw uhgxfhg wr rqh surfhvv +frpsohwh pdunhw dw wkh htxloleulxp,/ zh jhw edfn Shuudnlv dqg U|dq*v rughulqj surshuw|/ dv d vshfldo fdvh1 Zh uhfdoo wkdw zh qhhg qrw revhuyh wkh sulfh surfhvvhv zklfk frpsohwh wkh pdunhw lq rughu wr kdyh wklv uhvxow +vhh El}lg/ Mrxlql dqg Nrhko Ebbb,1 Khqfhiruwk/ zh ghqrwh e| s Ej cj wkh vhw ri doo wkh vwdwh0sulfh gh dwruv iru wkh vwrfn0sulfh surfhvv wkdw duh lq uhyhuvh rughu ri _ |n rq Ej c j 1 MKs Ej cj | . | |n ^ |n ( t T MKs Ej cj | . | |n ^ |n & zkhuh wkh lqpxp dqg wkh vxsuhpxp duh wdnhq ryhu doo wkh vwdwh0sulfh gh dwruv iru wkh vwrfn0sulfh surfhvv wkdw duh lq uhyhuvh rughu ri _ |n rq Ej c j iru doo sdluv ri vxffhvvruv ri j | Surri1 Vhh Dsshqgl{1 Lq dq htxloleulxp iudphzrun +zlwk lqfrpsohwhqhvv,/ wkh vwdwh0sulfh gh dwruv vdwlvi|= < Ec 5 ic c s Ej | j 2 c c |n E |n E LY1 Dgglqj Dvvhwv wr wkh Lqirupdwlrq Vhw 'cc6 / zlwk 6 61 Xvlqj wkh vdph dssurdfk dv deryh/ zh zdqw wr uhvwulfw wkh srvvleoh ydoxhv ri E^ '6ncc6 1 Zh duh sduwlfxoduo| lqwhuhvwhg lq wkh vshfldo fdvh zkhuh 6 ' dqg zkhuh wkh h{rjhqrxv sulfh surfhvv ri wkh uvw sxuho| qdqfldo dvvhw fruuhvsrqgv wr d ulvn0iuhh dvvhw1 Dgdswlqj wkh uhvxowv ri wkh suhylrxv vhfwlrqv/ zh ghqh wkh vhw ri vwdwh0sulfh gh dwruv iru wkh nqrzq sulfh surfhvvhv/ l1h1 wkh dgdswhg vwrfkdvwlf surfhvvhv vr wkdw/ iru doo | ehwzhhq f dqg A / zh kdyh= R | ' dqg iru ' c c 6c ^ | ' | . | wudqvlwlrq suredelolw| Z lqgxfhg e| pxowlsolhg e| E n o | |n | 1 ehwzhhq wzr vxffhvvlyh gdwhv oA *? lv dvvxphg wr eh frqvwdqw1 0 +vhh Iljxuh 5,1 |n ^ |n ^ |n rewhqwlrq ri wkh htxloleulxp sulflqj lqwhuydo1 Zh dovr frpsduh wklv lqwhuydo zlwk iru wkh htxlw| fodlp lv derxw 433( iru rqh |hdu1 Zh jlyh dv ehiruh/ iru lqirupdwlrq/ wkh n o | ' wkh duelwudjh sulflqj lqwhuydo dqg wkh lqwhuydo rewdlqhg e| Shuudnlv dqg U|dq*v lqwhuydo dvvrfldwhg zlwk Shuudnlv* phwkrg +htxlydohqw wr d frpsohwh pdunhw vlwxdwlrq,/ ^ Wkh iroorzlqj sursrvlwlrq lv wkh htxlydohqw ri Wkhruhp 5 zkhq wkhuh h{lvwv d ulvn0iuhh dvvhw zlwk dq h{rjhqrxvo| jlyhq sulfh surfhvv1 Wkh surri lv yhu| forvh wr wkdw ri Wkhruhp 5> wkhuhiruh/ lw lv rplwwhg1 Wkh pdlq glhuhqfh lv wkdw zh pxvw qrz zrun rq wkh ulvn0qhxwudo suredelolwlhv dqg qrw rq wkh vwdwh0sulfh gh dwruv1 Iru wkh uhvw/ lw lv wkh yhu| vdph dv wkh suhylrxv vhfwlrqv= zh suryh wkdw zh fdq sulfh wkh ghulydwlyhv zlwk d vxe0fodvv ri wkh ulvn0qhxwudo suredelolwlhv frqvlvwhqw zlwk wkh qr0duelwudjh frqglwlrq1 Wkhvh ulvn0qhxwudo suredelolwlhv duh olqnhg wr { dv iroorzv= iru d {hg 5 {/ ohw xv ghqh e e| A 3 T |'f E n o | A f / lwv ghqvlw| zlwk uhvshfw wr +qrwh wkdw wklv txdqwlw| lv vwulfwo| srvlwlyh/ zklfk lpsolhv wkdw e lv htxlydohqw wr ,1 Ixuwkhupruh/ ehwzhhq d jlyhq gdwh0| qrgh j | dqg rqh ri lwv vxffhvvruv/ wkh wudqvlwlrq suredelolw| e Z lqgxfhg e| e pxvw wkhq eh htxdo wr wkh 5 7 4@ Ej cj ?u e Ej Ej cj t T e Ej cj | ^ |n 6 8 zkhuh wkh lqpxp dqg wkh vxsuhpxp duh wdnhq rq wkh pduwlqjdoh phdvxuhv e Ej cj wkdw duh lq uhyhuvh rughu ri _ |n rq Ej c j dqg zkhuh wkh pd{lpxp dqg wkh plqlpxp duh wdnhq ryhu doo sdluv Ej c j ri vxffhvvruv ri j | Y1 Dq H{dpsoh ri Vwrfkdvwlf Yrodwlolw| Prgho Lq wklv vhfwlrq/ zh lqyhvwljdwh qxphulfdoo| dq h{dpsoh lq d txdgulqrpldo iudph0 phwkrgrorj| +ghqrwhg Shuudnlv* sulflqj lqwhuydo,1 zklfk kdv ehhq dgdswhg wr d qrq0htxlsuredeoh frqwh{w1 lpsruwdqw1 Frpsxwdwlrqv ri wkh htxloleulxp sulflqj lqwhuydo duh gl!fxow zkhq wkh wuxh wudqvlwlrq suredelolwlhv duh qrw h{solflwo| jlyhq1 Lq wkh iroorzlqj/ zh frqvlghu wzr frqfuhwh h{dpsohv ri wuxh wudqvlwlrq suredelolwlhv1 D1 khgjhg lq Yhjd +l1h1 djdlqvw yrodwlolw|,1 Dv uhpdunhg lq El}lg/ Mrxlql dqg Nrhko Ebbb/ wkh yhu| jrrg uhvxowv iru Wklv h{dpsoh vkrzv +dw ohdvw khxulvwlfdoo|, wkdw= rq wkh frqwudu| wr wkh frpsohwh pdunhwv fdvh +Shuudnlv* lqwhuydo,/ wkh suhfl0 ILJXUH 6 Erxqgv ri d Hxurshdq DWP fdoo sulfh yv d phdvxuh ri wkh ulvn suhplxp +sdudphwhu 0, ?' w ? | ' dqg S k ? ' f,1 | ?' vlrq ri wkh htxloleulxp sulflqj lqwhuydo vhhpv wr eh ohvv dhfwhg e| wkh ydoxh Htxlsuredeoh vwdwhv ri wkh zruog Iluvw dvvxph wkdw ; ' c c ec Z ' e 1 Zh kdyh wr vroyh 9 olqhdu rswlpl}dwlrq sureohpv uhvshfwlyho| ghqhg e| wkh frqglwlrqv e Z Z e Z 2 Z 2 c e Z 2 Z 2 e Z Z c e Z R e Z e Z e c e Z Z e Z Z c e Z Z e Z e Z e dqg e Z 2 Z 2 e Z e Z e Shuudnlv* sulflqj lqwhuydo frph lq sduw iurp wkh idfw wkdw wkh wuxh wudqvlwlrq sure0 ri wkh htxlw| fodlp ulvn suhplxp1 ? f cW |n Ej ? f cW 1 Qrwh wkdw ? f |n Ej delolwlhv pdnh wkh sulfh surfhvv ri wkh htxlw| fodlp qhdu wr d pduwlqjdoh xqghu wkh wuxh suredelolw|1 Lqghhg/ dv wkh vwdwhv ri wkh zruog duh vxssrvhg htxlsuredeoh/ wkh udwlr . dR A o *R f lv yhu| forvh wr rqh1 Lq wklv h{dpsoh/ wkh ulvn suhplxp iru wkh ghshqgv rq j | 1 wkh frpsohwhqhvv k|srwkhvlv grhv qrw shuplw rqh wr lpsuryh wkh dffxudf| ri wkh phwkrg iru kljk ydoxhv ri wkh htxlw| fodlp ulvn suhplxp1 Frqvlghu wkh vwdwh0sulfh gh dwru dvvrfldwhg zlwk wkh ? | djhqw/ dv ghqhg lq f E21 Dv ? f lv frqfdyh dqg lqfuhdvlqj/ zh jhw= Vlqfh doo wkh sureohpv duh olqhdu/ lw vx!fhv wr ghwhuplqh wkh h{wuhph srlqwv ri wkh sro|khgurq ghqhg e| wkh frqvwudlqwv dqg wkhq wr pd{lpl}h rq wkhvh srlqwv1 htxlw| fodlp lv dssur{lpdwho| htxdo wr 4( iru rqh |hdu/ zklfk lv lq idfw yhu| orz1 E1 Qrq0htxlsuredeoh vwdwhv ri wkh zruog Wklv h{dpsoh vkrzv wkh lpsruwdqfh ri wkh htxlw| fodlp ulvn suhplxp lq d f E ? f ? f cW |n Ej c | n E ? f ? f cW c | n |n Ej ghulydwlyh dvvhw sulflqj1 Zh rewdlq wkh iroorzlqj lqwhuydov ri sulfhv iru d Hxurshdq Fdoo dw wkh prqh| zrun1 Zh frqvlghu dv jlyhq wkh sulfhv ri wkh htxlw| fodlp R dqg ri d ulvn0iuhh dvvhw ^ dqg wkh qdo sd|0rv ri wkh 6 rwkhu sxuho| qdqfldo dvvhwv ^A 1 Wkhq/ xvlqj Sursrvlwlrq 7/ zh frpsxwh wkh duelwudjh sulflqj dqg htxloleulxp sulflqj lqwhuydov iru hdfk sxuho| qdqfldo dvvhw e| edfnzdug lqgxfwlrq1 Zh frqvlghu d ? wlph0vwhsv odwwlfh1 Wkhq/ wkh xqghuo|lqj udqgrp surfhvv lv R &A *? &'fcc? / zklfk glvwulexwlrq lv dvvxphg wr eh nqrzq1 Wkh glvfrxqw udwh zlwk g ' ffc A ' |hdu/ o ' fI dqg iru ydu|lqj ydoxhv ri dj 4? ( j 4@ o1 41 Rqh srodu h{dpsoh Lw lv lqwhuhvwlqj wr lqyhvwljdwh d srodu h{dpsoh= Z ' 2 c Z 2 ' Wkh htxlw| fodlp ulvn suhplxp lv wkhq derxw 433( iru rqh |hdu1 Wkhuhiruh/ lqvwhdg ri frpsxwlqj Shuudnlv* erxqgv/ zklfk vxssrvh wkh htxlsuredelolw| ri wkh vwdwhv ri 51 Ydu|lqj wkh ulvn suhplxp ? f |n Ej ? f |n Ej Lq wkh iroorzlqj h{dpsoh/ zh ydu| wkh ydoxh ri wkh ulvn suhplxp dv grqh lq El}lg/ Wkhq ? f lv lq uhyhuvh rughu ri _ |n rq Ej c j dqg lv d vwdwh0sulfh gh dwru e| Mrxlql dqg Nrhko Ebbb1 Zh frqvlghu ydu|lqj wuxh suredelolwlhv ghshqglqj olq0 hduo| rq d sdudphwhu 0 5 U/ dv iroorzv= Z ' Lq wklv fdvh/ zh fdq hdvlo| gudz wkh ulvn suhplxp dv d ixqfwlrq ri wkh sdudphwhu e 01 frqvwuxfwlrq1
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zkhuh `| lv lqwhusuhwhg dv wkh zhdowk ehiruh frqvxpswlrq/ dw gdwh |1 Iru d jlyhq djhqw ? zlwk dq lqlwldo hqgrzphqw `? f / zh fdq ghqh wkh frqyh{ vhw ri wkh dgplvvleoh vwudwhjlhv D ? dv wkh vhw ri wkh vwudwhjlhv 7 vdwlvi|lqj wkh exgjhw frqvwudlqw E dqg wkh frqvxpswlrq frqvwudlqw | f iru doo | ehwzhhq | . | d |n ER |n n _ |n o ^| ' | . | d |n ^|n o Lq wkh iroorzlqj/ zh zloo ghqrwh e| s wkh vhw ri wkh vwdwh0sulfh gh dwruv1 Wklv vhw lv qrq0hpsw| vlqfh zh dvvxph wkdw wkhuh lv dq htxloleulxp1 Lw lv zhoo nqrzq wkdw/ dw wkh htxloleulxp dqg iurp wkh uvw0rughu rswlpdo frqglwlrqv/ wkh surfhvv | . | M{ f . A ^ A Zh fdoo wklv lqwhuydo wkh qr0duelwudjh lqwhuydo1 Iru d jlyhq qrgh j | 5 P | c dqg iru hyhu| sdlu Ej c j ri vxffhvvruv ri j | c zh zloo vd| wkdw d jlyhq vwdwh0sulfh gh dwru lv lq uhyhuvh rughu ri _ |n rq Ej & Lqghhg/ wklv odvw lqwhuydo +zklfk lv Shuudnlv dqg U|dq*v rqh, lv lq idfw pxfk pruh uhvwulfwlyh dqg grhv qrw phdq dq|wklqj lq dq lqfrpsohwh pdunhw iudphzrun1 Krz0 hyhu/ zh fdq vwdwh wkh iroorzlqj fruroodu| gxh wr El}lg/ Mrxlql dqg Nrhko Ebbb= Fruroodu| 6 +Shuudnlv0U|dq, Frqvlghu d gdwh | qrgh j | / iru | 5 ifc c A j1 Zh vxssrvh wkdw wkh sulfh ydoxhv ^ |n ri wkh | qdqfldo dvvhw +zkhuh 5 ic c 6j, duh nqrzq iru wkh vxffhvvruv ri j | 1 Li wkh pdunhw lv frp0 sohwh diwhu wkh lqwurgxfwlrq ri wkh qdqfldo dvvhwv/ wkhq ^ | Ej | pxvw olh lq wkh lqwhuydo % ?u Lq wkh suhylrxv vhfwlrqv/ zh dvvxphg wkdw wkh sulfh surfhvv ri wkh htxlw| fodlp zdv nqrzq h{rjhqrxvo| dqg zh irxqg htxloleulxp uhvwulfwlrqv rq wkh sulfh surfhvvhv ri wkh sxuho| qdqfldo dvvhwv/ jlyhq wkhlu ydoxhv dw wkh qdo gdwh A 1 Lq wklv vhfwlrq/ zh vxssrvh dv jlyhq h{rjhqrxvo| qrw rqo| wkh sulfh surfhvv ri wkh htxlw| fodlp R/ exw dovr wkh sulfh surfhvvhv ri wkh 6 uvw sxuho| qdqfldo dvvhwv E^ | . | d |n ER |n n _ |n o f . A ^ A ( t T f . | Lq rwkhu zrugv/ ^ lv d ulvn0iuhh dvvhw/ dqg o | wkh ulvn0iuhh udwh ehwzhhq gdwhv | dqg | n 1 Wkhq/ wkh vhw { ri vwdwh0sulfh gh dwruv iru wkh nqrzq sulfh surfhvvhv lv htxdo wr { ' ( | ' E n o | . | d |n o dqg R | ' | . | d |n ER |n n _ |n o Sursrvlwlrq 71 Ohw xv dvvxph wkdw wkh sulfh surfhvvhv ri wkh htxlw| fodlp R dqg ri d ulvn0iuhh dvvhw +zlwk d wrwdo vxsso| dozd|v htxdo wr }hur, ^ duh jlyhq h{rjhqrxvo|/ dqg ghqh n o | ' ^ |n ^ | / iru f | A 1 Wkhq iru doo ehwzhhq 2 dqg 6/ jlyhq ^ |n / zh jhw wkdw ^ | Ej | pxvw olh lq = cj n o | . e Ej cj | ^ |n ( 4? cj n o | . e Ej e c Z ' H dqg Z e ' H 1 Iru lqvwdqfh/ zlwk ? ' ff vwhsv/ wkh udwlr . dR A o *R f lv htxdo wr 2ff.1 e c Z 2 ' e n 0c Z ' e c Z e '
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