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Abstract

We provide possibility results on the aggregation of beliefs and tastes for Monotone,
Bernoullian and Archimedian preferences of Cerreia-Vioglio, Ghirardato, Maccheroni, Mari-
nacci, and Siniscalchi (2011). We propose a new axiom, Unambiguous Pareto Dominance,
which requires that if the unambiguous part of individuals’ preferences over a pair of acts
agree, then society should follow them. We characterize the resulting social preferences and
show that it is enough that individuals share a prior to allow non dictatorial aggregation.
A further weakening of this axiom on common-taste acts, where cardinal preferences are
identical, is also characterized. It gives rise to a set of relevant priors at the social level that
can be any subset of the convex hull of the individuals’ sets of relevant priors. We then
apply these general results to the Maxmin Expected Utility model, the Choquet Expected
Utility model and the Smooth Ambiguity model. We end with a characterization of the
aggregation of ambiguity attitudes.

Keywords. Preference Aggregation, Social Choice, Uncertainty
JEL Classification. D71, D81

1 Introduction

Many social decisions have to be made in uncertain environments where individuals have both
different tastes over the possible outcomes and different beliefs over the possible states of the
world. As Hylland and Zeckhauser (1979) and Mongin (1995, 1998) have showed, for Subjective
Expected Utility (SEU) preferences (Savage, 1954; Anscombe and Aumann, 1963), simultaneous
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heterogeneity of tastes and beliefs leads to an impossibility of Paretian aggregation of individual
preferences into a social preference. Mongin (1995, 1998, 2014) and Gilboa, Samet, and Schmei-
dler (2004) have argued that the problem can be traced to spurious unanimity, that is, cases of
unanimous preferences that result from differences in beliefs and tastes that “cancel” each other
out. Indeed, the possibility of Paretian preference aggregation can be restored by restricting the
Pareto principle to cases of identical beliefs.!

As famously noted by Ellsberg (1961), individuals may violate Subjective Expected Utility,
in particular when they perceive and are sensitive to ambiguity. Individuals are then character-
ized by their beliefs — captured for instance by a set of probability distributions —, tastes over
outcomes, and ambiguity attitudes. As Gajdos, Tallon, and Vergnaud (2008) have shown, this
third factor — ambiguity attitudes — exacerbates the difficulties for aggregation: as soon as some
individuals are ambiguity sensitive (that is, display a non-neutral ambiguity attitude), Paretian
aggregation in the presence of heterogeneous tastes is impossible. Moreover, possibility cannot
be restored by restricting the Pareto principle to cases of identical beliefs.

To illustrate the role of commonality of beliefs and of ambiguity attitudes in the aggregation
problem, consider a country with an important fishery sector and an influential sector specialized
in environmental technologies. If the average water temperature increases by 3 degrees or more,
the fish stocks on the country’s coastline will be wiped out by predators that survive in warmer
water, and the country has to decide whether to invest now in an expensive defense mechanism
developed by its technology sector. If the mechanism is installed, it will significantly decrease
the normal fish yield if the temperature rise is below 3 degrees, but it will ensure a continued
yield if the temperature rise is higher. The technology sector believes that the temperature
will only increase by 2 degrees; however, it is in favor of the development, which constitutes an
important investment in its product. The fishery sector believes that the temperature increase
will be at least 4 degrees; accordingly, it is also in favor of installing the mechanism. Although
the Pareto principle recommends installation, there is no unanimity about the reasons behind
this decision. In particular, the fishing sector’s approval of the installation is based on their
beliefs, and if they shared the same beliefs as the technology sector, they would cease to approve
of the installation. This is a case of spurious unanimity as described by Mongin (1995, 1998,
2014) and Gilboa, Samet, and Schmeidler (2004), who argue that the Pareto principle is not
compelling in these situations.

Now suppose that rather than having precise probabilistic beliefs, the two sectors perceive
ambiguity, and have beliefs representable by the same set of probability distributions, allowing
for temperature increases ranging from 2 to 4 degrees. If they are ambiguity averse, and form
preferences by the Maxmin Expected Utility rule (Gilboa and Schmeidler, 1989), then their
preferences will be as in the case just discussed. In particular, the fishery sector will prefer to
install the mechanism, because it focuses on the worst-case scenario, which involves extinction of
the fish stock if no action is taken. Again, the Pareto principle recommends installation; again,
questions may be raised about the quality of this recommendation. Unlike the previous case, it

is not the difference in beliefs that is at issue, but the perception of particular options as hedging

!More precisely, possibility is reinstated when the Pareto principle is restricted to acts (state-contingent
consequences) that depend on events over which individuals have the same probabilistic beliefs (Gilboa, Samet,
and Schmeidler, 2004).
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opportunities: the fishery sector thinks of the installation as hedging the uncertainty about the
temperature, and, since the sector is ambiguity averse, prefers it for this reason. Moreover,
this renders the judgement particularly sensitive to background risk positions: if the country
had signed an “insurance treaty” with a neighbor allowing the home fishermen to fish in their
neighbor’s safe waters in the eventuality of a significant temperature rise, then the installation
would cease to be a hedging option for the fishery sector and it would no longer approve of it.

For ambiguity-sensitive agents, differences in perceptions concerning hedging over ambiguous
events can thus be a further source of spurious unanimity, and accordingly a further challenge
to the appeal of the Pareto principle. We shall use the term spurious hedging to refer to this
phenomenon. The goal of this paper is to identify versions of the Pareto principle that are
immune to both spurious unanimity and spurious hedging and thereby restore the possibility
of preference aggregation for ambiguity-sensitive decision makers. In order to do this, we first
need to disentangle the taste, belief and ambiguity attitude components of preference aggre-
gation. Working in an Anscombe-Aumann setting, we consider the broad class of Monotone,
Bernoullian, Archimedean (MBA) preferences (Cerreia-Vioglio, Ghirardato, Maccheroni, Mari-
nacci, and Siniscalchi, 2011), which subsumes many of the popular models of decision under
uncertainty. Individuals’ beliefs, which correspond to a possibly incomplete unambiguous pref-
erence subrelation, consist of sets of probability distributions. An act (state-contingent lottery)
is unambiguously preferred to another if it provides a higher expected utility for every prior in
the set, as originally modelled by Bewley (2002). As the name suggests, an individual’s unam-
biguous preference is independent of her attitude toward ambiguity, and accordingly is robust
to hedging.

Our main axiom — Unambiguous Pareto Dominance — is the restriction of the usual Pareto
Dominance axiom to unambiguous preferences: if an act f is unambiguously preferred to an act
g by every member of the society, then it should also be unambiguously preferred by society.
In other words, if, for each individual, the expected utility of f is higher than the expected
utility of g for every prior in her set of beliefs, then society should also have higher expected
utility for f than for g under every prior in its set of beliefs. This dominance notion only
involves preferences that are robust to hedging, and hence does not yield the spurious unanimity
recommendation in the example above. Imposing Unambiguous Pareto Dominance yields a
social utility that is a linear aggregation of the individuals’ utility functions and a set of social
beliefs that is contained in the intersection of the individuals’ sets. It restores the possibility
that was threatened by the result of Gajdos, Tallon, and Vergnaud (2008), insofar as it allows
non-dictatorial aggregation of ambiguity-sensitive preferences, as long as the individuals have
compatible beliefs, in the sense that they have at least one prior in common. It does however
fall prey to the impossibility identified on SEU preferences by Hylland and Zeckhauser (1979)
and Mongin (1995, 1998), insofar as in the absence of sufficient consensus among individuals,
only dictatorship is compatible with Unambiguous Pareto Dominance.

We thus consider a further weakening of Unambiguous Pareto Dominance to “common-
taste acts”, in a manner similar to the restriction of Pareto Dominance to common-belief acts

by Gilboa, Samet, and Schmeidler (2004).2 This fully restores possibility, even in the case

2 Acts are common-taste acts if all individuals have the same cardinal preferences on the (convex hull of the)
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of conflicting probabilistic beliefs (disjoint sets of priors). Finally, we introduce a new axiom
allowing aggregation of ambiguity attitudes, independently of beliefs and tastes.

The paper is constructed as follows. The setup is presented in Section 2. Section 3 provides
the relevant material on MBA preferences. Section 4 states Harsanyi’s result in our framework
and provides worked-out examples of the sources of the impossibility results mentioned above
(spurious unanimity and spurious hedging). The main axioms (Unambiguous Pareto Dominance
and its restriction to common-taste acts) and results (aggregation results) are contained in
Section 5. We then apply these general results to three classes of preferences: Maxmin Expected
Utility, Choquet Expected Utility, and Smooth Ambiguity preferences in Section 6. Section
7 deals with the aggregation of ambiguity attitudes. Section 8 contains a discussion of some

related literature. Proofs are gathered in the Appendix.

2 Setup

We adopt a simple Anscombe-Aumann setting with a finite set S of states of the world and a
finite set of X' of prizes. Let P = A(X) denote the set of all (roulette) lotteries and F = P
denote the set of all acts (horse-roulette lotteries). Given two acts f,g € F and A € [0, 1], let
Af + (1= X)g € F denote the act yielding lottery Af(s) + (1 — A)g(s) in each state s € S.

Given a lottery p € P, we abuse notation by also letting p € F denote the corresponding
constant act. Given a utility function u : X — R and a lottery p € P, let uop = E,(u(zx)) € R,
where E, denotes the expectation operator with respect to p. Given a utility function v : X — R
and an act f € F,let uo f = (uo (f(s)))ses € RS.

Given a binary relation =~ on F, let = and ~ denote its asymmetric and symmetric com-
ponents, respectively. As a benchmark we recall the classical axioms and representation of the
Subjective Expected Utility (henceforth SEU) model in the Anscombe-Aumann setting.

Axiom (Completeness). For all f,g € F, f = gor g f.
Axiom (Transitivity). For all f,g,h € F,if f 7 g and g 7Z h then f - h.

(

(
Axiom (Non-Triviality). There exist f,g € F such that f > g.
Axiom (Monotonicity). For all f,g € F, if f(s) 77 g(s) for all s € S then f = g.
(

Axiom (Mixture Continuity). For all f,g,h € F, the sets {\ € [0,1] : A\f + (1 — X\)g 7 h} and
{Ae[0,1]: Az Af + (1 — Ag)} are closed.

Axiom (Independence). For all f,g,h € F and A € (0,1), if f = g then A\f + (1 — A\)h =
Ag+ (1= Mh.

Anscombe and Aumann (1963) showed that a binary relation /7 on F satisfies these axioms
if and only if, for all f,g € F,

fZge En(uo f)> Ep(uog), (1)

lotteries involved in these acts. In view of the spurious unanimity issue, it makes sense to restrict (Unambiguous)
Pareto Dominance to either common-belief or common-taste acts. The former yields sharper results in the Savage
setting adopted by Gilboa, Samet, and Schmeidler (2004) and, similarly, the latter yields sharper results in the
Anscombe-Aumann setting used here.

4
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where u : X — R in non-constant and m € A(S). (u is unique up to a positive affine trans-
formation and m is unique.) We then say that 7~ is an SEU preference relation and call SEU

representation of 7~ any couple (u, m) satisfying (1).

3 Preference and unambiguous preference

Each agent (individual or society) is endowed with a preference relation 72 on F. We assume
that 2= is an MBA preference relation (for Monotone, Bernoullian, Archimedean), i.e. that it

satisfies the axioms of the SEU model except for Independence, which is weakened as follows.

Axiom (Risk Independence). For all p,q,r € P and A € (0,1), if p 77 q then Ap + (1 — \)r =
Ag+ (1= N)r.

The MBA class thus constrains preferences over lotteries to conform to the Expected Utility
model but essentially leaves preferences over uncertain acts unconstrained, except for Mono-
tonicity. Cerreia-Vioglio, Ghirardato, Maccheroni, Marinacci, and Siniscalchi (2011) showed

that a binary relation 7~ on F satisfies these axioms if and only if, for all f, g € F,

fzge Juof)>J(uog), (2)

S — R is monotonic, continuous, and

where u : X — R is non-constant and J : conv(u(X))
normalized.® (u is unique up to a positive affine transformation, and J is unique given w.)
We call MBA representation of 7, any couple (u,J) satisfying (2). Besides the SEU model,
many popular ambiguity models fall within the MBA class and correspond to specifications of
the MBA functional J, such as the Maxmin Expected Utility (henceforth MEU; Gilboa and
Schmeidler, 1989), Choquet Expected Utility (henceforth CEU; Schmeidler, 1989), and Smooth
Ambiguity (henceforth SA; Klibanoff, Marinacci, and Mukerji, 2005) models.

We also consider a subrelation 7~* of 2~ on F, which is interpreted as involving the preference
comparisons that are unaffected by ambiguity.* >* is called the unambiguous part of -, or
simply the unambiguous preference relation. We assume that =~* is a Bewley preference relation,
i.e. that it satisfies the axioms of the SEU model except for Completeness, which is weakened

as follows.”
Axiom (Risk Completeness). For all p,q € P, p - qor q 2~ p.

Thus, contrary to -, 77* satisfies Independence but may violate Completeness. The former
property captures the interpretation of 72* as the unambiguous part of the agent’s preferences:
since they are unaffected by ambiguity, these preference comparisons cannot be reversed on
mixing. The latter property reflects the potential presence of ambiguity in 2=: there may be

preference comparisons that are affected by ambiguity.

3conv denotes convex hull. That J is monotonic means that for all f,g € F, if uo f(s) > uog(s) forall s € S

then J(uo f) > J(uog). That J is normalized means that J(uop) =wuop for all p € P.
4That =* is a subrelation of =~ means that f >=* g implies f = g for all f,g € F.
5This weakening is usually named “Certainty Completeness”.
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Bewley (2002) showed that a binary relation 7* on F satisfies these axioms if and only if,
for all f,g € F,

f=rge [En(uof)> Epn(uog) for all m € M], (3)

where v : X — R is non-constant and M C A(S) is non-empty, compact, and convex. (u is
unique up to a positive affine transformation and M is unique.) (3) states that f is unam-
biguously preferred to ¢ if and only if f has a higher subjective expected utility than g for all
probability distributions in some set M, which is then interpreted as capturing the uncertainty
perceived by the agent. We shall call M the set of relevant priors of the agent. Clearly, M is a
singleton if and only if 7—* is an SEU preference relation (i.e. if and only if the agent perceives
no ambiguity). We call Bewley representation of 72* any couple (u, M) satisfying (3).

As is clear from (3), a definition of the unambiguous part of an MBA preference relation =
is equivalent to a definition of the relevant priors of this preference relation. The two following

definitions of these concepts have been proposed in the literature.

Example 1. Ghirardato, Maccheroni, and Marinacci (2004) and Nehring (2007) define the

unambiguous preference relation =—**MMN ag follows: for all f,g € F,
oMY g s IANf+(1—=XNhZAg+ (1 —Nh forall h € F and X € (0,1]].

7 FGMMN - deems unambiguous all preferences that cannot be reversed on mixing. It is thus
the most complete unambiguous preference that can be defined from 7Z: any subrelation of -
satisfying the Bewley axioms is also a subrelation of —*“MMN_ Equivalently, ~*“MMN yields the

~

smallest possible set of relevant priors, which we denote by MSMMN,

Example 2. Klibanoff, Mukerji, and Seo (2014) consider an MBA preference relation - on
the set F of simple acts f : 8 — P, satisfying an “Event Symmetry” axiom stating that the
agent views all ordinates of §°° as identical, as well as a “Monotone Continuity” axiom. They
derive from 7~ a non-empty, closed set R C A(S) of “relevant measures” as follows: a measure
m € A(S) is deemed relevant if for each neighborhood M of m, the event that the limiting
frequency over S lies in M is non-null. The set M*™® = conv(R) can be thought of as the
set of relevant priors for 77, and the preference relation generated by it according to (3), call it
ZFEMS D ag the unambiguous part of = (or, at least, as the unambiguous part of its restriction
to acts agreeing in all but one ordinate). In general, 7—*** is less complete than 7—*MMN or
equivalently, MEMMN C J[EMS

Rather than deriving 7~* from - as in these examples, one could instead posit ~* as an
additional primitive relation, in the spirit of Gilboa, Maccheroni, Marinacci, and Schmeidler
(2010).% The results in this paper hold no matter the definition retained, as long as >~ is an
MBA preference relation and 2Z* is a Bewley preference subrelation; we summarize this by saying
that - is an MBA preference relation with unambiguous part 72*. Whenever this is the case,
7 and 7Z* admit the following joint representation. To state it, we say that an act f € F is

~*_crisp if f ~* p for some p € P.

~

SNote that (Gilboa, Maccheroni, Marinacci, and Schmeidler, 2010) further assume that - is an MEU preference
relation, and interpret 2* in terms of “objective rationality” rather than unambiguous preference.
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Proposition 1 (Cerreia-Vioglio, Ghirardato, Maccheroni, Marinacci, and Siniscalchi, 2011).
>~ is an MBA preference relation on F with unambiguous part =~* if and only if there exist a
non-constant function v : X — R, a non-empty, compact, convex set M C A(S) and a function
a: F — [0,1] such that:

e (u, M) is a Bewley representation of ~—*,

e The functional J : conv(u(X))® — R defined by, for all f € F,

J(uo f) = a(f) min En(uo f)+ (1 —a(f)) max Ep(uo f) (4)

meM meM
is monotonic, continuous, and normalized, and (u, J) is an MBA representation of .

Moreover, u is unique up to a positive affine transformation, M is unique, and « is unique on

* : 7
Z~*-non-crisp acts.

(4) states that - admits a representation generalizing that of Hurwicz (1951): the utility of
f is a convex combination of the minimum and maximum subjective expected utilities of f (over
the same set M of relevant priors and with the same utility function u as in the representation
of =*), the weight a(f) being interpreted as an index of ambiguity aversion for act f. We
call generalized Hurwicz representation of = (with unambiguous part Z*) any triple (u, M, «)

satisfying the two properties in Proposition 1.

4 Pareto Dominance

We consider a finite set Z = {1,...,|Z|} of at least two individuals and let Z/ = {0} U Z, where
0 stands for society. Each agent ¢ € Z’ is endowed with an MBA preference relation -; on F
with unambiguous part 277, In this section we briefly review existing results on aggregation of
preferences. This will lay the ground for the new results presented in the next section.

We say that an individual 7 € 7 is null if there exist no p, ¢ € P such that p ~¢ ¢ and p ~; ¢
for all j € T\ {i}. We assume that the profile (77;)iez of individual preference relations satisfies

the following axiom.

Axiom (Risk Diversity). For all i € Z, there exist p,q € P such that p >; ¢ and p ~; ¢ for all
jeT\{i}.

This is a standard axiom in the preference aggregation literature.® For some results we only

require the following, weaker axiom.”

Axiom (Risk Minimal Agreement). There exist p,q € P such that p =; g for all i € Z.

"An act f is Z*-crisp if and only if the minimum and the maximum agree in (4), in which case the coefficient
a(f) is irrelevant. This proposition is a straightforward extension of Cerreia-Vioglio, Ghirardato, Maccheroni,
Marinacci, and Siniscalchi (2011)’s result, which focuses on the “only if” part and on the specific unambiguous
preference relation =*“MMN defined above.

81t is usually called “Independent Prospects”.

9To check that this axiom is weaker than Risk Diversity, take two lotteries p;, ¢; € P as in Risk Diversity for
each ¢ € Z, and mix them with strictly positive weights.

7
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We shall restrict attention throughout to Pareto criteria involving weak preferences only, but
the usual variants involving strict preferences could be straightforwardly accomodated and we
omit the details. We start with the standard Pareto Dominance axiom, as well as a restriction

of this axiom to the subdomain of lotteries.
Axiom (Pareto Dominance). For all f,g € F,if f 7Z; g for all i € Z then f 79 g.
Axiom (Risk Pareto Dominance). For all p,q € P, if p 7; ¢ for all i € Z then p ¢ gq.

Since MBA preferences satisfy Risk Independence, it is a direct consequence of Harsanyi’s ag-
gregation theorem that Risk Pareto Dominance is necessary and sufficient for linear aggregation

of taste over outcomes.

Proposition 2 (Harsanyi, 1955). Assume that 77; is an MBA preference relation on F for all

i € Z'. Then (7;);e7 satisfies Risk Pareto Dominance if and only if, for all MBA representations
(ug, Ji)iezr of (Zi)iez, there exist 6 € ]R£ \ {0} and v € R such that

Uy = Z O;u; + . (5)
i€l
Moreover, if (7;);ez satisfies Risk Diversity then 6 and ~ are unique given (u;);ez7 and an
individual ¢ € Z is null if and only if ; = 0.

On the other hand, if (77;);ez satisfies Risk Diversity then (27;);ez7 cannot satisfy Pareto
Dominance in general. This was shown by Mongin (1995, 1998) within the class of SEU prefer-
ences. For such preferences, Pareto Dominance can only be satisfied if mg = m; for all non-null
individuals i € Z.'° The following example illustrates this impossibility of simultaneously ag-

gregating heterogeneous tastes and beliefs.

Example 3. Let S = {s1,s2}, X = {z,y,2}, and T = {1,2}. Assume that 2Z; is an SEU

preference relation with SEU representation (u;, m;) for all i € {0, 1,2}, where

ui(z) =

1 1, uy , mi(s1)
uz(z) = 0,uz(y) =

IN[JUIINNE

: ma(s1)

Note that (77;)i=1,2 satisfies Risk Diversity. Then (2Z;)i=0,1,2 can only satisfy Pareto Dominance
if either 1 or 2 is null. Indeed, suppose that 6105 > 0 in (5) and, assuming without loss of
generality that 61 4+ 02 = 1, define the acts f,g € F by

f(Sl) :pvf(SQ) =4q, p:92$+912,
where

9(s1) = q,9(s2) = p, q =01y + 02

Note that p >=1 ¢ and, hence, g >=1 f since my(s2) > mi(s1). Similarly, ¢ =2 p and, hence,
g > f since ma(s1) > ma(s2). On the other hand, p ~g ¢ and, hence, f ~g g independently of

my, so Pareto Dominance is violated.!!

'%In this common-belief case, any act f € F can be identified with the lottery Y _sm(s)f(s), where m € A(S)
is the common belief, so Pareto Dominance reduces to Risk Pareto Dominance.

HStrictly speaking, this only violates the “strict” version of Pareto Dominance. However, it is easy to obtain
a violation of the “weak” version by replacing g with (1 — ¢)g + €z for a small enough ¢ € (0,1). We omit the
details here and in subsequent examples.
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Mongin (1995, 2014) uses the term spurious unanimity to describe situations such as these:
individuals unanimously rank g above f but for “different reasons” (opposite differences in tastes
and beliefs). Under Risk Diversity, there are always acts inducing spurious unanimity while
being socially indifferent, leading to violations of Pareto Dominance. Mongin argues that Pareto
Dominance is not compelling when unanimity is spurious.

Gilboa, Samet, and Schmeidler (2004) also argue against Pareto Dominance, specifically in
cases where unanimity results from disagreeing beliefs. They propose a restriction of Pareto
dominance to “common-belief” acts, and, in a Savage setting, show that it allows aggregation of
heterogeneous beliefs.

Moving beyond the SEU class to consider ambiguity-sensitive preferences gives rise to another
type of impossibility, extending even to the common-belief case. This was shown by Gajdos,
Tallon, and Vergnaud (2008) within the classes of MEU and CEU preferences. For such prefer-
ences, Pareto Dominance can only be satisfied if 77; is an SEU preference relation for all non-null
individuals i € Z, provided there are least two such individuals.'?> Gajdos, Tallon, and Vergnaud
(2008) also provide an example of SA preferences in which the same impossibility arises. The

following example illustrates this general impossibility within the class of MEU preferences.

Example 4. Consider again Example 3 but assume now that 77; is an MEU preference relation

with MEU representation (u;, M;) for all i € {0, 1,2}, where u; and uy are as above and
M1:M2:{mEA(S)%§m(81)§%}

Then even though individuals now have the same beliefs, (2Z;)i=0,1,2 can only satisfy Pareto
Dominance if either 1 or 2 is null. Indeed, suppose that 6162 > 0 in (5) and consider the act f
as above and the lottery r = %p + %q € P. Then r =1 f since p >=1 ¢ and min,,ep, m(si) <
%. Similarly, r >2 f since ¢ >2 p and min,,enr, m(s2) < % On the other hand, r ~g f
independently of My since p ~q g, so Pareto Dominance is violated.

In line with Mongin’s terminology, we refer to situations such as these as spurious hedging:
r = % f+ % g is perceived as hedging the ambiguity of f for both individuals but for “different
reasons” (1 ranks p above ¢ and is therefore concerned with m(s;) being low when evaluating f,
and the opposite for 2). Moreover, r is not perceived as hedging the ambiguity of f by society.
Under Risk Diversity, there are always acts inducing spurious hedging and leading to violations
of Pareto Dominance. We may thus argue, along similar lines to those cited above, that Pareto

Dominance is less compelling when unanimity results from spurious hedging.

5 Unambiguous Pareto Dominance

We show in this section that restricting Pareto Dominance to the unambiguous part of agents’
preferences yields a consistent and separate aggregation of beliefs and tastes. This stands in

contrast with the impossibilities discussed in the previous section, arising when Pareto Domi-

12By Mongin’s result, these individuals must in addition share the same beliefs. Gajdos, Tallon, and Vergnaud
(2008) show more generally that within the wider class of “Rank-Dependent Additive” preferences, these individ-
uals must have “uncertainty-neutral betting preferences”.
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nance is imposed on the whole preference relation. The restricted Pareto Dominance axiom can

be simply stated as follows.

Axiom (Unambiguous Pareto Dominance). For all f,g € F,if f 22F g for all i € Z then f 7j g.

~1

The axiom states that if all individuals unambiguously prefer f to g then so does society.
Since preferences over lotteries are always unambiguous, Unambiguous Pareto Dominance im-
plies Risk Pareto Dominance. On the other hand, Unambiguous Pareto Dominance restricts
Pareto Dominance by only constraining social preferences when individual preferences are both
unanimous and unambiguous. Intuitively, this restriction makes the axiom robust to the situa-
tions of spurious hedging: such situations necessarily involve the ambiguous part of the preference
relation, since by definition an unambiguous preference cannot be reversed on mixing (thus in
Example 4, we have r >=; f but not r >} f, for i = 1,2). We obtain the following aggregation

result.

Theorem 1. Assume that 77; is an MBA preference relation on F with unambiguous part 27
for all i« € 7’ and that (7;);er satisfies Risk Diversity. Then (7;);ez satisfies Unambiguous

~

Pareto Dominance if and only if, for all generalized Hurwicz representations (u;, M;, «;);ez of
(%i)ier, there exist @ € RZ \ {0} and v € R such that (5) holds and

MyC () M. (6)
i€Z,0;,>0

(6) states that each relevant prior for society must also be relevant for each non-null indi-
vidual. Thus Unambiguous Pareto Dominance allows aggregation of ambiguity-sensitive pref-
erences, even with different sets of relevant priors, as long as they share at least one relevant
prior. When this is the case we say that individual beliefs are compatible. If there are several
common priors then society can adopt any subset of common priors. In particular, society can
have SEU preferences even if all individuals have ambiguity-sensitive preferences. If there is ex-
actly one common prior then society must have SEU preferences with this prior. In particular,
any non-null individual with SEU preferences forces society to have SEU preferences with her
prior.'3

Theorem 1 shows that Unambiguous Pareto Dominance is characterized, besides linear ag-
gregation of tastes, by a relationship between individual and social beliefs, independently of
ambiguity attitudes. This is intuitive since unambiguous preferences are by definition unaf-
fected by ambiguity attitudes. In the particular case where all individuals have SEU preferences
and perceive no ambiguity, we obtain the following generalization of Mongin’s result in which

society is shown rather than assumed to have SEU preferences.

Corollary 1. Assume that 7y is an MBA preference relation on F with unambiguous part
76, that Z;=27 is an SEU preference relation on F for each i € Z, and that (27;);cz satisfies

~LTT AU

Risk Diversity. Then (Z;);cz satisfies Unambiguous Pareto Dominance if and only if = is

13 A similar pattern was experimentally observed by Baillon, Cabantous, and Wakker (2012).

“This is a generalization of Mongin’s result since Unambiguous Pareto Dominance boils down to Pareto
Dominance if, beyond the assumptions in the Corollary, we assume that o= is an SEU preference relation.
More generally, Unambiguous Pareto Dominance is equivalent to Pareto Dominance whenever —o=>§¢MMN
(Ghirardato, Maccheroni, and Marinacci, 2004, Proposition 4).

10
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an SEU preference relation and, for all SEU representations (u;, m;);cz of (22;)icz, there exist

~

0 € RT \ {0} and v € R such that (5) holds and mgy = m; for all non-null individuals i € Z.

Except in this SEU case, (6) does not force non-null individuals with ambiguity-sensitive
preferences to have identical sets of relevant priors. Yet the allowed heterogeneity in beliefs is
limited as aggregation is impossible when non-null individuals have incompatible beliefs.

In order to allow aggregation of incompatible beliefs, a further weakening of Unambigu-
ous Pareto Dominance is needed, which makes it robust to spurious unanimity arising from
differences of beliefs and tastes. To state it, we say that f,g € F are common-taste acts if
piqepjqforalli,je and p,qe conv(f(S)Ug(S)). Intuitively, common-taste acts are

acts involving only lotteries over which all individuals have the same cardinal preferences.

Axiom (Common-Taste Unambiguous Pareto Dominance). For all common-taste acts f,g € F,
if f =¥ gforallieZthen f 2 g.

The axiom states that, for common-taste acts f and g, if all individuals unambiguously
prefer f to g then so does society. This weakening to common-taste acts does not have any bite
in situations of spurious unanimity, since such situations by definition arise from simultaneous
differences in tastes and beliefs. Note that Common-Taste Unambiguous Pareto Dominance can

alternatively be viewed as the unambiguous restriction of the following axiom.

Axiom (Common-Taste Pareto Dominance). For all common-taste acts f,g € F, if f 7=; g for
all i € Z then f 7= g.

Qu (2014) recently introduced a weaker version of this latter axiom and characterized it,
together with Risk Pareto Dominance, by linear aggregation of beliefs when all agents have SEU
preferences.!> Our version has the additional strength to imply Risk Pareto Dominance (and
so does Common-Taste Unambiguous Pareto Dominance since preferences over lotteries are al-
ways unambiguous).'® We obtain the following characterization of Common-Taste Unambiguous

Pareto Dominance for general MBA preferences.

Theorem 2. Assume that 77; is an MBA preference relation on F with unambiguous part 22 for
all i € 7' and that (7;);cr satisfies Risk Minimal Agreement. Then (77;);e7 satisfies Common-
Taste Unambiguous Pareto Dominance if and only if, for all generalized Hurwicz representations
(uiy My, ;)ierr of (Zi)iez, there exist € RZ \ {0} and v € R such that (5) holds and

My C conv U M; ). (7)

i€

15Qu defines common-taste acts more narrowly as acts involving only mixtures of two exogenously given lotteries
over which individuals have a unanimous strict preference. His characterization is the same that was obtained by
Gilboa, Samet, and Schmeidler (2004) in a Savage setting, by restricting Pareto Dominance to “common-belief”
rather than common-taste acts.

1%Indeed, fix two lotteries p, ¢ € P such that p >; ¢ for all i € Z. p and ¢ are then common-taste lotteries and,
hence, p =0 q. Moreover, since = is non-trivial, if p ~¢ ¢ then we can find two common-taste lotteries p’, ¢’ € P
in the neighborhhod of p and g, respectively, such that p’ =; ¢’ for all i € Z and ¢’ =¢ p’, a contradiction. This
establishes the strict preference version of Risk Pareto Dominance, which is equivalent to our weak preference
version since ¢ is non-trivial.

11
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(7) states that any socially relevant prior must be a convex combination of some individually
relevant priors. The weights in these combinations are not unique in general.!'”

Thus Common-Taste Unambiguous Pareto Dominance allows aggregation of ambiguity-
sensitive preferences even with incompatible beliefs. As in Theorem 1, society can have SEU
preferences even if all individuals have ambiguity-sensitive preferences. The converse is now
also possible: society can have ambiguity-sensitive preferences even if all individuals have SEU
preferences, in which case social ambiguity results from individual heterogeneity in beliefs. We

formally state this corollary, which generalizes Qu’s result.'®

Corollary 2. Assume that ¢ is an MBA preference relation on F with unambiguous part 2,
that 77;=2-* is an SEU preference relation on F for all i € Z, and that (2;);ez satisfies Risk Min-
imal Agreement. Then (77;);cz satisfies Common-Taste Unambiguous Pareto Dominance if and
only if, for all generalized Hurwicz representations (ug, Mo, ap) of 79 and SEU representations
(ui,mi)ier of (Zi)iez, there exist § € R \ {0} and v € R such that (5) holds and

My C conv ({m; :i € 1}). (8)

6 Applications

Ghirardato, Maccheroni, and Marinacci (2004) , Ghirardato and Siniscalchi (2012), and Klibanoff,
Mukerji, and Seo (2014) provide explicit computations of the sets of relevant priors MMM~ and
MXMS defined in Section 3 for various subclasses of MBA preferences. In this section we use

these computations to translate Theorems 1 and 2 in terms of the corresponding representations.

6.1 MEU preferences

MEU preferences correspond to MBA functionals of the form
J(uo f) = mln E,(uo f),
eM
where M C A(S) is non-empty, compact and convex. (M is unique.) We then have
MGMMN — MKMS — M

(Ghirardato, Maccheroni, and Marinacci, 2004; Nehring, 2007; Klibanoff, Mukerji, and Seo,
2014). Hence Theorems 1 and 2 translate verbatim in terms of the MEU representations
(wi, My)iez of (Zi)iez if we let 2of = rONMMN=—¥KMS,

Theorem 1 then stands in contrast with Gajdos, Tallon, and Vergnaud (2008)’s impossibility
result: weakening Pareto Dominance to Unambiguous Pareto Dominance allows aggregation of

MEU preferences, provided the sets of priors are compatible. Theorem 2, on the other hand,

'7A sufficient but very demanding condition for uniqueness of the weights is that all collections (m;, m})iez €
U,z M7 with m; # mj for some i € T are linearly independent.

8This is a generalization of Qu’s result since Common-Taste Unambiguous Pareto Dominance boils down
to Common-Taste Pareto Dominance if we further assume that =27 is an SEU preference relation. More

generally, Common-Taste Unambiguous Pareto Dominance is equivalent to Common-Taste Pareto Dominance
whenever o= MMN and =g is an MEU or CEU preference relation (see Proposition 5 in the Appendix).

12
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can be compared with an analogous result recently obtained by Qu (2014). Building on results
from Cres, Gilboa, and Vieille (2011), he introduces a strengthening of Common-Taste Pareto

Dominance and shows that it is characterized by linear aggregation of the sets of priors, i.e.

My = {Z Aimi : (mi)iez € HMZ}

(1A 1€T

for some A € A(Z). No exact characterization of Common-Taste Pareto Dominance is known.!?

We first note that for MEU preferences, Common-Taste Pareto Dominance (and, hence, Qu’s
axiom) is stronger than Common-Taste Unambiguous Pareto Dominance (see Proposition 5 in
the Appendix). The following proposition helps assess the additional content of the former with
respect to the latter.

Proposition 3. Assume that 7=; is an MEU preference relation on F for all ¢ € Z’ and that
(7i)iez satisfies Risk Minimal Agreement. If (77;);c7 satisfies Common-Taste Pareto Dominance
then, for all MEU representations (u;, M;)icz of (2i)icz, there exist # € RZ \ {0} and v € R
such that (5) and (7) hold and for all (m;)icz € [[;c7 Mi,

My Neconv({m; :i € I}) # 0. (9)

Thus, Common-Taste Pareto Dominance implies not only that social beliefs must be linear
combinations of individual beliefs, but also that any possible selection of individual priors must
be aggregated into a social prior (and Qu’s axiom further implies that all these selections are
aggregated through the same vector of individual weights). This requires the social set of priors
to be sufficiently large, and in particular we must have (),c; M; € My. Hence, for instance, if
individuals share more than one prior then society can have SEU preferences under Common-

Taste Unambiguous Pareto Dominance but not under Common-Taste Pareto Dominance.

6.2 CEU preferences

CEU preferences correspond to MBA functionals of the form
J(uo f) :/uofdu,
S

where v : 25 — [0,1] is a capacity and the integral is taken in the sense of Choquet (v is
unique).?’ Equivalently, if we write S = {s1,...,sy} and define, for each ¢ € perm(N), the
probability distribution m, , € A(S) by

ml/70<3n) = V({Sa(l)v s Sa(n)}) - V({SJ(1)7 SRR Sa(n—l)})
foralln=1,..., N, then we have

J(uo f) = Em,,(uof)

9The closest result we are aware of in the literature is Hill (2013, Proposition 2), which, in a different but
analogous framework, gives a characterization of Pareto Dominance when the utility functions are the same.
20That v is a capacity means that v(§) = 0, ¥(S) = 1, and v(S) < v(T) whenever S C T.

13
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for any o € perm(V) such that uo f(sy1)) > ... > uo f(SU(N))'21 We then have

ME™N = conv ({my,, : 0 € perm(N)})

(Ghirardato, Maccheroni, and Marinacci, 2004). Thus a decision-maker with a CEU preference
relation 2~ with unambiguous part 77*“MMN evaluates an act by its subjective expected utility
according to a particular element of her set of relevant priors. This element depends on the
ranking of states according to her preferences over the lotteries the act yields in each state.
The capacity v incorporates both perceived ambiguity and ambiguity attitude, in the sense that

given any generalized Hurwicz representation (u, M“MMN o) of -,

v()=alf) min om(S)+(1-alf)) wmax m(S)
for any event S C S and any act f € F such that f(s) = p for all s € S and f(s) = ¢ for all
s € 8\ S, where p,q € P are such that p = q. We now translate Theorems 1 and 2 in terms of
the CEU representations (u;, v;)icz of (7Zi)iez-

Corollary 3. Assume that /7, is a CEU preference relation on F with unambiguous part 77~
for all i« € 7’ and that (Z;);er satisfies Risk Diversity. Then (7Z;);ez satisfies Unambiguous
Pareto Dominance if and only if, for all CEU representations (u;, v;);ezr of (Zi)iez, there exist
0 € RZ \ {0} and v € R such that (5) holds and for all & € perm(N),

Myy,o € m conv({my, - : 7 € perm(N)}).
i€Z,0;>0

Corollary 4. Assume that z=; is a CEU preference relation on F with unambiguous part
ZrGMMN for all ¢ € 7' and that (27;);ez satisfies Risk Minimal Agreement. Then (77;);ez satis-
fies Common-Taste Unambiguous Pareto Dominance if and only if, for all CEU representations
(ui, vi)ierr of (Zi)ierr, there exist § € RE \ {0} and v € R such that (5) holds and for all
o € perm(N),

My, € conv({m,, r : 7 € perm(N),i € I}). (10)

Again, Corollary 3 stands in contrast with the Gajdos, Tallon, and Vergnaud (2008)’s im-
possibility result, and Corollary 4 can be compared with an analogous result recently obtained
by Qu (2014). Indeed, Qu shows that for CEU preferences, his strengthening of Common-Taste

Pareto Dominance is characterized by linear aggregation of the capacities, i.e.

vy = Z )\ﬂ/i

1€

for some A\ € A(Z). No exact characterization of Common-Taste Pareto Dominance is known.
For CEU preferences, Common-Taste Pareto Dominance (and, hence, Qu’s axiom) is again
stronger than Common-Taste Unambiguous Pareto Dominance (see Proposition 5 in the Ap-

pendix). The following proposition helps assessing the additional content of the former with

2lperm(N) denotes the set of all permutations of {1,...,N}.
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respect to the latter.

Proposition 4. Assume that 7; is a CEU preference relation on F for all i € 7" and that (77;)iez
satisfies Risk Minimal Agreement. If (7Z;);cz satisfies Common-Taste Pareto Dominance then,
for all CEU representations (u;, v;)iez of (2;)iez, there exist € RZ \ {0} and v € R such that
(5) holds and for all o € perm(V),

Myy,o € conv({m,, o 11 € L}). (11)

(11) strengthens (10) by requiring that the prior used by society to evaluate an act be a
linear combination of individual priors corresponding to the same ordering of states. (Note that,
since the ordering generated by an act depends on the utility function, it will not in the general
be the case that individuals use the priors corresponding to this ordering to evaluate the act in
question.) This can be understood to reflect the fact that Common-Taste Pareto Dominance
(and Qu’s axiom) jointly relates social beliefs and ambiguity attitudes to individual beliefs and
ambiguity attitudes. Common-Taste Unambiguous Pareto Dominance, on the other hand, only

relates social beliefs to individual beliefs, independently of ambiguity attitudes.

6.3 SA preferences

SA preferences correspond to MBA functionals of the form

Juo f) = ¢~ (Bu(¢(Em(uo ),

where ¢ : conv(u(X')) — R is continuous and strictly increasing and p is a countably additive
probability measure over A(S). (¢ is unique up to a positive affine transformation given u, and
w is unique.) We say that a SA representation (u, i, ¢) of a SA preference relation - is regular
if either supp(u) is finite or there exist k,k € Ry \ {0} such that

Eluop—wuoq| <[d(uop) —d(uoq)| <kluop—uoq|
for all p,q € P, and that = is regular if it admits such a representation. In this case we have
M = conv(supp(u))

(Klibanoff, Mukerji, and Seo, 2014). We now translate Theorems 1 and 2 in terms of the SA

representations (u;, p;, ¢;)icz of (i)iez-

Corollary 5. Assume that 7—; is a regular SA preference relation on F with unambiguous part
7 FKMS for all ¢ € T and that (77, )ez satisfies Risk Diversity. Then (77;);ez satisfies Unambiguous
Pareto Dominance if and only if, for all regular SA representations (u;, s, ¢;)iczr of (Zi)icz,
there exist @ € RZ \ {0} and v € R such that (5) holds and

supp(uo) € ) conv(supp(ui)).
i1€Z,0,>0
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Corollary 6. Assume that =; is a regular SA preference relation on F with unambiguous part
7 FKMS for all ¢ € 7' and that (77;);ez satisfies Risk Minimal Agreement. Then (77;);ez satisfies
Common-Taste Unambiguous Pareto Dominance if and only if, for all regular SA representations
(i, pis ¢i)ier of (Zi)ier, there exist € R \ {0} and v € R such that (5) holds and

supp(uo) C conv (U supp(m)) :

1€T

These are, to our knowledge, the first aggregation results for SA preferences. As Gajdos,
Tallon, and Vergnaud (2008)’s counterexample shows, aggregation under Pareto Dominance is

impossible in general.

7 Aggregating ambiguity attitudes

Besides aggregating tastes and beliefs, it may also be of interest to aggregate ambiguity attitudes.
That is to say, society may want its reaction to ambiguity to depend on how its individuals react
to ambiguity. In this section we simply show that such aggregation is possible, by stating and
characterizing an elementary axiom relating individual and social ambiguity attitudes.

Given an MBA preference relation 2~ on F with unambiguous part 2~* and an act f € F, we

say that a lottery p € P is a lower certainty-equivalent of f if
fZipepzp

for all p € P, and that a lottery p € P is an upper certainty-equivalent of f if
P fepZD

for all p € P. That is to say, a lower certainty-equivalent of f is a best lottery that is unam-
biguously worse than f, whereas an upper certainty-equivalent of f is a worst lottery that is

unambiguously better than f. In terms of generalized Hurwicz representation, we have

We therefore have p 2 f 2 p, with p ~ f ~ p if and only if f is ZZ-crisp. Thus for an SEU
preference relation, lower and upper certainty-equivalents coincide for all acts, whereas for an
ambiguity-sensitive preference relation there are always acts for which they do not. For such

acts, we then have

f~alfp+ (1 —a(f))p. (12)

Now consider the following axiom.

Axiom (Uncertainy-Adjusted Pareto Dominance). For all f € F, all lower and upper certainty
equivalents (p,, p;)iez € (P2)T of f, and all X € [0,1],

o if fZi Ap, + (1 = A)p; for all i € T then f Zo Ap, + (1 — A)py,
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o if A\p.+ (1 —N)p; Zi f for all i € T then Ap, + (1 — A)py Zo [-

The axiom states that if a A-mixture of lower and upper certainty-equivalents of f is ranked
below (resp. above) f for all individuals then this is also the case for society. Note that the
mixing coefficient A is fixed whereas the lower and upper certainty-equivalents are specific to
each individual and society. Thus the axiom is a form of Pareto criterion involving an act
and a lottery, but the lottery is adjusted for each individual and society in order to account
for differences in perceived ambiguity. In view of (12), we immediately obtain the following

characterization.

Theorem 3. Assume that 27; is an MBA preference relation on F with unambiguous part 77
for all i € Z'. Then (7;);ez satisfies Uncertainty-Adjusted Pareto Dominance if and only if, for
all generalized Hurwicz representations (u;, M;, o;);cz of (Zi)iez and every f € F that is not
Zo-crisp,

ap(f) € conv({ai(f) : i € Z, f is not 7Z;-crisp}). (13)

(13) states that the social ambiguity aversion index for a socially non-crisp act is a convex
combination of the ambiguity aversion indices for this act taken over all of the individuals for
which the act is not crisp. In other words, society must be less ambiguity averse than the most
ambiguity averse individual and more ambiguity averse than the least ambiguity averse (or most
ambiguity seeking) individual.

The aggregation of ambiguity attitudes is independent of the aggregation of beliefs and
tastes. Thus, for instance, society could disregard individual beliefs while taking into account
individual ambiguity attitudes. On the other hand, Theorem 3 can be combined with Theorem

1 or 2. We state the latter combination as a corollary.

Corollary 7. Assume that 7—; is an MBA preference relation on F with unambiguous part
= for all i € 7' and that ()7;);ez satisfies Risk Minimal Agreement. Then (77;);ez satisfies
Common-Taste Unambiguous Pareto Dominance and Uncertainty-Adjusted Pareto Dominance
if and only if, for all generalized Hurwicz representations (u;, M;, a;);cz of (2Z:)iczr, there exist

0 € RT \ {0} and v € R such that (5), (7), and (13) hold.

8 Related literature

The literature on preference aggregation under expected utility after the pioneering work of
Hylland and Zeckhauser (1979), Mongin (1995, 1998) and Gilboa, Samet, and Schmeidler (2004)
is relatively scarce. Chambers and Hayashi (2014) and Mongin and Pivato (2013) strengthen
the results cited above by replacing the assumption of SEU group preferences by appropriate
monotonicity assumptions and, in the former case, a version of Pareto incorporating common
knowledge of the appropriate preferences. Billot and Vergopoulos (2014) propose a resolution of
the impossibility by defining the society’s preferences on “social acts” that embed the individuals’
opinions.

There are also relatively few results on aggregation of ambiguity-sensitive preferences in the

literature besides Gajdos, Tallon, and Vergnaud (2008)’s impossibility result. Crés, Gilboa,
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and Vieille (2011) showed that within the class of MEU preferences, aggregation under Pareto
Dominance is possible if all individuals have the same tastes. As discussed in section 5, Qu (2014)
extended this result to the class of CEU preferences and incorporated heterogeneous tastes using
a strengthening of Common-Taste Pareto Dominance. Gajdos and Vergnaud (2013), Nascimento
(2012) and Hill (2012) give possibility results similar in spirit to that of Crés, Gilboa, and
Vieille (2011) for the MEU and Variational preference classes, albeit using different frameworks
(information in the form of sets of priors, a richer space of choice objects and a multi-profile
setup, respectively).

Compared with these papers, our approach is not restricted to specific models of ambiguity.
The MEU and CEU models are quite specific regarding ambiguity attitudes. In the MEU model
only ambiguity aversion is possible, not ambiguity seeking. In the CEU model both ambiguity
aversion and ambiguity seeking are possible but beliefs and ambiguity attitudes are jointly
captured by a capacity; only these capacities are aggregated in Qu’s result, not beliefs per se.
In contrast, our results apply to a wide range of recent models allowing for more general forms
of ambiguity attitudes and yield separate aggregation of beliefs and ambiguity attitudes in all
these models. Herzberg (2013) studies aggregation of MBA preferences in a multi-profile setup
and gives an extension of Arrow’s impossibility theorem to infinite electorates.

Another strand of literature related to the present analysis focuses on the question of how to
rank allocations of contingent claims when individuals have heterogeneous beliefs. While using a
different conceptual framework and focusing exclusively on SEU maximizers with heterogeneous
beliefs, Gilboa, Samuelson, and Schmeidler (2014), Gayer, Gilboa, Samuelson, and Schmeidler
(2014), Alon and Gayer (2014), Blume, Cogley, Easley, Sargent, and Tsyrennikov (2014), and
Brunnermeier, Simsek, and Xiong (2014) are particularly relevant. These papers propose various
restrictions of Pareto Dominance that aim at excluding Pareto improvements that might be based
on spurious unanimity arising from differences in beliefs.

Gilboa, Samuelson, and Schmeidler (2014) say that an act f € F No-Betting Pareto domi-
nates an act g € F if, roughly speaking, f Pareto dominates g and there exists a common belief
m € A(S) such that E,,(u; o f) > Ep(u;og) for all i € T.22 Tt is easy to see that if individuals
have compatible beliefs and f Unambiguously Pareto dominates ¢ then f No-Betting Pareto
dominates g (m can then be any member of the intersection of the individuals’ sets of relevant
priors). If individuals have incompatible beliefs then this implication no longer holds (for in-
stance, if all individuals have SEU preferences then Unambiguous Pareto Dominance reduces
to Pareto Dominance, so the implication goes in the other direction). Nevertheless, it is still
the case that if f Common-Taste Unambiguously Pareto dominates g then f No-Betting Pareto
dominates g (m can then be any member of the convex hull of the union of the individuals’ sets
of relevant priors).

Gayer, Gilboa, Samuelson, and Schmeidler (2014) assume that all individuals have SEU
preferences and say that an act f € F Unanimity Pareto dominates an act g € F if, roughly
speaking, E, (u;o f) > Ep, (u;og) for all 4,j € Z, where m; € A(S) denotes individual j’s

J J

22Gilboa, Samuelson, and Schmeidler (2014)’s definition is more sophisticated and involves strict rather than
weak preferences. We consider this simple, weak preference version of their definition which is more directly
comparable with our axioms.
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prior.2? It is easy to see that if all individuals have SEU preferences and f Common-Taste
Unambiguously Pareto dominates g then f Unanimity Pareto dominates g. Alon and Gayer
(2014) further assume the society to have MEU preferences and show, in a Savage setting, that
the corresponding Unanimity Pareto Dominance axiom is then characterized by (5) and (8).24
Unlike Common-Taste Unambiguous Pareto dominance, the very notion of Unanimity Pareto
dominance presupposes that all individuals have SEU preferences.

Brunnermeier, Simsek, and Xiong (2014) propose a social welfare function which essentially
defines a Bewley social preference relation whose set of priors is the convex hull of the individuals’
sets. This can be seen as a particular case of Theorem 2, in which the social set of priors
is also allowed to be a strict subset of this convex hull, or equivalently, in which the social
preference relation is also allowed to be more complete than the one they propose. Common Taste
Unambiguous Pareto Dominance can thus be viewed as an axiomatic basis for (a generalization

of) Brunnermeier, Simsek, and Xiong (2014)’s functional.

A Appendix

A.1 Proof of Theorems 1 and 2

Since the unambiguous part of an MBA prerference relation is a Bewley preference relation,
Theorems 1 and 2 are direct consequences of the following results on aggregation of Bewley

preferences, respectively.

Theorem 4. Assume that =—F is a Bewley preference relation on F for all ¢ € 7’ and that

~1

(zZF)iez satisfies Risk Diversity. Then (277);ez satisfies Pareto Dominance if and only if, for all

Bewley representations (u;, M;)iezr of (5F)icz, there exist € RT \ {0} and v € R such that
(5) and (6) hold.

Theorem 5. Assume that ¥ is a Bewley preference relation on F for all ¢ € Z’ and that (7Z})iez
satisfies Risk Minimal Agreement. Then (2ZF);c7 satisfies Common-Taste Pareto Dominance if
and only if, for all Bewley representations (u;, M;)iezr of (25F)icz, there exist § € R \ {0} and

v € R such that (5) and (7) hold.

We note that these results are also of separate interest since Bewley preferences (and, more
generally, incomplete preferences) allow to model either individual indecisiveness or social in-
ability to fully observe individual preferences (Danan, Gajdos, and Tallon, 2013, 2014). In
order to prove these results, we first establish an aggregation result for a more general class
of incomplete preferences. Define a State-Dependent Expected Multi- Utility preference relation
(henceforth SDEMU) on F as one satisfying the axioms of the SEU model except for Mono-

tonicity, Non-Triviality, and Completeness, the latter being weakened as follows.

Axiom (Reflexivity). For all f € F, f = f.

23 Again, Gayer, Gilboa, Samuelson, and Schmeidler (2014)’s definition is more sophisticated and involves strict
rather than weak preferences.
24They rename the axiom Consensus Pareto Dominance.
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Note that a Bewley preference relation is an SDEMU preference relation since Risk Com-
pleteness and Monotonicity together imply Reflexivity. Nau (2006) and Ok, Ortoleva, and Riella
(2012) showed that a binary relation 2~* on F satisfies these axioms if and only if, for all f,g € F,

fZrge Z( (;8 >Z (s)) for all w e W, (14)

SES SES

where W C R**S is non-empty, closed, and convex. (cl(cone(W) + RS) is unique.?’) We call
SDEMU representation of 7Z* any W satisfying (14).

Lemma 1. Assume that 22} is an SDEMU preference relation on F for all ¢ € Z'. Then (Z])ier
satisfies Pareto Dominance if and only if, for all SDEMU representations (W;);ez of (27 )iez,

Wy Ccl (Z cone(W;) + RS> (15)

1€

Proof. The proof is a straightforward generalization of the proof of the aggregation theorem in
Danan, Gajdos, and Tallon (2014). For all ¢ € 7', the set

={a(f-9):acRy,f,ge F, fZ; g}

R¥*S orthogonal to RS, and a non-empty, closed, convex

set W; € RY*S is a SDEMU representation of >-; if and only if cl(cone(W;) + RS) = K;.26
Moreover, (27 )iez satisfies Pareto Dominance if and only if (1,7 K; C Ko, which is equivalent
to K C cl(D_;er K;) (Rockafellar, 1970, Corollary 16.4.2) and, hence, to (15) for all SDEMU

representations (W;);ezr of (IZF)ier - O

is a non-empty, closed, convex cone in

Next, we show that the closure operator in (15) is redundant if 77 is a Bewley preference
relation for all i € Z and (Z])iez satisfies Risk Minimal Agreement. Given u : X — R and
m € A(S), define wym : X XS = R by wym(x,s) = m(s)u(z). Given u : X — R and
M C A(S), let Wy = {wym : m € M}. Note that if 2Z* is a Bewley prefrence relation and

(u, M) is a Bewley representation of 2Z* then Wy, ps is a SDEMU representation of 2Z*.

Lemma 2. Assume that 777 is a Bewley preference relation on F for all 4 € 7 and that (2Z})icz
satisfies Risk Minimal Agreement. Then for all Bewley representations (u;, M;)ier of (257)iez,
> ier cone(Woy, ar,) + RS is closed.

Proof. By Risk Minimal Agreement, there exist p,q € P such taht p 7 ¢ for all 7 € Z. Fix
Bewley representations (u;, M;)iez of (25F)iez. We first show that cone(W,, as,) + RS is a closed,
convex cone for all ¢ € Z. Convexity is obvious. For closedness, fix i € Z. Then 0 ¢ Wy, ar,
since u; is non-constant and, hence, cone(W,, rs,) is closed since W, s, is convex and compact

(Rockafellar, 1970, Corollary 9.6.1). Moreover, cone(W,, a,) NRS = {0}, so cone(Wy, a1,) + RS
is closed (Rockafellar, 1970, Corollary 9.1.3).

25

cone denotes conical hull. We abuse notation by identifying RS with the set of functions w € R**S such
that w(-, s) is constant for all s € S.
26 ¥ denotes the dual cone of K;, i.e. Kf = {w € R¥*S: > S)EXKS w(x, s)k(z,s) >0 for all k € K;}.
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It remains to show that the sum over Z of these closed, convex cones is itself closed. To this
end it is sufficient to show that the cones (K;);c7 defined in the proof of Lemma 1 have a common
point in their relative interiors (Rockafellar, 1970, Corollary 16.4.2) or, equivalently, that (227 )icz
satisfies the following property: there exist f, g € F such that, for all ¢ € Z and g; € F such that
f 7F gi, there exist g} € F and A; € (0,1) such that f 7 ¢/ and g = X\jg; + (1 — \;)g, (Danan,
Gajdos, and Tallon, 2014).

To establish this property, recall that p > ¢ for all i € Z. By Mixture Continuity and since
X is finite, for all ¢ € Z, there exists an open neighborhood P; of ¢ in P such that p >} ¢ for
all ¢ € P;. Let P =),z P;, so that p 7 ¢/ for all ¢ € P and i € Z. Since T is finite, there
exists a lottery r € PNint(P).2" Now, fix i € Z and g; € F such that p 25} g;. Given A € (0,1),
let gf = 1557 — 1ng, so that r = Ag; + (1 — A)gj. Since S is finite, there exists A € (0,1) small
enough so that ¢, € PS C F and, hence, p =¥ gi(s) for all s € S. By Monotonicity, it follows
that p 27 ¢'. O

We are now ready to prove Theorems 4 and 5.

Proof of Theorem 4. Obviously, (5) and (6) imply that (22F);cz satisfies Pareto Dominance.
Conversely, assume (2Z7);c7 satisfies Pareto Dominance. Fix Bewley representations (u;, M;)iez
of (F)ier. First, restricting attention to lotteries and using Risk Pareto Dominance and Risk
Diversity, we apply Proposition 2 to obtain unique § € RZ \ {0} and v € R such that (5) holds.
Second, fix mg € Mp. In order to establish (6), it is sufficient to show that mg € M; for all: € Z
such that 6; > 0. To this end, note that by Lemmas 1 and 2, there exist (m;)icz € [[;c7 M
0’ € RZ, and ¢ € RS such that

Waug,mo = Z Héwuumi tc
€L

and, hence,

ZH mi(s)ui(z) + ¢(s) (16)

i€l
for all s € S and z € X. Summing over S yields

= Oui(z) + ) cls)
el s€S

for all z € X, so that § = 6" and v = > __sc(s). Hence (16) implies that

seS

mo(s)(upop —ugoq) = Z 0;m;(s)(u; op —ujoq)
1€T

and, hence, using (5), that

> 6i(mo(s) —mi(s))(uiop—u;0q) =0 (17)

1€T

27int denotes interior.
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for all s € § and p,q € P. Now, fix ¢« € Z such that ; > 0. By Risk Diversity, there exist
p,q € P such that u;op > u;0q and ujop =wujoqforall j € Z\ {i}. By (17), it follows that
mo(s) = m;(s) for all s € S, so that mg = m; € M,;. O

Proof of Theorem 5. Obviously, (5) and (7) imply that (2Zf);ez satisfies Common-Taste
Pareto Dominance. Conversely, assume (57);cz satisfies Common-Taste Pareto Dominance.
Fix Bewley representations (u;, M;) ez of (ZF)iezr. First, restricting attention to lotteries and
using Risk Pareto Dominance, we apply Proposition 2 to obtain § € RZ \ {0} and v € R such
that (5) holds. Second, by Risk Minimal Agreement, there exist p, ¢ € P such that p =7 ¢ for all
i € Z. Hence all acts in conv({p,q})°® are common-taste acts. It follows that p =% ¢ by (5), so
that individual and social preferences all agree on conv({p, q}). Hence for all i € Z, there exist
a; € R4y and b; € R such that

u;or = (ajug+b;)or (18)

for all r € conv({p, q}). We can therefore use Common-Taste Pareto Dominance to show, as in
the proof of Theorem 4, that for all mg € My, there exist (m;)ier € [[;cz Mi, 0 € IR , and
¢ € RS such that

mo(s)upor = Z Oim;(s)u; or + ' (s) (19)
€T
for all s € S and r € conv({p, ¢}). Summing over S and using (18) yields

uoor:Z%uioT-i-ZC/(S) :Zegaiuoor+zegbi+26/ s

i€l seS i€ i€l seS

for all » € conv({p,q}), so that 3, ;0ia; = 1 and >, 0ib; = — > s/ (s) since ug is non-
constant on conv({p,q}). Hence (19) 1mphes that

mo(s)(ugop —ugoq) = Z:@;mZ(s)(uZ op—wu;0q) = Z@gmi(s)ai(uo op—uyoq)
i€ i€T
and, hence, that
= Z 0ia;m;(s)
i€

for all s € S, so that mg = 3,7 0ia;m;. Let A = (0a;)icz € RZ. Since ¢! > 0 and a; > 0 for all
i€ and ), r0a; =1, we have A € A(Z) and, hence, mqo € conv({m; : i € I}), establishing
(7). O

A.2 Proof of Propositions 3 and 4

We first show that if =

~1

is an MEU or CEU preference relation on F with unambiguous part
ZFGMMN for all ¢ € 7/, then Common-Taste Pareto Dominance implies Common-Taste Unam-

biguous Pareto Dominance. More generally, Ghirardato, Maccheroni, and Marinacci (2004)
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define an Invariant Biseparable preference relation on F as one satisfying the axioms of the SEU
model except for Independence, which is weakened to the “Certainty Independence” axiom of
Gilboa and Schmeidler (1989). The Invariant Biseparable class is contained in the MBA class
and contains the MEU and CEU classes.

Proposition 5. Assume that 7—; is an Invariant Biseparable preference relation on F with
unambiguous part ZFMMN for all ¢ € Z'. If (77;);ez satisfies Common-Taste Pareto Dominance

then (7Z;);ez satisfies Common-Taste Unambiguous Pareto Dominance.

Proof. Assume (75;);ez satisfies Common-Taste Pareto Dominance. Fix two common-taste
acts f,g € F and let P = conv(f(S)U ¢g(S)). Given a binary relation 27 on F, let 2|, denote
its restriction to P°. Clearly, (2] plicT satisfies Pareto Dominance and, hence, Unambigu-
ous Pareto Dominance by Ghirardato, Maccheroni, and Marinacci (2004, Proposition 4), i.e.

(il p™™);ez satisfies Pareto Dominance. We want to show that (23;);ez satisfies Common-

*GMMN

Taste Unambiguous Pareto Dominance, i.e. that (7}

|p)ier’ satisfies Pareto Dominance.
To this end it is sufficient to show that »|p™™Y = Z*GMMN|, for any Invariant Biseparable
preference relation - on F.

If =|p is trivial then the result directly follows from Monotonicity, so suppose it is not.
By Ghirardato, Maccheroni, and Marinacci (2004, Lemma 1), there then exists a non-constant

function u : X — R and a monotonic, constant-linear functional J’ : R® — R such that
f'zgd e J(uof)>J(uoyg)

for all f', ¢’ € F. Moreover, J' is unique (independently of w). Hence J’ is also the unique such

functional such that
fzlpg & J(uo f') > J(uog)

for all f', g’ € PS. By (Ghirardato, Maccheroni, and Marinacci, 2004, Theorem 14), it follows
that - and 5| induce the same set of relevant priors (namely the Clarke differential of J" at
0). Hence |5 ™M = Z*GMMN| | By (3). O

Proof of Proposition 3. Assume (7Z;);ez satisfies Common-Taste Pareto Dominance. Fix
MEU representations (u;, M;);ez of (2Zi)iezz. Then (5) and (7) hold by Proposition 5 and
Theorem 2. We prove (9) by contradiction.

Suppose there exists (m;)iez € [[;ex M; such that My Nconv({m; : i € Z}) = 0. There then
exist ¢ € RS and d € R such that > s c(s)m(s) > d for all m € My and > g c(s)mi(s) < d
for all i € Z. We can assume without loss of generality that [c(s)| < 1 for all s € S and |d| < 3.
Moreover, by Risk Minimal Agreement, there exist p,q € P such that p >; ¢ for all i € 7 and,

hence, p >=¢ ¢ by Common-Taste Pareto Dominance. Define r € P and f € F by

r=(g+d)p+(3-4d)q fl5)=(3+cls)p+ (5 —cl5) q

for all s € S. Note that f and r are common-taste acts. Moreover, for all m € A(S) and
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ue RY,

En(uof)—uor= (Zc(s)m(s)—d) (uop—wuogq).

seS

Hence

min E,(u; o f) — min E,(u;0or) = min Ey,(ujo f) —ujor < En (ujo f) —u;or <0
meM; meM; meM;

for all ¢ € Z, whereas

min E,,(ugo f) — min E,,(ugor)= min E,(ugo f) —ugor >0
mée My m( 0 f) mée Mo m( 0 ) me My m( 0 f) 0
since My is compact. Hence r 7Z; f for all i € Z and f > r, contradicting Common-Taste

Pareto Dominance. O

~t

Proof of Proposition 4. Assume (7Z;);ez satisfies Common-Taste Pareto Dominance. Fix
CEU representations (u;, v;);ez of (2Zi)iezr. Then (5) holds by Proposition 5 and Theorem 2.
We prove (11) by contradiction.

Suppose there exists o € perm (V) such that m,, » ¢ conv({m,, » : ¢ € Z}). There then exist
¢ € RS and d € R such that Y, qc(s)muy0(s) > d and Y g c(s)my, o(s) < d for all i € T.
We can assume without loss of generality that |c(s)| < ﬁ for all s € S and |d| < ﬁ By
Risk Minimal Agreement, there exist p,q € P such that p >; g for all ¢ € Z and, hence, p ¢ ¢

by Common-Taste Pareto Dominance. Define f, g € F by

F(30(m)) = (NJHI" + d) P+ (N%l - d) g,

9(50m) = (52 +el9)) p+ (3% — e(9)) a.

for all n = 1...N. Note that f and g are common-taste acts and that u; o f(sy(1)) > ... >

u; 0 f(so(ny) and u; 0 g(85(1y) > - .. > u; 0 g(S4(n)) for all i € Z'. Hence
/ Uj Ogdl/ - / U; © fdy = Emui,cr(uog) - Emui,cr(uo f)
S S

= (Z c(s)m(s) — d) (ujop—wujoq)

SES

for all « € Z/. Hence f 7; g for all i € Z and g =g f, contradicting Common-Taste Pareto
Dominance. O
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