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Abstract

We consider a family of exchange economies with complete markets
where consumers have multiprior preferences representing their ambi-
guity aversion. Under a linear independence assumption, we prove
that regular economies are generic. Regular economies exhibit en-
joyable properties: odd finite number of equilibrium prices, local con-
stancy of this number, local differentiable selections of the equilibrium
prices.

Thus, even if ambiguity aversion is represented by non-differentiable
multiprior preferences, economies retain generically the properties of
the differentiable approach.

Keywords: demand function, general equilibrium, ambiguity aver-
sion, multiprior preferences, regular economies, Lipschitz behavior.

JEL Classification: C6, D4, D5.

1 Introduction

P Classically, the global analysis of the general economic equilibrium is based
upon well known differential techniques. Basically, one requires the differen-
tiability of the demand functions. We refer the reader to Debreu [11], Mas
Colell [22] and Balasko [1] for more details.
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This differentiability is often derived from well known assumptions on
the utility functions. Indeed, the utility functions are supposed to be C? to
obtain C' demand functions. This does not allow the presence of kinks on
indifference curves that arise in uncertainty context.

In the maxmin expected utility model due to Gilboa and Schmeidler
[17], the agents face ambiguity modeled by the multiplicity of the priors of
the agents. FEach agent considers the minimum expected utility over his
set of priors. This "minimum” generates kinks on the indifference curves
when more than one probability realize the minimum, this leads to the non-
differentiability of the demand functions. These kinks cannot be removed
since they are genuinely linked to uncertainty not to modelling issues. The
main objective of this paper is to get the genericity of regular economies
despite that the demand functions are non-differentiable.

In this paper, we consider an exchange economy with a finite number
¢ of commodities and a finite number m of consumers. The preferences
of consumer 7 are represented by a utility function u; from ]Rﬂ + to R. The
function w; is the minimum of a finite number n; of expected utility functions
that satisfy the usual differentiability requirements and a linear independence
assumption on the extremal priors. For example, this linear independence
assumption is satisfied by e-contamination of confidence.

We first study the properties of the demand functions. This systematic
study constitutes in itself a new result concerning consumers with multiprior
preferences. Indeed, we prove that the demand functions are locally Lipschitz
continuous and that these functions are continuously differentiable on an
open set of full Lebesgue measure.

In the second part of the paper, we follow Balasko’s program. We define
and parametrize the equilibrium manifold. We show that it is indeed a
smooth manifold at almost every point. As in the classical case, we can
propose a global parametrization from which we deduce that the equilibrium
manifold is lipeomorphic' to an open connected subset of an Euclidean space
denoted by U using similar approach than Bonnisseau and Rivera-Cayupi [5].

We can define an extended projection using the parametrization. This
mapping is continuously differentiable almost everywhere and locally Lips-
chitz continuous.

Contrary to the classical case, we have to take into account the kinks to
define regular economies. A singular economy is either the image of a point
where the extended projection is not differentiable or the image of a point

ITwo sets are lipeomorphic if it exists a one-to-one, onto and locally Lipschitz con-
tinuous mapping from the first set to the second one with a locally Lipschitz continuous
inverse.



where the differential mapping is not onto. A regular economy is, by defi-
nition, an economy that is not singular. By Sard’s theorem since the set U
and the space of economies are two manifolds of same dimension, the set of
singular economies is a set of Lebesgue measure zero?. By the Implicit Func-
tion Theorem, each regular economy has a finite number of equilibria and,
around a regular economy, there exist continuously differentiable selections
of the equilibrium prices.

Computing the degree of the extended projection by an homotopy ar-
gument, we obtain that every regular economy has a finite odd number of
equilibrium prices.

We now mention earlier contributions. Rader [25] showed that, when the
consumers have demand functions almost everywhere differentiable satisfying
property (N): 7 The image of a null set is a null set.”, almost every economy
has a finite number of equilibrium prices. In our paper, we prove that Rader’s
properties are satisfied by multiprior preferences but we get more with the
local continuously differentiable selections.

Shannon and Rigotti [26] study market implications of the presence of
ambiguity modelled by variational preferences. Variational preferences en-
compass multiprior preferences. They show that almost all economies are
determinate which means that there exist a finite number of equilibrium
prices and local continuous selections. They obtain also a Lipschitz behavior
in the Choquet case. Note that regularity and determinacy are two distinct
concepts, the first one implying the second one. In particular, the number of
equilibria may not be constant around a determinate economy. We need the
linear independence of Assumption 1 to get regularity instead of determinacy.

In [9], Dana studies agents that are Choquet expected-utility maximizers.
She is interested in equilibrium welfare properties and indeterminacy of the
equilibrium. She provides a sufficient condition on equilibrium implying that
there exists a continuum of equilibrium prices. But, she does not address the
issue of genericity.

In [5], Bonnisseau and Rivera-Cayupi study a non-smooth model although
the failure of differentiability was not in the utility function but on the bound-
ary of the consumption sets. They obtain demand functions with properties
similar to ours.

In Section 2, we present multiprior preferences and the definition of an
equilibrium with complete markets. Actually, to simplify the notation, we
consider a larger class of preferences where the utility functions are defined as
a minimum of a finite family of functions satisfying the usual differentiability
requirements and a linear independence assumption on the gradient vectors.

2 Actually, we also use that the image of a null set by a Lipschitz mapping is a null set.



In Section 3, we study extensively the demand function of a consumer with
multiprior preferences. The fourth section is devoted to the global analysis
of the equilibrium manifold and to the genericity analysis. Some concluding
remarks are given in Section 5 and finally, some technical proofs are given in
Appendix.

2 Multiprior preferences

We? study a two-period economy with a complete system of markets. There
are two dates t = 0 and ¢ = 1. There is uncertainty at date 0 about which
state will occur at date 1. At date 1, there are S states of nature. We denote
by A(S) the set of probabilities on & = {1,...,5}. There are I goods at
each node so there are ¢ := I(1 + S) goods. We model the ambiguity by a
multiplicity of probabilities.

From a general equilibrium point of view, we study a family of economies
parametrized by strictly positive endowments with m consumers and ¢ com-

modities. We denote respectively by M and L the set of consumers and the
set of commodities. Let M ={1,...,m} and L = {1,...,/(}.

For each agent i € M, there exists a closed convex set P* C A(S). We
suppose that the set P! has n; extremal points (7F);<r<n,. We also suppose
that the set P? is contained in Ri + to get the strict monotony of preferences.
This can in particular correspond to the convex case of the C.E.U. (Choquet
Expected Utility) model of Schmeidler[28] since the core of a convex capacity
has at most S! extremal points (Shapley [29]).

The agent chooses a contingent consumption vector (z5)1<s<s € Rfi and
a vector xy € Rfr  corresponding to his consumption at date zero. The utility
of the agent ¢ is given by:

s s
w;(z) = bio(xo) + min mi(8)bis(rs) = min _{bio(xo) + Z ﬂf(s)bis(:vs)}

P 1<k<n
meP S =re s=1

(2.1)

3Notations. If z is a vector of R, the norm of the vector z is defined by |z| :=
22:1 = |zp|. The left-derivative of a function defined on an open interval J C R at
t € J is denoted by Wj(t). Similarly the right-derivative of ¥ at ¢ is denoted by W/.(¢). The
vector 1 denotes the vector of R? that has all coordinates equal to zero. The inner product
of z and y elements of R is: = -y = 22:1 xpyp. For all r > 0, B,(a,r) (respectively
B.(a,r)) denotes the open (resp. closed) ball of center a and of radius r. §& denotes the
cardinal of the set K. The vectors are, by convention, column vectors and the transpose
of a vector z is denoted by z7.



where b;; : RL, — R are 1 + S functions. We define, for k € {1,...,n;},
the function u¥ by:

S
uf () = bio(wo) + > 7 (s)bis () for x € RYT?,

s=1

In many applications, the function b;; does not depend on the state s.
The state-dependent case in the expected utility model has been studied
by Karni, Schmeidler and Vind[19] and Wakker[30] for example. For more
references and a presentation of some applications, see [18].

We posit the following assumption on the probability vectors (7F);<r<p,.

Assumption 1 For every i € M, the probability vectors (7F)i<r<n, are lin-
early independent.

Note that this assumption holds true when P! is an e-contamination of
a probability 7. Recall that a set P is called an e-contamination if: P :=
(1 —e){7} + eA(S) for some real number ¢ €]0;1[. The extremal points
of P are (1 —e)m +en® for s = 1,...,5, where 7° is the probability such
that 7%(s) = 1. Obviously, these vectors are linearly independent. The e-
contamination of confidence is a special case of the Choquet Expected Utility
model. Indeed, the related capacity v is defined by:

[ Qo)A iEA£S
v(4) { it A

and the set P is its core . The weight 1 — ¢ can be interpreted as the degree
of confidence the decision maker has in his prior 7. This model has been
axiomatized by Nishimura and Ozaki[24].

The e-contamination of confidence has the favor of many economists be-
cause it is easier to handle than general multiple prior models. Nishimura

'

and Ozaki[23] applied this model to search behavior, Chen and Epstein[7] to
portfolio choice, Epstein and Wang][13] to asset pricing and Carlier, Dana and
Shahdi[6] to insurance. For more references, we refer the reader to Nishimura
and Ozaki[24] and Kopylov[20].

Let us now present the assumptions on the functions (bs)5_.
Assumption 2 For every i € M, we assume:
1. Vs=0,...,8, b 15 of class C?,

2. ¥s=0,...,5 and all x5 € RL, Vb;s(z5) > 0,

5



3. Vs=0,...,5 and all x; € RL_, D?b;s(z,) is negative definite.

Assumption 3 For everyi € M, foralls =0,...,5 , if a sequence (z"),>0
converges to & € RL and &y, := 0 for some h € {1,...,I} then':

1. limy, 4 o0 || Vbis(2?)|| = +00

2. b , ,
lim is(7¥) - @

R )
v—rtoo || Vbis(2)|

Remark 2.1 In the classical one-good case, i.e. I = 1, and in the separable
case’, this assumption can be replaced by the following Inada condition: If

a sequence (z¥),>o converges to T € Rfr and Ty, := 0 for some h € {1,...,1}
. abzs(xy)
then: lim, . ——— = +00
8xh

The system of markets is complete. Therefore the budget set can be described
by one single constraint with contingent prices at date zero as explained in
the last chapter of Debreu[l0]. One can also read Chapter 2 of Magill-
Quinzii[21] for more details about complete and incomplete markets in two-
period economies. The demand f;(p, w) of consumer ¢ with respect to the
price p := (po, (ps)5_,) € Ri(rrs) and to his wealth w > 0 is the solution of
the following problem:

max u;(x) (2.2)
subject tox >0 and p-x < w ’

In the next definition, we use the simplex normalization, i.e., we take prices in
P with P := {p eER, Zizl Ph = 1}. We end this section by the definition

of an equilibrium:

Definition 2.1 p € P is an equilibrium price of the economy e = (e;);ecns if:

Zfis(p,p-ei) = Zeis forall s=0,...,9.
i=1 i=1

In this paper, since the preferences of the consumers are fixed, we define
an economy as an element e := (e;)7, of (RL,)™. Therefore, the space of
the economies is 2 := (R{_ )™

“Let v € RL. ||v|| denotes the norm of the vector v defined by ||v|| := 2;11:1 |vg].
5A function b : Rﬁr 4+ — R is said to be separable if there exist I real-valued functions

(pi)I_, defined on |0, +oc[ and I numbers such that: b(z) = Zle Bipi(x;).
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The aim of the paper is to prove that regular economies are generic for
multiprior preferences. Regular economies exhibit enjoyable properties: odd
finite number of equilibrium prices, local constancy of this number, local
differentiable selections of the equilibrium prices.

Thus, even if ambiguity aversion is represented by non-differentiable mul-
tiprior preferences, economies retain generically the properties of the differ-
entiable approach.

Remark 2.2 Balasko[!] showed that the regular economies are generic in the
standard model when the total resources are fixed. This is no more true in our
setting. As an example, let us consider the following multiprior model with
two identical consumers, two states of the nature and two extremal priors.
11 12
Formally, P! = P? := [r!, %] where: n! = (5, 5) and 72 = (§’ 5) The
Bernoulli function is b(z) = In(z) so the utility function is defined on R,
by:

2 2

The demand function defined on R} | is:

u(z) := min {1 In(zy) + 1ln(xQ); %ln(:z:l) + gh’l(l’g)} .

2%17%> if po < pi;
f(P1,p2,w) = orip ﬁ) if p1 < p2 < 2py;
%,%) lfpg > 2p1

Suppose that the total resources vector is equal to r = (1,1). The space of
the economies with total resources equal to r is denoted by Q(r). For every
economy e € €(r), the set of normalized equilibrium prices is:

{(pl,l —p1)ip1 € [%»%}}

The equilibrium allocations of e := ((a,b), (1 —a,1 — b)) with a and b posi-
tive are x; = (pra+ (1 —p1)b,pra+ (1 —p1)b), zo = (p1(1 —a)+ (1 —p1)(1 —
b), (p1(1—a)+(1—p1)(1—b)) for p1 € [3, 3]. So all the economies are singular
in Q(r).

A larger class of preferences

To simplify the notations, we consider a larger class of preferences and
prove that the aforementioned properties are satisfied for this class of prefer-
ences. Namely, we prove the genericity of regular economies and obtain the
classical properties of these economies.

7



We assume that the preferences of consumer ¢ € M are represented by a
utility function u; from Rﬁ + to R which is the minimum of n; functions:

_ : 1 2 n;
w; = min{u;, uy, ..., u"}

with n;, € N*. We state the following assumptions on the utility functions.
Assumption 4 For alli € M, for all k € {1,..,n;},

1. uf is C? on RY |,

2. D*uf(z) is negative definite on Vul(z)* for all v € RY .,

3. uf satisfy Vuf(z) >0 for allz € R,

For all # € R, M;(x) denotes the set of the indices of the functions
realizing the minimum, i.e. M;(z) :={k € {1,...,n;} : uf(z) = u;(x)}.

Assumption 5 For alli € M, for all x € RfH, the vectors (Vuf () ke, ()
are linearly independent.

Assumption 6 For alli € M, for all k € {1,...,n;}, if a sequence (z¥),>0

converges to x; € ORY, | then:

Vuk(x?) - z¥

lim —l<kl) L =0.
v—too ||V (z7)]]

Remark 2.3 Assumption 4 tells us that the preferences are continuous,

monotone and strictly convex. Moreover, each commodity is desirable.

For i € M and k € {1,...,n;}, Assumption 6 on the function u? is
weaker than the usual assumption: for all x € Rﬂ 4. the closure in R¢ of
the set {o/ € RL  |uF(2') > uf(z)} is contained in RY . The usual closure
assumption implies Assumption 6 but both assumptions are not equivalent.
For instance, the function u defined on R2_ by: u(z1,22) = /&1 + /72

satisfies Assumption 6 but not the classical assumption®.

The next proposition shows that the multiprior preferences satisfy As-
sumptions 4, 5 and 6.

Proposition 2.1 Let i € M. Under Assumptions 1, 2 and 3, the corre-
sponding family of functions (u¥)i<p<n. satisfies Assumption /, 5 and 6.

The proof of this proposition can be found in Appendix.

11 11
6Take z := <4, 4> and (a:” = <1 + -, )) as a counterexample.
v'v)) s




3 Properties of the individual demand

In this section, we study the individual demand f;(p, w) of consumer i € M
defined as the solution of the program:

{ max u;(z) 51)

subject tox > 0 and p-x < w

where w €]0, +oo[ and p € ]Rﬂ +- Let us present the main result of the section:

Proposition 3.1 Under Assumptions 4, 5 and 6, f;(p,w) is a singleton for
allv € M, p € ]RiJr and w > 0. The function f; is locally Lipschitz con-
tinuous on RY | Xx]0,+o00[. Furthermore, there exists an open subset 2 in
RY L x]0, +o0| of full Lebesgue measure on which f; is C.

We first sketch the proof. To simplify the notation, we skip the index i
during the proof and denote the function u¥ by u*. In Lemma 6.1, we es-
tablish the continuity of f as a consequence of Berge’s Theorem. Then,
in Lemma 6.3, we obtain that this function is locally Lipschitz continu-
ous thanks to Cornet-Vial[8]. Thanks to Rademacher’s Theorem, f is dif-
ferentiable on a set O that has full Lebesgue measure. Following Fiacco-
McCormick[15], we prove in Lemma 6.4 that the function f is continuously
differentiable around (p, w) whenever the strict complementarity slackness is
satisfied at (p,w) for the optimization problem related to the demand. To
conclude, in Lemma 3.1, we show that the function f is not differentiable at
(p,w) when the strict complementarity slackness is not satisfied.

More precisely, let us rewrite the optimization problem defining the de-
mand. As explained above, the function u is not differentiable a priori.
Therefore Problem 3.1 is not in standard form. Considering this, we rewrite
this problem in a standard form where the functions at stake are twice contin-
uously differentiable. To do so, we remark that, for all (p, w) € RY , x]0, +00],
f(p,w) is the solution of the following problem:

min —¢

subject to

t—uf(z) <0,k=1,...,n (3.2)
p-r—w<0

x>0



The first order conditions related to this problem are the following: there
exists A € R7*! such that

[t —uF(z) <0, M(t—uF(2)=0,k=1,...,n
prr—w<0, N \pi(p-z—w)=0

; A =1 (3.3)

Ant1 P = Z N Vu® ()

\ k=1

Note that this maximization problem is not necessarily convex since the
constraint ¢t — u*(z) may not be quasi-convex. Nevertheless, the first order
conditions are necessary since the Mangasarian-Fromovitz qualification con-
dition is satisfied and sufficient as shown in Appendix. Furthermore, the

linear independence Assumption 5 implies that the multiplier is unique.
Now, let Q° defined by:

Q0= {(p,w) € Rﬂ+x]0;+oo[‘ VE € M(f(p,w)), \(p,w) >0 }

We prove that the set ¥ is an open set on which the function f is contin-
uously differentiable by Lemma 6.4 and that the set of differentiability points
of Q has full Lebesgue measure thanks to Lemma 6.3 and Rademacher’s The-
orem. In Lemma 3.1, we show that the function f is not differentiable at
any point outside Q° which means 2 = Q°. Therefore we conclude that f is
continuously differentiable on an open set of full Lebesgue measure. Lemma
3.1 constitutes the keystep of the proof and is obtained reasoning by contra-
diction. We construct a price path ¢ — p(t) with p(t) = p and show that
the function t — u*[f(p(t), p(t) - f(p,w))] is not differentiable at zero for any
k € M(f(p,w)) such that the corresponding multiplier is equal to zero.

All we have to prove is the following Lemma.

Lemma 3.1 If (p,w) ¢ Q° then the function f is not differentiable at (p,w).

Let (p,w) ¢ Q°. For the remaining of the section, we write: Z := f(p, )
and A := M\.(p,w) for k € {1,...,n + 1}. Since the strict complementarity
slackness condition does not hold, M (f(p,w)) can be decomposed the follow-
ing way: M(f(p,w)) = KUK’ with K and K’ subsets of {1,...,n}, \x >0
for k€ K, A\, =0 for k € K’ and K’ # (). Note that we have: K # ) since
p#0and >, \r = 1 since > KUK A = 1 and A\, = 0 for every k € K'.

We define the function f on RL, by: f(p) := f(p,p- ).

10



In the proof of Lemma 3.1, we use some auxiliary functions that we
introduce now. We define a generalized Hicksian demand A and a demand
function fx both related to the functions (uy)rex. Based on fg, we also
define the functions fx and 0.

A generalized Hicksian demand and the related expenditure function:
Let Vg = (@k)keK = (uk(f))keK. For pE Rﬁ--ﬁ- and Vg = (Uk>k€K S RK,
let Ak (p, (v¥)rex) be the solution” of the problem:

minp -z
subject to u*(z) > v* Vk € K (3.4)
x>0

The related expenditure function is defined by:

ex(p,vi) = p- A (p, vk)-

The map Ag has been extensively studied in [4]. This map is continu-
ously differentiable with respect to (p,v) around the point (p, vk) since the
multipliers related to the satiated constraints are positive and the gradients
(VuF(Z))rex are linearly independent which holds true thanks to Assumption
5.

Note also that Ag(p,vkx) = Z. Indeed the necessary and sufficient first
order conditions are satisfied by . Moreover, all the constraints are satiated
and have positive related multipliers.

Like the classical expenditure function, the function ey is concave with
respect to p so almost everywhere twice differentiable and satisfies Dge K =
D,A whenever this expression makes sense®.

The next lemma is a generalization of a well known result about the
Slutsky matrix.

Lemma 3.2 The matriz D,Ak(p,v) has rank ¢ — $K and its kernel is the

linear space L (Vu*(z) , k € K) spanned by the family (Vuk(i*))keK

This result is proved in Appendix.

An auziliary demand function:

"In [4]
of (p,7k)
8See [4].

, it is proved that this solution exists and is unique for (p, vk ) in a neighborhood

11



We define the demand function fr related to the utility functions (u*)geg.
fr(p,w) is the solution of the optimization problem:

min —t

subject to

t—uf(z)<0keK (3.5)
p-r—w<0

x>0

Note that we have: fx(p,w) = Z = f(p, w) since the necessary and sufficient
first order conditions are satisfied by Z. Indeed, we have: )\, = 0 for all
k € K'. The function fx is continuously differentiable around (p,w) since
all the multipliers are positive. See Lemma 6.4.

We define on R , the function f by: fx(p) = fr(p,p-z). We also define
the function g from R: . to RX by ok (p) = (05 (p) = u*[fk(p)])rex. Note
that, for (k, k') € K2, 9% (p) = 0% (p) in a neighborhood of p. Indeed, from
the necessary and sufficient first order conditions, fx (p) = Ax(p, 9k (p)) for p
close enough to p because the function v and the multipliers corresponding
to Problem 3.5 are continuous’ and the multipliers are all positive at (p, vk ).
To conclude, we point out the following facts:

e I —= AK(ﬁ7 @K) = fK(ﬁ7w)7
e for p close enough to p, we have: fx(p) = Ax(p, 0k (p)),

e The functions fx, fx, Ak and 9k are continuously differentiable re-
spectively locally around (p,w), p, (p,v) and p.

The following result relates the partial derivative with respect to p of the
compensated demand Ag and the differential of the demand f at the price
p and provides an important result concerning the functions (0% )cxk-

Lemma 3.3 For all k € K, V% (p) = 0. Moreover we have:
Dfx(p) = DpAx(p, vk).

The proof is given in Appendix.

Proof of Lemma 3.1

Recall that we have: M(f(p,w)) = K U K" with K and K’ subsets of
{1,...,n} and that A\, > 0 for k € K and A\, =0 for k € K'.

We now consider a particular price path p(.) to get the desired result.

Let E be the vector space spanned by the family (Vuk(a_:))keK, and ¢ :=

9This is a consequence of Lemma 6.3.

12



D,Ak(p,v). From Lemma 3.2, the matrix D,Ax(p,v) is negative semi-
definite on R’ and KerD,Ag(p,v) = £ (Vu*(Z) , k € K). On the other
hand, the family (Vu”*(Z))rexur is linearly independent from Assumption 5.
Hence D,Ak(p,v) is negative definite on E since KerD,Ax(p,v) N E = {0}.

Thanks to Proposition 6.1, there exists (o )gex in Rf; such that, for all
ke K,

Vu*' (z) - Dy (p, v) <Z akVuk(:E)> < 0. (3.6)

keK’
For all t € J :=] — a,a['?, let :
1 B
p(t) := X [Z M Vur (z) 4t (Z oszuk(i)>] : (3.7)
| kek keK’

For k € K, we introduce the function defined on J by: o%(t) := 9*(p(t)) =
uF[fx (p(t))]. For k € K’, we define the functions ©* and @* on J by: ¢*(t) :=
uF[f(p(t))] and @F(t) := uF[fx (p(t))]''. As a preliminary remark, we see that
the functions (¢*)rexr and (U )rex are differentiable on a neighborhood of
zero. Indeed, the functions (u*)?_, are differentiable, the function fx is
differentiable around p, p(0) = p and p(.) is a differentiable path on J.

Claim 3.1 Ift > 0 is small enough, f(p(t)) = f(p(t),p(t) - &) = T so the
right-derivative (¢*)(0) is equal to zero for all k € K'.

Proof of Clawvm 5.1 For t > 0 small enough, thanks to the formula 3.7, one
remarks that z satisfies the necessary and sufficient first order conditions
related to the problem:

max u(x)
st. x>0
p(t) -z <p(t) -z

with the related multipliers

)‘k‘ Loy
_ for k € K, -
ZHGK As + t(ZKer ) ZHGK Ak + t(zneK' )

10The number a is a positive number sufficiently small to ensure that p(t) belongs to
RiJr for all t € J.

HTo avoid any confusion, we denote with“y”s the functions for k € K’ and with“v”s
the functions for k € K.

for k € K,
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) Dok A+ LD e On)
straint'”. Therefore we can conclude that Z is a solution of the problem, that

is: f(p(t),p(t) -7) = f(p(t)) =2. O
From Lemma 3.3 and the choice of the family (oy)rers, we obtain the
following claim:

0 for k ¢ M(z)U{n+ 1} and for the budget con-

Claim 3.2 For all k € K', we have:
(¥*)'(0) <O.

Proof of Claim 3.2 By the chain rule, Lemma 3.3 and Equation (3.6), we
have for k € K':

(¢*)'(0)

uF(2) - D fr(p) (X perr VU (7))
uM(Z) - DAk (P, k) (X e i VUi (T))

ANl
=44

O
Now we consider the last claim.

Claim 3.3 fx(p(t)) = f(p(t)) fort < 0 sufficiently near from zero. Conse-
quently, the left-derivative (%) (0) is negative for every k € K.

Proof of Claim 3.5 We first say that the constraints corresponding to k €
{1,...,n}\ M(f(p,w)) are inactive for ¢t < 0 sufficiently small by continuity
of the functions at stake. Summarizing what we obtained before, we have:

e (%)'(0) =0 for k € K(Lemma 3.3),
e (3")(0) <0 for k € K'(Claim 3.2),
o 3%(0) = (¢)(0) for (k, k') € K x K.

The last equality comes from the following equalities:

and u*(z) = u¥ (z) for all (k, k') € K x K'.

From these three facts, we get: (@) (t) > 0%(¢) for all (k, k') € K x K’
and t < 0 sufficiently near from zero. Therefore fr(p(t)) is feasible for ¢
close enough to zero for Problem 3.2 defining the demand f(p(t), p(t) - ). It
satisfies the necessary and sufficient first order conditions and the multipliers

12 See Equation 6.3.
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are given by the multipliers related to Problem 3.5 completed by zeroes for
k€ K' and k ¢ M[f(p,w)]. Since frx(p(t)) = f(p(t)) for t < 0 close enough
to zero, we have ©*(t) = @*(t) for t < 0 close enough to zero for all k € K’
We conclude: (¢*)"(0) < 0 for every k € K’ by Claim 3.2. O

Finally, for every k € K’, from Claim 3.3, the left derivative of ©* at 0 is
negative while the right derivative of ©* at 0 is equal to zero by Claim 3.1.
Therefore the functions (*)rcx are not differentiable at zero, which implies
that the function f is not differentiable at (p, w).O]

4 The equilibrium manifold

In this section, we study the equilibrium price vectors from a global point
of view following Balasko [1]. The monotony of the utility functions implies
that the equilibrium prices are always strictly positive. Moreover they are
defined up to a normalization. We use the simplex normalization, i.e., we
take prices in S with S := {p € RfH , Zf;:l Pn = 1}. We now define the

equilibrium manifold and the natural projection.

Definition 4.1 (i) p € S is an equilibrium price of the economy e = (¢€;);enr

if:
Z filp,p-e;) = Z €;-
i=1 i=1

(ii) The equilibrium manifold E., is the set of the pairs (p,e) € S x Q with
p equilibrium price for the economy e. An element (p,e) of the set E., is
called an equilibrium point.

In our framework, the equilibrium manifold'® is not necessarily smooth
and we cannot directly apply the classical arguments of differential topology.
Nevertheless, we parametrize the equilibrium manifold and exploit the results
of the previous section.

We recall that 1 denotes the vector whose coordinates are all equal to
1 and by 1+ the vector space orthogonal to the vector 1. We define the
mapping 6% from X = S x R7, x (11)™7! to (RY)™ as follows: for £ =

(p, (w2, ()i,

{ (&) :=mi+(w;—p-n)LVi=1,....m—1
0(€) = fn(py o) + 2005 (filp, wi) = 07(€))

13We prove that it is indeed a smooth manifold at almost every point.

(4.1)
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Let us define the set U by

U= {ecX |6 e ®)"}.

Now we define the subset V of U, as follows: an element (p, (w;)™,, (7))
of U belongs to V if and only if (p, w;) belongs to QY for all i =1,...,m, QY
being given by Proposition 3.1.

Proposition 4.1 The setU is an open connected subset of SxR™x (1+)™~1.

Proof The set U is clearly open in S x R™ x (11)™~! as #? is continuous.
For the remaining of the proof, we will use extensively the following result.
For all z € R and all p € S, we have:

x = projyix+ (p-x —p-proj;.x)l. (4.2)

We show that the set ¢/ is arcconnected. Let &F := (p*, (wF)™,, (nF)7h),

k = 1,2, two elements of . Our goal is to connect £! to £2. We introduce
two intermediate points: x* := (p¥, (W)™, (proj, . fi(p*, wk))3Y), k = 1,2.

We show that we can construct a continuous path between ¥ and x*,
k = 1,2 and another one between y! and y?, theses paths taking values in
U which gives us the result. We first remark that Formula 4.2 implies that
0*(xX*) = (fi(p* wi))iy for k= 1,2.

Paths between ¢ and x*

For k = 1,2, for all t € [0,1], let ¢ := (1 — t)&* + tx*. This defines
a continuous path between ¢* and y*. ¢* belongs to U for all ¢ since 6? is
linear with respect to the variables (7;)7;" and (R%,)™ is convex.

Path between x' and x?

For all t € [0,1], we define p’ := (1 —t)p' + tp? and w! := (1 — t)w} + tw?
for all i = 1,...,m. The vector x'*' := (p', (w))™,, (proj,. fi(pt, wt))" )
defines a continuous path between y' and y? thanks to the continuity of
the demand functions and belongs to U since 6*(x'™) = (fi(p!, wi))™, €
(RS )™

We conclude that the set U is arcconnected.[]

Now, we introduce the map 6 from U to E., to parametrize the equilib-
rium manifold. For & = (p, (w;)™, (n:)7",") € U,

0(&) = (p,0°(6)) - (4.3)

Note that the range of the map 6 is contained in E.,. Let e; = 02(&).
From the formula defining 62, one has p - e; = w;, from the definition of I/,
e; > 0 for all ¢ in M and from the formula for 62, >°7", fi(p,p-e;) = Y ir; €.
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The other map that we consider is the following:

¢: By — U

(p, (€)7™1) — (p, (p-e:)™y, (projyen)™7h). (4.4)

Note that the range of the map ¢ is contained in . Indeed, from Formula

42, 02(p, (p- €, (projys e)75") = (e;)™, belongs to (RL.,)™
We now state the properties of 6 and ¢, which imply that E,, is a manifold
parametrized by 6.

Proposition 4.2
1. The maps 0 and ¢ are one-to-one, onto and ="' = ¢.
The maps 0 and ¢ are locally Lipschitz and continuous.
The set U \'V is closed in U and has Lebesgue measure zero.

0 is continuously differentiable on V.

E.q 1s lipeomorphic to U.

Proof The proof is based on the properties of the demand functions.

1. As already noticed above, from Formula 4.2, for all (p, (€;)7") € E.q,
6o ¢(p7 (ez);n 1) (p7 (el)ln 1)

Conversely, for all & = (p, (w;)™, (7:)™") € U, the definition of 6 and
Walras law imply that p - 02(¢) = w; for i = 1,...,m, and proj;10%(&) = n;
fori=1,...,m—1. So, po (&) =¢.

Hence, ¢ = 0! and ¢ and 6 are one-to-one and onto.

2. 0 and ¢ are locally Lipschitz and continuous since the demand functions
fi are so.

3. Since the set (SxR)\ QYN (S xR) is a closed set of Lebesgue measure
zero for each i € M, the set U \ V is closed in U and has Lebesgue measure
zero from Fubini’s Theorem.

4. The map 6 is C* on V from the definition of V and the properties of
the demand function f; on QY.

5. This is a consequence of 1. and 2.[]

Following Balasko [1], let us introduce the natural projection as well as
the extended projection.
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Definition 4.2 (The natural projection) The natural projection 7 is the
map from E,, to ) defined by:

Eeqg — Q)

T (p.e) — e (4.5)

The map II := 7o 6 is called the extended projection.
I:U — Q is defined by: TI(p, (wi)i%y, (m)i25") = 6%(p, (wi)y, (m)i57)-

Proposition 4.3 The mapping 11 is proper, locally Lipschitz continuous.
Moreover the mapping 11 is continuously differentiable on V. TI(U \ V) is
closed and has Lebesque measure zero in €.

Proof The mapping II is locally Lipschitz continuous and continuously dif-
ferentiable on the set V by the properties of #. The properness of II is a
particular case of the properness of F', the proof of which is given below as
part of the proof of Theorem 4.3.

The set TI(U \ V) is closed in © because the set U \ V is closed in U and
the map II is proper on U. The set II(/ \ V) has Lebesgue measure zero
because the map II is locally Lipschitz continuous'* and the set U \ V is a
null set. [J

There are different concepts of regularity for non-smooth mappings. In
this paper, a regular point is a point where the mapping is differentiable
and the differential mapping is onto. A value is regular if all pre-images are
regular points. A value is singular if it is not regular.

Definition 4.3 The economy e := (e;);cps is called regular if e ¢ TI(U \ V)
and if the differential of II at all the pre-images of e is onto. An economy
which is not regular is called singular. E™ denotes the set of regular economies
and E? the set of singular economies.

The following result is the extension of one of the cornerstones of the
differentiable approach of general equilibrium theory.

Theorem 4.1 The set of reqular economies E is an open dense subset of
Q of full Lebesgue measure.

Proof E" is open and has full Lebesque measure. We have already seen that
II(U \ V) is a closed null set. The set of the critical points of II}y is closed in
V), hence this set has the form ¥V N C where C' is a set closed in 4. Remark

14The image of a null set by a locally Lipschitz map is a null set. See Federer [14].
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that we have the equalities: E* =II[(CNV)UIIU \ V) =II(C)UII(U \ V).
We deduce that the set E° is a closed set since the map II is proper. This
set has Lebesgue measure zero by Sard’s Theorem and the previous theorem.
Hence, E" is an open set of full Lebesgue measure.

E" is dense. Indeed, the set E*° is a set of Lebesgue measure zero, so its
complement E" is dense. []

The following result summarizes the properties of regular economies. It
is a direct consequence of the Implicit Function Theorem.

Theorem 4.2
1. For e € E", there exists a finite number n of equilibrium prices.

2. For e € E", there exists an open neighborhood U C E" of e such that
the inverse image of U 1is the union of a finite number of pairwise
disjoint subsets (Vi,)r_, of V and such that the restriction of II to Vj, is
a diffeomorphism for all k =1,... n.

3. For e € E", there exist an open neighborhood U C E" of e and a finite
number n of continuously differentiable maps s, : U — S such that the
union U}_,si(€') is the set of equilibrium price vectors of the economy
ecl.

Remark 4.1 Note that, around a regular economy e, the number of equi-
librium prices is constant by the previous theorem.

We now turn ourselves to the computation of the degree of II. We first
remark that the mapping II is not continuously differentiable. So we cannot
use the classical definition of the degree. Therefore we consider the degree

for continuous mappings'®. Since the set U is unbounded, the definition of

the degree needs some properness assumption'®.

Theorem 4.3
1. The map 11 is of degree one and onto.
2. For all e € Q, there exists an equilibrium.

3. For all e € E™, there exists a finite odd number of equilibrium prices.

15A good reference is Deimling [12] for example.
16See Deimling [12] p.27.
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Proof We consider the extended projection II' corresponding to consumers
having as utility functions the functions u,.'"

The map'® F from S x R, x (11)™71 x [0,1] to R™ is defined for all
(&) = ((p, (wa)iy, (0)i21), 1) € S X R x (14)™ 71 x [0, 1] by:

F(€,1) = tTI(€) + (1 — OIT' ().

We first show that the inverse image of every compact subset I of €2 is a
compact subset of S x R7, x (1+)™~! x [0,1]. Let us consider a sequence
(§” = (p”, (w?),, (ni”)?fll) ,t”)y>0 of F71(K). We denote by (€”),>¢ the
sequence of K defined by e” := F (¢”,t") for v > 0. The sequence (£/,t"), -,
remains in a compact set of S x R™ x (1+)™~1 x [0, 1]. Indeed, the first and
the last components lie in a compact set by definition. Moreover, the set
A:={(p-e)™|(e;)™, € K, p€S}isacompact set. Since p € S and since
the set K is contained in €, every element a € A is positive i.e. a € R, .
By Walras law and the definition of F, w} =p” - e/ foralli =1,...,m and
all v > 0. Hence, the sequence ((wY)™,),>o lies in the compact set A.

The compactness of the set I and the continuity of the projection map
imply that the sequence (n? := proj;1€?),>o lies in a compact subset of 1+.
To conclude, up to a subsequence, the sequence (£”,t"),~, converges to a
vector (€ := (p, (w;)™,, (7)), 1) € SXxR™ x (11)™~1 x [0, 1]. Remark that
(w;), belongs to A so the real number w; is positive for all i = 1,...,m.

Now, we have to prove that this vector belongs to F~'(K). Thanks to
the continuity of F' and to the closedness of IC, it suffices to prove that the
price p belongs to S. By definition of F, II and II', the m-th component
of F, Fu(&,17) is equal to (1 — #)[fL (0", wh) + S0 (fH (07, wl) — )] +
(0 wh) + 200 (fi(p”, wt) — €¥)] for v > 0.

We first remark that, for alli = 1,...,m, (€/),>0 is bounded since (€"),>
belongs to the compact set K. We also remark that f;(p”,w?) and f}(p”,w?)
are positive. If (p”),>o converged to p in IS and (w});enm >0 converged to
some element (@;);ens € RT, then || fH(p”,w?)|| and || f;(p*, w!)|| would go
to 400 as v goes to infinity for all ¢ € M by monotony of the functions
(ui)iens and (u))ierr. So || Frn(€7,¢)|| would go to +oo, which contradicts
that F'(€”,t) belongs to the compact set K for all v > 0.

17As it can be easily understood, the definitions of II', f! and ! are analogous to those
of II, f; and #. The main difference is that those maps are smooth.

8By a slight abuse of notation, we denote by II and II' the extensions of those maps
to X whereas they were originally defined on &/ C X. Both are defined with the same
formulas as II (respectively IT!). Nevertheless, note that these extensions are not proper,
that is why we only consider here the inverse images of compact subsets of 2. At the end,
we obtain the existence of an equilibrium only for positive endowments.
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Since () is connected, the degree does not depend on the choice of the
element where it is computed. Let e € Q defined, fori € M, by &; := f}(p, w;)
for some (p, (w;)7,) € S x RT,. Let B := B.(e,r) be a closed ball of center
e contained in Q'Y and B := B,(e,r) the open ball of same center and same
radius. We know that the set F~!(B) is a compact set. The set F~!(B)
contains F~!({e}) and is an open set, by the continuity of F', contained in
F~1(B). Hence F~'({e}) is contained in the interior of F~!(B).

We now define the set ¥ := PIOjsxrre, x(14)m-1 F~1(B). This set is an open

set?’. The mapping F is obviously continuous on ¥ x [0,1]. Let F be the
restriction of F' to ¥ x [0,1]. From Balasko[l], the degree modulo 2 at & of
F, is equal to 1°!. Since Fj; }({&}) is contained in ¥, the degree of F} is also
equal to the degree of Fy by Property (d2) of the degree (See Deimling [12].).
The degree of Fy at @ is also equal to 1 since F' is a continuous homotopy.
Since F'({e}) is contained in 1, the degree of II at & is equal to the degree
of Fy. In conclusion, the degree of II is equal to 1.

Hence, for all e € Q, TI"!({e}) # 0, which means that there exists an
equilibrium for every economy e € ). The third point is a consequence of
the fact that II is locally C! around all the pre-images of a regular economy
using that the degree of I is equal to 1. [

5 Concluding remarks

This paper provides a contribution in the analysis of the individual behavior
and in the global analysis of the equilibrium with multiprior preferences.
The first main result is that, under an assumption of linear independence of
the priors, the demand of a consumer with multiprior preferences is locally
Lipschitz and continuously differentiable on an open set of full Lebesgue
measure. Using Rader [25] and this result, we derive that almost every
economy has a finite number of equilibrium prices.

The second main result concerns the genericity of regular economies. We
have recovered the usual results of the global analysis of economic equilibrium
from a differentiable viewpoint. Beyond most of the previous contributions in
non-smooth cases, we have obtained not only that almost every economy has
a finite number of equilibrium prices but that there exists an open set of full
Lebesgue measure on which the result holds true. Moreover, we have proven
that the equilibrium price selections are continuously differentiable. Further-
more, regular economies enjoy good properties like the local constancy of the

9The radius r has to be sufficiently small.
20The image of an open set by a projection map is open.
21See [1] pp 103-106.
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number of equilibrium prices.

The only restriction is the requirement of linear independence of the gra-
dients. First note that this requirement is easy to check. Then, remark that
this requirement is always satisfied when the agents have at most two “ex-
tremal” priors. It remains open to study cases where not all but just some
of the “extremal” priors are linearly independent.

6 Appendix

Proof of Proposition 2.1 The assumptions on the functions b;s imply
straightforwardly that the functions (ul);<g<n, satisfy Assumption 4.

Let us prove that Assumption 5 is satisfied. Let = € ]Rﬂ 4

IE > ke nsiz W VUl (Z) = 0 for some () renr(a), then, for all s € {1,..., S},

and for s =0,

keM (z)

Since Vb;s(Zs) > 0 for all s = 0,...,5 by Assumption 2, we get for s €

{1,...,S}:
Z e (s) =0
keM (z)

By the linear independence of the probability vectors (7¥)1_,, we conclude

that v, = 0 for k € M(z). Hence, the gradient vectors (Vul(Z))rem () are
linearly independent. So, the functions (uf);<x<n, satisfy Assumption 5.

By simple computation, Assumption 3 implies that Assumption 6 is sat-
isfied. [J

Details of the proof of Proposition 3.1 Let us summarize what fol-
lows. First we present the first order conditions characterizing the demand
f(p,w). Then, we consider a compact neighborhood = of an arbitrary ele-
ment (p,w) € RY, x]0,4+00[. We define a e-budget set and also a demand
function f¢ corresponding to this budget set. We show that this demand
function is singled valued and continuous on =. Thirdly, we show that for
some & > 0, f%(p, w) satisfies the first order conditions characterizing f(p, w)
for every (p,w) € Z. We conclude that f(p,w) is a singleton for every
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(p,w) € RY x]0,+00[ and that f is continuous on R’ , x]0, +oc[ in Lemma
6.1. Finally, we show that f is locally Lipschitz on R x]0, +o0o[ in Lemma
6.3. In Lemma 6.4, we show that the function f is continuously differentiable
locally around (p,w) € QV.

First order characterization of Problem 3.2.

f(p,w) is the solution of the problem:

min —%

subject to

t—uF(z)<0k=1,...,n (6.1)
p-r—w<0

x>0

Let us introduce the functions 7 : R x R | x R | x]0, 00— R and
g:R xR, xRS, x]0, +oo[— R"™ defined by:

o 7(t,z,p,w) = —t,
o gi.(t,x,p,w) =t —uk(x) for k € {1,...,n},
® guyi(t,z,p,w) =p-x—w.

(t,z) are the variables and (p,w) the parameters. The gradients and the
. . . . Z
Hessian matrix with respect to (¢, z) are given for all (¢, z,p,w) € R xR, x

RY , x]0, +oo[ by:

o Vr(t,x,p,w) = (_01>,

1
ng(taxapa w) = (_vuk(x)> for k € {17 s 7n}7

0
Vgnﬂ(t,x,p,w) = ( )7

p
e D’7(t,x,p,w) =0,

0 0
2 _
D?g(t, z,p,w) = {O —D2uk(x)] for k € {1,...,n},

D29n+1(ta T, Ps w) =0.
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The function 7 is linear, the constraint functions (gx);*| are twice differen-
tiable and satisfy: Vgi(t,z,p,w) #0forallk =1,...,n+1 and (¢, z,p,w) €
R x R, x RS, x]0, +oo[. The first order conditions related to this problem

are: if (t,x) is a solution, there exists A = (A\)1<p<ni1 € R such that :

( n+1

VT(taxap7w) + Z )‘kv.gk(tvxvpa w) =0

k=1
Megr(t,x,pyw) =0V e {1,...,n+ 1} (6.2)
g(t,z,p,w) <0VEke{l,... ,n+1}
(t,z,p,w) € R x RL, x RY, x]0, +o0]

\

Note that we have: {k € {1,...,n}|gx(t,z,p,w) = 0} = M(z). Thus, the
multipliers A\; are equal to zero for k ¢ M(z). From the above formula for
the gradients, these conditions can be rewritten as follows:

(D=1
Mt —ub(2)=0,k=1,....n
Angi(p-z—w) =0
t—uF(z)<0,k=1,...,n
p-x—w<0

[ A1 = Ppenr(e) M Vb (2)

First order conditions are necessary and sufficient. The first order conditions
are necessary because Mangasarian-Fromovitz condition for the qualification
of the constraints is satisfied everywhere. Indeed, for @ > 0 large enough,
(—a,—1) - Vgi(t,z,p,w) <0forall k=1,...,n+ 1.

We now check that these conditions are sufficient. Let (¢, x,\) satisfy-
ing these conditions. By the first equation and the fact that the vectors
(Vuk(z))7_, and p are elements of R}, we deduce that \,;; is necessar-
ily positive, which implies that the budget constraint is binding. If (¢,z) is
not a solution of 6.1, there exists (¢, ') such that ¢ > ¢, ¢’ < u*(2’) for
kE=1,....,nand p -2’ < w. Since u* is strictly quasi-concave with a non-
vanishing gradient, for all k € M(x), one has t = u*(z) < t' < u*(2'), so
Vu*(z) - (' — x) > 0. Hence,

(6.3)

Anp1p- (2 —x) = Z MeVuF(z) | - (' —2) >0
keM (x)
which implies that p- 2’ > p-x = w in contradiction with p -2’ < w. So, the
first order conditions are sufficient.

In the next lemma, we prove that f(p,w) is a singleton and f is contin-
uous.
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Lemma 6.1 Under Assumptions 4, 5 and 6, f(p,w) is a singleton for all
p €RL, and w > 0. The function f is continuous on R, x]0, +o0|.

Since the budget set is not closed, we need first to consider an intermediary
problem.

A e-problem For € > 0, f(p,w) is defined as the solution of the following
optimization problem:

max u(x)
subject to p-z < w (6.4)
xp>e, h=1,...¢

We define the e-budget set by:
Bi(p,w):={z eRzp, >e,h=1,... L p -z <w}

Lemma 6.2 For every (p,w) € R’ x]0,+o0[, there exist a number ¢ > 0
and a neighborhood = of (p,w) such that, for all € €]0,€[, for all (p,w) € =,
the set f¢(p,w) is a singleton and the function f¢ is continuous on .

Proof of Lemma 6.2 Let (p,w) € RY, x]0,+00[ and £ > 0 smaller than
w

er=oor
2 h1Pn
nonempty on a compact neighborhood = of (p, w).

For all (p,w) € Z, the set B(p,w) is a nonempty, compact and convex
set. Thus, by Weierstrass Theorem, the set f¢(p,w) is nonempty. By the
strict quasi-concavity of the function u?, the set f¢(p,w) is a singleton.

On Z, the interior of B*(p,w) is nonempty. We now prove that the func-
tion (p,w) — f°(p,w) is continuous on =. This is a consequence of Berge’s
Theorem|3] since the correspondence B is both upper semi-continuous and
lower semi-continuous on =.

On Z, the set B(p, w) remains in a fixed compact set K. Hence the upper
semi-continuity of B¢ is equivalent to the closedness of its graph, which is a
consequence of the continuity of the budget constraint.

We now show that the correspondence B¢ is lower semi-continuous. Let
us first introduce the correspondence B¢ defined on = by: Be(p,w) := {x €
Rflp-z < w,x, >¢,h =1,...,0}. The correspondence B¢ has an open
graph by the continuity of the constraints. So Be is lower semi-continuous.
Since B%(p,w) is nonempty for every (p,w) € 2 and the closure of B%(p, w)
is B%(p,w), we deduce that the correspondence B¢ is lower semi-continuous

. Such a choice implies that the interior of the set B®(p, w) is

22 Tndeed a differentiably strictly quasi-concave function is strictly quasi-concave (See
Balasko[2]). And the minimum of strictly quasi-concave functions is strictly quasi-concave.
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since the closure of a lower semi-continuous correspondence is lower semi-
continuous®.[]

Proof of Lemma 6.1. Since the function u is strictly quasi-concave and
the budget set is convex, f(p,w) contains at most one element.

First we show that for some & > 0, f°(p, w) satisfies the first order condi-
tions characterizing f(p,w) for every (p,w) € Z. We conclude that f(p, w)
is a singleton for every (p,w) € R’ x]0,+o0[ and that f is continuous on
RY | x]0, +o0|. To use the first order conditions, we rewrite Problem 6.4 as we
did since the function u is not differentiable. For all (p, w) € RY, x]0, +00],
fe(p,w) is the solution of the following problem:

min —%

subject to

g(t,z,p,w) <0k=1,...,n+1
ap(t,z,p,w) =e—x, <0h=1,...,¢

(6.5)

This problem is similar to Problem 6.1 except that there are ¢ additional
constraints, e —x, <0, h=1,..., /1.

As before, the necessary first order conditions can be written: if (¢, z) is
a solution of 6.5, there exists \° = (\)o<r<ni1 € RT and pf € RY such

that : e e
D1 Ak =
N(t—uF(2)=0,k=1,....,n
APz —w)=0
t—uF(z) <0,k=1,...,n
p-x—w<0
pi(e—xp) =0, h=1,...,¢
e—xp <0,h=1,... /¢
[ AP = Drem) AN VUl (@) +
Note that {k € {1,...,n}|gx(t,z,p,w) = 0} = M(x). Thus, the multipliers
A, are equal to zero for k ¢ M(x). Since X, ; # 0, p- 2 = w and the choice
of € small enough implies that at least one constraint aj is not binding. The
first order conditions are necessary because Mangasarian-Fromovitz qualifi-
cation condition is satisfied everywhere. Indeed, for a > 0 large enough,
(—a,—13) - Vgr(t,z,p,w) < 0 for all k = 1,...,n + 1 **. The satiated
additional constraints are affine and we have: (—«, —1j3)-Vay(t, z,p,w) = 0.

(6.6)

Our goal is to show that there exists £ > 0 such that the multipliers related
to the constraints (ay,)_, are equal to zero for all (p,w) in Z. We reason by

2See the appendix of [16].
241;, denotes the vector that all the components are equal to zero except the h—th one
that is equal to one.
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contradiction. Otherwise, there would exist a decreasing sequence® (g,),>0
that converges to zero and a sequence of = denoted by (pg, wy)>0 such that
15 (g, wq) # 0.

By compactness, we remark that the sequence (z, := f*(p,, wq))>0 con-
verges, up to a subsequence, to an element & belonging to the boundary of
Rﬂ + and that the sequence (pg,wq)q>0 converges, up to a subsequence, to
some element (p,w) € Z. In particular, remark that w is positive and that
p is different from zero. With a slight abuse of notation, we denote the con-
verging subsequences asathe original sequences. We write, for ¢ € N and

q
ke{l,...,n}, ot = )\);f . We have, for all ¢ > 0,

n+1

Pq-Tg— wWg =10

pe =Y oy Vuk(z,) + p (6.7)
k=1

(e —xgn) =0, h=1,...,¢

0 < pf < p, implies that (u°?),> o is a bounded sequence. Since all the
terms are non-negative in the second equation, for all ¢ € N, we have:

pll = 03" [V ()| Yk € M(zy).

Hence:

0 < o VuF(z,) -z, < VuF(z,) - Ty
“ Il [Vur ()
for all £ € {1,...,n} and ¢ € N. From Assumption 6, we obtain, for all
ke{l,...,n},
i V) 2
a—+oo [|[VuF(z)]|

So , for all k € {1,...,n},

lim aaqvuk(‘rq)'xq
e

= 0.

Finally, from 6.7, p® -z, = g,u° - 1 = g,4]|ps°1|| converges to zero. Hence,

summing the above limits, pﬁ . ﬁq converges to zero which contradicts ]ﬁ =
Pq p
uj > 0.
12

254 is supposed to be smaller than é.
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Therefore, there exists & > 0 such that p® = 0. Thus, f¢ satisfies the
necessary and sufficient conditions related to 6.5 for all (p,w) in Z. So f = f*©
on = and the continuity of f follows.[]

The following lemma is a consequence of the result of Cornet and Vial[g].

Lemma 6.3 The function f is locally Lipschitz on ]Rfo]O; +oo[. Hence f
is almost everywhere differentiable on R’ , x]0; 400

Proof To show that the function f is locally Lipschitz, we check that As-
sumptions (A.0), (C.1) and (C.2) of Corollary 2.3. of [8] are satisfied.

Assumptions (A.0) are satisfied. We take U = R x R, and P =
Rﬂ +%]0,+00[. The set U is open and obviously a metric space. So As-
sumption (A.0) (i) is satisfied. Assumptions (A.0) (ii), (iii), (iv) and (v) are
satisfied because the functions are C? on the set U x P. Assumption (A.0)
(vi) is satisfied with Q = C = —R7*1.

Assumption (C.1) is satisfied. We show that, at a solution (¢, x) of 6.1, the
vectors (Vgi(t, z,p,w))kem(z) and Vg1 (t, z,p,w) are linearly independent.
Let a vector ((vi)rer(z), Yn+1) € RIM@)+L guch that:

Z ’ykv.gk(t z,p, U)) + 7n+1Vgn+1<t7 z,p, U}) =0
keM (x)

We obtain:
ZkeM(x) Vi =0
Yopip = Y wVu(x)

keM(z)

If 9,41 = 0, then 7 = 0 for every k& € M(x) because the vectors
(Vuk(2))rem(z) are linearly independent by Assumption 5.
If v,01 # 0, we get by the first order conditions:

D (A‘“ S )Vuk(x)zo.

ke M () >\n+1 Tn+1

A
So we have: —& — & gop every k € M(z) by Assumption 5. But we get

A an
a contradiction since:

D DL S

keM(z) ML kén(m) An+1

Assumption (C.2) is satisfied. Let (t,z) be a solution of 6.1 with a cor-
responding multiplier A := (\;)71. Let us introduce the set K(z) := {k €

28



M(z)|\r, > 0}. We have to check that, for all h € R h # 0 such that:
Vr(t,x,p,w)-h =0 and Vgi(t,z,p,w)-h =0 for k € K(z)U{n+ 1}, we

have:

DzT(tax>p7w)+ Z AkDng@?mapaw) h-h>0.
keK (z)U{n+1}

Since we have : D?7 = 0 and D?%g,; = 0. It remains to show that:

Z MNeD?gi(t, z,p,w)h - h > 0.
keK (x)

This reduces to: o
= > D (@)h-h >0
keK(x)

where £ is the vector of R? deduces from h by deleting the first component.
Since V7(t,z,p,w) - h = 0 and Vg(t,z,p,w) - h = 0 for every k € K(x)U
{n + 1}, one obtains hy = 0 with the first equality and Vu*(z) - h = 0 for
k € K(zx). So h # 0 and the inequality is then a consequence of Assumption
4.

From [3], the function f is locally Lipschitz on Rf, x]0,4oc[ and by
Rademacher’s Theorem, the function f is almost everywhere differentiable.l]

The following lemma is a consequence of the Implicit Function Theorem
and its proof is quite standard borrowing ideas from Fiacco McCormick [15].

Lemma 6.4 If (p,w) € QO then the function f and the multipliers are
continuously differentiable on an open neighborhood N of (p,w). Moreover:
M|[f(p,w)] = M[f(p,w)] for all (p,w) € N. Consequently, Q° is an open

set.

Proof Recall that we have: Yk € M(f(p,w)), A\x(p,w) > 0. In this proof,
we use the following notations: 7 := f(p,w) and Ay = M\.(p,w) for k €
{1,...,n}. To simplify the notation, without loss of generality, we sup-
pose that we have: M (f(p,w)) = {1,...,7r}. Then, locally around (p,w),
by the continuity of the demand function and of the functions (u*)i<g<n,

(u(f(p,w), f(p,w)) is the solution of the following problem:
min —¢
subject to
t—uf(z) <0, ke {l,...,r}
prx—w<0
x>0
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As already shown, since the first order optimality conditions are necessary
and sufficient, the element (u(f(p,w)), f(p,w)) and the related multipliers
(AM(p,w), ..., \(p,w), Apt1(p, w)) are solution of G(t,z, A\, p,w) = 0 where
G is defined by:

(D k=t k) — 1

AV An
G(t>-f17, A b, ) = tZ_kul ( k) ;{f:xi +1p (68)
p-rT—w

To show that the function f and the multipliers are continuously differen-
tiable on a neighborhood of (p,w), from the Implicit Function Theorem, it
suffices to show that A, the partial Jacobian matrix of G with respect to
(t,x,\), has full column rank.

t X )\1 e /\r >\n+1
0 0 U 0
0 > MD%k(z) Vul(z) ... Vu'(z) -p
1 —Vul(a)T 0 .. ... 0
A= | . . . . . .
1 —Vu'(Z) 0 0
0 i 0 0
At
It is sufficient to prove that A | Az | = 0 implies: (At, AzA\X) = (0,0,0).
AN

At is a real number, Az is a column vector of dimension ¢ and A\ is a column
vector of dimension r + 1.
We obtain the system:

k=1
> D*uH(@) Az + ANV (E)] — AN =0 (6.10)
k=1
At — Az -VuF(Z) =0Vk e {1,...,1} (6.11)
Az-p=0 (6.12)

From Equations 6.11, for all k € {1,...,7}, MiAt — M Az - V¥ (z) = 0.
Summing over k, we obtain:
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Since A, 11p = Yy M Vuk(Z), we get:

<Z Xk> At — Az Api1p =0
k=1

From 6.12 and the fact that .7, A, = 1, we deduce: At = 0. Thanks to
6.11,
Az -VuF(z)=0Vk e {1,...,r}
which implies p - Az = 0 since A\, ;1D = > et N\ Vuk(z) and A\pyq > 0.
So if Az # 0, from Assumption 4,

Az - D*u(z)Ar < 0Vk € {1,...,r}.

Doing an inner product of 6.10 by Az, we get:

> MAz - DuF (@) Az + > (ANVUF(E) - Az) — AN P - Az =0
k=1 k=1

which becomes:
I

MAz - D*uF(z) Az = 0,
k=1
which is in contradiction with Az - D*u*(Z)Az < 0 for all k € {1,...,7}
recalling that the multipliers A are all positive. Hence, we get Az = 0.
Since Ayy1p = Y, M VuF(Z), 6.10 becomes:

Z (A)\k — Aj\)\n+1 /\k:) Vu’“(i) =0.

k=1 n+1

ANpi1 <
By Assumption 5, for every k € {1,...,r}, AX\; = 3 1 \e. From 6.9, we
n+1

have:

- AN - AN,
0= AN =) =N ==
k=1 o el Ant1

So AX,+1 = 0 and finally, AN\, =0 for k=1,...,r.0

Proof of Lemma 3.2 We first recall that D,A(p,v) is the Hessian ma-
trix of the expenditure function ek (.,v). Since the map ex(.,v) is concave,
D,A(p,v) defines a symmetric negative semi-definite bilinear form.

For p € Rﬂ+ sufficiently near from p , Ag(p,v) is characterized by the
first order conditions:
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o u"(Ak(p,v)) =", Vk € K,
o p=Y m(p)Vu'(Ax(p,)) with yu(p) > 0 Vk € K.
keK
We differentiate the first condition with respect to p and obtain at p for all
q € R:
Vu*(Ag(p,0)) - DAk (P v)(q) = Vu*(z) - DyAg (p,v)(q) = 0 Vk € K.

These equalities tell us that the image of D,Ak(p,v) is contained in the
linear subspace NgexVu*(Z)* of dimension ¢ — §K?°. Furthermore, since
D,AKk(p,v) is negative semi-definite, Vu*(z) belongs to its kernel for all
k € K. Thus, the dimension of the image of D,Ak(p,v) is at most ¢ — {K.
We differentiate the second condition with respect to p. We have for ¢ € R*:

¢ =Y m(p)D*uF (Ak(p, ) DAk (p, ) (@) + Y (Vir(p) - ¢) Vb (Ax (p, 0)).

keK keK

For all ¢ € Nkex Vu*(Z)*, we have:

q= [Zu p) D*ul(

keK

So we have for ¢ € Ngex Vuk(z)*:
DpAg(p,0)(q) =0 = q=0.

So the kernel of the restriction on NierVu*(Z)*+ of DyAk(p,v) is reduced
to zero. So the rank of D,Ak(p,v) is at least ¢ — £K. Hence, the rank
of D,Ak(p,v) is equal to £ — $K and the kernel of D,Ak(p,v) is equal to
L (vu (z) , ke K).O

Proof of Lemma 3.3 By Walras law, p- fx(p) =p - 7.
Differentiating with respect to p, we obtain for all ¢ € R%:

q- fx(p)+p-Dfx(p)(q) =q-

Since 7 = fx(p), this implies: p- Dfx(p)(q) = 0. Let k € K. By the chain
rule: Vg (p) - ¢ = Vu*(fx(p)) - D fx(p)(q).

26 This is a consequence of Assumption 5. Indeed, K C M () implies that the family
(Vu*(Z))rex is linearly independent.

Kl
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From the first order conditions of the utility maximization problem, we
have:

> NVuF(E) = NP -

keK

Recalling that f(p) = 7, we have:

ZkeK ka{)?{(ﬁ) g = ngeK S‘kyuk(f)) : Df_K(ﬁ)(Q)
= A1D - Dfx(p)(q) =0

Since the equality is true for all ¢ € R, we conclude that Y, M\ Vk (D) =
0. Recalling that the multipliers (Ax)rex are all positive and sum to 1,
since the functions (9% )rex coincide on a neighborhood of p, one concludes
Vok(p) =0 for all k € K.

Now we prove the second result. Since fx(p) = Ak (p, 9x(p)) in an open
neighborhood of p, it suffices to use the chain rule for differential mappings
and the above claim to conclude. Indeed, let ¢ € R?,

D fx(p)(a) = DpAx (P, v)(q) + (Z Vi () - Q) DAk (p,0).

keK

g

Proposition 6.1 Let E be a vector space and ® be a symmetric positive
definite bilinear form on E. Let (&)¥_, be a linearly independent family of
vectors of E. There exists a € Ri+ such that for allt=1,...k,

k
(I)(&, Z Oé]fj) > 0.
j=1
Let S be the simplex of R¥ and C' the subset of R* defined by:

C={(®(& Y a§)), | a € S}

Jj=1

Since ® is bilinear, its restriction to the space generated by the family (&)F_,
is continuous, so C' is a nonempty compact polyhedral subset of RF.

Let us first show that the conclusion of the proposition holds true if
cn Rﬁ  is nonempty. Indeed, if there exists c € C'N Ri +, then there exists
a € S such that for all i, ¢; = ®(¢;, Z?zl a;€;) > 0. Since ® is continuous
on the space generated by the family ()%, there exists t > 0 small enough
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so that for all i, ®(&;, Z?Zl(aj +t)&;) > 0, hence (o +1)¥_, € R, and the
conclusion of the proposition holds true.

We now prove by contraposition that C'N R, is nonempty. If it is not
true, we apply a separation theorem between C' and Rﬁ +» S0 there exists an
element A\ € R*\ {0} such that for (c,d) € C' x R¥,, X-¢c < X-d. Using
usual arguments, one deduces that A\ € Rﬁ and A -c <0 for all c € C. Let
a=(1/3F  \)A Then a € S. Let e = (®(&, 35, a;¢;))k,, then ¢ € C.
We remark that:

Ao =30, iz‘q’(&» Zfz}c a;&;) = ‘IZ(ZL Nii, Y5, @&5)
= (1) 2252 M) @iz Miis 251 As&)-
So @(Zle ik Zle A;€;) < 0 and since @ is positive definite, this implies

that Z?Zl A& = 0. Hence, since the family (&)¥_, is linearly independent,
one concludes that A\; =0 for j = 1,..., k, which contradicts A # 0.0J
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