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Abstract: Polymer nanocomposites filled with carbon nanotubes are observed to present an onset of the insulator-to-conductor 

transition through previous experimental studies. In this work, numerical simulations based on Monte Carlo method are 

performed to investigate the percolation threshold. The conductive fillers are modeled as a three dimensional (3D) network of 

identical units dispersed in the polymer matrix. However, the distribution of the fibers is not uniform due to the existence of the 

emulsion particles. The effects of the aspect ratio and fiber length on the critical volume fraction are studied. Linearization is 

made to the logarithm of simulation results. The calculated critical volume fraction is used in the power-law function to predict 

the electrical conductivity of the polymer composites. The results from the homogeneous model (without emulsion particles) and 

the model containing emulsion particles are compared. The effects of the size and the geometrical variation of the emulsion 

particles are evaluated. 
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1. Introduction

In the twenty-first century, many important applications of 

novel polymer and its composites reinforced by various types 

of nano-sized fillers were found in aerospace, medical and 

electronic industries. A common advantage of these 

composites is that certain material properties (thermal, 

electrical, mechanical or optical) are enhanced with 

minimum weight adding. [1, 2, 3, 4, 5, 6]. It is of interest to 

investigate that how most optimized properties of the 

material can be reached by varying the geometry, orientation, 

length scale, distribution and volume fraction of the fillers. 

Conductive fibers are embedded in the polymer matrix in 

order to increase the overall conductivity of the composites. 

The overall conductivity of the composites is controlled by 

the volume fractions taken up by the fibers. However, the 

conductivity-volume fraction curve is not a simple smoothly 

upgoing one. Experimental study by Bigg D. M., 1979 [7] 

revealed the existence of an insulator-to-conductor transition 

in such composites around a threshold as the volume fraction 

of the fibers reaches a critical value. It usually turns out to be 

a sharp onset of high conductivity K at a critical fiber volume 

fraction 
c

f . 

Percolation theory has been successful and widely 

accepted in describing this transition [8]. According to 

percolation theory, the conductive fillers can be modeled as a 

2D or 3D network of numerous segments, which are located 

regularly or randomly within the system. The exact solution 

to percolation problems have been obtained only for very few 

special cases [8], while the approximation methods, like 

Monte Carlo simulations, are expected to solve  more 
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general problems. The disordered topology is modeled with 

Monte Carlo method. The solution of the percolation process 

is obtained with the aid of computers with high computation 

capability. The earliest application of Monte Carlo method to 

solve the percolation problem was conducted by Pike and 

Seager (1974) [9], who did a 2D study on composites filled 

with straight sticks. In their work, the sticks were assumed to 

be of the same fixed length and the size in width was ignored. 

Balberg and Binenbaum (1983) [10] extended Pike and 

Seager’s study by accounting for the macroscopic anisotropy 

of the sticks’ orientation, as well as the distribution of the 

stick’s length. Natsuki (2005) [11] first considered the width 

of fibers in his Monte Carlo simulation for a 2D network. 

The dependence of percolation threshold on fibers’ aspect 

ratio and orientation angles was investigated. Studies on 3D 

percolation problems were also present later, including Taya 

(1987) [12] and Lee (1995) [13]. The former studied the 

in-plane electrical conductivity of straight short fiber 

composites, while the latter predetermined the orientation 

angle of the fibers, and the randomness of the fiber 

distribution was highly violated. 

It is understandable that the nanofibers in conductive 

composites take on high flexibility due to their extremely 

large length to diameter aspect ratios. The conductivity of 

such microstructure will certainly be different from that of 

the one which only contains straight fibers. To the date, the 

research on composites of fibers with different shapes has 

been done and much is still underway. For instance, Yi et. al 

(2004) [14] reported the increase of percolation threshold 

with the waviness of sinusoid-shaped fibers. Dalmas et al 

(2006) [15] simulated the 3D entangled fibrous network 

using a spline-shaped fiber model. However, the fibers 

diameter is not considered. 

2. Mathematical Formulation 

The model is set up in a Cartesian coordinate system. The 

continuum model of the carbon nanotube is a solid 

cylindrical stick (Fig. 1) which is assumed to be isotropic and 

homogeneous. In order to locate each fiber, we generate the 

random coordinates to the mid-point of the fiber. However, 

this is not enough to define the orientation of the fiber, so a 

local spherical system is induced to address this issue. The 

center of local coordinate system is set at the mid-point of the 

fiber. Two arms with half of the fiber length are defined. 

Diameter D is assigned to all the arms. Two independent 

angles α
i
 and θ

i
 are used to define the orientation of the fiber 

i. The fiber lengths of all the fibers in the system are taken to 

be identical. To identify a fiber, six random numbers are to be 

generated: the Cartesian coordinates are specified by the first 

three random numbers, and the orientation angles are 

specified by the other three random numbers which are 

entangled so that the angles are within proper ranges. As 

shown in Fig. 2, two samples filled by random array of 400 

and 800 fibers are plotted. 

 

Figure 1. Local spherical coordinate system for the nano-fiber (red). 

 

Figure 2. Samples with 400(a) and 800(b) fibers distributed randomly; the 

cube is nondimensional (of unity length) and the normalized fiber length and 

is 0.1. 

An arbitrary point 1 on fiber i can be defined using a 

vector X1 (shown in Figure. 3): 

1 1

i λ= +X X ζ                     (1) 

( )1 1 1 1

T
X Y Z=X                   (2) 

( )T
i i i iX Y Z=X                 (3) 

( )1 cos sin sin sin cos
T

i i i i iθ α θ α α=ζ       (4) 

where 
i

X , 
1

X  and 
1

ζ  designate the central point i, point 1 

and the directional unit vector of the line segment; 

[ ]( )/ 2, / 2L Lλ ∈ −  is the distance from i to the arbitrary point 

1; [0, ]iα π∈  and [0,2 ]iθ π∈ . 

 

Figure 3. An arbitrary point on the fiber apart from the fiber center with 

distance t. 
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The occurrence of the percolation in a polymer matrix 

composite sample with conductive fillers has to be determined 

by computations. The computation will do a search in the 

system to find a chain of fillers connecting two opposite walls 

of the sample. The principle of the computation is as follows: 

Each fiber is checked against another to find whether they 

intersect. In this work, the connectivity between ith and jth fiber 

is determined by checking whether the minimum distance 

between their axes are greater than a critical value, typically the 

diameter of the fiber or even smaller. The approach to find the 

shortest distance between two fibers was described in [16] and 

is implemented as below. Similarly, another fiber j with center 

point j and an arbitrary point 2 are defined as: 

2 2

j µ= +X X ζ                    (5) 

( )2 2 2 2

T
X Y Z=X               (6) 

( )T
j j j jX Y Z=X             (7) 

( )2 cos sin sin sin cos
T

j j j j jθ α θ α α=ζ    (8) 

The vector between any two points on the two lines is then: 

2 1 2 1

ij µ λ= − = + −d X X X ζ ζ         (9) 

ij j i= −X X X                (10) 

The shortest among these vectors is perpendicular to both 

lines, thus: 

d·ζ1 = 0                       (11) 

d·ζ2 = 0                       (12) 

Expand the above two equations: 

X
ij
·ζ1 + µ ζ2·ζ1 – λ = 0          (13) 

X
ij
·ζ2 + µ - λζ1·ζ2 = 0            (14) 

If two line segments are parallel or 2 1
=ζ ζ  and 2 1

⋅ζ ζ =1. it 

becomes: 

1

ijλ µ− = ⋅X ζ                (15) 

,λ µ  have multiple solutions. If two line segments are not 

parallel or 
2 1

≠ζ ζ  and 
2 1

1⋅ ≠ζ ζ , ,λ µ  can be solved: 

( ) ( )( )
( )

1 2 1 2

0 2

1 21

ij ij

λ
⋅ − ⋅ ⋅

=
− ⋅

X ζ X ζ ζ ζ

ζ ζ
       (16) 

( ) ( )( )
( )

2 1 1 2

0 2

1 2
1

ij ij

µ
⋅ − ⋅ ⋅

=
− ⋅

X ζ X ζ ζ ζ

ζ ζ
       (17) 

Insert the value of 
0

λ  and 
0

µ  into d : 

0 0 2 0 1

ij µ λ= + −d X ζ ζ               (18) 

The norm 0d  is the shortest distance between two line 

segments. 

If the condition: 0 ,D≤d  [ ]/ 2, / 2L Lλ ∈ −  and 

[ ]/ 2, / 2L Lµ ∈ −  is satisfied, then two fibers connect, 

otherwise they are disconnected. 

3. Computer Code Implementation 

The model is set up within a cubic space with unit length 

(non-dimensional). The purpose of scaling is to simplify the 

data processing especially when extracting the results of the 

calculation. 

The first step is to generate the fibers and fill them into the 

model, which are of the same fiber length and aspect ratio (fiber 

length divided by fiber diameter). Each fiber is characterized by 

five independent parameters: coordinates of the fiber geometry 

center (x, y, z); two angles θ  and α . Furthermore, since the 

fiber length is predetermined, the coordinates of two fiber ends 

can be calculated. Since the fibers are randomly distributed and 

oriented in the model, five parameters , , ,x y z θ  and α are 

supposed to be random numbers within certain ranges: 

[ ], , 0 1x y z ,∈ ; [ ]0,2θ π∈  and [ ]0,α π∈ , respectively. The 

random number generator [17, 18] was used, and it basically 

should have the following features: firstly, being capable of 

produce uncorrelated number sequence; secondly, having a 

long period (in case of the repetition of sequences); thirdly, 

being capable of producing a uniformly distributed number 

series; finally, high efficiency. 

This algorithm is particularly important for Monte Carlo 

methods due to its reliance on random sampling computation.  

Meanwhile, each fiber is assigned a fiber number and a cluster 

number. Initially, fiber numbers are sequentially assigned to 

each fiber from 1 to N, which is the total number of the fibers 

and the cluster number is set to be equal to the fiber number. 

Next, it is necessary to count the fiber number on the upper 

and lower boundaries. Two arrays are defined to store the upper 

and lower boundary fiber numbers. Then a subroutine is called 

to check the connectivity of fibers. Each fiber is checked against 

all the other fibers whose fiber numbers are higher. For example, 

the ith fiber will be checked with the fibers with fiber number 

form i+1 through N. The connectivity criterion is defined in two 

steps. Firstly, it must be true that two fibers i and j have 

overlapping in all three coordinate directions and therefore, the 

following condition has to be satisfied: 

min max

j ix x>  or max min

j ix x<  

min max

j iy y>  or max min

j iy y<  

min max

j iz z>  or max min

j iz z<  

If all the conditions above are not satisfied, the two fibers i 

and j are not possible to intersect, then fiber i will be checked 

against the next fiber j+1. If they are satisfied, the distance 
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between two fibers is calculated using the expression in Eq. 

(18). The result will be compared to the value of the diameter 

of the fibers. If larger than the diameter, two fibers do not 

intersect. If smaller or equal to the diameter, it can be regarded 

that two fibers intersect. The smaller distance than the 

diameter is possible, because some of the connected fibers are 

soldered by using microwave in the manufacturing process. If 

a fiber pair meets the above criterion, their cluster numbers 

will be set the smaller one of the two original cluster numbers. 

This has to be done to make sure all the fibers in the same 

cluster have the same cluster identification number. Also two 

clusters are marked with the same number if they share one or 

more common fibers. The fiber numbers of all the fibers in a 

cluster will be compared to the boundary fiber number stored 

in two arrays defined above. If both upper and lower boundary 

fibers are found in the same cluster, it can be concluded that 

two boundaries are connected and the sample is percolated in 

the direction perpendicular to the opposite boundaries. The 

critical volume fraction (CVF) is defined as the instantaneous 

volume fraction of the fibers when the percolation happens for 

the very first time in the system. 

4. Result and Discussion 

4.1. Effect of the Fiber Length 

One of the purposes of the numerical simulations is to 

investigate the filler’s size effect on the percolation threshold. 

Particularly, the effects of fiber length and aspect ratio on the 

critical volume fraction are studied. For better accuracy of the 

results, the calculation on each sample is performed 10 times, 

as shown in Table 1, and the standard deviation is evaluated 

(maximum and minimum values are used to create an error bar 

on each data point). Then the average of the rest values are 

calculated and regarded as the critical volume fraction. 

As shown above, within a sample (a cube of unit length), 

fibers of length 0.08 and aspect ratio 26.7 are distributed 

randomly. The initial fiber number is set to be 500 for this case. 

Then the computation does a search over the system to find the 

fiber cluster of percolation. Once such a cluster is found, the 

cluster number is set to 1 (initially 0) and the computation is 

terminated. The current volume fraction is regarded as the 

critical volume fraction of the system. If the cluster number is 

still zero after a search, a small increment (100 for this case) is 

added to the fiber number and the computation is repeated. An 

enough large upper bound of fiber number is set to terminate 

the calculation when it takes too long. Such a situation will be 

regarded as a inconvergency problem. The initial fiber number, 

the increment and the upper bound are adjusted based on the 

dimension of the fibers. It is important that the cluster number 

is 1, because it makes sure that the simulation is at the first 

time two opposite boundaries are connected by fibers. By 

calculating the standard deviation of 10 repetitions, the 

stability of the results is evaluated. Here the standard deviation 

equals to 521.1099 and the error (standard deviation divided 

by average fiber number) equals to 4.94%, which is within the 

tolerance (5%) and satisfactory. 

Table 1. Calculated results (10 repetitions) of critical volume fraction of 

fibers in the cube of unit length in which fiber length = 0.080; aspect ratio = 

26.7; fiber diameter = 0.003. 

Total Fiber Number Critical Volume Frac. Number of Clusters 

10500 0.0059 1 

10600 0.006 1 

10700 0.0061 1 

10200 0.0058 1 

11000 0.0062 1 

10400 0.0059 1 

9300 0.0053 2 

11100 0.0063 1 

10600 0.006 1 

11000 0.0062 1 

 

Figure 4. Effects of fiber diameters and lengths on the critical volume 

fractions. 

In Fig. 4, it is found that the critical volume fraction 

decreases when the fiber length increases. The critical volume 

fraction depends on two factors, the single fiber dimensions and 

the total fiber number at the percolation threshold. It is 

understandable that the probability that two randomly 

distributed fibers connect is larger when their length increases. 

However, smaller fibers have more difficulty to be connected 

and percolation happens at larger number of fibers. Meanwhile, 

it is concluded that the critical volume fraction increases with 

the fiber diameter when the fiber length keeps unchanged. 

4.2. Effect of the Aspect Ratio 

Aspect ratio is another very important factor which affects 

the percolation threshold. In this study, a set of fiber lengths 

are selected and for each fiber length several samples of 

different aspect ratio are used to calculate the critical volume 

fractions, fc. The results are plotted in Fig. 5: the critical 

volume fractions fc decreases dramatically with the increasing 

aspect ratio, which means the critical volume fraction 

decreases with the decreasing fiber diameters. The volume of 

a single fiber is proportional to the square of the fiber diameter 

and the fiber number needed for percolation threshold 

increases when the fibers become thinner, because it is more 

difficult to get a fiber pair connected. As discussed in the 

foregoing section, the fiber number is the dominant factor in 
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determining the critical volume fraction when the fiber length 

changes. To the contrary, the single fiber volume affects the 

critical volume fraction to a larger extent when fiber diameter 

changes. The results in Fig. 5 coincide with the conclusion 

form the previous experimental study by D. Bigg (1979) [7]: 

the percolation threshold relies on the aspect ratio greatly in 

the case of short fiber reinforced composites, that is, the higher 

the fiber aspect ratio is, the lower the volume fraction is 

demanded to obtain conductance. However, the simply plotted 

results are still ambiguous to predict the trend between critical 

volume fraction and aspect ratio. Natsuki’s research work in 

2005 [11] revealed that the logarithm of the critical volume 

fraction has a linear dependence on that of the aspect ratio of 

the fibers. 

 

Figure 5. Critical volume fraction vs. aspect ratio. 

Fig. 6 indicates that the linear relationship between the 

natural logarithm of fiber aspect ratio AR and critical volume 

fraction fc. The slopes of the straight line in Fig. 6 are the 

coefficients of the linear functions of curve fitting. The slopes 

varies with the fiber length a little bit, but it is around -1.40 on 

average，as shown in Fig. 7. This means that the critical 

volume fraction is generally proportional to AR-1.40. The 

result is twice as that of Bigg’s experimental data [7] but 

closer to Foygel’s theoretical and computational studies of 

carbon nanotube composites in 2005 [19]. 

 

Figure 6. Plotted logarithms of aspect ratios to critical volume fractions. 

 

Figure 7. Linearization of aspect ratios to critical volume fractions. 

Samples filled with low-aspect ratio fibers are more 

difficult to reach the percolation threshold because critical 

volume fraction can be much higher than that for high-aspect 

ratio fibers. The computation becomes also much more 

time-consuming and even fails as a result of inconvergency. It 

is unrealistic to perform calculations on all the samples. The 

success of linearization makes it possible to predict the critical 

volume fractions of low-aspect ratio fibers more accurately 

than directly using curve-fitting results, which follows the 

power law and is non-linear. Furthermore, the intersecting 

point between the linear function and the y-axis represents the 

logarithm of the critical volume fraction when the fiber length 

equals to the diameter, in other words, the fillers become 

particles, not fibers any more. 

4.3. Effect of the Emulsion Particles 

 

Figure 8. a) Schematic of CNTs suspended in an aqueous emulsion. Gray 

spheres and red lines represent emulsion particles and CNTs, respectively. (b) 

Schematic of the emulsion-based composite after drying. The CNTs form a 3D 

network along the surfaces of the spherical emulsion particles (c) composites 

was freeze-fractured (for instance, along the dotted line in (a)). CNTs 

(indicated by arrows) were wrapped around the emulsion particles (indicated 

by dotted yellow lines) rather than homogeneously mixed. SEMs of the 

cross-sections of 1, 3, 5, 10, and 20 wt% CNT composites are shown in (d), (e), 

(f), (g) and (h) respectively. The scale bars in the SEMs indicates 1um. 
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In the above sections, the nano-fibers are assumed to 

randomly located anywhere in the samples. The polymer 

matrix is considered to be homogeneous and isotropic. 

However, such a spatial distribution of fibers is not the case in 

reality. For instance, the polymer matrix is fabricated from 

poly (vinyl acetate) (PVAc) homopolymer emulsion (Vinac 

XX210) (Air Products, Inc.), which consists of polymer 

particles and water. When the fibers are scattered in the 

emulsion, they cannot penetrate the particles. After the water 

is drained, most volume is taken up by the polymer particles 

and the fiber are accommodated in the interstitial space 

between the particles (Fig. 8). 

To model the real microstructure of the polymer composites, 

it is necessary to exclude the fibers from the volume of 

particles. This requires check the locations of fibers after N 

random fibers are generated. Suppose there are 'N  fibers are 

located in the particles. Then they will be removed and the rest 

'N N−  fibers are kept. A new set of 'N  random fibers are 

regenerated. This process will be repeated till N fibers are 

placed in the interstitial spaces. The topology of emulsion 

particles in the real microstructure can be complex; however, 

it will be computationally troublesome, so in the simulation, 

all particles are assumed to be cubes or spheres for simplicity. 

The width of the interstitial space between cubs is set to be  

10% of the particle size and particles of different sizes are 

used (Fig. 9-10). 

 

Figure 9. (a) Real microstructure of irregular emulsion particles; the fibers 

are only distributed in the interstitial region between fibers; no fibers 

penetrate the surface of particles; (b, c) A cube matrix representing the 

emulsion particles; the ratio of interstitial gap width and cube length is 1/10. 

 

Figure 10. Samples with spherical emulsion particles. 

Similarly, the effects of the fiber size on the critical volume 

fractions will be investigated and compared to those results in 

the foregoing sections. The fiber diameter is selected to be 

0.005 as a default. It is found that the critical volume fractions 

decrease compared to that of samples without particles given 

the same fiber length and diameter (Fig. 11). Also when the 

normalized particle size increases, the critical volume fraction 

decreases. This is understandable since the existence of the 

particles narrows the volume for accommodating the 

nano-fibers and the probability of fiber connections are larger. 

The curve fitting is made by adding a trend line (dash line) to 

the calculated results (dots). It is noticed that the power law 

still works well. The critical volume fraction decreases with 

the increasing fiber length. The normalized fiber lengths 

(0.005~0.014) used are smaller than that in the previous 

sections because it does not make good sense that the fiber 

length is larger than the polymer particle size. 

 

Figure 11. Normalized fiber length vs. critical volume fraction of samples 

with/without emulsion particles (D = 0.005). 

4.4. Electrical Conductivity 

According to B. I. Shklovskii and Al. L. Efros [20] and D. 

Stauffer [8], electrical conductivity of nano-fiber network 

composites after the percolation threshold is expressed in Eq. 

(19): 

( )t

c o cf fσ σ= −                  (19) 

where 
c

σ  is the overall electrical conductivity of the 

polymer composites; 
o

σ  is the pre-exponential coefficient 

that is usually equal to the conductive phase (nano-fiber here); 

c
f  is the critical volume fraction and f  is the volume 

fraction; t is the conductive exponent. This power law 

expression has been validated analytically (D. Stauffer, (1985) 

[8]) and experimentally (Y. Hernandez et al. (2007) [21], C. 

Yu and J. Granlan (2008) [22]). More recent work can be 

found in [23], [24] and [25]. The exponent t is a universal 

value for two-phase composites. According to C. Yu and J. 

Granlan (2008) [22], the value of t is set to be 3.44 and 
o

σ  

equals to 1.26× 106 S/m. Then calculated volume fractions in 
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the previous sections are inserted into Eq. (19) and plotted the 

results in Fig. 12. The results show that the electrical 

conductivity increases with the fiber length. And also the 

conductivity curves of samples with particles are above those 

without particles. It is concluded that the larger electrical 

conductivities also attributes to the addition of particles. But in 

Fig. 12, there is no implication that there is a sharp change in 

the electrical conductivity, so instead, Fig. 13 (a), (b) use the 

logarithm plotting of the electrical conductivity, which also 

increases with the volume fraction. It is of interests to find that 

the curves become parallel to the Y-axis when it approaches to 

the zero point. The offset between the curve and Y-axis is 

equal to the critical volume fraction. This indicates that the at 

the percolation threshold there is a sharp increase in the 

electrical conductivity. 

 

Figure 12. Electrical conductivity. 

 

 

Figure 13. Logarithm plotting of electrical conductivity of samples 

with/without emulsion particles (a) fiber length L = 0.10 (b) fiber length L = 

0.05. 

5. Conclusion 

In this study, mathematical model is set up for a cubic 

nano-fiber network polymer matrix composites sample of 

unity length. The fibers are considered as line segments in a 

spherical coordinate system. Monte Carlo method is then 

used to generate the model by fill the randomly distributed 

and orientated fibers into the cube. The fibers are located by 

assigning random numbers between 0 and 1 to the 

coordinates of the fiber center point. Connection criterion is 

used to judge the connectivity of each fiber and its neighbors. 

Critical volume fractions are calculated for different fiber 

lengths and aspect ratios. Power-law function is used to 

predict the electrical conductivity after the percolation 

threshold. The numerical simulation reveals the effects of 

fiber length, aspect ratio and existence of the emulsion 

particles on the percolation threshold. 
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