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Consider a simple general equilibrium economy with one representative consumer, a single competitive firm and the government. Suppose that the government has to finance public expenditures using linear consumption taxes and/or a lump-sum tax on profits redistributed to the consumer. This note shows that, if the tax rate on profits cannot exceed 100 percent, one cannot improve upon the second-best optimum of an economy with constant returns to scale by using a less efficient profit-generating decreasing returns to scale technology.

Introduction

In many countries different firms face different price systems. For instance, in many countries a preferential tax treatment given to small firms favors the existence of several small units over a large plant. This typically creates production inefficiencies: it would be possible to get more output by reallocating inputs across firms, i.e., have a large plant instead of many small units. Whether such inefficiencies are justified is of first importance. In fact they appear to be inconsistent with the classical recommendation made by [START_REF] Diamond | Optimal Taxation and Public Production[END_REF] and [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF] that production efficiency should always be preserved in an optimal tax system: all firms should always face the same relative prices.

Under constant returns there are no profits in equilibrium and the production efficiency lemma of [START_REF] Diamond | Optimal Taxation and Public Production[END_REF] shows how to improve upon an allocation in the interior of the production set of the economy by reducing consumer prices. In the generalization to the case of decreasing returns by [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF] or [START_REF] Stiglitz | Differential taxation, public goods, and economic efficiency[END_REF] the existence of positive profits makes the property less obvious. Indeed consider a tax on profits and assume it has no distortive impact. Efficiency would recommend to use this tax rather than distortive taxes, e.g., consumption taxes acting as wedges between consumer and producer prices. Therefore, if the existence of taxable profits is accompanied with production inefficiency, the government could give up production efficiency in order to exploit the lump-sum feature of profit taxation.

The early literature on optimal taxation actually has provided an example based on a similar idea where production efficiency is not socially desirable. [START_REF] Mirrlees | On producer taxation[END_REF] shows that a government may find it welfare improving to use a decreasing returns to scale technology even though this technology is dominated by an available constant returns to scale technology. Decreasing returns allow the government to distribute a surplus to a single consumer using lump-sum taxable profits, rather than distortive consumption subsidies. In the absence of constraints on the profit tax rate, even an infinitesimal level of profits can be exploited to implement large lump-sum transfers: lump-sum taxation is achievable at the cost of small restrictions on the production set of the economy. 1The exact reasons why the results that prone departures from production efficiency are at odds with [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF] or [START_REF] Stiglitz | Differential taxation, public goods, and economic efficiency[END_REF] analysis are not entirely clear in the existing literature. Whether productive inefficiency is only valid in a few pathological situations or has a more fundamental validity is not clear either. In this note, we reexamine the [START_REF] Mirrlees | On producer taxation[END_REF] example keeping most of his setup. There is a single consumer who supplies labor and consumes a final good, owning a firm that transforms labor into good. We depart from his setup in two crucial dimensions. First the government has to collect taxes to finance positive public expenditures rather than distribute pre-existing resources. Second we require that profits not be taxed at a rate higher than 100 percent, as in [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF]. That is, for institutional reasons, the after-tax income from profits must be nonnegative. We find that profits generated by a dominated decreasing returns to scale technology should always be fully confiscated at the second best optimum to benefit from the lumpsum aspect of the tax. However we also find that substituting a lump-sum tax on profits to distortive consumption taxes cannot improve the welfare upon the level obtained at the second-best allocation of constant returns economy (where there are no taxable profits). Actually, decreasing after-tax profits is always increasing welfare, but the institutional constraint of nonnegative after-tax profits binds and leads to the level of welfare at secondbest allocation of the constant returns economy at most. Our analysis therefore reinforces the group of economists that advocate to stick to productive efficiency. It appears that the [START_REF] Mirrlees | On producer taxation[END_REF] example relies on two features which are uncommon in practice: the government has surpluses to distribute and may subsidize profits.

Our note is organized as follows. Section 2 describes the setup. Then, in Section 3, we specialize to the constant returns to scale linear case. Finally Section 4 considers decreasing returns to scale piecewise linear technologies, following [START_REF] Mirrlees | On producer taxation[END_REF]. We provide a simple argument for the desirability of production efficiency, which is extended to the class of all decreasing returns to scale technologies.

A simple economy

There are three agents in the economy: one representative consumer, one private firm and the government. Using labor supplied by the consumer, the firm produces a final good which may serve for private or public consumption. Labor is chosen as the numeraire. The production price of the good is p and its consumption price is q.

The production set Y describes the couples (y, ) of non negative production and labor that are feasible. It exhibits nonincreasing returns to scale and allows inaction, i.e., (0, 0) belongs to Y . The firm is competitive and thus considers the production price of the good as given. It chooses a production level y and a labor input that maximize its profit π = py -on (y, ) ∈ Y .

The consumer is the owner of the firm and as such receives after-tax profits m equal to (1 -τ )π, where τ is a proportional profit tax rate. The consumer also collects wages and uses all of her incomes to buy final good. Her budget constraint is qc = + m.

(1)

The consumer choices between consumption and labor are represented with a twice continuously differentiable strictly quasiconcave utility function u(c, -), defined on R + × R -, increasing in its two arguments. The pair (c, ) maximizing utility on the budget set is given by ( 1) and the first-order conditions in consumption and leisure yielding the standard equality between the consumer price and the marginal rate of substitution,

q = u c u (c, -) . ( 2 
)
The government has to finance public expenditures pŷ > 0. It only has two tax instruments at its disposal. First it can use a commodity tax q -p, a wedge between producer and consumer prices, yielding tax receipts of (q -p)c. Second it can also use a proportional tax τ on private profits, yielding revenues equal to τ π. We require τ ≤ 1.

(

) 3 
This constraint is satisfied in actual tax systems and may be linked to the absence of lower bounds on other incomes. The public budget constraint is (q -p)c + τ π = pŷ.

Linear technology

Following [START_REF] Mirrlees | On producer taxation[END_REF] our starting point is the economy where the production set is Y = {(y, -) | y -a ≤ 0} for some positive a. Labor supply must be at least as large as ŷ/a to produce the public good. The first-best optimum supply of labor is

FB = arg max {u(a -ŷ, -) | a ≥ ŷ} . (4) 
By convexity the first-best labor supply FB is unique, when it exists. The first-best optimum can be decentralized by equalizing consumer and producer prices to the social value of the good 1/a (measured in units of labor), q FB = p FB = 1/a. The public expenditures p FB ŷ can then be financed using a lump-sum transfer

m FB = -p FB ŷ = -ŷ/a < 0.
The requirement (3) and the fact that profits are nonnegative imply m ≥ 0, a condition that is violated at m = m FB . Thus the government cannot implement the first-best optimum with the available fiscal tools. Under constant returns to scale, the firm makes zero profits, implying m = 0. The only way to finance public expenditures is therefore to introduce a positive wedge between the consumer and producer prices, q and p.

The aggregate demand for the good is the sum of the private consumption c satisfying (1) and ( 2) and public consumption ŷ. Facing the producer price p = 1/a the firm produces y and uses y/a units of labor. The market clearing conditions in the markets for the good and labor are y = c + ŷ, and = y a .

We are now in a position to define an equilibrium of the economy with linear technology as follows:

Definition 1. An equilibrium of the economy (a, ŷ) with constant returns to scale is a triple (m, q, y) such that

q = u c u y -ŷ, - y a , q (y -ŷ) = y a + m, m = 0.
The first two requirements are (1) and (2) evaluated at a market clearing allocation. Zero after-tax income from profits comes from the use of a constant returns to scale technology.

In the sequel our benchmark will be the equilibrium which yields the highest level of welfare, i.e., the highest consumer utility. We refer to it as the second best equilibrium. Since m = 0 in equilibrium, the second best equilibrium is (0, q SB , y SB ) where q SB is the smallest (non negative) equilibrium consumption price. The corresponding consumer's utility level is denoted v SB .

Piecewise linear technology

Profit taxation cannot be used in the linear economy since profits are 0 in equilibrium. We study whether there exists a less efficient technology than that of the previous section, which would generate profits and therefore provide a new tax instrument to the government allowing to achieve a larger welfare than the second best equilibrium.

We first restrict our attention to a special form of piecewise linear production functions such that one unit of labor still produces a units of the final good, but only up to some production level ỹ, ỹ > 0. For production levels larger than ỹ, one unit of labor now produces 0 unit of the good. The supply of good is

   0 if p < 1/a [0, ỹ] if p = 1/a ỹ if p > 1/a.
By playing on ỹ this technology may yield positive profits at no real cost in terms of feasible production compared to the linear technology case. For p > 1/a the firm indeed produces ỹ units of the good, uses ỹ/a units of labor and thus gets positive profits (p -1/a) ỹ > 0.

Therefore any equilibrium production level y in the linear technology case can be obtained in the piecewise linear case by making the threshold ỹ equal to y.

If p ≤ 1/a profits are zero and so the after-tax profit m is also zero. By definition of the second-best equilibrium, this cannot improve upon the welfare level v SB . Hence in the sequel we focus on the case where p > 1/a. Definition 2. An equilibrium of the economy (a, ỹ, ŷ) with piecewise linear technology is a triple (m, q, y) with m ≥ 0, such that

q = u c u y -ŷ, - y a , q (y -ŷ) = y a + m, y = ỹ > ŷ.
Proposition 1. Consider a government that has to finance a positive public consumption ŷ. When the profit tax rate τ is constrained to be less than 1, there is no equilibrium of the economy (a, ỹ, ŷ) with piecewise linear technology, which improves upon the second-best equilibrium of the constant returns to scale economy (a, ŷ).

Proof. To each ỹ > ŷ is associated one equilibrium (the third equation gives y = ỹ, the first yields q, while the middle one gives m) when the value of m is nonnegative, or no equilibrium when it is negative. In an equilibrium, m = q -1 a ỹ -q ŷ ≥ 0, so that q is larger than 1/a. The social welfare is u(ỹ -ŷ, -ỹ/a). It decreases with ŷ. Following Definition 2, the change in social welfare with ỹ is

u ỹ + dỹ -ŷ, - ỹ + dỹ a -u ỹ -ŷ, - ỹ a u c - u a dỹ = u q - 1 a dỹ.
At any equilibrium the social welfare is increasing in ỹ. The best equilibrium is therefore the one with the largest ỹ. There exists an equilibrium (m, q, ỹ) where m equals 0: the second best equilibrium (0, q SB , y SB ) is the equilibrium of the economy with the piecewise linear technology where ỹ = y SB . By (3) at the best equilibrium m is equal to zero: otherwise if m were positive, a small enough increase in ỹ would yield a welfare improving equilibrium.

Thus the best equilibrium is the second-best equilibrium: the social welfare in an economy with the piecewise linear technology cannot be greater than v SB .

At first the result is surprising (see also [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF], bottom of page 91): even though the piecewise linear technology allows for positive profits that can be taxed in a lump-sum fashion at no real cost in terms of feasible production, profits cannot be exploited to reduce distorsions from consumption taxes and raise social welfare. The proof of Proposition 1 highlights the crucial role played by the institutional restriction (3), τ ≤ 1, on profit taxation. The first-best optimum requires a negative nonlabor income m = -ŷ/a which corresponds to a tax rate on profits higher than 100 percent, a level prohibited by the restriction (3). Then the best option for the government is to fully tax profits. The consumer thus receives no income from the firm, so that m = 0 as in the case of the linear technology where there are no profits. The best equilibrium coincides with the second-best equilibrium. By (3) the profit-generating piecewise linear technology can never yield a welfare improvement upon the linear technology case.

This property is particularly striking when profits are large enough to finance the public deficit, π > pŷ. In this configuration, public expenditures can be financed lump-sum by setting τ = pŷ/π < 1, using zero distortive consumption taxes, i.e., q = p. However, from the condition for positive profits p > 1/a, both p and q are greater than the social value of the final good 1/a. In fact, by Proposition 1, it is socially better to set a 100 percent profit tax and to subsidy consumption.

Proposition 1 considers equilibrium allocations. We now investigate whether an allocation in the interior of the production set of the economy (a, ŷ) with constant returns to scale may yield a welfare improvement upon v SB . We consider a quantity z, z ≥ 0, of the final good which can be interpreted as a waste: output is ỹ -z when labor input is ˜ with a ˜ = ỹ. The corresponding private consumption is c = ỹ -z -ŷ. The decentralization of this allocation requires

q = u c u ỹ -z -ŷ, - ỹ a . and m = q (ỹ -z -ŷ) - ỹ a ≥ 0,
The issue is whether there exists z > 0 such that

u ỹ -z -ŷ, - ỹ a > v SB .
The following result shows that this is never the case.

Corollary 2. Consider a government that has to finance a positive public consumption ŷ. When the profit tax rate τ is constrained to be less than 1. The sustainable allocation c = ỹ -z -ŷ, = ỹ/a of the economy with piecewise linear technology, and waste z > 0, never improves upon the second-best equilibrium of the constant returns to scale economy (a, ŷ). Indeed the allocation c = ỹ -z -ŷ and = ỹ/a is an equilibrium of the economy (a, ỹ, ŷ + z). The welfare at this equilibrium u[ỹ -(ŷ + z), -ỹ/a] is decreasing with z. Since ŷ + z > ŷ > 0 and τ ≤ 1, Proposition 1 implies that this level of welfare cannot improve upon the second best v SB of the economy (a, ŷ).

Remark 1. The same properties hold in the case of a general decreasing returns to scale technology. Suppose that the set of feasible allocations consists of (y, ) satisfying y -F (k, ) ≥ 0, with k a scaling real parameter, and F is increasing and concave in labor . Given k an equilibrium is defined as in Definition 2, replacing ỹ with the supply

y(p, k) ∈ arg max y {py -| y -F (k, ) ≥ 0} .
If k can be adjusted to yield a rise in equilibrium output, the best equilibrium is associated with a value of k such that m = 0. If F (k, ) ≤ a for every , then the second-best equilibrium of the economy (a, ŷ) with linear technology yields a higher welfare than the best equilibrium of the economy with the decreasing returns to scale technology. Production efficiency is therefore desirable. This extends the result of [START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF] obtained for smooth technologies when ŷ is positive and τ is smaller than 1.

Remark 2. [START_REF] Mirrlees | On producer taxation[END_REF] example. The marginal rate of substitution between consumption and leisure is 1/a if private consumption is c = a FB -ŷ. To decentralize such an allocation as an equilibrium of the economy (a, ỹ, ŷ) where ỹ = y FB = a FB , it must consequently be that q = q FB = 1/a. The budget constraint of the consumer then gives m = m FB = -ŷ/a. By Walras law the government budget constraint is satisfied for every p: since τ π = π -(1 -τ )π = π -m, we have (q -p)c + τ π = 1 a -p (y FB -ŷ) + p -1 a y FB --ŷ a = pŷ.

One can thus set p > 1/a. Then positive profit yields

m FB = (1 -τ )π = - ŷ a ⇔ 1 -τ = - ŷ aπ .
There is no equilibrium of the economy (a, y FB , ŷ) if ŷ > 0 since then m < 0, or equivalently, τ > 1. Financing public expenditures would require to set a tax on profits greater than the dividends received by the consumer, the supplement being paid from labor income. The first-best allocation can however be implemented as an equilibrium if ŷ < 0, i.e., a public surplus is to be distributed to the consumer, as in the initial example of [START_REF] Mirrlees | On producer taxation[END_REF]. In this last case where ŷ < 0, the highest level of social welfare that can be obtained as an equilibrium is lower in the economy (a, ŷ) than in (a, y FB , ŷ). Thus production inefficiency is socially desirable if ŷ < 0.2 

The case of a single consumer makes the property striking. Indeed the literature provides us with many examples where production efficiency is not desirable in the presence of heterogeneity across agents.[START_REF] Sadka | A note on producer taxation and public production[END_REF] illustrates the desirability of production inefficiency when consumers own different shares of the firms (see also[START_REF] Dasgupta | On Optimal Taxation and Public Production[END_REF], page 96): it may be socially desirable to let a firm use a less efficient technology to favor the consumers who own this firm. Following[START_REF] Sadka | A note on producer taxation and public production[END_REF] a number of works find a justification for production inefficiency in situations where the government main aim is to redistribute income among various shareholders.[START_REF] Reinhorn | Production efficiency and excess supply[END_REF] emphasizes (dis)continuity properties of dividend payments in response to changes in consumption taxes that may prevent reaching situations where production is efficient.[START_REF] Blackorby | Constraints on income distribution and production efficiency in economies with Ramsey taxation[END_REF] and[START_REF] Murty | Production efficiency and constraints on profit taxation and profit distribution in economies with Ramsey taxation[END_REF] instead highlight the role played by the government ability to set firm specific, possibly not proportional, profit taxation. In another strand of the literature production inefficiency may be a way to alleviate informational asymmetries, by playing on factor prices as in[START_REF] Wilson | The optimal public employment policy[END_REF],[START_REF] Naito | Re-examination of uniform commodity taxes under a non-linear income tax system and its implication for production efficiency[END_REF] and[START_REF] Blackorby | Production Efficiency and the Direct -Indirect Tax Mix[END_REF] or on observable occupational choices as in[START_REF] Saez | Direct or indirect tax Instruments for redistribution: short-run versus long-run[END_REF] and[START_REF] Gomes | Differential taxation and occupational choice[END_REF]. Production inefficiency may also be a way to deter tax evasion, as in[START_REF] Best | Production versus Revenue Efficiency with Limited Tax Capacity: Theory and Evidence from Pakistan[END_REF].

The Mirrlees example is based on a piecewise linear non-smooth production function. His analysis should apply to well chosen smooth technologies.