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Abstract

We show that both real indeterminacy and asset price bubble may appear
in an infinite-horizon exchange economy with infinitely lived agents and an im-
perfect financial market. We explain how the asset structure and heterogeneity
(in terms of preferences and endowments) affect the existence and the dynamics
of asset price bubbles as well as the equilibrium indeterminacy. Moreover, this
paper bridges the literature on bubbles in models with infinitely lived agents
and that in overlapping generations models.
Keywords: asset price bubble, real indeterminacy, borrowing constraint, in-
tertemporal equilibrium, infinite-horizon.
JEL Classifications: D53, E44, G12.

1 Introduction

The existence and dynamics of asset price bubbles are one of the fundamental ques-
tions in economics and finance. According to the classical paper by Santos and
Woodford (1997), conditions under which bubbles exist are relatively fragile. After
the global financial crisis of 2007- 2009, this topic has regained momentum and dif-
ferent new mechanisms of bubbles have been proposed.! To date, the literature on
rational asset price bubbles has focused on two frameworks: (1) overlapping genera-
tions models (OLG) and (2) infinite-horizon general equilibrium models with infinitely
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lived agents. Note that since the influential paper of Tirole (1985), numerous studies
have privileged OLG models to study the existence of bubbles and their macroeco-
nomic implications. Although it is also important to study infinite-horizon models
of bubbles,? this type of framework has received relatively less attention.® As rec-
ognized by Kocherlakota (2008), Miao (2014) and Martin and Ventura (2018), our
understanding of bubbles in infinite-horizon models is far from complete.

The present paper aims to address basic and open questions about rational asset
price bubbles in intertemporal competitive equilibrium: Why do asset price bubbles
exist in equilibrium? What is the connection between the existence of bubbles on the
one hand and the economic agents’ consumption and trade on the other? How do
the existence and dynamics of the asset price bubble depend on asset structure and
economic fundamentals such as endowments?

To answer these questions, we consider an infinite-horizon general equilibrium
model with a finite number of agents, where there are one consumption good and one
financial asset as Lucas’ tree (Lucas, 1978). Our model has two key ingredients: first,
agents are heterogeneous in terms of endowments and preferences; and second, there
exist financial frictions in the form of short-sale constraints, i.e., the asset quantity
that each agent can buy does not exceed an exogenous limit. As in Tirole (1982),
Kocherlakota (1992), Santos and Woodford (1997), given an equilibrium, we say that
there exists a bubble in this equilibrium if the equilibrium asset price exceeds the
fundamental value of the asset, defined as the present value of dividend streams. An
equilibrium with (resp., without) bubble is said to be bubbly (resp., bubbleless).

Our contribution is three-fold. First, we provide new necessary conditions for
the existence of bubbles in equilibrium. The literature on bubbles in infinite-horizon
models shows several conditions ruling out asset price bubbles. Kocherlakota (1992)
questioned the relationship between the existence of bubbles and borrowing con-
straints. He pointed out that, in the presence of bubbles, the limit infimum of the
differences between asset holding and borrowing limit equals zero. We go further by
proving that in any equilibrium with bubbles, there exist at least two agents whose
borrowing constraints bind (i.e., asset holding equals borrowing limit) at infinitely
many dates and whose assets holdings fluctuate over time. Moreover, if borrowing
constraints of an agent never bind, the existence of bubble requires that the asset
holding of this agent must converge to the borrowing limit.

Another famous no-bubble condition, given by Theorem 3 in Santos and Woodford
(1997), states that, under mild conditions, bubbles are ruled out if the present value
of aggregate endowments is finite. This condition still holds in a model with debt
constraints (Werner, 2014) and in a model with land and collateral constraints (Bosi
et al., 2018b). In our model with short-sale constraints, we also obtain this no-bubble
condition (see Corollary 3).

2Miao (2014) explains why we need to study infinite-horizon models of bubbles.
3In such models, it is difficult to characterize or compute the equilibrium. It is also not easy to
provide non-trivial examples of equilibrium.



Motivated by the fact that most of the no-bubble conditions are based on en-
dogenous variables, we contribute to the literature by providing conditions based on
fundamentals. The first condition (see Corollary 2) shows the role of the borrow-
ing limits: there is no equilibrium with bubbles if borrowing limits are high enough.
The second condition (see Proposition 3) shows the role of impatience: under the
assumption of uniform impatience, there is no bubble if agents strongly prefer the
present. The intuition is simple: if agents strongly prefer the present, they do not
buy the asset in the long run, ruling out bubbles. In particular, this is the situation
in finite-horizon models in which no one buys the asset in the last period eliminating
the possibility of bubbles.

Our second contribution concerns the construction of models with bubbles where
we can explicitly characterize the existence and the dynamics of bubbles by using
fundamentals such as agents’ endowments, borrowing limits, asset dividends, and
asset supply.

The above no-bubble conditions suggest us to focus on a two-agent model and
characterize the equilibrium in which borrowing constraints of both agents bind in-
finitely many dates (more precisely, the first agent’s borrowing constraint will bind,
for instance, at even dates and that of the second agent at odd dates). Focusing on
such equilibrium, we find that bubbles are ruled out if (1) borrowing limits of agents
are high enough and (2) the value of endowments (discounted by using the interest
rates of the benchmark economy) of the agent who buys asset vanishes in the infinity
(see Proposition 4). By consequence, there cannot exist a bubble if the benchmark
interest rates are high. The basic idea is that asset buyers’ income must be high
enough so that they are willing to buy the asset, even when the asset price exceeds
the fundamental value.

Notice that this condition concerning the benchmark interest rates is based on fun-
damentals and cannot be obtained from the famous condition in Santos and Woodford
(1997), which is based on endogenous variables. Our finding can be viewed as an ex-
tension of the no-bubble condition of Tirole (1985) in an OLG model* to our general
equilibrium model with infinitely lived agents. In this sense, our paper is the first to
create the connection between the no-bubble conditions in Tirole (1985) and those
in infinite-horizon general equilibrium models. Recall that Tirole (1985), Farhi and
Tirole (2012) need the convergence of interest rates of the economy without asset
while we do not require such convergence.

In the existing literature, there are some examples of bubbles in general equilib-
rium models with infinitely lived agents.® Concerning the asset having zero dividends
and positive supply (i.e., fiat money), Bewley (1980) (Section 13), Townsend (1980),

41t states that there is no bubble if the steady-state interest rate of the economy without bubble
asset is higher than the population growth rate

SBrunnermeier and Oehmke (2012), Miao (2014), and Martin and Ventura (2018) provide excel-
lent surveys on bubbles. Here, we focus on bubbles in general equilibrium models with infinitely
lived agents.



Kocherlakota (1992) (Example 1) and Scheinkman and Weiss (1986) show in infinite-
horizon general equilibrium models, that, when borrowing is not allowed, there exists
an equilibrium in which fiat money’s price is strictly positive. Santos and Woodford
(1997) present several examples of this kind of bubbles: their examples 4.1, 4.2 study
fiat money in deterministic models while their example 4.4 investigates fiat money in
a stochastic model. Hirano and Yanagawa (2017) also give sufficient conditions for the
existence of stochastic bubbles of an asset without dividend. There are a few exam-
ples of bubbles of assets with positive dividends. In a deterministic set-up, Example
4.3 in Santos and Woodford (1997) studies bubbles of an asset with positive dividends
but with zero net supply. Like us, Example 4.5 in Santos and Woodford (1997) also
investigates bubbles of the Lucas’ tree, although they use a stochastic model with
a single representative household.® Recently, Le Van and Pham (2016), Bosi et al.
(2017a), Bosi et al. (2018b) show that bubbles of assets with positive dividends and
positive net supply may appear even in deterministic models. Bloise and Citanna
(2019) provide a sufficient condition based on trade and punishment for default for
the existence of the bubble of an asset with vanishing dividends of an equilibrium
whose sequence of allocations converges.

To date, no example shows how the existence and the dynamics of asset price
bubbles depend on fundamentals such as endowments and the asset structure (div-
idends, asset supply, and borrowing limits). Our paper contributes to fill this gap.
More precisely, Section 4 of the present paper provides several conditions (based on
fundamentals) for the existence of bubbles. Notice that this task is not easy because
studying equilibrium requires us to work with a dynamical system that has infinitely
many parameters (which are our model’s fundamentals and dividends). We point
out that: when the benchmark economy has low interest rates and verifies the seesaw
property, the following factors promote bubble in equilibrium: (1) asset supply is low,
(2) borrowing limits of agents are low, (3) the level of heterogeneity (proxied by the
differences between agents’ fundamentals such as endowments, initial asset holdings,
rates of time preferences) is high, and (4) asset dividends are low with respect to
agents’ endowments. Consequently, our results suggest that bubbles may appear if
(i) the agents’ endowments grow asymmetrically, and (ii) there is a shortage of finan-
cial assets (i.e., there is a low supply and assets provide low dividends).” We also
prove that bubbles may not exist if one of these four conditions is not satisfied.

Let us explain the basic mechanism of asset price bubbles in our model. In each
period, there is at least one agent who really needs to save by buying the asset. When
the asset supply and borrowing limits are low, the asset price would be high (even
higher than its fundamental value) because it is the only way allowing this agent to

In this example, they introduce a sequence of non-stationary stochastic discount factors and
show that bubbles may exist under a state-price process but not under another state-price process.

"In our model, the intertemporal utility function is time-separable. Araujo et al. (2011) consider
the utility function ), G+u(cit) + € infi>o ui(c;¢) and show that the parameter €; plays a key
role on the existence of bubbles.



smooth consumption.®

To the best of our knowledge, we are the first to show that there is a continuum
of bubbly equilibria (with real indeterminacy) in models with infinitely lived agents
and with assets having positive supply and possibly positive dividends. With addi-
tional specifications, we can further provide a complete characterization of the set of
equilibria with bubbles, and compute the bubble component as a function of funda-
mentals (see Proposition 6). In our models of bubbles, the asset price may converge
to any value in [0, 00] or may fluctuate over time, depending on the fundamentals’
properties. Furthermore, here the existence of bubbles does not violate individual
transversality conditions (TVC, henceforth). Notice that individual TVC ensures the
optimality of agents’ choices and always holds in equilibrium while bubbles can exist
or be ruled out.

Our third contribution is to clarify the relationship between the existence of bub-
ble and real indeterminacy. The equilibrium indeterminacy in our model is global,
and no local approximation is invoked to prove this indeterminacy. Our proof relies
on the fact that asset prices, in some cases, can be recursively computed. Hence the
sequence of prices can be computed as a function of the initial price. Therefore, at the
initial date, any value can be an equilibrium price if it is low enough so that the price
and the bubble component will be not too high in the future, ensuring that agents
can buy them. As a result, there may be a continuum of asset prices and a continuum
of equilibrium trajectories. Notice that we require neither the convergence of these
trajectories nor the existence of a steady-state. So, the indeterminacy in our model
is quite different from the concept of dynamic indeterminacy in macroeconomics (see
Benhabib and Farmer (1999), Farmer (2019) for surveys on this issue). Our result on
indeterminacy complements the findings in Kehoe and Levine (1985), Kehoe et al.
(1990) who show that in a general equilibrium model with a finite number of infinitely
lived consumers and with complete financial markets, equilibria are generically de-
terminate.” Unlike them, we introduce financial frictions and prove that equilibria
may be generically indeterminate. Moreover, the real indeterminacy in our model is
associated with the existence of bubbles.

Our paper also contributes to understanding the relationship between financial
assets, the existence of bubbles, and welfare. First, we prove that the equilibrium al-
location in a model with bubble strictly Pareto dominates the autarkic one. The basic
intuition is that the financial asset, even it contains a bubble component, provides
two ways to smooth consumption: saving and borrowing. Thanks to this, agents can
transfer their wealth from dates with high endowments to dates with low endowments.
Second and more importantly, we show in Proposition 9 that, in our models where
there are multiple equilibria, the allocation of any bubbly equilibrium strictly Pareto

8We can prove that, if we introduce a new asset with which agents can borrow without limit,
there will be no bubble in equilibrium.

9More precisely, under conditions in Proposition 2 in Kehoe et al. (1990), there is a finite (odd)
number of equilibria.



dominates that of the bubbleless equilibrium (notice that the bubbleless equilibrium
is not necessarily the autarkic one). The idea is that both the asset prices and the
bubble component increase with the initial price. Consequently, the initial asset price
of the bubbleless equilibrium is lower than that of any bubbly equilibrium. When the
price increases, it helps to reduce the marginal rate of substitution of agents, which
in turn allows agents to smooth their consumption. Therefore, individual welfare
generated by any bubbly equilibrium is higher than that generated by the bubbleless
one. This point is consistent with Proposition 9 of Hirano and Yanagawa (2017). The
difference is that we work under general utility functions while they only focus on the
logarithmic utility function.

The rest of the paper is organized as follows. Section 2 presents the framework and
provides the fundamental properties of equilibrium. Sections 3 provides no-bubble
conditions. A number of models with bubbles and real indeterminacy are presented in
Section 4. Finally, Section 5 concludes and mentions future works. Technical proofs
are gathered in the appendices.

2 An exchange economy with short-sale constraints

Consider an infinite-horizon discrete-time model with short-sale as in Kocherlakota
(1992). There are a finite number m of agents, a single consumption good and an
asset. The asset structure is similar to Lucas’ tree (Lucas, 1978) with exogenous
dividend stream (d;);. Denote ¢;4,b;; the consumption and asset holding of agent i
at date t while ¢, is the asset price at date t. Agent ¢ maximizes her intertemporal
utility Z:;Og Bitui(cit) subject to the following constraints:

(1) Physical constraints: ¢;; > 0 Vt, Vi.

(2) Budget constraint: ¢;; + ¢bi+ < €;¢ + (g + di)b; 11 YV, Vi, where e;; > 0 is the
exogenous endowment of agent ¢ at date ¢ and b, _; is exogenously given.

(3) Borrowing constraint (or short-sale constraint): b;; > —bf Vt, Vi where bf > 0
is an exogenous borrowing limit.

An equilibrium is a list of prices and allocations (g, (¢;+, bi+)i)e>0 satisfying three
conditions: (1) given price, for any 4, the allocation (c¢;¢,b;¢); is a solution of the
optimization problem of agent i (i.e., Y,°% B ui(ciy) > limsupy,o Sor, Bivui(ciy)
for any sequence (¢}, b;) satisfying physical, budget and borrowing constraints), and
(2) market clearing conditions: > . b;; = L and >, ¢;y = >, ;4 + Ld; ¥Vt > 0, where
L is the net asset supply, and (3) ¢ > 0 V¢ > 0.

Denote W; = ). e;; + Ld; the aggregate resource at date t. We require standard
assumptions in the rest of the paper.

Assumption 1. Assume that wu; is concave, strictly increasing, and continuously
differentiable for any i. We also assume that 5;y > 0, e;, > 0, b;_; > —=bf, d; > 0,
Yo Biawi(Wy) < oo, limy_,o By = 0, Vi, t, and the net asset supply is positive (L > 0).



Assumption 2. There ezists an increasing function v(c) such that u;(c)c < v(c) Ve

and ), Biv(Wy) < oo Vi.

Notice that when ), £;; < oo Vi, and u;(c) = In(c) Ve, Vi or u;(0) is finite for any
7, Assumption 2 is a direct consequence of Assumption 1.

We start our exposition with the following result which plays a fundamental role
in understanding bubbles.

Proposition 1. Let Assumption 1 be satisfied.
(1) If (q, (ci, bi)i) is an equilibrium, we have first-order conditions (FOC):

Biwui(cie) = Niy (1a)
Nie@e = Nigr1 (Qerr + der) + 0, Mig(bie +07) =0, ;i > 0. (1b)
for any i,t. In addition, if Assumption 2 holds, then limy o A;1q(biy + bF) = 0.

(2) If the sequences (q, (c;,b;)i) and (N\;,m;) satisfy
(a) Cirsbiv, NigsMins >0, @ >0, biy > =, ciy+ qibiy = €y + (@ + di)big1 Vi, t;
(b) First-order conditions (1a-1b), and market clearing conditions;
(¢) Transversality conditions (TVC): limy_,o0 Ni1q:(bis + bF) = 0 Vi,
(d) For any i, the series y .o, [iui(c;y) converges.
then (g, (¢;, b;);) is an equilibrium.
Proof. See Appendix A.1. O

Proposition 1 provides necessary and sufficient conditions under which a list of
prices and allocation constitutes an equilibrium.!® Kocherlakota (1992) considers
a particular function ), Bfu;(c;¢) and states a similar result but he requires that
u;(c) <0 Veor u;(c) > 0 Ve (to ensure that the sum Y, Siu;(c; ) always converges).
Of course, his condition is not satisfied if u;(c) = In(c). Our result is more general
and also applies to unbounded utility functions, including u;(c) = In(c). Our result
is related to Proposition 1 in Bosi et al. (2018b). The difference is that we impose
exogenous borrowing limits while Bosi et al. (2018b) consider collateral constraints
and the borrowing limits depends on prices of assets in the future.

Our proof of TVC is quite different from that of Kamihigashi (2002). We cannot
directly apply the result in Kamihigashi (2002) because he only considers positive
allocations while b;; may be negative in our model. It is interesting to notice that
when u;(0) > 0 Vi, the second statement of Proposition 1 still holds if we replace
limy o0 Nigqi(big + b)) = 0 Vi by Iiminfy o0 A ¢qe(biy + 0F) = 0 Vil

Following the standard literature (Tirole, 1982, 1985; Kocherlakota, 1992; Santos
and Woodford, 1997), we introduce the notion of rational asset price bubbles.

0For the existence of equilibrium, see, among others, Bosi et al. (2018b) and references therein.
11Gee Remark 8 in Appendix A.1 for a proof.



Definition 1. Consider an equilibrium. We define discount factors (Ry); by Riv1q: =
G+1 + div1. The fundamental value of the asset is FVy = > 2, Qwdy where @y =

1R . We say that there is a bubble in this equilibrium if qo > F'Vy. In this case,
thzs equilitbrium is called bubbly. Otherwise, it is called bubbleless.

Remark 1. One can prove that 1 = R, max; %{;’Sl) vt > 0.12

In our deterministic framework, the sequence of discount factors (R;) is uniquely
determined. The reader is referred to Santos and Woodford (1997), Araujo et al.
(2011), Pascoa et al. (2011), Bosi et al. (2018b) among others for the notion of
bubbles in stochastic economies where discount factors (and state price processes)
are not necessarily uniquely determined.!?

According to the asset pricing equation ¢; = (g1 + di11)/Rit1, we have

T
G =Y Quds+Qrar, @ = Z gs T SR 2)
s=1

s=t+1 ©t @

So, there is a bubble if and only if ¢ > > o2, o Q.. This is also equivalent to
lim,_, Q;q; > 0, i.e., the discounted value of 1 unit of the asset does not vanish in the
infinity. In a particular case where d; = 0 V¢, the fundamental value equals zero; in
this case, there is a bubble iff the asset price is strictly positive (this is the notion of
bubble in Tirole (1985)).

Our main goal is to understand conditions under which rational asset price bub-
bles may exist (or be ruled out) in equilibrium as well as the implications of this
phenomenon.

3 No-bubble conditions in general cases

This section aims to study necessary conditions for the existence of bubbles and find
out new conditions under which bubbles cannot appear.

3.1 The role of borrowing constraints

The relationship between the existence of bubble and borrowing constraints is ques-
tioned by Kocherlakota (1992). However, he did not investigate whether borrowing
constraints are binding or not in equilibrium with bubbles. The following result ex-
plores such a relationship and shows our contribution with respect to Kocherlakota

2Tndeed, let ¢ > 0 arbitrary, then FOCs imply that ¢; > (g1 + di11) max; %12;72?2)“) Since
Zi bix = L > 0, there is an agent %; such that b;, ; > 0. Hence, 7,; = 0. By/ consequence,

a = (qr41 + dt+1)%:’133—w Therefore, we obtain our result.

13See Miao and Wang (2012, 2018) for the notion of bubble on the value of firm and Becker et al.
(2015), Bosi et al. (2017a) for the notion of bubble on physical capital.



(1992) as well as the connection between the existence of bubble and the trading on
the asset market.

Proposition 2 (bubble existence and borrowing constraint). Let Assumption 1, 2 be
satisfied. If there is a bubble in equilibrium, then we have that:

1. For each i, at least one of the two following statements is true: (i) there exists
an infinite increasing sequence i, of time such that b;; + b = 0, Vn; (ii)

2. There exist at least 2 agents i and j such thatl their asset holding sequences
(bit)e and (bj); do not converge. Moreover, their borrowing constraints bind
infinitely often: there exist 2 infinite increasing sequences (iy)n, (jn)n Such that
bii, +0; =0 and b;;, + b7 =0 for all n.

Proof. See Appendix A.1. O

Corollary 1 (Proposition 3 in Kocherlakota (1992)). Let Assumption 1, 2 be satisfied.
If there is a bubble in equilibrium, then we have liminf, . (b;; + b}) = 0, Vi.

Proposition 2 show that the existence of bubbles implies the fluctuations of asset
trading of at least 2 agents. More interesting, borrowing constraints of these two
agents must infinitely often bind. Our result is stronger than those in Bosi et al.
(2018b), where they prove that, if bubbles exist, there is at least 1 agent whose
collateral constraints bind infinitely often.

Let us provide a sketch and intuition of our proof. When the borrowing constraint
of an agent, say agent 7, is not binding from some date, say ty, then Q); = A, Sttz
Vt > to,Vi. It means that the discount factor of any agent is proportional to that
of the economy. So, the TVC which ensures the optimality of agent i’s allocation
implies that lim; o Q:q:(b;r + bf) = 0. When bubbles exist (i.e., lim; o Qg > 0),
we have limy,oo (b + 07) = 0.

Proposition 2’s point 2 leads to the following result showing the role of borrowing
limits (b}) and dividends (d;) on the existence of bubbles.

Corollary 2. Let Assumption 1, 2 be satisfied. If there is a date T' such that bid; > e;;
Vi, ¥Vt > T, then there is no equilibrium with bubble.*

Notice that this result still applies for the case where borrowing limits depend on
time, i.e., when the borrowing constraint of agent 7 at date ¢ is b;; + b7, > 0 where
bi, = 0 is exogenous.

14Indeed, suppose that there is an equilibrium with bubble. According to point 2 of Proposition
2, there is an agent ¢ and an infinite sequence (i), such that b;;, + b = 0 Vn. Let n be such
that i, > T. We have ¢ii,+1 = €ii,+1 — di,+10] = ¢i,+1(0] + bis,) < €41 — di, 4107 <0, a
contradiction.



3.2 Interest rates, impatience and bubble

A famous result in Santos and Woodford (1997) states that, under mild conditions,
bubbles are ruled out if the present value of total future resources is finite (this
condition was named ”high implied interest rates” by Alvarez and Jermann (2000)).'?
In our model with short-sale constraints, we can also prove a similar result.

Corollary 3. Let Assumption 1, 2 be satisfied. There is no bubble if
ZQt(Z&,t) < 00. (3)
£>0 i

Consequently, there is no bubble if liminf, Zéltet > 0.

Proof. See Appendix A.1. m

We provide here a sketch of our proof which is different from that in Santos
and Woodford (1997). By using condition (3), we prove that, for any agent i, the
discounted value of asset holding ().¢;b;; converges when ¢ tends to infinity. If there
is a bubble (i.e., lim; o Qrq: > 0), then the sequence (b;;) converges for any i. By
market clearing condition, there is at least one agent, say j, whose asset holding b;;
converges to a strictly positive value. So, this agent’s borrowing constraint is not
binding from some date on. By consequence, the TVC implies that lim; ., Qq:(b;:+
b;) = 0 which is a contradiction.

Corollary 3 also indicates bubbles can exist only if there is an infinite sub-sequence
of times (t,),>0 such that the ratio Y converges to zero, ie., the dividend will

Zi Citn
be very low with respect to the aggregate endowment. This condition is consistent

with those in Le Van and Pham (2016), Bosi et al. (2018b).

Our main goal in this subsection is to find out other conditions (based on fun-
damentals) under which bubbles cannot appear. To do so, we borrow the con-
cept "uniform impatience” in the existing literature (Magill and Quinzii, 1994, 1996;
Levine and Zame, 1996). Given a consumption plan ¢ = (¢;)i>0, a date t, a vector
(7,9) € (0,1) x Ry, we define another consumption plan, called z = z(c,t,7,d), by
ze=0cs Vs <t, 2y =+ 0, 2, = ycs Vs > t. We also denote U]l (c) = ZtT:o Birwi(Cit)
and U;(c) = limsups_, . Ul (c).

2

Assumption 3 (Uniform impatience). There ezists v € (0,1) such that for any
consumption plan ¢ = (¢;) with 0 < ¢, < Wy Vt, we have

Ui (a(e,£.7', W) > Uie) ¥i, ¥ € 1),

15Theorem 6.1 in Huang and Werner (2000) provides a version of Santos and Woodford (1997)’s
Theorem 3 in a model with debt constraints. Proposition 12 in Bosi et al. (2018b) shows a related
result concerning the bubbles of land.
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Proposition 1 in Pascoa et al. (2011) provides sufficient conditions for the uniform
1mpat1ence Notice that they only consider the case where u;(c) > 0 Ve, Vi. If u;(c ) =
1—0
& Vi, where 0 > 0, o 7é 1, and there exists v € (0,1) such that Blﬂ —LWe

(vl 1) Bis % == > 0 Vi, then the uniform impatience holds. We can also
consider logarithmic utlhty functions: If u;(c) = In(c) Ve, Vi and there exists v € (0,1)

such that §;; > _ln(’y) ZS * 111 Bis Vt, then the uniform impatience holds.
Our main contrlbutlon in this subsection can be stated as follows.

Proposition 3. Assume that Assumptions 1, 2, 3 hold and e;; — d;by > 0 Vi, Vt.
There is no bubble if

. Bigr1t(€ipp1 — diab})
| W =0. 4
T THmz Bith(S €ir + Ldy) (4)

This leads to two consequences.

1. When uz(c) = In(c), Bix = B Vi,Vt, and % lzgg with v € (0,1), there is
no bubble if
d 1
li T e ——
ngoﬁ Wr - WiW, tlzl max il 0 (5)

2. When u;(c) = 611:; where o > 0, B;; = ' Vi, ‘v’t and there exists y € (0, 1) such
that 21;j;1Wt1_U 4 (,yl—cr . 1) ZS . s— tW

T
we
lim gTWowl-—c | | max ——+—— = 0. 6
T_moﬁ nT 1 (€50 — deb)” (®)

Proof. See Appendix A.1. m

The basic intuition of Proposition 3 is that the value of bubble (i.e., lim,_, ﬁ)
must be zero if the discount factors (R;); are high enough. There are two key points
helping us to get (4) First, we use the uniform impatience to find an upper bound
of asset price ¢;: ¢ < (—W Vt. Second, and more importantly, by deriving an upper
bound on the intertemporal marginal rate of substitution of asset holders, we can find
an upper bound of 1/R;:

1 5i,t+1u;(ei,t+1 - dt+1bf)

< max Vvt > 0. 7
Ry = i Biui(> -, eir + Ldy) o (7)

and so an upper bound of the discount factor @;. By consequence, we obtain (4).
Proposition 3 contributes to the literature by providing conditions (based on fun-
damentals) under which bubbles are ruled out. Let us mention some consequences
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of Proposition 3. First, when borrowing limits (b;) and dividends (d;) are not high
(in the sense that e;; > db; Vi, Vt), Proposition 3 implies that bubbles do not exist
if the agents prefer strongly the present (formally, ;4+1/0;+ is low). In a particular
case, where ;; = (' with [ is low enough, there is no bubble. Notice that, when
there is T" such that 3;;, = 0 Vi,Vt > T, we recover a T-horizon model where we have
qo = Zle Q.ds and g, = 0 Vs > T, and therefore, there is no bubble.

Second, let us look at condition (6). Assume that W; is bounded and —%

R
% < Mg, Vi,Vt. Then, condition (6) holds if fm? < 1. It implies that there
is no bubble if o is small enough, or, equivalently, the elasticity of intertemporal
substitution 1/0 is high enough.

Third, in the case of zero dividends (d; = 0 Vt), conditions (4-6) do not depend
on borrowing limits b;. So, bubbles may be ruled out even borrowing limits are too
low. This in turn suggests that financial frictions are only necessary conditions for
asset price bubbles.

We end this section by mentioning that conditions (4-6) are only sufficient con-

ditions (not necessary) to rule out bubbles. They are quite restrictive (because
uj(eie41—dip1by)
i (D, eie+Ldt)
are useful because they suggest that the rate of time preference and the elasticity of

intertemporal substitution play a role on the existence of bubble.

may be high if the number of agent is large). However, these conditions

4 Models with bubbles

4.1 A model with two types of agents

We are now interested in constructing model economies in which bubbles exist. Propo-
sition 2 shows that such models must contain at least 2 heterogeneous agents. So,
we should focus on a model with two types of agents, say 1 and 2.1 Suggesting by
Proposition 2, we should look at equilibria in which borrowing constraints of agent 1
(agent 2) bind at any even (odd) date because this is the simplest model under which
bubbles may exist. Formally, we aim to find economies where there is an equilibrium
such that

bigt = —by, baor =L +0b], bror1=L+0b5 b1 = —bs. (8)
With these asset holdings, we have that

c10 =e10+ (g +do)br—1+ qob], c20=e20+ (g +do)ba,—1 —qo(L +07) (9a)
Ciot—1 = €121 — bidoy—1 — qu-1H, co01-1 = €221 + doy—1(L + b7) + qu—1H (9b)
c1ot = €12t + dot(L+05) + queH,  coor = €g9r — doby — qor H (9¢)

16Qur results below can be extended to a model with n types of agents and asset allocation is given
by b1nt = —b7,b1 nt+1 = —b7, .. b1 ntyn—1 = Hp — b7, bant = Hp — 03,02 nty1 = =5, .. b2 ntin—1 =
* * — n
—b;, bn,nt = —bn, ces bn7nt+n_2 = Hn — bn, bn7nt+n_1 = —b*, where Hn =L+ Zi:l b;k

n’
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where by _1, 09,1 are given and H = L + b} + b;.” The FOCs become

1 — ﬁ2,2t+1ulg(02 2t+1) Q2t+1 + d2t+1 51,2t+1ul1(01,2t+1) Qot+1 + d2t+1 (10&)
Ba.2tub(C2,2t) q2t = B (ciar) q2t
1 — Browu(croe)  Gor + do > Baortiy(Caoe)  Gor + da (10b)
51,2%1?/1(02 2t— 1) Q-1 52,215717/2(02,2#1) q2t—1

In the following, we will show conditions (based on fundamentals) under which
such equilibrium may have a bubble. First, we provide necessary conditions. The
idea is to look at the benchmark economy (i.e., the economy without assets). Let us
define the exogenous sequences (R;,), (R5,), (R;) by

52,15“/2(62,75)
52,t—1ul2(€2,t—1)

Bieui(ers) . 1—
51,15—1“’1(61,;:—1) Lo

1= R5,, and R} = min( ’{’t,R;t). (11)
1+ (vesp., R3,) can be interpreted as the subjective real interest rate of agent 1
(resp., 2) and R} as the real interest rate between dates (t—1) and ¢ in the benchmark
economy. Notice that R, > R; V¢ > 2 which means that the interest rate of the
benchmark economy is lower than that of our economy with asset.
We have the following result providing necessary conditions for the existence of
(bubbly) equilibrium in this two-agent economy.

Proposition 4 (the role of interest rates of the benchmark economy). Consider a
model with two agents. Assume that the sequence (q), asset holdings are given by (8)
and agents’ consumptions given by (9a-9c) constitute an equilibrium.

1. We have

22t > R 2t 1 2t+1 > R 2t+1 vVt >1 (seesaw p'roperty). (12)

2. Moreover, there is no bubble if

. €t _
LT (1)

In a particular case, where e, = e and R; = R* Vt, there is no bubble if R* > 1.

Proof. See Appendix A.2. O

The term 5 represents the value (discounted by using the interest rates of
1 t

the benchmark economy) of endowment of the agent who buys asset in the economy

with asset. Proposition 4 implies that, if there is bubble, the sequence of these

discounted values either diverges or converges to a strictly positive value. In the case

170bserve that such equilibrium exists only if e1,9i—1 — bjdai—1 > 0 and e oy — dob5 > 0 Vit (we
can interpret that the borrowing limits b3, b3 are low).
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of convergence, the existence of bubble requires that lim; ﬁ > 0. The basic
idea behind is that the income of asset buyers must be high enough so that these
agents are willing to buy the asset even the asset price exceeds its fundamental value.
Condition (13) is new with respect to the literature of rational bubbles in infinite-
horizon general equilibrium models. Notice that it is not implied by the well-known
no-bubble condition ), Q¢(> ", e;;) < oo (see Santos and Woodford (1997), Werner
(2014), Bosi et al. (2018b)) because R; > R}, Vt. The novelty of condition (13) is to
show the importance of interest rates of the economy without asset (these interest
rates are exogenous) on the existence of bubbles in the economy with assets.
Condition (13) allows us to establish the connection between the literature of
bubbles in OLG models and that in infinite-horizon models. Indeed, let us compare
it with the main result in the influential paper of Tirole (1985) who studies a pure
bubble asset (i.e., asset pays no dividend) in an OLG model. He provides a no-bubble
condition based on fundamentals: there is no bubble if the steady state interest
rates of the economy without bubble asset is higher than the population growth
rate. Condition (13), also based on exogenous variables, can be interpreted as a high
interest rates condition (indeed, it becomes R* > 1 if ¢, = e, Rf = R* Vt). So, our
result is consistent with that in Tirole (1985). The difference is that we do not require
the convergence of interest rates R; as in Tirole (1985) or in Farhi and Tirole (2012).

Remark 2. Condition (13) helps us to understand better a number of examples of
bubbles in the literature. Indeed, in Example 1 in Kocherlakota (1992) and Example
4.2 in Santos and Woodford (1997) of fiat money, we can verify that lim;_, ., ﬁ =
00, i.e., condition (13) is violated. Moreover, in examples of bubbles in Bosi et al.

(2018b), we have R; = 0, and hence condition (13) is also violated.

We are now interested in the set of (bubbly) equilibria satisfying (8) and (9a-9c¢).
We observe that, for z > 0, the sequence (q¢);>0, defined by go = x and the system
(10a-10b), is unique. So, we denote this sequence by (g:(z)):. We also denote Sy the
set of initial prices, i.e., the set of all values > 0 such that the sequence (¢;(z)) is a
sequence of prices of an equilibrium whose allocations are given by (8) and (9a-9c).

The following result shows interesting properties of the set Sy.

Proposition 5 (the set of (bubbly) equilibria). Let Assumption 1, 2 be satisfied.
Assume that for i = 1,2, the function cuj(c) is increasing in ¢, and that ey — dib >
0,e9, — diby > 0 Vt.

The set Sy is bounded and connected (in the sense that, if x,y € Sy and x < y,
then (z,y) C Sp). So, if the set Sy is non-empty, either it contains a unique element
or it 1s an interval. By consequence, we have that:

1. There is at most one bubbleless equilibrium.

2. If Sy contains at least 2 elements, there is a continuum of bubbly equilibria.

Proof. See Appendix A.2. O
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The key point of this result is that ¢; and R; are strictly increasing in gy while the
fundamental value F'Vy =), Q:d; is strictly decreasing in go.

Although Proposition 5 shows important characteristics of the set of (bubbly)
equilibrium, it remains to find conditions under which this set contains at least 2
elements. We will work under logarithmic utility functions, i.e., u;(c) = In(c) Vi = 1, 2.
In this case, the FOCs give

(€21 — byds _ Baalezo +doba1) Br([ bt by )~ H
¢+ dy B B2,0q0 Pa,o Lot
€12t — d2tb9{ _ 61,21&(@1,215—1 - deQt—l) _ H(M n 1) (14)
Gor + dat B1,2t-1G2t—1 Prae-1
ea2t+1 — Aoy Bosrpi(e2o — bidar) H(,BQ,QHI +1)
L @t T+ dortr B2.2tq2 Pa,2e .

where recall that H = L + b] + b3.
It is not easy to study this system because there are infinitely many parameters

(6i,t7 Bit; dt)-
4.1.1 Asset without dividends
We begin our exposition by studying a specific case.

Example 1 (a simple example). Assume that u;(c) = In(c), By = B* where 5 € (0,1)
and there is no diwidend (dy = 0 Vt). Assume also that by 4 = L + 3, by = —b},
and endowments are periodic:

(e14)t>0 = (w,e,w,e,...), (eat)>0 = (e,w,e,w,...), (15a)

where e,w >0 (so e, =e > 0,w, =w > 0 Vt).
Let us focus on equilibrium satisfying (8) and (9a-9c).

1. [f% <1 (i.e., R* > 1), there is no bubble.

2. 1If % > 1 (i.e., R* < 1: low interest rate condition), then the initial price of

any equilibrium with bubble must satisfy condition qy < %ﬁf;g,” . Conwversely, we
have:
(a) There is a unique equilibrium with initial price gy = %ﬁf;;”. Moreover, we

have q; = %Bﬁ:g” > 0 Vt.

(b) (Continuum of equilibria with bubble) For any value = in the interval

[0, %ﬁle;g”), the sequence (q;) determined by qo = x and Hq1t+1 = %HL%—%

Vit > 0,'8 is a system of price of an equilibrium with bubble. Moreover, (1)
q: is decreasing int and converges to zero, (2) the interest rate Ry = q;/qi—1

18 decreasing in t and converges to R* = % < 1.

8By convention, if ¢y = 0, we determine ¢, = 0 V¢ > 1.
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Proof. See Appendix A.2. m

Notice that in the case of bubbles in Example 1, the seesaw property (12) holds
and high interest rate condition (13) is violated (because e; = e and R* < 1)

Example 1 is related to several models of bubbles in general equilibrium, for
instance, Example 4.2 in Santos and Woodford (1997), Townsend (1980), Chapter 27
in Ljungqvist and Sargent (2012) (their model corresponds to the case e = 1,w = 0
in our model), Section 2 in Bloise and Citanna (2019). An added value of Example
1 is to show that multiple equilibria may exist and we completely characterizes the
set of multiple equilibria. By the way, it complements Example 4.2 in Santos and
Woodford (1997), which only examines the steady state ¢, = ¢ > 0, V¢ (but with a
general utility function).

However, Example 1 and those in the existing literature do not clearly show us
how the existence of bubbles depends on the dynamics of economic fundamentals and
on the asset structure (dividends and borrowing limits). This observation motivates
us to study the system (14) to understand bubbles in a more general case.

We firstly focus on the case of fiat money or pure bubble asset (i.e., d; = 0 Vt).
To simplify our exposition, we introduce some notations.

B,
Yit = ﬁ;“, Yot = V2,265 V2u+1 = V1,2t415 M2t = V1,2t H2t+1 = ’72,2t+1,W >0 (163)
it

€or = €29, €41 = €12441, W = €12, W1 = €22141,VE > 0 (16b)
. %_;c;t—l _..szo - }.R:,Vt > 1 (16¢)
thl_l—%_l—i-il—{—%_z—l—---—l— 1 1+'70L2i{b’{fl;;17v2522 (16d)
wy Ry wyq Ry Rj wq
LAb]—ba_
D= Lt 5*1”1’*2*’51 > 1. (16¢)
1

The following result provides a necessary and sufficient condition under which
bubbles exist in equilibrium.

Proposition 6 (continuum equilibria with bubble). Assume that d; = 0 Vt and
u;i(c) = In(c) Vi = 1,2. The sequences (b;+) given by (8), (cit) given by (9a-9¢c), and
(gt)t>0 constitute an equilibrium with bubble if and only if

_ Tttt MWy

X, = - S0vt>0  (17)
Wi+1 €1

Ity o I
sup{%R}k---Rf}<oo (18)

21 W41 €41

Ri-R,, 1 1 /1 L+b—byy

su +1 +---—|——<—+—’ >}<OO, 19
tZIQ) { €r—1 (’Ytq ) €0\ L+ b7+ b5 (19
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and the sequence of asset prices (q:)i>o is determined by

1 1
g € (0,q], —=—-1T"1y—D;Vt>1, 20
where the upper bound q is defined as follows:
¥2,0€2,0 Y1,0€1,0
Cj — ; min { €21 B €1,1 in th“t } (21)
L+0i +0; o B o glitet 121 X, Dy + YV )
€21 e1,1

where Y, = e 4 Liu
W1 €t41
By conseqﬁence, there is a continuum of equilibria and all such equilibria are bubbly

if (17-19) are satisfied.
Proof. See Appendix A.2. m

Proposition 6 is a generalized version of Example 1 for the case where endowments
and ratios % are time dependent.'® It provides a complete characterization of all
equilibria satisfying (8) and (9a-9¢). Importantly, we can explicitly describe all such
equilibria by using fundamentals. Conditions (17-19) are necessary and sufficient for
the existence of bubble, and they are satisfied for a large class of parameters. Con-
dition (17) implies the seesaw property (12), i.e., B3, > Ri o and R gy > R34,
Vt, for the logarithmic utility u(c) = In(c). Conditions (18-19) can be interpreted
as interest rates of the economy without asset (R;) are low enough. It implies that,
when w;(c) = In(c), there is no bubble if ), RI;;R: = oo. This is consistent but much
stronger than condition (13) in Proposition 4 with a general utility function.

Under conditions (17-19), the sequence (g;) is part of equilibrium with bubble if
and only if 0 < gy < @. So, the value ¢ can be interpreted as the maximum value of
bubble. The higher the value of ¢, the more chance to have a bubble in equilibrium.
So, it is important to understand how the upper bound ¢ depends on fundamentals.
Observe that

XiDy+Yy Dy Y;

Xr, T XTI
Wy Wi, 1+ Yo Wy Wi 1+ Y 1.1 L+bf—by_
_W t—1 Yi—1 4 1 t—2 Yi—2 +__‘+_(_+ 1* 2,*1)
o C—1 Yo V-1 €0 €—2 Yo V-2 € 7o L+ b7+ b5

+1+%‘|’(1+Mt)ww1---wt_1 1

€t+1
Wi41 :
ot €0 Ct—1 Yo V-1

€t+1

(22)

€t

Vtw, — Ht

Therefore, the maximum value g of bubble defined by (21) is decreasing in the asset

supply L, borrowing limits b7, 05, the endowment ratio f—t’f, the initial asset holding

YIndeed, when 3+ = 8¢, e; = e,w; = w, Vt,Vi = 1,2, we recover Example 1; in this case, we can
— Be

T w

compute that g
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by 1 of agent 1. Moreover, ¢ is increasing in the rate of time preference v, the initial
asset holding by _; of agent 2. Therefore, the following factors contribute to promote
the existence of bubble:

1. Asset supply L is low. (Asset shortage.)
2. Borrowing limits b} and b} are low. (Financial frictions matter.)

3. The initial asset by _; is high and/or the initial asset by _; is low. (Heterogeneity
matters.)

4. The endowment ratios 2 and Z;z—:i are high. (Heterogeneity and seesaw
property.)

B2,2t+1 and B1,2t

o e are high. (Heterogeneity and

5. The rates of time preference

seesaw property).?’

Making clear the role of these factors on the existence and value of bubbles is a
contribution of Proposition 6 with respect to Example 1 and the examples in the
literature. For instance, Bewley (1980) (Section 13), Townsend (1980), Kocherlakota
(1992) (Example 1), Scheinkman and Weiss (1986), Santos and Woodford (1997)
(Example 4.2), borrowing is not allowed, which corresponds to the case b} = 0, Vi, in
our model.

Proposition 6 can be viewed as a version of the classical result in Tirole (1985)
(Proposition 1) for an exchange general equilibrium model with infinitely lived agents
and short-sale constraints. With our specification, we explicitly compute the maxi-
mum level g of initial price bubble while it is implicit in more general models. More-
over, we do not require the convergence of interest rate as in Tirole (1985) and Farhi
and Tirole (2012).

Remark 3 (Equilibrium indeterminacy and bubbles). Proposition 6 and Example 1
show that, not only asset price bubbles but also real indeterminacy exist. Indeed, in
equilibrium, the consumption allocation is given by

* *
c10 =e1,0+ qo(bi,—1 + b)), 2,0 = €20+ qo(be,—1 — L — 1)
Crot = €19t + Qo H, Coot = €291 — QorHd
Clot41 = €12041 — Qs 1 H, Co2t41 = €2.2¢4+1 + Qa1 H.

where the sequence of prices (¢;) is determined by (20). In our model, since there is
a continuum of equilibrium price systems, there is real indeterminacy. This point is
interesting because our model contains only one consumption good and a single asset.
Our framework indicates that financial frictions and heterogeneity may generate real
indeterminacy.

20When B;; = B! Vi,t, the existence of bubbles requires that 2 must be high enough (this is
consistent with the finding in Proposition 3).
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4.1.2 Assets with positive dividends

We now focus on the case where dividends are strictly positive (i.e., d; > 0 Vt > 0).

Looking back to Definition 1, the asset pricing equation ¢; = % implies that

0Q = q1Qu1(1+ des1 ). By iterating, we get that o = qrQr Hle(l + %). Bubbles

qt+1
exist (i.e., limy_o Qyq; > 0) if and only if lim;_,, Hthl(l + %) < o0, or, equivalently,

> % < 00.2! From this, we obtain a necessary condition for the existence of bubble.

Corollary 4. Consider an equilibrium whose allocations given by (8) and (9a-9c).
The existence of bubble requires that

dot dat—1
— < o0 and < 00. 24a
Z €29t — b§d2t ; ( )

2 €12t—1 — b’{qu

This condition helps us to construct our example of bubble. Before providing con-
ditions under which there is a continuum of bubbly equilibria, we introduce notations.

= y2,0(e2,0+dob2,—1) ., = 72,0(L+b7 —ba,—1)+H — __ ezo0—e1,0—do(b1,—1—b2,—1)
1= e2,1—b3d; - e2,1—b5d1 o = L+2b%+b1,_1—bz,_1
Gy = 7,2t—1(e1,2e—1—bjd2t—1) H,, = H(14+vy1,2t-1) _ _ e12t—1—e2,2¢—1—(L+2b})dot—1
2t = e1,2¢—bjday 20 = Teq g —bidy G2t—1 = 2H
N — 72,2t(e2,2¢—b3dat) H — _ H(l472,21) — __ ezr—e1,0e—(L+2b%)doy
2t+1 = €2,2t+1—b3dot+1 2t4+1 = €2,2t41—b3d2t 11 2t = oH .
(25)
With these notations, the FOCs (14) can be rewritten as
1 a; . qi—1
= — — H, Vt > 1, or, equivalently, g = ———— —d, Vt > 1  (26)
@ +di g a; — Hyqp 1

The main result in this section is stated as follows.

Proposition 7 (continuum of equilibria with bubbles). Let u;(c) = In(c) Vi = 1,2
and d; > 0, Vt. Assume that H, > 0, a;p1/Hiv1 < G Vt and there are sequences
()e>1, (0¢)i>1 satisfying 0 < oy < 1 < 0y and

as1Hy QY

Strong heterogeneity: > 27a
Hiq Oét+1<1 - Oét) ( )

dy Ot4+1 a
dt+1 O't*l t+1

Low dividend condition: 1—(oy— 1)diH; > 0 (27b)

o1a1dy alay
and o < °h

Then, there is a continuum of bubbly equilibria. More precisely, any sequence (qgi)i>o
determined by

oamd; oy
1 +d1H17 H1

q € ( ) and (q¢)e>1 is computed by the system (14) (28)

2IThis condition was also proved in Montrucchio (2004), Bosi et al. (2018b).
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is a system of prices of an equilibrium in which asset holdings are given by (8) and
agents’ consumptions are given by (9a-9c). Moreover for such equilibrium, we have

gtatdt Qg
——— < @1 < —— Vt > 1. 29
I +di, ~ "' S ' E (29)

Proof. See Appendix A.2. O

Proposition 7 partially extends Proposition 6 to the case where dividends are time
dependent. To the best of our knowledge, Proposition 7 is the first result showing
the existence of multiple equilibria with bubbles of assets with positive dividends in
deterministic general equilibrium models.?? Note that dividends and endowments are
time dependent.

Look at condition (27a), we observe that

o1 Ho; _ Yoot (1 4 Y126-1) €29t — bidoy

Hy iy 14+ y20¢ e12t — biday
agHoy—y _ Y2t—1(1 + Y2,20—2) €1,20-1 — bidor—1
Hy, 14+ 7001 e29t—1 — bidor—1

Therefore, condition (27a) ensures that there are a strong heterogeneity and a seesaw
property in our model. It can also be viewed as a ”low interest rate condition”.

It is essential to mention that there exist exogenous parameters satisfying all
conditions in Proposition 7. Indeed, we can choose parameters as follows.

Step 1. We choose oy = o, 0 = o Vt.

Step 2. We choose v, = € (0,1) Vi, Vt. So, condition I‘fft—i < @, Vt, becomes

B(eao + doba,—1) ea0 — €10 — do(by,—1 — ba 1)

30
BL+b;—byy)+ H L+2bi b1 1 — by (30a)
5(61,27&71 - b){d2t71) < €12t—1 — €22¢—1 — (L + Qb’f)dmfl (30b)
(1+ B)H 2H
B(egar — bidat) - egor — €10t — (L + ng)d%. (30¢)
(1+p)H 2H

Step 3. We choose eg21+1, €1,9¢ such that H; = h > 0 V¢. Hence, Hgl =1.
Step 4. Given that (d;) is low, we can choose eg 9, €1 241 sufficiently high so that
(1 — @)az41 > 1 and (30a-30c) hold. (This is a low interest rates condition.)

22Le Van and Pham (2016) (Section 6.1) and Bosi et al. (2017a) provide examples of bubbles of the
Lucas’ tree, where the asset price may be multiple (due to the portfolio effect) but the consumption
is not affected by the existence of bubbles. Our added-value is that the equilibrium indeterminacy
in our model is real (in the sense that different equilibria have different consumption allocations)
and the asset price affects agents’ consumptions.
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Step 5. Choose (d;) and d;—:l low enough such that (27a), (27b) are satisfied and
l‘i‘z—lldl;l < 97+ (This is a low dividend condition.)

Although Proposition 7 provides a general sufficient condition under which there
is a continuum of equilibria with bubbles, it would be useful to give examples with
explicit mechanisms. We firstly focus on parameters satisfying the following assump-
tion.

Assumption 4. Assume that v;; = 8 € (0,1) (i.e., iy = ') and endowments are
e19t-1 = bido—1 + e, €19 =bjdy +w, eg_1="0bdy1+w, e =0bydy+e
where e, w > 0.

Under this specification, (a;), (H:) defined by (25) become a; = a = %, H,=h=

HB+Y ¢ and the system of price (g:) satisfies

w

1 —
=L v > 1, or equivalently ¢, = B (o S

—d, Vt > 1 32
@ +di g a— hgi—1 L= (82)

In this case, we have the following result which helps us to identify all possible
outcomes of equilibrium.

Proposition 8. Let u;(c) = In(c) Vi = 1,2 and Assumption 4 be satisfied. Assume
that (q:) is the price of an equilibrium in which asset holdings are given by (8) and
agents’ consumptions are given by (9a-9c).

1. If % < 1 (i.e., R* > 1: the interest rate of the benchmark economy is high),
then there is no bubble.

2. If % > 1 (i.e., R* < 1: the interest rate of the benchmark economy is low),
then there are only three cases:

(a) There is no bubble.

(b) The equilibrium is bubbly and g, converges to zero.

Be_ Be_
(c) The equilibrium is bubbly, q; > % Vt, and q; converges to %.

Moreover, when %

Be
(8), (9a-9¢) and q; > % Vt.

> 1, there is almost one equilibrium satisfying conditions

Proof. See Appendix A.2. O
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According to Proposition 8, in equilibrium with bubbles, the asset price ¢; con-

Be_
verges either to zero or to m'zg

We now complement the gweneral results of Proposition 8 by providing examples of
bubbles for each case. We start by the case where ¢; converges to zero or to a positive
value.

Example 2 (continuum of equilibria with bubble and ¢ — 0). Let w;(c) = In(c)
Vi = 1,2 and Assumption 4 be satisfied. Assume that there exists o such that 1 < o
and

Low interest rate condition: pe > 1 (33a)
w
(0-1 di - Pe
o dt+1 w
dt < %
Low dividend condition: (1;516)_(?0“)[{ (33Db)
dy < H—
t H
oady < Be—w
\ 1+d1w H(B"’l)
and 5(62,0 + dobz,—l) < €20 — €10 — do(bl,—l - 52,—1) (330)
B(L+bf—bgy_1)+H L+2b7 + b1 — by

Then, any sequence (¢;)>o determined by the system (26) and

E(Uadl a—l]
©E\TFan  h

is a system of prices of an equilibrium at which asset holdings are given by (8) and
agents’ consumptions are given by (9a-9c). Moreover, Proposition 5 implies that there
is a continuum of bubbly equilibria. For any equilibrium with ¢y < “—;1 (including
bubbly equilibrium), the asset price ¢; decreasingly converges to zero when ¢ tends to

infinity.

Example 3 (an equilibrium with bubble and ¢; — ¢ > 0). Let u;(c) = In(c) Vi = 1,2
and Assumption 4 be satisfied. Assume also that a > 1. Let x > 0 such that
2+l > @ > 1 and define the sequence (d;) by

T

1 x4+ 1Nt/ 1 hz(x +1) hz(z +1)
— = S 4
dy ( za ) (do 1—(@—1)x)+1—(a—1)x (34)
1-8
l1—(a— 1)z € W
dy < ————, dy < —F——— 4b
0<dy< SR 7 (34b)

23This result is related to Propositions 2 and 3 in Bosi et al. (2018a). The difference is that Bosi et
al. (2018a) consider an OLG model with descending altruism while we study a general equilibrium
model with infinitely lived agents.

22



Observe that 0 < had, < 1 Vt and zd; + d; = 1ﬁitdil' Moreover, ., d; < oo.

Define the sequence (¢;) by ¢ = “T_l + ad; Vt > 0. Then (¢) is a system of prices
of an equilibrium at which asset holdings are given by (8) and agents’ consumptions
are given by (9a-9c). Moreover, ¢; decreasingly converges to (a — 1)/h.

In this equilibrium, we have >, (d;/q;) = Zt(%) < 3, dit < o0, So, this

equilibrium experiences a bubble.
Proof. See Appendix A.2. O

Let us explain the basic intuition of our Examples 2, 3. By definition (25) of ay,
condition a = fe/w > 1 (i.e., the interest rate R* of the benchmark economy is low)
is equivalent to

B(erot-1 — bidae—1) <1 and B(eaor — bsdat)

e1t — bidy €22t 41 — b3dar i1

> 1t (35)

We can interpret that agent 1 is richer than agent 2 at date 2t — 1 but agent 2 is
richer than agent 1 at date 2¢; note that this is consistent with the seesaw property
(12). Hence, agent 1 (resp., agent 2) may accept to buy the financial asset at date
2t — 1 (resp., date 2t) even the asset price is higher than the fundamental value (i.e.,
there is a bubble). In both Examples 2, 3, we design that the sequence of dividends
is low enough in order to ensure that, for any 7,¢, the asset value ¢b;; is lower than
the resource of agent i at date ¢ so that agent ¢ can buy the financial asset.

In Example 2, there is a continuum of equilibrium prices but any sequence of price
converges to zero. In Example 3, we have ¢y = (a — 1)/h and the sequence of prices
converges to (a—1)/h > 0 (notice that, according to Proposition 8, this is the unique
bubbly equilibrium such that ¢; converges to a strictly positive value.)

In Examples 2 and 3, the aggregate endowment is uniformly bounded and the
sequence of dividends converges to zero. The following result shows that, in an
economy with unbounded and asymmetric growth, bubbles may exist and the asset
price may go to infinity.

Example 4 (asymmetric growth and multiple equilibria with ¢, — o0). Let u;(c) =
In(c) Vi = 1,2, vy = B € (0,1) (ie., iy = ['). Assume that d; = d > 0 Vt and

endowments are

* *
e1ot—1 = bidor—1 + ex_1, €19 = bida + wy

* *
€22t—1 = bydop—1 + Wo—1, €292t = bydoy + €
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Let a and ¢ be such that 0 < a < 1 < ¢. Assume that, for any t,

ea0 — €10 — do(b1,—1 — bo,_1) B(eao + doba,—1)
L+2b+by 1 —bo 1 B(L+b;—by 1)+ H
1-p
—w; > Hd
115t "
o 1
Wey1 > P lﬁet, €t > mwt,

wy > (0 —1)H(B+ 1)d.

Notice that the two first conditions ensure that ?}t—*:l < q Vt.

According to Proposition 7, any sequence (¢:):>o determined by the system (26)
and ¢y € (11‘211‘21 . 91), is a system of prices of an equilibrium in which asset holdings
are given by (8) and agents’ consumptions are given by (9a-9¢). By consequence,
Proposition 5 implies that there is a continuum of bubbly equilibria.

In this example, endowments of both agents go to infinity. However, there is an

; . et 1 : e1,2¢—1—bjd2s—1 1
asymmetric growth: £t > ey > 1, or equivalently P - Bi—a) and
1

i o bide  B—) Vt. The basic intuition of bubble in this example is consistent with
that in Examples 2 and 3. Indeed, agent 1 is richer than agent 2 at date 2t — 1 but
agent 2 is richer than agent 1 at date 2¢. Hence, agent 1 (resp., agent 2) accepts to
buy the financial asset at date 2t — 1 (resp., date 2t) even the asset price contains
a bubble. Moreover, the price ¢; goes to infinity when ¢ tends to infinity because
endowments of both agents grow without bound.

e2,2¢t—b5day

Example 5 (an equilibrium with bubbles and ¢; may fluctuate over time). Consider
a particular case where f3;; = ' Vi, Vt where 8 € (0,1), bf = b5 = 0 (no short-sales)
and eg 941 = e12¢ = 0. In this case, 7291 = Y1211 = 5, H = L and there is a unique
equilibrium satisfying condition (8)

€2.2¢ and gor—1 = (38)

B
a2t = m mel,zt—l-

In other words, the set Sy contains a unique element. This equilibrium experiences a
bubble iff >, d;/q; < oo which now becomes ), eif; +>, ;f;—:l < 00. S0, we recover
(24a).%4

It is interesting to notice that, in our example there is no causal connection be-
tween the monotonicity of the sequence of price (¢;) and the existence of bubble. The
fact that the price ¢, increases or decreases in time does not depend on the existence
of bubble but depends on the dynamics of endowments.

24This corresponds to the key condition for bubbles in Section 5.1.1 in Bosi et al. (2018b)
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We now look at the consumption in our example.

c10=-e10+ (g +do)b1 1, c20=-e20+ (qo+do)b2—1 —qoL (39a)

C1,2t—1 = €12t—1 — Qo1 L, C22t—1 = €22t—1 + dot—1 L + g1 L (39b)
Ciot = €19t + do L + gL,  Co9r = €291 — qot L (39¢c)
Since Lqoy = %emt and Lgo_1 = %el,gt,l, we see that cj 91 and cy9 do not

depend on (d;); but c¢yo (resp., co9:i-1) is strictly increasing in do; (resp., doi—1).
So, when dividends decrease, bubbles will be more likely to exist but the individual
welfares will be lower.

4.2 Example of bubbles in a model with three types of agents

Section 4.1 presents several models of bubble in a two-agent model. A natural question
arises: In models with more than 2 agents, how do examples of bubble look like?
According to Proposition 2, a model with bubble must have at least two agents whose
asset holdings fluctuate over time, and lim inf; . (b; 1 +bf) = 0 Vi. Moreover, for other
agents, if their borrowing constraints never bind, we must have that lim; . (b; ;+b}) =
0 Vi. So, in this section we focus on an economy with three types of agents (n identical
agents of type 1, n identical agents of type 2 and N identical agents of type 3) and
we are interested in equilibrium with the following asset allocation:

L + nb} + Nb; L + nb + Nb;
o ) b1,2t+1 = o

) b272t+1 = _b; bB,t = _b;,
(40)

Assume that u;(c) = In(c), Vi = 1,2,3 and d; = 0, Vt. Assume also that the agents
of types 1 and 2 have the same characteristics as mentioned in Proposition 6, and

*
bior = —b7, baor =

53,t+1 €3t Ct+1
53,:5 €3,t+1 ,utwt7

By using the same argument of Proposition 6’s proof, we have that: there exists an

equilibrium with bubble and the asset allocation given by (40) if and only if conditions

(17-19) holds (see Appendix A.2 for a proof). More importantly, the set of bubbly
equilibrium prices is determined by

1> (41)

1 B 1
Hsq, Hsqq

0 € (0,47, I, — D)Vt >1, (42)

L+Nb;

where Hs = + b} 4 b3 and the sequences (D;) is defined as (D;) but we replace

L by Ly = LAV The maximum value q* of bubble is equal to

- n

72,0€2,0 _ 71,0€1,0
= 1 min{ et 2 inf Xils } (43)
= — = .
H3 Lt 0L3+b1 bo 1 147 0b1+”1,—1 ’tZl XtDé + Y;
) H3 + ’ H3

€21 er,1
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As in discussion after Proposition 6, we have that ¢* is a decreasing function of Ls.
So, ¢* is increasing in n and decreasing in Nb;. The higher the borrowing limit b5 and
the number of agent of type 3 (who borrows by short-selling at every date), the lower
the maximum value ¢* of bubble, the less chance we have a bubble in equilibrium.

Remark 4. By using the same technique, we can obtain a result similar to Proposition
7, which provides a sufficient condition for bubble in an economy with three types of
agents and positive dividends.

4.3 Welfare analysis

It would be important to compare the individual welfares generated by different equi-
libria. The following result allows us to do so.

Proposition 9. Consider equilibria satisfying conditions (8) and (9a-9c). Since equi-
librium outcomes can be uniquely computed from the initial price qo, the individual
welfare of agent i is a function of qo, and so denoted by W;(qo).

Assume that the utility function u; is differentiable and strictly concave (u! < 0)
for any i = 1,2. Then, we have that:

1. For any i = 1,2, the individual welfare W;(qq) is strictly increasing in the initial
price qg.

2. By consequence, in the case of multiple equilibria (for example, in Proposition
6, Proposition 7, Examples 1-4), the allocation of a bubbly equilibrium strictly
Pareto dominates that of the bubbleless equilibrium.

Proof. See Appendix A.2. O

Let us provide a sketch of our proof. Recall that the agent i’s welfareis Y ", B; sui(ciy)-
By using the FOCs and the concavity of utility functions, we can show that, for any ¢,
Br2t—1u1(c12i-1)+ B 2rur (€1,2¢) and B ouia(Co,20) + Ba,2041U2(C2,2¢41) are strictly positive
and strictly increasing in gy. By consequence, we can prove that ZtT:o Bit (uz(c”) —
ul(c;t)) converge to a positive number when 7' tends to infinity, for any two equilibria
(qo, (e12)6) and (g, (c,)s) with g0 > g,

To understand the intuition behind our result, let us look at, for example 3y 9111 (c1,20-1)+
1 2¢11 (€1 2¢) which equals to

Brot—1ui(er0i-1 — bidar—1 — qar—1H) + P 20w (e1,2e + doy(L + 03) + g H ) (44)

Recall that the rate of substitution —2:204(120) g hio}y (see conditions (12) and

B1,2t—1u](€e1,2¢—1)

(13)) which implies that e; o,y is relatively high with respect to e 9. When ¢
increases, both g and go;—; increase. This implies that c; o1 decreases and c; o
increases, and then helps agent 1 to better smooth her consumption. So, increasing
qo is welfare-improving.
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Remark 5. Our welfare analysis is consistent with that in Proposition 9 of Hirano
and Yanagawa (2017). The different is that we work with general utility functions
while they only focus on the logarithmic utility function.

Remark 6. Notice that increasing qo is not necessarily strictly welfare-improving
if the wtility function u; of some agent i is linear. Indeed, assume that u;(c) =
u;c Ye where u; > 0. We can check that Wi(qo) = Wi(qy) for any two equilibria
satisfying conditions (8) and (9a-9c) (because Py a—_1ui(c12—1) + Biarur(cior) and
Baatua(cani) + Baorrita(caoii1) do not depend on the initial equilibrium price qo).*

Remark 7. In a particular case when assets have no dividend, the consumption
allocation of the bubbleless equilibrium coincides with that of the autarkic equilibrium.
Since the utility function is strictly concave, we can easily prove that U;(c;) > U;(e;)
Vi. So, its allocation is strictly Pareto dominated by that of bubbly equilibrium. This
argument has been used in many papers in the literature. However, it can no longer
be applied for the case of positive dividend because the consumption allocation of the
bubbleless equilibrium is different from that of the autarkic equilibrium. By the way,
our proof of Proposition 9 is new and so part of our contribution.

5 Conclusion and discussion

In general equilibrium models with infinitely lived agents, we have provided new con-
ditions under which assets (with or without dividend) do not generate price bubbles.
We have provided several mechanisms where bubbles and real indeterminacy exist in
equilibrium. The existence of bubbles is not a matter of a single factor but the result
of an interaction between heterogeneous agents in an imperfect financial market.

We end our paper by mentioning some avenues of research in the future. First, it
would be interesting to extend our results to an economy with uncertainty and with
a continuum of agents. To address this question, it is essential to understand how
agents’ decision depends on the economy’s fundamentals, the degree of incompleteness
of the financial market and the degree of uncertainty. Notice also that it is important
(and not trivial) to prove the existence of equilibrium in such an economy. Another
direction is to introduce a production sector in order to study the interplay between
the production sector, the financial market, and bubbles as well as the interaction
between borrowing limits, equilibrium stability, and dynamics of bubbles.

A Appendices

A.1 Equilibrium properties and no-bubble conditions

Proof of Proposition 1. Part 1. It is easy to see that ¢ > 0 Vt. Indeed, if ¢ = 0

25Gee (B.49) and (B.50) in Appendix.
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for some ¢, we can increase b;; and obtain a higher income in ¢ + 1 and increase c¢;;41: a
contradiction.

To prove the FOCs, it suffices to prove that 5 ul(cit) > Birr1u}(Cit1)(qe+1 + dig1)
and we have equality if b;; +b; > 0. Fix ¢ > 0 and consider another allocation (c; , ; ,)s
given by (c; ;, b} o) = (¢iys, bis) Vs € {t,t + 1} and (¢} 4, b; ;)s=t++1 determined by

cit — €+q(bis + é) =eit+ (¢ +di)bir—

/

Cit

€ €
Citr1 + (qee1 + dt—i—l)g +qt+1bit+1 = €igr1 + (g1 + der) (bie + q*)-
t t

!
Cit+1

where € > 0 is low enough so that ¢;; —e > 0.
By the optimality (c; ¢, bi )¢, we have

Bisui(cit) + Bigyrui(cizr1) > Bigui(ciy) + Bitr1ui(c; 44 1), and hence

wi(cit) — wi(cit — €) > 3 1Ui (Ci,tJrl + (g1 + d”l)i) —ui(City1) Gei1 + dot
> Bi+ .

€ e dt+1tdis q
at

Bit

Let € tend to zero, we get that g5, 1u(¢cit) > Bitr1u;(Cits1) (g1 + dig1).

If by +bf > 0, we can do as above but with ¢ < 0 and get that ¢3;,u;(c;i¢) <
Bit+1u}(Cit+1)(qe+1 + diy1). Therefore, we have the equality.

We finally define \;i; = B ul(cit) and 1t = Nitqe — Nit+1(qe+1 + dir1). We have just
proved the FOCs.

We now prove the TVCs. Note that our proof is different from those of Kamihigashi
(2002) and Bosi et al. (2018b). The FOCs imply that the sequence (\;¢gt)¢ is decreasing in
t. Moreover, we have

it qebi = ()\i,t-i-l(Qt-i-l +dip1) + 77i,t> bit = Nit+1(qer1 + dey1)bie — 1ibj .
We rewrite the budget constraint of agent i at date t as follows

Nit(cit —eir) = Nip(qe + de)big—1 — Nieqibiyg.

By taking the sum of this constraint from ¢ = 0 until 7" and using (1b), we get

T
E Xit(Cit — €it)
=0

MH

< it(qe +dp)big—1 — )\i,tthi,t)
=0
T

= Xio(go + do)bi 1 — Nirgrbir + > miibi,
t=1

and hence N o(qo + do)bi—1 + S1_g Misis + oy Mt = Nrqrbir + 3 1o NitCis-
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We will prove that limp_, 1 X\i7qr(bir + b*) exists in RT. Recall that the sequence
(Nitqe)t is positive and decreasing in t. So, limy, o0 Ai e exists and is in R*. We have
—b <bjy=L-— Z#i bjt < L+, bVt, and hence

—oo < liminf \; 7q7rb; v < limsup A\; rqrb; 7 < oo.
T—+0o0 T—+00

Under our assumptions, we have ), A\jic;y < oo Vi. Indeed, we have ) , \;iciy =
o Binuli(cip)cir < Doy Birv(cie) < > Biv(>, eir + Ldy) < oo. Thus, we obtain that
Zt )\i7tci7t < oo Vi.

Since ), Aitciy < 0o, both series >, Ajse;r and Y, m;¢bf converge. By consequence,
lim7 4 o Ai, 7qrbi 7 exists in R. Therefore A\; 7g7(b; 7 + b*) converges and

lim )\i,TQT(bi,T -l-b*) = lim Ai,TQTbi,T'f‘ lim )\i,TQTb: € R.
T—+o00 T—~+o00 T—~+o00

There are two cases:

o Case (a): If liminf; , oo (bis + bF) = 0, then limy 4o Nitqi(bit + b*) = 0 because
Ait Gt < Nioqo Vt.

e Case (b): If liminf; 4o (b + b7) > 0, then there exist o > 0 and 7T such that
bit +b > aVt>T. In this case 1, = 0Vt > T. For simplicity of the proof, assume
T = 0. We know that limy_, o A ¢q; exists. Let ¢ = lim;—, 1 Ajrqr. We claim that
¢ = 0. Assume the contrary: ¢ > 0. In this case { = limr 400 A\i THr+19747+1 <

Airqr VT. Construct a sequence (c} ;, b ;) as follows:

Ca

Ca
Cg,o =G0 + m7 c;t = C’i,ta\VIt > ]-7 ;715 = bi,t - %TM’Vt > 0.
Since b}, > —bf + o — qf/\cz’t = —bf + ol — qtﬁﬁ) > —b},Vt, the sequence (c};,b;,)

satisfies physical, budget and borrowing constraints. However Z;;Og Bi,tui(cg’t) >
;08 Biui(ciy) which is a contradiction. Hence ¢ = 0, i.e. lim o0 gz Aiy = 0. Since
bit+b; =L — Z#i bjt+ b <L+, b7V, we get

it qe(L + Z b;) > Xirqe(biy + b)) > Airgr.

This implies that limy;_,oo A +g:(bi s + bf) = 0.

By combining the two cases (a) and (b), we obtain that lim oo Ai +q¢(bir + b;) = 0.
Part 2 (sufficient condition). It suffices to prove the optimality of the allocation (¢;, b;).

Consider another sequence (c},b}) satisfying physical, budget and borrowing constraints.

29



We have, for any T,

T
> Nileir—dy) >
t=0

E

it (ei,t + (gt +d)big—1 — qibiy — eir — (g + dt)béyt,l + thé,t)

=0
T-1 T—1
= At (a1 + degr) (g — by ) — Z Aitqe(bie — bl ) — qr i (bir — bj )
=0 =0
T—
= —qrXir(bir + b — (b7 +07)) + > nie(biy + b7 — (biy + b))
=0
T-1
> —qrXir(bir + 7)) + > mia(bi, +b7) > —qrXir(biz + 07).
=0

Therefore, we have

T
Z (/81 tu Czt ﬁl tu zt ) Z)\zt Cit — C ) > _QTAi,T(bi,T + b;”)

t=0

Denote Ur = Z?:o Bitu(cit) and Uy = ZtT:O Bmu(c;’t). Observe that the sequence Ur
converges when T tends to infinity.

If imy o0 grNi 7 (bir + b)) = 0, then limsupy_, ., U < limp_,o Ur; we have finished
our proof.

Remark 8. Ifu;(0) > 0, then the series Y -y Xitui(cit) always converges. By consequence,
conditions Up > Ul — qr X 7(bir + b5) VT and iminfr_,o grXi 7(bi 7+ b5) = 0 imply that
limy o0 Ur > limp_yoo Uf = limsupp_, o, U7.

O

Proof of Proposition 2. We mainly use Proposition 1.
1. Let i € {1,2,...,m}. If there does not exist any infinite increasing sequence i,, of
time such that b;;, + b7 = 0, then there exists 71" such that b;; + b > 0, Vt > T. So,

’\’)\:tl = th‘fdtH = Rt1+1’ Vt > T'. This implies that Q; = Qr ;‘Z;, Vt > T. By combining
with the TVC, we get that limy_o Qrqi(bir + b)) = 0 Vi. Since lim_,o Qi > 0, we get
that lim;_yo0 b; ¢ + b7 = 0.

2. Let us prove the first part: there exist at least 2 agents, say 7 and j, such that whose
asset holdings (b; ), (bj¢) do not converge. Suppose, by contradiction, that asset holdings
of at least m — 1 agents converge. By market clearing conditions, the asset holding of all
agents converges. So, there exists an agent ¢ such that lim; .o b;; > 0 (because the asset
supply is strictly positive). According to point 1, this is impossible.

To prove the second part, it suffices to prove that: if the sequence of asset holding
(bi+) does not converge, then there exists an infinite increasing sequences (i), such that
bi i, + b7 = 0. Suppose, by contradiction, that there does not exist any infinite increasing
sequences (i), such that b;;, + b7 = 0. According to point 1, we have limy;_,, b; ¢+ + b} = 0.
It means that b;; converges, a contradiction.

O
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Proof of Corollary 3. Suppose that ) ,.,Qe;; < oo Vi. Budget constraint of agent i

implies that Q:cit + Qiqtbi+ = Qreir + Q¢(qr + di)bit—1. By summing this equation over ¢
and noticing that Q¢ = Q¢+1(qt+1 + di+1), we have

T T
> Queis + Qrarbir =Y Qeeir + (qo + do)bi 1 VL.
=0 =0

Since )~ Qteir < oo and (Q7qrb; 1) is bounded (because b; 7 and Q7gr are bounded), the
series Zt_>0 Qiciy converges, and so does the sequence (Q7qrb; 7). If there is a bubble, we
have limy_,oc Q:q; > 0. By consequence, (bi+) converges for any i. Market clearing conditions
imply that there is an agent ¢ such that b; = lim;_ b;; > 0. So, borrowing constraints

' i Aijt41 qt _ 1
of agent ¢ do not bind from some date on, say 7. Hence, Mo T amitdo T oo
Vit > T. This implies that Q; = Qr ;‘z; Vit > T. By combining with the TVC, we get

that limy—o0 Qqe(biy + b)) = 0 Vi. This is impossible because lim;_,o(bi¢ + b)) > 0 and
lim; Q¢q; > 0.

If lim inf; dfe -
xdy > ), ey Vt > tg. Therefore, we have

> 0, there exist a date tg > 1 and a positive constant x such that

to—1
ZQt(Zei,t) = Z Qt(zei,t) + ZQt(Zei,t)
>0 i t=0 i t>to i
to—1 to—1
< Z Qt(zei,t) +2 Z Qidy < Z Qt(zei,t) + xqo < o0.
t=0 i t>to t=0 i

Hence tho Qt(zi ei,t) < 00, and so there does not exist bubble.

Proof of Proposition 3. We need intermediate results (Lemmas 1, 2, 3).

Lemma 1. At each date t, there exists i such that b;; > b; 111 and borrowing constraint is

not binding (i.e., biy + b >0).

Proof. Define iy such that b;, ; —bi, 141 = max{b; t —b; 1+1}. Then, we have b;, + —bj, 141 > 0.
(]

We consider two cases.
Case 1: If byt — big,t+1 > 0, then b, s + b > by 141 + b > 0.
Case 2: If b; + — bjg 141 = 0, then b;y — b;++1 < 0 Vi. Since Y (bt — bit4+1) = 0, we get
i

that b; ¢ — b; 141 = 0 for every 4. Since ), bj; > 0, we can choose i1 such that b;, ; > 0. So,
we have b;, ; = b;, 11 and b;, ¢ + b7 > 0. L]

Lemma 2. Assume that e;; — dib; > 0 Vi,Vt, then we have

Bit+1u;(€i 41 — de1b})
< max — LANL L2Vt > 0. Al
Ry = i Bigus (>, €ir + Ldy) - (A1)
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Proof. Recall that we have 1 = R;;1 max; %&“xl) Vvt > 0. Let t > 0, Lemma 1 implies

that there exists an agent i = i(¢) (depending on t) such that b;) ¢ > bjy),141 and by, +
b;‘(t) > 0. Then, we have 7;;); = 0 and hence

Bite) 1) (Cice) 1)
1= Ry i .
Bite) tip) (Cice).t)

We observe that ¢ 141 = €it)t41+ (@1 +dis 1)) ¢ — Q1) 41 2 €42 41 — dis 1]y
and ¢;p < Wy = >, et + Ld;. By consequence, we get that

1 _5z‘(t),t+1ui-(t)(Cz‘(t),t+1)
Ryt ﬁz’(t),tug(t)(cz‘(t),t)
ﬁi(t)7t+1“§(t)(ei(t)7t+1 - dt+1bz<(t)) < max Bii1i (€441 — dig1by)
T By (i€ + Ldr) T i Bigug(32; €ir + Ldy)

O

Lemma 3. Consider an equilibrium. Take v in Assumption 3, we have that (1 —y)qib; s <
Wy Vi, Vt.

Proof. Suppose, by contradiction, that there exist ¢ and ¢ such that (1 —)g:b;r > W;. Let
us consider a new allocation of agent i: z; := z(ci,t,’y, (1-— 7)qtbi7t). We check that this
allocation is in the budget set of agent ¢ because

(cit+ (1= 7)abie) + a(vhiz) < e+ (g + de)bip—1
Yeis + qs(Vhis) = veis + (q + di) (Vhis—1) < eis + (g + di) (Vbis—1) Vs >t + 1.

According to Assumption 3, we have
Ui(ci) < U; (z(c,;,t,y, Wt) < U; (z(ci,t,% (1-— 'y)qtbi’t)) (A.2)

This is in contradiction to the optimality of (¢;, b;). O

We now prove Proposition 3. Since points 1 and 2 are direct consequences of (4), let us
prove (4). According to Lemma 3, we have (1 — ~)q:b;; < Wy Vi,Vt. Taking the sum over
i, we get (1 — )L < mW; Vt. Since L(1 — ) > 0, we get that

th
< —— Vit A
Qt_L(l_wV (A.3)
According to Lemma 2, we have
1 o1 (€501 — dpg1bt
< max B (Civt = deiab) vt > 0. (A.4)

Rion = i Bigul(Do; eir + Ldy)

Recall that there is no bubble iff lim; .~ Q+¢: = 0. By combining these above arguments,
there is no bubble if condition (4) is satisfied.
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We now check the uniform impatience with two specific utility functions. Before doing
so, we observe that, for T > ¢,

t—1 T
Ul (Z(Ciatv’yla Wt)) = Z/Bi,sui(ci,s) + Biui(cie + We) + Z Bisui(Y cis)-
s=0 s=t+1

1. If u;(c) = In(c), we have

Ul (Z(Ci,ta')//, Wt)) — Ul (¢;) = Bin (uz (cit +We) — Ui(cz’,t)) + ET: B@-,s(ui('y’ci,s) - Ui(ci,s))

s=t+1

—/thln(l'i‘K)‘Fln Z ﬁzs>ﬁztln( +ln Z 518 V'Y >7.

C
it s=t+1 s=t+1

So, we have the uniform impatience if 3;; > — ln(( % >, 41 Bis VE.

2. If ui(c) = ‘il:g, we have

l1—0o l1—0o 1 -0
(c',t + Wt) (c~,t) c
UT ((eit. o W) = U (@) = Bia (2 —— = 28— ) + (v DY b lae) -
s=t+1
21—0’ -1 T Wl—o
> 3. 7W170' -0 1 . s
—ﬁl’t 1—0 t +(’Y )821/87451_0.

where the last inequality is come from ¢;; < W; Vi, Vt, the function u;(c + W) — u;(c) is

1—0o 1

W (T -
1—0c
1) Z?itﬂ 5@‘,5% > 0 Vt. u

decreasing in ¢, and v < 1. So, the uniform impatience holds if ﬁi7t2

A.2 Proofs for Section 4

We firstly state and prove a condition under which a sequence is a system of prices. This
condition is very useful for the next proofs.

Lemma 4. Let Assumption 1, 2 be satisfied. (1) The sequence (qi)i>0, asset holdings given
by (8) and agents’ consumptions given by (9a-9c) constitute an equilibrium if and only if
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consumptions are strictly positive and the following conditions hold

u/2<62,1 +d1<L+bT) +Q1H) q +dy

1= 2.0 B.1a
2 ub(e2,0 + (o + do)ba—1 — qo(L +b7)) o (B-1a)
! dot (L + b H d
| = i 16/1(61,% + 2t£ +b3) + qoe H) qor + dy (B.1b)
uy(e1,20—1 — bidat—1 — qae—1H) qor—1
! d L+ b} H d
| = o u2<62,2t—&/—1 + 2t+1>(k +07) + @1 H) qoe1 + dor (B.1¢)
ub(e2,2¢ — bidoy — qorH) Q2
- uy (€12t + doy (L + b5) + g H) S Y2,2t—1Ub (€22t — darhs — qor H ) (B.1d)
T (er00—1 — bida—1 — qu—1H) T ub(eapi—1 + do—1(L + bF) + qor—1H)
o uy(ez,2041 + dopy1 (L + b7) + qoey1 H) > i u(e1,2641 — bidory1 — qu1 H) (B.1e)
’ uh(e2,2t — darby — qorH) T (eror + dor (L + b3) + qar H)
! di(L + bt H ' —bfdi —qnH
205 uz(jQ{I . zz()zf - @ : b)) = T ul(flil i & by (B0
uh(e2,0 + (qo + do)b2,—1 — qo i ui(e1,0 + (qo + do)b1,—1 + qob]
and
tliglo Brot+1u] (e1,2641 — bidos1 — qu+1H)qui1 H =0 (B.2)
lim Ba 25 (e2,0t — dorbs — o H g H = 0. (B.3)
t—o00

(2) When u;(c) = In(c) Vi = 1,2 and d, = 0, Vt > 0, the sequence (qi):, asset holdings
given by (8) and agents’ consumptions given by (9a-9c) constitute an equilibrium with q; > 0,
Vvt > 0, if and only if

L+4-b] —b2, 1 by +b1,-1

L 0020 1 L+ %20 Timrey < J1,0€1,0 1 L+ v0e 155 (B.4)

Hq e21 Hqo €2,1 ~ e Hgo e1,1

1 1 1 1 1
_ et ot > Pt + +Mt’w > 1, (B.5)
Hqpn  wipr Hy o wipr — epn He o epq
where V¢, pit, e, wy are defined by (16a-16b), and
) qor1 H . qoeH

lim (31 2141 = lim Booy—7 = B.6
50 M ey g — qarp H 1o’ P eg0p — quH (B:6)

(8) When ui(c) = In(c) Vi = 1,2, the sequence (q:):, asset holdings given by (8) and
agents’ consumptions given by (9a-9c) constitute an equilibrium if, for any t > 1, v1 901 >
Y2,2t—1, V2,2t = V1,2t

e1t—1 > €221 + (L + 2b7)dor—1 + 2Hqor—1 (B.7a)
€29t = €12t + (L + Qb;)dgt + 2H got (B.7b)
€20 = €10+ dO(bl,—l — b27_1) + QQ(L + 2[); + b17_1 — 527_1) (B.7C)

34



and

Y2,0(€2,0 + (qo + do)b2,—1 — qob2,0)

= +d B.8a
o = (@ +d) ea1 +di(L+b7) +qH ( )
Y 2t—1(€1,2t—1 — bjdat—1 — qa—1H)
1= +d ’ : B.8&b
Q21 = (G2 + dzi) e12t + dot (L + b3) + g H ( )
€9.9¢ — bidoy — qor H
gt = (gors1 + dogs1) v2,2t(€2,2t — bdor — qor H ) (B.5¢)

e2.9t+1 + dot1 (L + 03) + qoe1 H

Proof of Lemma 4. The part 1 of Lemma 4 is a direct consequence of Proposition 1. Let
us prove points 2 and 3.

Point 2. When u;(c) =in(c) Vi = 1,2 and d; = 0, ¥t > 0, the FOCs become

1= ’71,21571(61,21‘/71 - QQtle) q2t > oo 132,2t71 +qa-1H qo
— > .01
e1,2t + gt H q2t—1 e22t — qotH g1
1= v2,2t(€2,2¢ — g2t H ) q241 e12t + gl qory1
€2.2t+1 + @21 H  qot e12t41 — @2t +1H qoy
B €20 —qo(L +b] —ba 1) q1 e1,0 +qo(b] +b1—1) @1
1 =20 = > 71,0 "
e21 +qH qo e11 —qH 9o

=

— )

With notations (16a-16e), these conditions are equivalent to (B.4-B.5). Conditions (B.6)
are indeed the TVCs (B.2-B.3) for our special case.
Point 3. When u;(c) = in(c) Vi, the FOCs now become

_ Y1,2t—1u) (€1,2¢) qor + dog _ Y1,2t—1(€1,2e-1 — bidor—1 — qai—1H) qor + dot

! ui(croe—1) Qa1 e1,2¢ + dot (L + b3) + qor H q2t—1
1 V2,205 (€2,2¢41) qot41 + dars1 _ o2t (€2,2¢ — doby — qoeH)  qor1 + doryr
ub(c2,2t) qot e22t+1 + dopp1 (L + b7) + qae1 H qot
71,2t—1€C1,2t—1 > 72,2t7102,2t71, 72,2tC2 2t > '71,2tcl,2t‘
c1,2t 2,2t 22641 C1,2t41

The two last inequalities of the FOCs become

e12t—1 — bjda—1 — qu—1H e29t—1 + dog—1(L + b}) + g1 H
71.2t-1 ” 2 7V2,2t-1 ; (B.11a)
e12t + dot (L + b%) + g H €2,2¢ — dotbs — qor H
— dobhy — gor H dot (L + b3 H
Y22 €2,2¢ 2t09 — (2t > e12t + dot(L + b3) + qor (B.11b)

t Z V1,2t .
e22t+1 + dor41(L + b)) + qoe1 H er2t41 — bidosi1 — qos1 H

Notice that at the period 0, FOCs are

|- Y2,0uh(c21) @1 + di o 062,0 + (qo + do)b2,—1 — qob2,o 1 + d
u’2(0270) qo ’ €21+ dy (L + b’lk) +q H qo
uh(c (¢ c c
and 220 h(c21) 5 J10 1(c11) & 42020 > 4y (L0
ugy(c2,0) uj(c1,0) C2,1 1,1

e2,0 + (qo + do)b2,—1 — qobayo e1,0 + (qo + do)bi,—1 — qob1o
< 72,0 " > 71,0 " .
’ €21+ dq (L + bl) +q H ’ €11 — b1d1 —qH
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The above inequalities are guaranteed by conditions (B.7a-B.7c) while the above equalities
are ensured by conditions (B.8a-B.8c).
According to Proposition 1, it remains to prove the transversality conditions:

lim gos(b1,2¢ + b7)A1,2¢ =0,  Hm gos41 (01,2641 + b7)A1,2041 =0
t—o0 t—o00

lim gos(b22t + b3)A22¢ = 0,  lim qogy1(b22t41 + 05)A22041 = 0.
t—o0 t—o00
Since by o; = —b] and by 2;_1 = —b3, they becomes

lim gos41(b1,26041 + 07)A1,2041 = 0 and  lim gos(bo,2¢ + b5) A2 = 0
t—o0 t—o0

1
=0and lim gy HpBoor—— =0. (B.14)
t—o0 C2 2t

or, equivalently, lim go;41H B1 2141
t—ro0 C1,2t+1

These conditions are satisfied thank to (B.7a-B.7c).
O

Proof of Proposition 4. Since the dividends and asset prices are non-negative, the FOCs
(B.1b-B.1e) imply that

* * * * * *
Ry = Rigp < Ry oy Ry = Rogpy1 < Ryggyq VE2 1

The value of asset price bubble is by = g9 — FVp = lim;_ss0 ﬁ. Since the function
w, is decreasing, we have

qt < at U
RlRt_RT ?U(CQ,O)

The positivity of the consumptions implies that Hg; < e;, where we denote eg; = e 2 and
€2t+1 = €1,2¢+1- S0, there is no bubble if lim;_, ﬁ =0.
t
O

Proof of Proposition 5. First, we observe that u} (61,2t+d2t(L+b§) —i—qgtH) =} (6172,5 —
dotb} + (qat + dot)H) and uh(egoe41 + dors1(L + b7) + quy1H) = uh(ea o1 — dors1bi +
(241 + d2t+1)H). Since ey ¢ — dib}, ear — dib} are strictly positive and the function cu}(c)
is increasing in ¢, the three numerators in FOCs (B.la), (B.1b), (B.1lc) are increasing in
q1, G2t, qat+1 respectively. Moreover, the three denominators in FOCs (B.1a), (B.1b), (B.1c)
are increasing in qg, g2:—1, gor respectively. By consequence, g1 is increasing in ¢; for any

t. This in turns implies that %

strictly increasing in gy and R% = q‘i:cllt is strictly decreasing in gg. Thus, the fundamental

value FVy = >~ Qidy is strictly decreasing in gg. Hence, the asset price bubble component
Bo = qo — FVj is strictly increasing in qo.

Second, we prove that Sy is connected. Let z,y € Sy with z < y, and let z € (x,y).
Since ¢(+) is a strictly increasing function, we have ¢:(y) > ¢:(2) > q:(z). So, the sequence
(qt(2))s is strictly positive and individual consumptions generated by this sequence are
strictly positive. To prove that the sequence (g:(z)) is a sequence of equilibrium prices, we
have to now verify FOCs and TVCs. FOCs (B.1a), (B.1b), (B.1c) are obviously satisfied.

is increasing in ¢; for any ¢. By consequence, ¢; is
)
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We present a proof of (B.1d) (conditions (B.1e), (B.1f) can be proved by applying the same
method). Indeed, we have

1,2t—1u) (e1,2¢ + dot (L + b3) + qoie(2)H) S Y1,20—1u) (e1,2¢ + dor (L + 05) + qoi(y) H)
Yo,2t—1Ub (€22t — doghs — qoe(2)H) = vyo—1ub(ea . — doibly — qoi(y)H)
uh(e1,20—1 — bidar—1 — qae—1(y)H)

ub(e2.2t—1 + dor—1 (L +b5) + gu—1(y)H)
uh(e1,20—1 — bidar—1 — qae—1(2)H)

ub(e2,2t—1 + dor—1 (L + b}) + gu—1(2)H) "

>

>

because ¢(y) > q:(z) Vt. So, we obtain (B.1d).
TVCs (B.2), (B.3) are satisfied because ¢;(y) > q:(z) Vt, v} (€1 2e41—bd2r+1—qoe+1H)qor+1
is increasing in gor1, and uf(eg e — doiby — qor H )gos is increasing in go.
The two last points of Proposition 5 are a direct consequence of the fact that By =
qo — F'Vy is strictly increasing in gqg.
O

Proof of Example 1. Assume that there exists a bubble, then we have ¢ > 0 Vi. Ac-
cording to FOCs (B.8a-B.8c) we obtain that =Be 1 _ % Vvt > 0. From this, by

Hq t+1 w Haqy
iterating, we get that
1 1 1 ,Ber 140 Be Be.i—1
S . T,-D,= e —7( re )Vt>1. B.15
Hq, Hqp t qu(w) w +w+ +(w) - ( )

1. If % <1 (i.e., R* > 1), then the right hand side of (B.15) is negative if ¢ is high enough
while the left hand side is strictly positive, a contradiction. Therefore, there is no bubble
in this case.

2. If % > 1 (i.e., R* <1). In this case, we have

1 ()" 1+ -1 (&) 1+8 w
Ho = Ha o EoT T e (1—qum(1 (56))) vi>1. (B.16)

2.a. If g9 > %ﬁ f;;’ , then 1 — Hqg Bletﬂw < 0. By consequence, the right hand side is
strictly negative when t is high enough, a contradiction. In this case, there is no bubble.

2.b. If g9 = %*Bf:ﬁw, then 1 — Hqg Bletﬁw = 0. By consequence, we have ¢ = ¢ > 0

Vt > 1. To verify that this is an equilibrium price, we must check conditions (B.7a-B.7c)

which now become e — w > 2H - ﬁﬁg’ This is satisfied because 5 € (0,1).

2.c. f0 < gy < 1 ’Be /;,“ then 1— qu - > 0. In this case, we see that the sequence ¢;
determined by (B. 16) 1s positive and decreasmg in ¢, and lim;_,», ¢ = 0. Conditions (B.7a-

B.7¢) which now become e—w > 2H ¢ Vt. Since gy < %ﬁf_:ﬁw, we have 2Hq; < 2Hqy < e—w
Vt. So, conditions (B.7a-B.7c) are satisfied. Therefore, the sequence (g;);, determined by
two conditions ¢y < %B 16;5“’ and (B.15), constitutes a system of equilibrium price with

bubble.

O
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Proof of Proposition 6. Part 1. We will prove (17-19) and gy < g. Recall that bubble
exists iff ¢¢ > 0 Vt. According to point 2 of Lemma 4, FOCs (in form of equality) are

equivalent to

14 o g Lbizb2 1
1 _ 72,0620 1 B 72,0 L6103 1 _ e 1 _ 1+ Vi>1. (B.17)
Haq e21 Hqo €2,1 " Hon wen Hee o w0 T

From this, we can compute that, for any ¢t > 2,

L (o L (%7261572 11 Jr%fz) 14y
Haq; wy w1 Hqro Wt—1 Wy
N L 0 L S NG e U U 0 U SO S W
wy w1 Hqro wy w1 wy
_ Y11 omer Lo (1 Rl W e L L+7t-2 I L WP LC (1+m)
wy wy Hq wy Wy Wt—1 Wt w3 w2
_ M—1€-1 70 1
wy wy Hqo
L+b*7b2’_1
_ (1 + V-1 n Ye—1€t—1 1 + yi—2 I Yt-1€t-1 1€l L4720 L+1bi‘+b§ )
Wi Wy We_1 Wt w9 w1
1
= —1TIy— D;.
Hqo
FOCs (in form of inequality) become
bi+b1,-1
1 1 L+M07T0 g 1 1 1
> 7Y1,0€1,0 n L+b%+b} ’ > Hrwy I + #t’w >1. (B.19)
Hq e1,1 Hqo e1,1 Haqy 1 err1 Hay €41
By combining with (B.17), conditions (B.19) become
bi+b1,—1
72,0€2,0 1 1 L+ bf — b2,—1 Y1,0€1,0 1 1+ 71,0 L1+b’1‘+b’2‘
_ 7< V2.0 — ) > + (B.20)
e21 Hqy e2: L + by + b3 e1,1 Hqo e1,1
1 1 1 1
Vi€t It S Hwr n + (B.21)

w1 Hay wip1 el Hap €r+1

Combining with the fact that ¢, > 0, V¢, we obtain that X; defined by (17) is strictly

positive.
By using the fact that ﬁ = HquI‘t — Dy, inequalities (B.20-B.21) are equivalent to

72,0€2,0  71,0€1,0

1 €2,1 e1,1
QO S e * : - * (B22)
1 L+4-b7 —b2 1 1 by +b1, 1
H (140,077 20) + o5 (L o o)
1 X Iy

vt > 1. (B.23)

< vt
D=FxXD 4y, "

By consequence, we have gy < q.
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Condition (B.23) implies that sup;>, % < 1/(Hqp) < oco. Hence, sup;>q Dy/I'y <
oo and sup;s; Y;/(XiTt) < oo. Condition sup;s; Y;/(XiIt) < oo is indeed (18) while
sup;s; Di/Ty < oo is equivalent to (19) (note that Dy /T’ < co).

Part 2 (sufficient condition). Now, let (17-19) be satisfied and gy < g. It suffices
to check that prices and consumptions are strictly positive, and all conditions in point 2 of
Lemma 4 are satisfied.

First of all, our construction H%zz = HLqOFt — D¢ Vt > 1 ensures FOCs (B.17). FOCs (in
form of inequality), i.e., conditions (B.19) are satisfied thanks to (B.22-B.23) and X; > 0.

Second, condition (B.20-B.21) and X; > 0 imply that ¢ > 0, Vt. Again, by our
construction, we have JZitlﬁ - ;‘:ﬁ = Hq175+1 > 0. Hence, Hq; < (lj_it%)et < ¢. By
consequence, consumptions cg ot = €22t — gt and c12¢41 = e1,2¢41 — qar+1H are strictly
positive. It is obvious that c22:11 and ¢y 2; are strictly positive.

Last, we check the TVCs. As just mentioned, we have Hq;(1+7:) < 7€, or, equivalently,

ez—lqﬁth < 7. By combining with limy_,o, ;1 = 0, we obtain the TVCs: limy_,« /61,215_1,_16172)5:{2;% =
limy o0 ﬂ2,2t% =0.
7 L]
Proof of Proposition 7. We will prove, by induction, condition (29), i.e.,
Osasdg U5l
— < s-1 < Vs > 1. B.24
1 +dH, Bt (B.24)

This is satisfied for ¢ = 1 because we choose gy € (1‘:3311?1}1, “ft). Assume that it holds for
[0

s =t. Let us prove it for s =t + 1. According to (26) and ¢;—1 < It{‘zt, we have

(14 deHe)ge—1 — ardy (1+ dth)ajf]? — atdy % — (1= ay)dy

= < = =t B.25
& ar — Hiqr— a — Hy %t 1—oy ( )
< Qi < Q1410441 (B.26)

(1—oy)H; Hiq

where the last inequality is from (27a).
oraids

The system (26) and condition { tard, < qi—1 imply that

(1 + dth)qt,1 — atdt > (1 + dth) 1013Z%t - atdt . (O’t — 1)dt

_ _ orads T _ owdiH: C
ar — Hig—1 ay — Hy T+d: Hy 1 1+deHy

4 = (B.27)

According to condition 1 — (o4 — 1)dH; > 0, we have 1 — % > 0 which in turn implies

that ¢; > (oy — 1)dy > opy1a141d41, where the last inequality is from the first condition in
(27b). Finally, we get that q; > %. Therefore, we have just proved (29).

To prove that (q;) is a price sequence of an equilibrium, we check that all conditions in
Lemma 4 are satisfied. First, since 0 < oy < 1 < oy, condition (29) ensures that ¢ > 0
vt > 0.

Second, observe that condition (29) implies that ¢ < ;Ii—fl and hence ¢ < . By
definition of ¢, the inequalities (B.7a-B.7c) can be rewritten as ¢ < @ Vt. So, conditions
(B.7a-B.7c) are satisfied. It also ensures that consumptions are strictly positive.

Last, FOCs (B.8a-B.8c) are ensured by the system (26).
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Since there is a continuum of equilibria, Proposition 5 implies that there is a continuum
of bubbly equilibrium. O

Proof of Proposition 8. Part 1. According to Remark 7?7, there is no bubble if a < 1.
Now, consider the case a > 1. Suppose that there is a bubble. We must have ), d; < oo.
There are only two cases.

Case 1. If there is ¢y such that g, < “%1, then we have

_ lhaw —(a=1) 4 (B.28)
a — hqto

qto-‘rl - qto

By induction, we have that ¢; < ¢;—1 < (a — 1)/h ¥t > to. By consequence, the sequence g
decreasingly converges to a value ¢ > 0. Observe that

(gt +d¢)(a — hgi—1) = qi—1, and hence q(a — hq) = g, (B.29)

So, either ¢ =0 or ¢ = (a — 1)/h. Since ¢; < ¢—1 < (a — 1)/h Vt > g, the value ¢ must be
strictly lower than (a — 1)/h. As a result, ¢; converges to zero.
Case 2. q; > %1 vVt > 0. Observe that

—1(hgt—1 —(a —1
(ge+do+ -+ dp) = (g1 + o+ +dro1) = g +dp— gy = 2 l(jt 1hq (? )
~ har

So the sequence (g; +do + - - - + d;) is strictly increasing. Since ), d; < co and ¢; < 7, this
sequence is bounded, and hence converges. As a result, the sequence (g;) converges. So, it
must converge to agl.

Part 2. We now prove that there is almost one equilibrium satisfying ¢, > “—;1 Vt, in
which asset holdings are given by (8) and agents’ consumptions are given by (9a-9c). Let
(¢:) and (q;) be two systems of equilibrium prices. We must have ¢; < a/h and ¢; < a/h.

Define z; = ¢, — %1, 2} = ¢} — %2, then we have 0 < z, 2} < 1/h and

+d qt—1 PN + a—1 +d Ti—1 + a%l o d arT¢—1
= €T _— = €T =
% P - hai 1 t h b e h(zi—1 + “%1) ¢ T hzi_1
Similarly, we have x} + d; = 12?7;2171 Therefore, we get that
/
a(ri—1 —x
x— ) = @1 —z0) > 1. (B.30)

(1 —hze—1)(1 — hz)_y)

We will prove that zp = z{, (which implies that ¢; = ¢; Vt). Without loss of generality,
suppose that zo > x(. According to (B.30), we have z; — 2} > a(x—1 — x}_,) Vt > 1.
Therefore, we have x; — x} > a’(zo — zf) Vt > 1. Since a > 1, a(zg — x{,) converges to
infinity. So, x; — 2 also converges to infinity. However, this cannot happen because both
x; and z; belong the interval (0,1/h).

O
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Proof of Example 2. First, we see that

e H(+1
azt—a2t+1—a—ﬁf H2t:H2t+1:hEM
w w

2HGqor 1 =e—w— Hdot—1, 2H@qt =e—w — Hdo

So, condition Htt“ < @ Vt becomes

B(ez,o + doba,—1) ea0 —e1,0 — do(b1,—1 — b2 1) (B.31)
BL+b;—by—1)+H L +2b7 +b1,—1 — b2 1 ‘
20e 2ﬁ
<e—w— Hdy1, <e—w— Hdy. B.32
1+5 21 1.3 2t ( )
R e
These conditions and condition ¢ > 0 are satisfied because we assume that dt < 1+8 7

Second, observe that condition 1+d‘1’”;,d<15 7 < If(,@;ui) ensures that li—ajlh < 22, So, the
interval (l‘fcilh, 211 is well defined.

We next prove that ¢s € (l‘fish, %1] Vs > 0. This holds for s = 0 because gy €
(ffjllh, @-1] Assume that it holds for ¢t — 1, we will prove this for ¢. Indeed, condition
dy < m is equivalent to 1 — 1‘2:55?}1 > (. By combining this with "Ul dt+1 > Be , we
get that

1+ dih)g—1 — ad 14 dih) 2% — ad —1)d
0 = (1+ t_)Zt 1L ady ( t )1+;laf;t t_ (o ad)tht (B.33)
a qt—1 h1+dth 1 - 1+dih
o at+1dt+1
> (00— 1)dy > oapp1diyy > —————— B.34
( )di 41041 1+ Hyrdpos ( )
We also have
h —(a—1
gt — Q¢—1 qt 1( dt-1 (CL )) — dt <0 (B35)

a— hg1

because hg;—1 < a — 1. So, we have ¢; < ¢—1 < (a —1)/h Vt. This in turn implies that
gt < (a —1)/h Vt. By consequence, the sequence ¢; decreasingly converges, and hence it
cannot converge to (a — 1)/h. As a result, it converges to zero.

It remains to prove that (q;) is a price sequence of an equilibrium. To do so, we verify
that all conditions in Lemma 4 are satisfied. First, it is easy to see that ¢¢ > 0 V¢ > 0.
Second, according to a“’l < qt, we have ¢; < I(?t-:—ll < @ This shows that conditions (B.7a-
B.7c) are satisfied. It also ensures that consumptions are strictly positive. Last, FOCs
(B.8a-B.8c) are ensured by the system (26).

O

Proof of Example 3. We see that 1 — (a — 1)z > 0 and hady < 1. So, we can check that
0 < hzdy < 1 and zd; + d; = % vVt > 0. According to the proof of Proposition 8, the

sequence (¢q¢), defined by ¢; = +l‘dt Vt, satisfies: ¢; € (%5, h) and q; +d; = q;thl - Vt.

In order to prove that (¢;) is a system of prices of an equilibrium at which asset holdings
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are given by (8) and agents’ consumptions are given by (9a-9c¢), we verify all conditions in

Lemma 4. -
igptTw

As in the proof of Example 2, condition dy < =*%7— ensures that a/h < ¢ Vt. Thus,
gt < a/h < g Vt. This shows that conditions (B.7a-B.7c) are satisfied. It also ensures
that consumptions are strictly positive. Last, FOCs (B.8a-B.8¢c) are ensured by the system

q +de = o vt

O

Proof of result in Section 4.2. We check all FOCs, TVCs and market clearing condi-
tions in Proposition 1. Firstly, with the asset allocation given by (40), we have c3; = es4,
Vt. Moreover

c10=-e10+qo(b1,—1 —b1o) =e10+ qo(b1,—1 + b7]) (B.36)
c1,2t41 = €1,2t41 + @241 (b1,2e — b12641) = €1,2041 + g1 (—b] — w) (B.37)
= e1,2t4+1 — H3qo141 (B.38)
c12t = €12t + qae(bi,2e—1 — b12¢) = er o + QQt(w +b7) (B.39)
= eyt + H3qo (B.40)

and
2,0 = €2,0 + qo(b2,—1 — bap) = ea 0+ qo(b2,—1 — w) (B.41)
=e20—qo(b] + L3 —ba_1) (B.42)
22641 = €2.2¢41 + e 41(b2,2t — b2.2041) = €2.2¢41 + Hzqor 41 (B.43)
2.2t = €22t + qoi(b2,2i—1 — b22t) = €22t — H3zqos (B.44)

The next step is to look at all FOCs, TVCs in Proposition 1. As in part 2 of of Lemma 4,
the FOCs becomes

_ (g1 — gu-1Hs) g

€22i—1 + qar—1H3 g2t

1 = Y2,2t—1
e1,2t + qorH3 q2t—1 €22t — qatH3s  qa1—1
~ Yo2t(e2,2¢ — q2eH3) qorv1 erot +quHs g1
1= > V1.2t
€2.2t+1 + g1 Hs  qo e12t+1 — qae+1Hz qoq
| =20~ Go(Ls +01 —bp—) a1 10 EL0 +qo(b] +b1,-1) @1
’ €21+ q1H3 qQ — e1,1 — q1H3 qo
or, equivalently,
L3+b7—b2 1 by +b1,—1
L 20e20 1 1+ 720 7554 - moeio 1 L+ Y0555 (B.46)
Hsq ez, 1 H3qo €2,1 ~ e Hsqo e1,1
1 e 1 le + wy 1 1+
_ e _ Vi > Wy + 'ut,Vt > 1, (B.47)
H3qi41 w1 Hagy Wiyl etr1 Haq €t+1

42



Then, we can use the same argument in the proof of Proposition 6 to show that the set of
bubbly equilibria is described by (42). Note that condition (B.47) implies that

1 prwy 1 dt+1 €t+1

= Rip1=—<—

H3qiv1 ~ ery1 Hzqe q A

By combining this with (41), we have that
!/
1> Pau+1 €31 ett1 _ Baav1 €34 Q1 _ /63,t+1u;°,(03,t+1) qt+1 (B.48)
B3t €341 MWy B3t €341 G B3ius(cse)  q

It means that the FOCs of agent 3 are satisfied. We have finished our proof. 0

Proof of Proposition 9. We need an intermediate step.

Lemma 5. Assume that u; is strictly concave and ug’ < 0. Then, Bro—1ui(cio—1) +
B1,2tu1(c1,2t) and Ba orug(c22t) + Bo2t+1u2(C2,2t+1) are strictly positive and strictly increasing
m q0-

Proof of Lemma 5. The FOCs in Proposition 1 imply that

uy(e1,2t + dot (L + b3) + g H) ub(e2,0t — dorbl — qor H)
V1,2t—1— " > V2,2t—1— .
u)(e1,2t—1 — bjdor—1 — qa—1H) ub(ea0i—1 + dot—1(L +b7) + qor—1 H)
o uy(e2,2041 4 dogy1 (L + b7) + qory1 H) o uy(e1,2041 — bidort1 — qae1 H)
,2t = V1,2t

ub (et — dorbh — g H) uw)(e1,2t + dot(L + b3) + qoc H)

and

Bi2t—1q2t—1t (€1,20—1 — bidar—1 — que—1H) = B1gsu; (€1,2¢ + doe(L + b5) + qorH ) (qor + dot)
B2 otqarty (2,26 — bydor — qoeH) = B22t41(q2e+1 + dor1)ub (e2,2041 + dor1 (L 4 b7) + qor1 H)

Taking the derivatives of both sides of equalities with respect to ¢y and combining with
FOCs, we have

51,2t—1QQt_1(QO)UQ(Cl,%—l) < 51,%—16]515—1((10)(Uﬁ(cl,zt—ﬁ - Q2t—1Hu/1/(Cl,2t—1)>
= 51,2t(1§t(%) (U/1 (c12t) + Hu’1’(01,2t)((12t + dzt)) (B.49)
< B1,2045¢(qo) v (c1,2¢)

Ba,2005¢(q0)uz(c2,2t) < Bo,2045¢(q0) (UIQ(C2,2t) - QQtHU,QI(C2,2t)>
= B2,2t4+145+1(q0) (Ulz(cl,Qt-f—l) + Hub(co2t4+1)(qe1 + d2t+1)) (B.50)

< 52,2t+1Q§t+1(CIO)U/Q(C2,2t+1)-

where we also use u] < 0 (the function u; is strictly concave) for i =1, 2.
By consequence, we have that

0
87]0 (ﬂ1,2t—1ul(01,2t—1) + /31,215“1(01,215)) = _Hﬁ1,2t—1U;(Cl,2t—1)qét—1(QO) + H51,2tug(01,2t)qgt(%) >0
0
8710 (52,2tu2(c2,2t) + 52,2t+1u2(c2,2t+1)> = —H52,2tUZ(Cz,2t)q/2t(QO) + H62,2t+1UZ(02,2t+1)q/2t+1(QO) > 0.
OJ
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We now prove Proposition 9. According to Lemma 5, the sequences (1 2;—1u1(c1,2:—1) +
B1,2tu1(c1,2¢) and Ba arua(ca 2t) + P22t 41u2(c2,2¢41) are strictly positive and strictly increasing
in qp.

We now prove that the function W;(q) is increasing in ¢q. Notice that we cannot directly
prove this by looking at tho %(ﬂi,tui(ci,t)) for 1 = 1,2,, because it is unclear that this
series converge. So, we will prove our result as follows. Let gy and g(, be the two initial prices
of two equilibria (g, (c;¢)i) and (qf, (cj,)i). Assume that go > ¢j. Consider agent 1 and

denote A = ZZ;O Bt (ul(cu) - Ul(C,Lt)) We will prove that Ar converges to a strictly
positive number when T tends to infinity. Indeed, we see that Ay = Z?ZO Bt <u1 (c1) —

Uy (c’lt)> is strictly positive and increasing in T' (because (1 2;—1u1(c1,2t—1) + B1,2¢u1(c1,2t)
is strictly increasing in go et c¢1 is increasing in gp). So, it converges to a strictly positive
value.

We now observe that

2T

Aory1 = Zﬁl,t (U1(61,t) - U1(0/1,t)> + B127+1 (u1(01,2T+1) - U1(C/1,2T+1)> (B.51)
=0

It is easy to see that 12741 (ul(chTﬂ) - ul(c’mﬂ_l)) converges to zero because both
B12r+1u1(c12r41) and 6172T+1u1(c’1’2T+1) converge to zero. By consequence, we have Asr
and Aopiq converge to the same value. So, A; converges to a strictly positive value when ¢t
tends to infinity.
By using the same method, we can prove that Zfzo Bt (UQ(CQ,t) — UQ(CIQ,t)) converges
to a strictly positive number when 1" tends to infinity.
O

References

Araujo, A., Novinski, R., Pascoa, M.R., 2011. General equilibrium, wariness and efficient
bubbles. Journal of Economic Theory 46, p. 785-811.

Araujo, A., Pascoa, M.R., Torres-Martinez, J.P., 2011. Long-lived collateralized assets and
bubbles. Journal of Mathematical Economics 47, 260-271.

Alvarez, F., Jermann, U.J., 2000. Efficiency, equilibrium, and asset pricing with risk of
default. Econometric 68(4), p. 775-797.

Becker, R., Bosi, S., Le Van, C., Seegmuller, T., 2015. On existence and bubbles of Ramsey
equilibrium with borrowing constraints. F.conomic Theory 58, 329-353.

Benhabib, J., Farmer R.E.A., 1999. Indeterminacy and sunspots in macroeconomics. In:
Taylor, J.B., Woodford, M., (Eds.) Handbook of Macroeconomics, vol. 1, issue: part A,
p. 387-448, Elsevier Science BV.

Barbie, M., Hillebrand, M., 2018. Bubbly Markov equilibria, Economic Theory, vol. 66, p.
627-679.

44



Bewley T., 1980. The optimal quantity of money. In: Kareken, J.H., Wallace, N., (Eds.)
Models of Monetary Economics, Federal Reserve Bank of Minneapolis, p. 169-210.

Bloise G, Citanna A., 2019. Asset shortages, liquidity and speculative bubbles, Journal of
Economic Theory, vol. 183, p. 952-990.

Bosi, S., Ha-Huy, T., Le Van, C., Pham, C.T., Pham, N.-S., 2018a. Financial bubbles and
capital accumulation in altruistic economies, Journal of Mathematical Economics, vol.
75, p. 125-139.

Bosi, S., Le Van, C., Pham, N.-S., 2017a. Asset bubbles and efficiency in a generalized
two-sector model, Mathematical Social Sciences, vol. 88, p. 37-48.

Bosi, S., Le Van, C., Pham, N.-S., 2017b. Intertemporal equilibrium with heterogeneous
agents, endogenous dividends and collateral constraints, CES working paper series, No.
2015.67R.

Bosi, S., Le Van, C., Pham, N.-S., 2018b. Intertemporal equilibrium with heterogeneous
agents, endogenous dividends and collateral constraints, Journal of Mathematical Eco-
nomics, vol. 76, p. 1-20.

Brunnermeier, M.K., Oehmke, M., 2012. Bubbles, financial crises, and systemic risk. Hand-
book of the Economics of Finance, vol. 2.

Doblas-Madrid A., 2012. A robust model of bubbles with multidimensional uncertainty,
Econometrica 80, p. 1845-1893.

Farhi, E., Tirole, J., 2012. Bubbly liquidity. Review of Economic Studies 79, p. 678-706.

Farmer R.E.A., 2019. The Indeterminacy Agenda in Macroeconomics, NBER Working Pa-
per, No. 25879.

Gali, J., 2014. Monetary Policy and Rational Asset Price Bubbles. American Economic
Review 104, p. 721-752.

Gali, J., 2021. Monetary Policy and Bubbles in a New Keynesian Model with Overlapping
Generations. American Economic Journal: Macroeconomics, 13 (2): 121-167.

Huang, K. X. D., Werner, J., 2000. Asset price bubbles in Arrow-Debreu and sequential
equilibrium. Fconomic Theory 15, p. 253-278.

Hirano, T., Yanagawa, N., 2017. Asset Bubbles, Endogenous Growth, and Financial Fric-
tions. The Review of Economic Studies, vol. 84, p. 406-443.

Kamihigashi, T., 2002. A simple proof of the necessity of the transversality condition. Eco-
nomic Theory 20, 427-433.

Kehoe, T.J., Levine, D.K., 1985. Comparative statics and perfect foresight in infinite horizon
economies. Econometrica 53, No. 2, p. 433-453.

45



Kehoe, T.J., Levine, D.K., Romer, P.M., 1990. Determinacy of equilibria in dynamic models
with finitely many consumers. Journal of Economic Theory 50, p. 1-21.

Kiyotaki, N., Moore, J., 1997. Credit cycles. Journal of Political Economy, 105(2), p. 211-
248.

Kocherlakota, N. R., 1992. Bubbles and constraints on debt accumulation. Journal of Eco-
nomic Theory 57, p. 245 - 256.

Kocherlakota, N. R., 2008. Injecting rational bubbles. Journal of Economic Theory 142, p.
218 - 232.

Le Van, C., Pham, N.-S., 2016. Intertemporal equilibrium with financial asset and physical
capital. Economic Theory 62, p. 155-199.

Levine, D. K., Zame, W. R., 1996. Debt constraints and equilibrium in infinite horizon
economies with incomplete markets. Journal of Mathematical Economics 26, p. 103-131.

Ljungqvist, L., Sargent, T. J. 2012. Recursive Macroeconomic Theory, third edition, The
MIT Press

Lucas, R. E., 1978. Asset prices in an exchange economy. Econometrica 46, p. 1429-1445.

Magill, M., Quinzii, M., 1994. Infinite Horizon Incomplete Markets. Econometrica 62, p.
853-880.

Magill, M., Quinzii, M., 1996. Incomplete markets over an infinite horizon: Long-lived
securities and speculative bubbles. Journal of Mathematical Economics 26, p. 133-170.

Martin, A., Ventura, J., 2012. Economic growth with bubbles. American Economic Review
102, p. 3033 - 3058.

Miao, J., 2014. Introduction to economic theory of bubbles. Journal of Mathematical Eco-
nomics 53, p. 130-136.

Martin, A., Ventura, J., 2018. The Macroeconomics of Rational Bubbles: A User’s Guide.
Annual Review of Economics, 10(1), 505-539.

Miao, J., 2014. Introduction to economic theory of bubbles. Journal of Mathematical Eco-
nomics 53, p. 130-136.

Miao, J., Wang, P., 2012. Bubbles and total factor productivity. American Economic Re-
view: Papers and Proceedings 102, p. 82-87.

Miao, J., Wang, P., 2018. Asset bubbles and credit constraints. American Economic Review
108, p. 2590-2628.

Montrucchio, L., 2004. Cass transversality condition and sequential asset bubbles. Economic
Theory 24, p. 645-663.

46



Pascoa, M.R., Petrassi, M., Torres-Martinez, J.P., 2011. Fiat money and the value of binding
portfolio constraints. Economic Theory 46, p. 189-209.

Santos, M. S., Woodford, M., 1997. Rational asset pricing bubbles. Econometrica 65, p.
19-57.

Scheinkman J. A., Weiss L., 1986. Borrowing constraints and aggregate economic activity.
Econometrica 54 (1), p. 23-45.

Tirole, J., 1982. On the possibility of speculation under rational expectations. Fconometrica
50, p. 1163-1181.

Tirole, J., 1985. Asset bubbles and overlapping generations. Econometrica 53, p. 1499-1528.

Townsend, R., 1980. Models of Money with Spatially Separated Agents. In: Kareken, J.H.,
Wallace, N., (Eds.) Models of Monetary Economics, Federal Reserve Bank of Minneapolis,
p. 265-303.

Werner, J., 2014. Rational asset pricing bubbles and debt constraints. Journal of Mathe-
matical Economics, vol. 53, p. 145-152.

47



	Introduction
	An exchange economy with short-sale constraints
	No-bubble conditions in general cases
	The role of borrowing constraints
	Interest rates, impatience and bubble

	Models with bubbles
	A model with two types of agents
	Asset without dividends
	Assets with positive dividends

	Example of bubbles in a model with three types of agents
	Welfare analysis

	Conclusion and discussion
	Appendices
	Equilibrium properties and no-bubble conditions
	Proofs for Section 4


