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CORPORATE CULTURE AND ORGANIZATIONAL FRAGILITY

MATTHEW ELLIOTT, BENJAMIN GOLUB, AND MATHIEU V. LEDUC

ABSTRACT. Complex organizations accomplish tasks through many steps of collaboration among
workers. Corporate culture supports collaborations by establishing norms and reducing mis-
understandings. Because a strong corporate culture relies on costly, voluntary investments by
many workers, we model it as an organizational public good, subject to standard free-riding
problems, which become severe in large organizations. Our main finding is that voluntary
contributions to culture can nevertheless be sustained, because an organization’s equilibrium
productivity is endogenously highly sensitive to individual contributions. However, the comple-
tion of complex tasks is then necessarily fragile to small shocks that damage the organization’s

culture.
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1. INTRODUCTION

For a large organization, such as a corporation, to successfully complete a complex project,
such as designing a new product and bringing it to market, many constituent tasks must all be
successfully completed. A typical such task can be completed only if several other, tailored input
tasks are completed. Thus, a complex project requires many collaborations among workers to
succeed, both within and across business units.

Collaborations may fail for many reasons: misunderstandings, insufficient or misallocated
effort, a lack of trust, agency problems, and so on (Kreps, 1990). Corporate culture can mitigate
these problems, e.g., by establishing and enforcing norms and supporting relational contracts.'
It is thus an important determinant of successful collaborations within organizations.? We posit
that collaborations are more likely to succeed in a better corporate culture—a broad notion
that entails many aspects of the working environment.

Organizational culture is endogenous: its quality depends on individuals’ costly efforts to
maintain it, e.g., by articulating and adhering to organizational values, communicating relevant
expectations and practices, and enforcing norms.? Such efforts can be viewed as costly contri-
butions to a public good. They are thus subject to a free-riding problem; this problem becomes
more severe as each worker’s contribution becomes relatively small. Indeed, a standard anal-
ysis would suggest that workers’ incentives to make voluntary contributions to any genuinely
corporate (as opposed to more local) culture vanish as an organization becomes large, because
their marginal impact becomes negligible while their marginal cost does not. This raises an
important question: Why do workers exert voluntary effort to enhance the corporate cultures
of large organizations?

We propose a perspective on these questions based on a network model of complex produc-
tion within a large organization, adapting the model of Elliott, Golub, and Leduc (2022). The
productive activity of the organization occurs via the completion of tasks. A worker completing
a task typically relies on the completion of several types of essential subtasks; these are incorpo-
rated into the task via collaborations with other workers, whose success depends on the quality
of the ambient corporate culture (among other determinants). Because any collaboration can
fail, there are several substitutable subtasks of a given type. Each subtask can itself require
further subtasks (reliant on other collaborations), and so on.

As an illustration, consider a marketing analyst performing the task of running surveys to
market-test a potential feature. For this he needs input from engineers to supply technical
specifications and input from data analysts on prices to test—two types of subtask. For each
of these, the marketing analyst has access to several workers who can provide a subtask of that
type. In turn, these workers rely on other organizational units. For instance, a data analyst
needs the help of accounting staff to provide relevant records and a developer to write code.

Thus, the marketing analyst’s task relies, directly and indirectly, on many “upstream” successful

ISee, e.g., Nguyen (2018) and Graham et al. (2022) for qualitative discussions and extensive empirical analysis.
2See, e.g., Kotter (2008). Similarly, Groysberg et al. (2018) find a positive association between the strength of
a corporate culture, measured as employees’ agreement about the culture’s characteristics, and the efforts of
workers.

3See Rahmandad and Repenning (2016) for a perspective on corporate culture, motivated by extensive evidence,
as a stock variable that erodes and needs to be replenished in a changing environment. Bénabou, Falk, and
Tirole (2018) model individual contributions supporting norms and narratives.
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collaborations. We call a task complex if it is dependent on many levels of collaboration, with
multiple types of subtasks being combined at each level.

We study how the level of corporate culture affects the probability of completing complex
projects in such a network of overlapping collaborations.* We show that the probability of
achieving a given complex task discontinuously increases from zero to a large positive number
when the corporate culture increases past a threshold level of strength. Organizational per-
formance is very sensitive to culture around this threshold. This implies a new mechanism
generating incentives for voluntary, decentralized investment in culture even as an organization
becomes large and the free-rider problem becomes severe: the marginal impact of contributions
becomes large enough to compensate.

The analysis also implies a distinctive kind of fragility: In an equilibrium with positive contri-
butions supported by this mechanism, the organization’s performance must be very sensitive to
an exogenous negative shock to corporate culture. This shock could be, for instance, a merger
or a change in the company’s top management (such as the arrival of a new CEQO).? The theory
thus suggests a novel account of how the complexity of an organization both sustains incen-
tives for investment and makes it vulnerable, in equilibrium, to cultural disruptions. Section 4
discusses other implications and their relation to evidence.

Our approach relates to a literature on network theory and the provision of public goods
(Bramoullé and Kranton, 2007), but builds on the distinctive fragility properties of large net-
works (Brummitt, Huremovié¢, Pin, Bonds, and Vega-Redondo, 2017; Elliott, Golub, and Leduc,
2022; Konig, Levchenko, Rogers, and Zilibotti, 2022; Blume, Easley, Kleinberg, Kleinberg, and
Tardos, 2013). At a conceptual level, a main message of our work is that there is an interesting
interaction between these properties of complex production processes and the incentives of the
agents involved, a theme also explored in recent work by, e.g., Levine (2012), Erol and Vohra
(2022), and Dasaratha (2023). In Section 4.1, we discuss how our work relates to the existing
literature on corporate culture.

2. A TASK-BASED MODEL OF A LARGE ORGANIZATION

2.1. Model.

2.1.1. A network of tasks. There is a directed, acyclic network G = (V, E) in which each node
v € V is a task and edges represent input relationships between tasks according to a technology
that we now describe. There is a set S, C V of inputs for each task v. If S, is nonempty, it is

partitioned into m types of inputs,
Sy = S%l U Sug UJ---u Sv’m.

Each S, has cardinality n, and these sets are disjoint. The interpretation is that each type
t corresponds to a different kind of input needed (e.g., engineering specifications, pricing data
analysis) and, for each such input, there are n distinct but substitutable tasks that can provide
that input. For the modeling here we do not need to formally associate workers with tasks, but

a natural interpretation is that different substitutable subtasks are associated with different

4Recall that corporate culture supports the performance of each collaboration.
*Indeed, the incompatibility of different corporate cultures is often blamed for failed mergers (Cartwright and
Cooper (1993) and Kotter (2008)).
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workers. However, the same workers may perform multiple tasks throughout a network. We
discuss worker payoffs in Section 3.9

Directed links (v,v") € E between v and some v’ € S, are called collaborations (note that
links are directed from tasks to their inputs). The interpretation is that a worker performing
task v can receive the result of task v/, performed by another worker, as an input. Each such
collaboration may be operational (denoted by ¢,y = 1) or not (¢, = 0).

Each task may be successful or not; let s, be the indicator variable of whether task v is
successful. The main technological assumption is that a task is successful if and only if, for
each t € {1,...,m}, there is at least one subtask v’ € S,; which is successful and such that
¢uy = 1, so that there is an operational collaboration for v to source the result of the task.
Given a realization ¢ of which links are operational, we let s*(¢) be the maximal vector s
consistent with the technology of production just described; such a vector exists by Tarski’s
fixed point theorem. This gives the set of all tasks that can be completed given exogenous
constraints.

We assume there is a “root” node M that is not an input into any other task. This can
be interpreted as the main task. A node not requiring any inputs is called a leaf. We say a
network has L < oo layers if the distance from M to each leaf” is L — 1. In that model, all leaf
tasks are always successful. We say the network has L = oo if it has no leaves—an idealized
model of highly complex operation where there is no definite point at which interdependencies
are “cut off.”

2.1.2. An illustration. Figure 1(A) illustrates part of a task network. Each task requires the
completion of two types of subtasks. Each S, contains two substitutable tasks. The task M
needs a type a and a type b task as inputs. Either task al or a2 can serve the purpose, and
similarly for task type b, and so on.

Figure 1(B) illustrates a possible realization of which collaborations would be operational if
needed: these are represented by the retained links relative to Figure 1(A). Note that although
the collaboration (M, a2) is operational, the task M cannot be completed. This is because task

a2 cannot itself be completed.

2.1.3. Distribution of operational collaborations. We now introduce randomness into the real-
izations of which collaborations are operational. Let m € (0,1) denote the probability that
a given collaboration is operational, and let all these realizations be independent. We call w
the strength or level of corporate culture. In the context of Figure 1, this is the probability
that a link present in Panel (A) is kept in Panel (B). We take this to be a one-dimensional
summary of the strength of the corporate culture. In the context of a collaboration between
a worker performing a task and another worker providing a required subtask, the idea is that
a failure of operation represents a failure of an informal contract, preventing the subtask from
being incorporated successfully into the task seeking to use it. The simplest interpretation is
that this outcome is realized when the worker handling task v seeks help from one handling v/,
but it may also be that v’ is a task done at some point in the past (e.g., uploading records to
6In the Online Appendix, we embed this simple model in a more general one—where each task can require
a different number of subtasks and a different number of potential task providers—and show that the results

presented throughout this paper are robust to such elaborations.

"Note this definition imposes that each path has the same length—which is done for simplicity, but could be
relaxed.



FIGURE 1. (A) Structure of potential collaborations within an organisation and
required subtasks. (B) Successful task completion after collaboration success
has been determined. Collaborations that fail have been removed. Red-shaded
vertices are those tasks that cannot be completed because they do not have
access to a key subtask.

a database) and the uncertainty is over whether this was done in a way useful for task v. A
stronger corporate culture can help avoid failures by reducing misunderstandings, strengthening
norms of cooperation, motivating workers to follow best practices such as documenting their

work, etc.

2.2. Sensitivity of an organization to corporate culture. Suppose first that the strength
of the corporate culture is exogenous. We will study how the probability of successful completion
of task M depends on it. We call this probability r: formally, the probability that s},(¢) = 1.
Assume for the moment that the number of layers in the task tree network is infinite (L = o0).

We now claim that r satisfies the following equation:

r=(1—-(1—-7mr)")™ (1)
—_——
Probability a given subtask cannot be completed

This equation is relatively straightforward to derive. Consider the first subtask—say of type t.
The probability of a subtask of this type, say t1, being provided successfully is 7. This is the
probability that the subtask is completed successfully, which by symmetry is also r, multiplied
by the probability that the collaboration to use it is operational, which is 7. Consequently, the
probability that this does not happen is (1 — 7r) and the probability that no subtask of type
t can be provided is (1 — 7r)™. Hence, the probability of being able to source some subtask of
this type is 1 — (1 — 7r)™. The probability of being able to source all m types of subtasks is
(1 — (1 —ar)™)™. This is therefore the probability of the event that the complex task M can

be successfully completed.
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FIGURE 2. (A) Probability of successful completion of a complex task when all
task providers require two subtasks (m = 2) and have two potential providers of
each subtask (n = 2). (B) Probability of successful completion of a simple task
when all task providers require a single subtask (m = 1) and have two potential
providers of this subtask (n = 2).

Eq. (1) can have multiple fixed points and r = 0 is always among them. However, it is
the maximal fixed point that corresponds to s*(¢), the set of tasks that can technologically be
completed.® In Figure 2(A), we plot p(7). The key fact about this plot is that the probability
of successful completion of a complex task is discontinuous in the strength of the corporate
culture w. The probability of successful completion is 0 below a threshold corporate culture
strength 7., but then increases discontinuously to more than 70% in the example examined
here.

We formalize this property in the following lemma.

Lemma 1. Let m > 2 and n > 1. Then, there is a value 7t € (0, 1] such that: (i) p(7) = 0 for

all T < Tepit, (ii) p(m) has a unique point of discontinuity at 7., (iii) p(7) is strictly increasing

for all m > meie and (iv) limg ., 8,{;(:) = 00, limy 8;{;7(:) =0, and a’é—(:) is otherwise finite.

This relationship already has some stark implications. As corporate culture improves, the
completion of any task first becomes possible at some threshold level of corporate culture
strength. Moreover, the reliability of the organization—defined as the probability that a task is
completed—can instantaneously increase from 0 to a large positive number as corporate culture
crosses the threshold m.;. This implies that small reductions in corporate culture can have a
large negative impact on production and profits for complex organizations.

We call a task complex if m > 2, so that at least two types of input are required at each
stage of production (and L is large). Complexity is key to the discontinuity. If instead the task
to be completed is simple, requiring only one type of subtask at each stage (m = 1), then the
probability of successful task completion p is continuous in 7. Figure 2(B) illustrates this.

An analogous analysis can be carried out for finite depths, L < oo, and we denote by pr, ()
the probability of completion for the root task M. The functions pr, converge uniformly to the
function p studied here (Elliott, Golub, and Leduc, 2022, Lemma SA2); the Online Appendix

contains further discussion.

8This can also be obtained by taking the large-L limit of finite-layer models; see Elliott et al. (2022, IL.C).



3. ENDOGENIZING CORPORATE CULTURE

So far, corporate culture m has been modeled as exogenous. In this section, we model the

endogenous determination of m based on workers’ investments in corporate culture.
3.1. A model of endogenous investment.

3.1.1. Worker effort and the determination of culture. There are k workers. Worker ¢ can exert
effort z; € [0, 1] toward maintaining corporate culture. The cost of investment x; is ¢(x;) and
is borne by worker i. Let z = (x1,x9,...,x%) denote the profile of investment choices of the k
workers. The corporate culture strength is 7 (x, ), a function increasing in investments x; and
in the baseline level of corporate culture m, such that 7p(z,7) = m where z; = 0 for all 7. If
different workers have different roles in the organization, then their impact on corporate culture
may also be different (e.g., managers may have a greater weight). Thus, let corporate culture
strength be determined by the average investment and the baseline level 7w via the following
formula:

(T, m) = 7+ Z wy,;h(x;) (2)

i
where wy; > 0 is the weight? of agent 4 in this average and >, wg; = 1. Here h : [0,1] — [0, A],
with A = 1 — 7, is an increasing and weakly concave function with h(0) = 0 and h(1) = h,
modeling potentially decreasing returns to investments.°

Our main results focus on the large-organization limit, where the number of workers k grows
large. We will assume that, in this limit, the marginal impact each worker has on corporate

culture becomes negligible:
Assumption 1. max; wy; — 0 as k — oo.

We assume 7w < 7eit, S0 that when individuals make no effort in maintaining the corporate
culture, the probability that each given collaboration is functional is too low to allow a complex
task to be successfully completed, per Lemma 1. We also make the following assumption:

Assumption 2. c¢(z;) is smooth and convex, satisfying ¢(0) = 0; ¢/(z;) > 0 for any z; > 0;

d(0) = 0; and limg;41 ¢(z;) = oo.

3.1.2. The investment game. The timing of the game is as follows. At time 0, workers simul-
taneously choose their investments x. At time 1, each link in the collaboration network is
operational with probability mx(x, 7). The network realization determines whether the root
task M can be completed successfully.

Workers’ payoffs depend on the reliability, p, of the network—the probability of completing
the root task M. Let each worker ¢ enjoy a (potentially different) benefit a; > a > 0 once the

complex task has been completed. Thus, worker i’s expected payoff can be expressed as

Ui(wi,z—i) = aip(mi(z,)) - c(zi) - (3)
N——— ——
a; X Probability of successful task completion Cost of investment

While individuals have different positions within the organization, their interests are some-
what aligned: all workers derive some incremental benefits from the successful completion of
9For example, if e is the total number of nodes in a tree network and ey,; is the number of such nodes occupied

by worker 4, then we could let wy,; = ex,i/e.
101y the Online Appendix, we show that our results are robust to more general functional forms for 7 (z, x).
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the complex task (e.g., through bonuses, stock options, future career success, etc.). The de-
pendence of all payoffs on a single root task is assumed just for simplicity. More realistically,
different workers might be rewarded for different tasks. As long as each is rewarded for the

completion of some high-L task or tasks, our analysis extends readily.

3.2. Equilibrium analysis. As k grows large, the marginal impact of each worker’s effort on
corporate culture becomes negligible. The individual marginal costs of contributing, on the
other hand, do not vanish. This raises the question of whether workers would ever voluntarily
contribute to raise the strength of corporate culture beyond the exogenous baseline 7, since the
free-riding problem is so severe.

Figure 2(A) shows how in spite of this, equilibrium contributions to corporate culture can
be considerable. We illustrate the key logic in the idealized case of L = co, where tasks branch
indefinitely; as we discuss in the Online Appendix, one can state an analogue of our results
for a large, finite L. With no investments, the probability of successful task completion would
be 0. Now suppose each worker i were to make an investment x; such that h(z;) = merig — 7.
Then, corporate culture would be at the point of discontinuity, mcit, where p(m) has infinite
derivative by Lemma 1(iv). At such a point, for a large, finite number of workers, the marginal
benefits of investment are higher than the marginal costs of investment. Therefore, there is a
corporate culture level 7w slightly above 7 at which marginal benefits equal marginal costs
for all workers. This yields an equilibrium with positive, voluntary contributions.

At such an equilibrium, marginal benefits from investment must equal marginal costs:
dp Omy, op , ; ,
a; = a; wg b (z;) = ¢ (), Vi

laﬂk ox; zaﬂk it ( z) ( 1)7

For this to hold, we need dp/dmy evaluated at the equilibrium value of 7 to be large enough

as k grows (recalling that max;wy; — 0 as k — oo and thus the marginal impact of each
worker’s investment on 7 also diminishes to 0). Thus, the equilibrium will approach the point
of discontinuity (where dp/dmy grows arbitrarily large) from above, and hence be on the edge
of the precipice.

Now, consider an exogenous'! shock that reduces, even slightly, the baseline level of corpo-
rate culture strength 7 after the agents’ choice of investment (the interpretation is that we are
considering a timescale on which agents do not have time to adjust their investments to com-
pensate for the change). This shock could be, for instance, the announcement of a merger or
change in management, or any other change in the work environment that reduces collaboration
effectiveness. Because the equilibrium configuration was on the edge of the precipice, such a
shock will result in a collapse, or at least a severe reduction, in the organization’s probability
of completing complex tasks.

To formalize this discussion, we now define a strong notion of fragility, which requires the total
collapse of the organization’s ability to complete the complex task following a small exogenous
shock to corporate culture strength.

L1y Section 3 of the Online Appendix, we further show that our results are also robust to anticipated shocks to
the baseline corporate culture strength 7, i.e. when workers take into account the possibility that such exogenous
shocks may occur.



9

Definition 1 (Fragility). An equilibrium profile z* is e-fragile if p(m(x*, m — s)) = 0, for any
s > € > 0. That is, the probability of completing the complex project falls to 0 following a

negative shock of size greater than € to the baseline corporate culture strength 7.
We can now state our main result.

Proposition 1.

(a) There is a k such that for k > k: (i) There exists a no-contribution equilibrium with
x¥ =0 for all 4. (ii) If a is sufficiently large'? and wy, ;/ wy,; is uniformly bounded, there
is a positive-investment equilibrium-—one with x7 > 0 for all i.

(b) For any € > 0, there exists k(e) such that for k > k(€), any positive-investment equilib-
rium z* satisfies mx(x*, ) < 7eie + € and is e-fragile.

The key force supporting the positive-investment equilibrium is that the sensitivity of p
to the level of culture m makes each worker’s marginal effect on task completion sufficient
to incentivize positive investment. That sensitivity also makes the outcome fragile to global
shocks. In practice, the organization may have access to “backup” processes that produce a
lower-value substitute in case it is incapable of supporting complex production (see Section
4.2). We also note that fragility coexists with a robustness to the idiosyncratic shocks that
make many collaborations fail to operate. Indeed, the redundancy built into the network (i.e.
the fact that each subtask can be potentially completed by up to n workers) makes the system
quite robust to local shocks.

4. DISCUSSION AND EXTENSIONS

4.1. Connections and contrasts with other theories of corporate culture. Several
economic theories of corporate culture have been presented in the literature (for example,
Camerer and Vepsalainen (1988), Kreps (1990), Akerlof and Kranton (2005), Akerlof et al.
(2020), Kets (2021) and Gibbons et al. (2021)). We do not view these as alternatives to our
approach, but rather as other facets of a complex concept. Broadly, these theories are consistent
with how we view corporate culture: as supporting common understandings and norms that help
address agency problems and other frictions. The novelty of our approach is in the interaction
between the complex, nested nature of the task network and the model of culture as a public
good.

An important feature of our model is that the culture that agents invest in is global, i.e.,
at the level of the organization. Of course, some investments are more local in nature, e.g.,
developing deeper understandings with specific collaborators. Elliott, Golub, and Leduc (2022)
models investments only in one’s own relationships in a closely related model of production; the
sensitivity of p to global culture plays no direct role in agents’ investment incentives there. This
important theoretical contrast means that, in the other model, positive equilibrium investments
can put the outcome well above the precipice—something that cannot occur in the present
model.

The takeaway from this comparison is that if purely local investment incentives are strong
enough, then collaborations can enable complex production without investment in broader
corporate culture. The theory developed in the present paper is relevant in case this does not

127pe required lower bound on a does not depend on k.
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happen, so that voluntary investment in organization-wide culture matters. This is especially
salient in large organizations where new collaborations arise frequently outside the context of
pre-existing close relationships—due to, e.g., the complex and shifting nature of tasks as well
as turnover.'® Broad corporate culture then becomes critical for fostering productivity.

The endogenous sensitivity of outcomes to individual investments may have interesting in-
teractions with other issues in the theory of organizations. For example, theories of multilateral
enforcement rely on threats of a broad breakdown of cooperation to deter the violation of norms
or promises (Levin, 2002). Such “grim trigger” coordinations by many workers to withdraw in-
vestment may not always be plausible. In contrast, if equilibrium performance is endogenously
highly sensitive to individuals’ or small groups’ investments, as in our model, such a deterrent

may become more credible.

4.2. Selecting the complexity of the organization. We now provide a minimal elaboration
of our benchmark complex organization model to illustrate some phenomena that arise when
we endogenize the complexity of projects.

Suppose that the management of a firm can choose between a simple project and a complex
project, before the game we have studied is played. For the simple project, each task, including
the completion of the final project, requires a single type of subtask to be completed. For the
complex project, each task requires two types of subtask. In both cases, there are two potential
collaborations for each type of subtask, so that n = 2. We assume the complex project is
considerably more valuable than the simple one, if completed, and again consider the L = oo
case, with a large number k of workers. Finally, we assume that the organization works on the
project with the highest expected value; when there are multiple equilibria for a given project,
the most productive equilibrium is selected.

As shown in Figure 3(A), there is a key threshold for the strength of corporate culture
below which the completion of any task, either simple or complex, fails for sure. We denote
this threshold m; > 0. Further, as there is no discontinuity in the probability of successful
completion when the simple task is performed, whenever the simple task is selected there will
be no contributions to corporate culture strength, and its equilibrium level will be the baseline
level .

Now we consider the existence of the positive contribution equilibrium when the task is
complex. By Proposition 1, we know that a positive contribution equilibrium can exist for the
complex task when completing this complex task is efficient. Thus, in such a case, there is some
threshold!* 7, > 0 such that shutdown of the complex task is efficient and there is no positive
contribution equilibrium when 7 < my.

A third key threshold that has been discussed at length is the threshold on actual (rather
than baseline) corporate culture strength, at which the probability of successful completion of
the complex task becomes positive for the first time. We had so far denoted it by m;;. For this
section, denote this threshold by w53 and note that w3 > my. This threshold will be important

in equilibrium because for a baseline strength = > w3, the discontinuity in the probability of

I3Rahmandad and Repenning (2016) surveys evidence that such forces require constant replenishment of a stock
of corporate culture.
1We assume that Ty > 7y, although this does depend on the parametrization of the problem.
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FIGURE 3. Choosing between a simple and complex project: Panel (A) shows
the value of expected output conditional on there being no contributions to
corporate culture (x = 0) as baseline corporate culture strength varies. Panel
(B) shows the value of expected equilibrium output as baseline corporate culture
strength varies and contributions x* are those made in equilibrium.

successful task completion will be irrelevant for incentivizing individual contributions, and there
will be a unique equilibrium in which no contributions are made.

We can now consider what happens in equilibrium as the baseline level of corporate culture
strength m increases, under the assumptions that for a given task the most productive equilib-
rium is selected and that, given this, the most productive task is selected. This is shown in
Figure 3(B). First, for sufficiently low m, there is no output. This corresponds to the case in
which the baseline corporate culture strength is sufficiently low that even the simple task can-
not be successfully completed. Then, once the threshold m; is passed, the simple task is used
to generate positive output, but there will be no individual contributions towards corporate
culture in equilibrium. Next, the threshold 7, is passed. At this point, the firm switches to the
complex task and the equilibrium also switches to the positive contributions equilibrium. Endo-
geneously, corporate culture strength 7(x*, ) is now equal to w3 (which, as we said, is equal to
the critical level m..;;), and around this point there is a discontinuous increase in output. Out-
put, however, does remain fragile and will collapse following a small shock to corporate culture.
As the baseline corporate culture strength keeps increasing, lower private investments will be
made in equilibrium but the overall equilibrium corporate culture strength will remain at m5.
In this range, improvements in baseline corporate culture strength perfectly displace private
effort. Finally, once the threshold 75 is passed, there will be no equilibrium contributions to
corporate culture, but the later will nevertheless become more robust to shocks—Ilarger shocks
will be required to cause a collapse in the firm’s ability to complete tasks.

This simple extension of our model is consistent with there being a positive association
between the ability of firms to complete complex tasks and the strength of corporate culture. It
also suggests that, in equilibrium, the returns to improving the baseline corporate culture vary

in a nonmonotonic and interesting way. The returns from passing one of the thresholds 7, or 7,
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can be very large, while other improvements have little or no impact. The impact on workers’
incentives to contribute to the public good are also interesting. They have no incentive to do

so below 75 or above 73, but between these two thresholds make strictly positive investments.

4.3. Leadership. In this section, we model a choice of corporate culture at the organizational
level and consider problems that may arise when corporations face changing environments.

To formalize the idea that the culture into which workers are asked to invest is a strategic
choice of the organization, suppose each organization chooses a corporate culture ; € ©, where
© is a finite set.'® To capture the received wisdom that a corporate culture must be tailored

to an organization (i.e., that one culture does not fit all), we let each firm j have a mapping

;10— [0,1]

that determines the baseline corporate culture strength as a function of its culture choice.'®

Thus, in a new stage zero of our game, each firm chooses
0; € argg;rengxgj(ej),

anticipating profits from play of the most productive equilibrium of the game studied in our
main analysis. (Note a firm’s expected profits are always weakly increasing in Ej-) We now
use this framework to consider some challenges firms might face. First, suppose two complex
organizations j and j’ merge. For simplicity, we suppose that operations in the firm remain
independent, but we assume that the merged firm must then choose a single corporate culture
to fit both organizations. In this case, unless there exists a 0 = 07 = 0;, that is optimal
for both organizations, at least one of the organizations will have to operate with a corporate
culture that is a worse fit for it: Either Tj, Tjr OF both will decrease. There are then two
possibilities. If workers’ effort choices can adjust, there may be an equilibrium in which their
effort increases to exactly offset the decrease in baseline corporate culture levels. In this case,
there will be no change to the organization’s ability to execute complex tasks. However, there
may not be such an equilibrium. If 7; is sufficiently low, the unique equilibrium is for the
workers to exert no effort, resulting in the organization’s inability to complete complex tasks.
Production may also fail if the workers do not have time to adjust their effort levels. Thus
the theory predicts that mergers pose a substantial risk to the ability of large organizations
to execute complex tasks, and this risk is larger when the corporate cultures of the merging
firms are initially less aligned. The incompatibility of corporate cultures is often blamed for
failed mergers (Cartwright and Cooper, 1993; Kotter, 2008) and is of interest as a mechanism
explaining which firms can successfully integrate (Gorodnichenko, Kukharskyy, and Roland,
2018).17

A second challenge we consider is a change of leadership in a large organization. An important
role that leaders can play is in setting the corporate culture and coordinating the direction of
157 1ot of work in the management literature presents a typology of corporate cultures consistent with this
modeling approach. For example, Groysberg et al. (2018).
167 line of work in the management literature presents a typology of corporate cultures consistent with this
modeling approach. See, for example, Groysberg et al. (2018).
177s corporate culture is hard to measure, field evidence establishing its causal effect is difficult to obtain. Weber
and Camerer (2003) conduct a laboratory experiment. Under an interpretation of corporate culture consistent

with ours, they find that it is possible to establish norms and understandings within subject groups separately;
once groups are merged together, performance declines markedly.
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organization-wide efforts (Gibbons and Henderson, 2012; Bolton et al., 2013). We can think of
the choice set of available cultures as specific to the leadership: i.e. ©; depends on the leadership
of firm j. Thus, after a change in leadership, the initial 7 might no longer be feasible. This
can create opportunities as well as risks. The new leadership might be able to choose a better
corporate culture for the organization, improving m;. If the organization initially has a m; such
that the zero-contribution equilibrium is being played, then any change in equilibrium selection
this brings about will be weakly beneficial. However, if a positive contribution equilibrium is
being played, then a change in corporate culture could result in zero contributions. Indeed, a
change in leadership might mean that this is the only equilibrium. Again, such a change would
undermine the ability of the corporation to undertake complex tasks, to its detriment.

Some observations are consistent with this. First, organizations with strong corporate cul-
tures seem to often appoint leaders from within, thus helping to maintain the corporate culture.
Second, when strong leaders depart unexpectedly, an organization’s stock price often falls sub-
stantially (Quigley, Crossland, and Campbell, 2017). This could reflect concerns that the new

leadership cannot maintain a successful corporate culture.

5. PROOFS

Proof of Lemma 1. From Eq. (1), if 7 = p(7) and r > 0 then we can manipulate (1) to yield

1—(1—pt/ml/n
= . )
Lemma SA1 of Elliott, Golub, and Leduc (2022) establishes all but the first statement in (iv).
It does this by showing that II has a unique minimum at a point (7epit, Terit) and that IT is

m=1I(r):

the inverse of p on the domain 7 € [mqit, 1]. To check (iv), note that the previous sentence

implies dfigf) lrimes = 1/ %ﬁ)]r Jree- Since II is continuously differentiable and has a minimum

at r = 7o, its derivative must be 0 there. ]

Proof of Proposition 1. We first prove part (b). Consider worker i’s expected utility in an
infinite-length (L = c0) tree:
Ui(wi, x—i) = aip(mi(z,m)) — c(z;).

By the chain rule, worker ¢’s marginal utility from increasing his investment is

Tt = (s () e @

The first term is the marginal benefits to ¢ of increasing x; and the second term is 7’s marginal

cost.
Denoting % ) by p'(r), and noting that %fi’ﬂ) = wy, ;1 (2;), the first-order
- TE(\T,T)=T
optimality condition (% = 0) can be stated as
aiwk,ih/(ﬂci)P’(W) = Cl(fﬂi)7 (5)
where

T=7+ Z wy i h(xs). (6)
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A positive investment equilibrium z* must satisfy Eqgs. (5) and (6) for all ¢ such that z; > 0,
and have 7 (x,m) > 7.

Now consider a sequence (indexed by k) of positive contribution equilibria. There must be
a § > 0 and sequence i(k) so that, for each k, z;;) > ¢ and and Eq. (5) holds with i = i(k);
otherwise limy 7 (z(k), 7) = 7 and nobody has an incentive to make positive contributions
by Lemma 1. Along this sequence, the right-hand side of (5) is bounded away from 0, while
Wyi(k) — 0 by Assumption 1 and R’ is uniformly bounded for x; > §. Thus for (5) to hold it
must be that p' (7 (z(k), w)) — oo, which by Lemma 1 is possible only if limy, mx(z(k), ) = 7erit-

As a result, there is a k(e€) so that if & > k(e) then m(x(k), 7) < 7erit + €. A shock s > € to
the baseline corporate culture strength « results in a corporate culture strength me it — s < Terit

and thus in p(7erit — ) = 0 by Lemma 1, establishing the claim about fragility.

Turning now to part (a), we now show that there always exists a zero contribution equilibrium
when k is large enough. We consider the candidate profile x = 0 and the deviations (x4, i) =
(x4, 6) where ¢ takes action z; and everyone else takes action 0. When k is large enough, then
for any x; € (0,1],

aip(mi((2i,0),m)) = 0 < e(@y),
and hence the benefit of investing is smaller than the cost. Indeed, ¢(z;) > 0 for z; > 0, while
aip(m((x:,0),7)) = 0 for all ; € [0,1] when wy,; is small enough, since then 7 ((1,0),7) =
T+ wy ih(1) < Terie. It follows that x = 0 is an equilibrium.

Finally, we show the existence of positive-contribution equilibria. Define g(z;) = fll,((i’)),

which is increasing.'® Note since limg, 0 g(x;) = 0 and limg, 1 g(x;) = oo, then it follows that
limy 09~ (y) = 0 and limy_o g1 (y) = 1.
For 7 > @ait, define X;(m) = g~ ! (aiwk’ip’(w)) Now define!®

P(r)=7n+ Z wk,ih(Xi(ﬂ)> =7+ Z w;m-h(g*1 <aiwk7ip’(7r)>>. (7)

Fix any k. Note P(1) = m. Moreover, by what we have said about g above, as m — 7y from
above, we have P(m) — 1. Therefore, using continuity of the right-hand side of (7) and the
intermediate value theorem, there is a fixed point of P with m > 7. From now on, let 7*(k)
denote the largest such fixed point, which satisfies 7*(k) > 7. To this 7%(k) corresponds an
investment profile given by z*(k) with x} (k) = X;(7*(k)) = g~ ! (aiwhip’(w*)) that satisfies
the first-order conditions for investment.

Each individual’s investment problem is concave in own investment x; in the domain of z;
such that 7 ((x;,x* ;(k)),m) > 7eis. Thus there is exactly one interior optimum among such
x;. To establish this is a global optimum, we check i’s payoff is higher at X;(7*(k)) than the
payoff of 0 obtained by any x; with mx((z;, 2* ;(k)), m) < Terig (if this is possible given others’
contributions). To check this, we first note that there is an  such that X;(7*(k)) <7 < 1 for
all i; otherwise, by the assumption on weight ratios, all X;(7*(k)) would tend to 1, so 7*(k)
would approach 1, contradicting (b). Now since 7*(k) — meit by (b), it suffices to check that

a;p(Terit) — ¢(T) is positive, which we have by the assumption that a is large enough. O

18This follows from the fact that g(z;) = Zl,((?)) is increasing, which in turn follows from ¢'(z;) being increasing
while h'(x;) is weakly decreasing.
19The motivation is that using (6), an equilibrium corporate culture strength 7 such that all agents make positive

investments is a fixed point of P.
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SUPPLEMENTARY ONLINE APPENDIX TO CORPORATE
CULTURE AND ORGANIZATIONAL FRAGILITY

MATTHEW ELLIOTT, BENJAMIN GOLUB, AND MATHIEU V. LEDUC*

1. CONVERGENCE OF FINITE TREES

In practice the number of workers and collaborations required by a large corporation
to successfully complete a complex task is not infinite. It is thus useful to analyze the
extent to which the limit trees we study are representative of finite trees. To get some
intuition into this, we will analyze the case of a regular collaborations tree network with
m = n = 2. Note that for any finite L, there is a recursive formula for the probability of
successful production pg (7). It is

pr(m) = (1= (1= mpr(m))*)*
and p;(m) = 1. (See Elliott, Golub, and Leduc (2022), Section II.C.)

Figure 1 illustrates the probability of successful task completion py(7) as 7w varies for
different values of L. We see that a production tree with a small number of layers (i.e.
L =5 or L = 10) already approximates the limit case fairly well, the slope of the curve
around 7.y being quite large. Moreover, we see that the point where the derivative is
highest converges quickly to 7. ~ 0.844 and the slope of the curve becomes nearly
vertical at that point.

Note also that the curve is continuous for any finite value of L, the discontinuity appearing
only in the limit case (labelled L = o0). However, the slope of the curve around ey
becomes nearly vertical and this is the key ingredient to permit the existence of an
equilibrium with positive public good contributions as the number of workers gets large.

To compute the equilibrium for each L, we will use the following functional forms. First,
we let a; = 2 for all 7 in the payoff function (Eq. (3) of the main paper, reproduced here):

Ui(zi, ) = aipr(mp(r, ) — o).

Second, in Eq. (2) of the main paper, we let individual investments be mapped into the
strength of the corporate culture through the following function

1
(7, T) = T+ Z sz

We notice that we have set the weight of each workers to wy; = 1/k, with k being the total
number of workers, so that they all have the same impact on corporate culture strength.
This will allow for a symmetric equilibrium. For simplicity, we also let & = k(L) = L
and 7w = 0.

Finally, we let the cost function be

Date Printed. January 16, 2023.
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FIGURE 1. Probability of complex task completion py(7) as a function of
the strength of corporate culture 7 for various values of L (number of layers)
when the collaborations tree network is regular (n = 2 and m = 2). When
L = o0, the critical point of discontinuity is (7erit, p(7erit)) == (0.844,0.790).
The star on each curve with finite L corresponds to the equilibrium point
for that particular number of layers.

with a = 0.08.

With these functional forms, the ‘stars’ in Figure 1 correspond to the equilibrium points
(m(z*, ), pr(mi(2*, 7)) for different values of L.

Note that the sensitivity of the equilibrium probability of completing a complex task
pr(mk(z*, 7)) to an exogenous shock to corporate culture strength increases with L. Tak-
ing the example of a collaborations tree network with L = 10 layers, which approximates
the infinite network reasonably well, we see that an exogenous shock s resulting in a
drop in the corporate culture strength of a little over 10% (from mo(z*,m) ~ 0.85 to
mo(z*,m — s) = mpo(a*, ) — s &= 0.75) leads to a drop of nearly 100% in the successful
completion probability (from pio(mio(z*, 7)) = 0.88 to about 0).

2. FRAGILITY WITH FINITE TREE DEPTH

In this subsection, we show the main message of our analysis of fragility extends to
networks with L < oo layers.

Proposition SA 1. (i) For any ¢ > 0, there exist L and k such that for all L > L and
k > k, there exists an equilibrium with 2 < ¢ for all 7. (ii) Fix any €,7 > 0. There exist
L and k, such that when L > L and k£ > k, then any equilibrium investment profile x*
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such that 7 (x*, 1) > 7t is (€, m)-fragile in the sense that pr(mi(2*,m — s)) < n for all
shocks s > e.

We first show Part (i):

Recall from the previous section that pp(7) can be expressed as
pr(m) = (1 = (1 =mpLa(m)")™

with py(7) = 1.

Consider an investment profile & such that z; = 0 for all <. Then for all L and k, any
agent ¢ has marginal benefit higher than marginal cost:

Opr(my(2, 7))\ (Om(&, m) o
i — — > i) = 0
¢ ( o (z, ) ox; ¢(&)
since, by Assumption 2 of the main paper, ¢(0) = 0, while p.(7) is a strictly increasing
function on (0,1) and thus p} (7) > 0 for all 7 € [z, 1) (and here we let = > 0).

Now consider an investment profile 2¢ such that ff = ( > 0 for all ¢, where ( is arbitrary.
Then, there exist L and k such that for all L > L and k£ > k, any agent ¢+ has marginal
benefit lower than marginal cost:

" (3/)L(7Tk(ff7<aﬂ))> (aﬂk(i‘caﬂ)> < ()

o (2€, ) ox; '
since, by Assumption 2 of the main paper, ¢(x;) > 0 for all z; > 0, while limy,_, % =
limy_,00 wi; = 0 by Assumption 1 of the main paper and % is finite (note that

limy,_, o % is finite except at a point of discontinuity of p, by Lemma 1 of the

main paper).

As for all finite L, % is continuous in 7 (z, ) and 7 (x, ) is continuous in x;, by
the intermediate value theorem there must exist investments x; = = for which marginal
benefits equal marginal costs. Thus there exists an equilibrium with 7 = z < ¢ for all

i, when L > L and k > k.
We now show Part (ii):

In any equilibrium such that 7 (x,m) > 74, each agent i’s net marginal utility from
contributing must be zero: %z@ = 0. Consider any sequence of equilibrium investment

levels for each agent, &;(L, k), such that, for any ¢
Opr(mp(z,m)) \ (Omp(x, )
a;
ony(x, ) ox;

Consider any sequence of values (L, k) diverging to infinity along both coordinates. Note
that when 7y (2(L, k), ) > Terig, then Z(L, k) is bounded away from zero. Thus the limit

of the right-hand side of the above equation is strictly positive. Since M tends to

ox;
0 and the a; are uniformly bounded, % tends to co. By Lemma 1 of the main

paper, it follows that m,(2(L, k), 7) = = + Y, wyh(#:(L, k)) tends to e

= (@, k).

It follows that for any €¢,n > 0, there exist L and k, such that when L > L and k > k,
then pp(mp(x,m —s)) < n for all shocks s > e. A small shock thus causes a near complete
collapse in the organization’s ability to complete the complex project.



4 MATTHEW ELLIOTT, BENJAMIN GOLUB, AND MATHIEU V. LEDUC*

3. A GENERALIZED MODEL WITH ANTICIPATED SHOCKS

We suppose that in layer 1, the worker ¢ that must complete the complex task requires m;
inputs, where m; is drawn from a probability distribution p with support [m, m+1, ..., m]
and that for each input there are n; potential providers of that input, drawn from a
probability distribution ¢ with support [n,n+1,...,n]. We take m > 2 and n > 1. Layer
2 is much the same. An input provider j in this layer requires m; inputs himself, where
m; is again drawn from the probability distribution p, and has n; potential suppliers of
each input, where n; is drawn from the probability distribution ¢. The process continues
in this way until layer L in which task completion requires no inputs. Thus, in essence,
the tree is a random branching process up to the last layer, with the number of required
varieties at each node drawn from the distribution p, and the number of task providers
available in that variety is drawn according to q.

The timing of the game is as follows. At time 0, investments into corporate culture
x; € [0,1] are made simultaneously. The cost of investment x; is ¢(x;) and is borne
by ¢. Let x denote the profile of investment choices. The corporate culture strength is
determined as a function m(x,m, s) of the investments z, a baseline level of corporate
culture 7, such that 7 (0, 7,0) = = when all agents choose z; = 0 (i.e. = 0) and a shock
s. At time 1, the random potential collaborations tree network is formed, with each node
J requiring m; ~ p(m) inputs in the layer below and each input being potentially provided
by n; ~ g(n) workers, as previously explained. Moreover, a shock occurs with probability
1 > 0. When a shock occurs, its magnitude s is drawn from a probability density function
f(s). Each link associated with the complex task then fails with probability 1—m(x,m, s)
and the final network is realized. This determines whether the task can be completed
successfully or not.

At time 0, when making his investment, the expected payoff of worker i is

Ui(xi,:cz'):(1—¢)amL(m(ﬁc,L0))+wai//)L(m(w,z,S))f(S)ds = ). (1)
. S~~~

S

~~ Cost of investment
Expected payoff from the complex project

As in the main paper, we will be mostly interested in the model with an infinite number
of layers (L = oo) and will show that pz(7) converges uniformly to p(m).

We make the following assumption:

Assumption SA 1.

(i) ¢(z;) is smooth, convex with ¢(0) = 0 and ¢/(x;) > 0 for all z; > 0, ¢(0) = 0 and
limgﬁm C/(l'i) = Q.
(ii) m(z,m,s) is a function m : [0, 1] x [0,1] x [s,5] — [0, 1], which has the following
properties:
(a) Smooth, concave and strictly increasing in each xz;, strictly increasing in =
and strictly decreasing in s. When all agents choose z; = 0 (i.e. z = 6), then
Wk(ﬁ, m,0) = 7.
(b) max; Omg(x,m, s)/0x; — 0 as k — oo, for all possible contribution profiles x.
(iii) f(s) is continuous and has support [s,s] with s > s > 0.
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Assumption SA 1(i) is standard for cost functions. The restriction that m is strictly
increasing in x; means that whenever there are a finite number of agents, each individual
contribution strictly increases corporate culture strength. Condition (ii)(b) requires that
as the number of workers k gets large, the free-rider effect becomes severe—each individ-
ual contribution has a negligible impact on overall corporate culture strength. Finally,
Assumption SA 1(iii) implies that a shock of any particular size s is a zero-probability
event and requires all shocks (when they occur) to be at least of size s > 0, ruling out
shocks of size 0.

Some additional definitions will be helpful.

Definition SA 1 ((e,v)-fragility). An equilibrium profile z* is (e, v)-fragile if there is a
corporate culture strength 7 such that

(1) mp(2*,m,0) > 7 > m(a*, @, s) for all shocks s > €
(2) there is a positive constant v > 0 such that lim,z p(7) — limq 4z p(7) > 7.

Thus, an (e, v)-fragile equilibrium is perched at or close to a precipice, i.e. 7 is a point
of discontinuity of p.

We can also define a stronger notion of fragility (which is a particular case of the above)
which requires the complete collapse of the organization’s ability to complete the complex
task. This corresponds to Definition 1 of the main paper.

Definition SA 2 (e-fragility). An equilibrium profile z* is e-fragile if p(m(z*, 7, s)) = 0,
for any s > € > 0. That is, the probability of completing the complex project falls to 0
following a negative shock of size greater than € to the corporate culture strength.

Proposition SA 2. There exists k such that for & > k, there always exists a (no
contribution) equilibrium with 27 = 0 for all i. Moreover, for any € > 0, there exists k(e)
and v > 0 such that for & > k(e), any equilibrium with a positive investments profile z*
is (e,7y)-fragile and limy_, o, (2", 7,0) = 7;, where 7; € II is some point of discontinuity
of p(m) (and II is the set of points discontinuity of p(m)).

We see that Proposition 1 of the main paper is a corollary of Proposition SA 2, when
the collaborations tree is regular (m and n are fixed, and thus p(7) has a single point of
discontinuity, as per Lemma 1 of the main paper) and when shocks are not anticipated
(corresponding to the case ¥ = 0). We formally recall it below.

Corollary SA 1. Suppose p and ¢ are degenerate, i.e p(m) = 1 and ¢(n) = 1 for some
m > 2 and n > 1. Suppose further that ¢y = 0. There exists k such that for k& > k,
there always exists a (no contribution) equilibrium with x = 0 for all i. Moreover, for
any € > 0, there exists k(e) such that for & > E(e), any equilibrium with a positive
investments profile z* is e-fragile and limy_, o m(2*, 7,0) = Teris-

4. ADDITIONAL RESULTS AND PROOFS

First we present a number of lemmas that are used to prove our main results. We then
prove the main results using these lemmas, before proving the lemmas themselves.
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4.1. Lemmas.

Lemma SA 1 (Successful task completion in the limit).

p(m) = lim py(7) = sup {T 1= p(m) [1 = q(n) (1 - W)”] } . (2)

Lemma SA 2 (Limit properties of pr(7)). Suppose that m > 2, n > 1, and p and ¢ are
generic. Then the function p(7) = poo(7) has the following properties:

(1) It is equal to 0 at all 7 in a nonempty interval [0,7) and positive for 7 € [T, 1].
Moreover, if n > 2, then 7 € (0, 1).

(2) It is differentiable except at finitely many jump discontinuities.

(3) It is right-continuous.

(4) The function p is discontinuous at some 7; € (0, 1) if and only if

lim p'(7) = oo.

T

J’_

Moreover there is a nonempty interval (m;, w;") on which p is concave.

Lemma SA 3 (Continuity and uniform convergence of pr(m)). Let IT be the set of
discontinuities of p().

(1) For each L, the function pp(m) defined for 7 € (0,1) is strictly increasing and
infinitely differentiable.

(2) Let (m;, mi41) be the open interval between two consecutive points of I, with
7o = 0 and 741 = 1. Then {pr(7)}32, converges uniformly to p(7) on (7, miy1).

Lemma SA 4. For any z,

lim E ap(ﬂ'k(l’,ﬂ, 3)) aﬂ'k(l',ﬂ, 8)

=0.
k—o0 87Tk($,ﬂ, S) 8.1'1

where the expectation is taken over the pdf f(s).

Lemma SA 5 (Regular trees). Suppose p(m) = 1 and g(n) = 1 for some m > 2 and
n > 1. Then p(7) has a unique point of discontinuity at m..;; € (0, 1] and for all 7 < e,
we have p(m) = 0.

Lemma SA 5 corresponds to the case of Lemma 1 of the main paper.
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4.2. Proof of Proposition SA 2. The uniform convergence properties of pz(m) to p(m)
are established in Lemma SA 3. We thus consider worker i’s expected utility in an infinite
length (L = 00) tree:

CM%J4%=ﬂ—¢Mmﬁﬂ%£ﬂD+¢%/?WA%£ﬁ»ﬂ$%—C@J

S

By the chain rule, the marginal utility of a worker ¢ from increasing his investment is
given by

dUs(z) {(1 _ w)ai(ap(ﬂk(%ﬂa 0))> (aﬂ-k(aj7£7 0))

dz; Oy (a7, 0) oz,
e (Chmiez) (b s

where the expectation is taken over the pdf f(s). The first term is the marginal benefits
to ¢ of increasing x; and the second term is ¢’s marginal cost.

To make the notation more concise, let us write the expectation term as

0,(x) = Y [8/)(7%(1‘,& s)) Omy(z, , S)} _

oy (z, 7, s) 0x;
Denoting % om0 p'(m), the first-order optimality condition (dzi—x(i@ =0)
can be stated as
(1~ )ag () T EO g () = ), (@)
where l
m = m(z, 7, 0). (5)

A positive investment equilibrium is thus a profile z* satisfying Eqgs. (4) and (5) for all
i, and such that U;(z*) > 0.

Define g(x;) = ¢(x;). Then from Eq. (4), we have that
_ o (x, 7,0
v =07 (0= 0 (W TEED g 0)
T
and thus using Eq. (5), an equilibrium corporate culture strength 7* will be a fixed point

of P(m), where

B ;. \Omp(z,m, 0
P(ﬂ-) = ﬂ-k({g ! ((1 - w)azp (ﬂ-) i (8$7T ) ‘x:wk(x,ﬂ,ﬂ):ﬂ' + 917]§(£L') }zﬂrk(x,ﬂ,()):w) }le’ T, 0)

(6)

We first focus on a productive equilibrium, which can only happen if 7 > 7, since p(7) = 0
for 7 <7 by Lemma SA 2.

Let IT be the set of discontinuities of p(7) and let (7;,7;11) be the open interval between
two consecutive points of II, with 7o = 0, 7y = 7 and 41 = 1.

Over any interval 7, 741), with j > 1, P(7) is maximized at 7 = 7;. This follows from
g~' = ()7 being an increasing function, while lim, ., p'(7) = oo and p/(7) is finite for
7 € (mj,mj11) by Lemma SA 2.
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The fact that ¢! is an increasing function follows from the fact that g(z;) = ¢/(x;) is
increasing. Moreover, since lim,, 0 g(x;) = 0 and lim,, ,; g(z;) = oo, then it follows that

limy_>0 g_l(y) =0 and hmy—)oo g_l(y) =L

Recall from Assumption SA 1(ii)(a) that m.(0,7,0) = 7 < m;. Note also that since p'(r)

is finite for any = € (7, m;41), while limy_,o % = 0 by Assumption SA 1(ii)(b),
and since limy_, 6;1(z) = 0 by Lemma SA 4, then the argument of ¢g7'() in Eq. (6)
goes to 0 as k — oo. It thus follows from Eq. (6) that there are k and 7; € (7, 7)41)

such that when k > k, then P(7) < m; for all m € [7;,7j41).

Since P(7) is maximized at 7; and P(7w) < 7; for all 7 € [7;,m;41), then by the inter-
mediate value theorem, there exists, on the interval [m;, 7;41), at least one fixed point
with 7* > 7; if P(7;) > ;. From now on, let 7* denote the largest such fixed point (i.e.
equilibrium). To this 7* = 7, (2*, m,0) corresponds an equilibrium investment profile z*

with = g~ <(1 _w)aip/(ﬁ*)%;@mjtei,k(x*)), Vi. On the other hand, if P(7;) < 7;,

there does not exist a fixed point (and thus an equilibrium) with 7* > 7; on the interval
(5, Tj1)-

Note that from Eq. (6), P(r;) = m(I,7,0), where x = 1 denotes an investment profile
in which all agents choose x; = 1. Thus, if m4(T,7,0) < 7;, then P(m;) < 7; and thus
there does not exist a productive equilibrium on the interval (7;,7;+1). On the other
hand, if wk(f, m,0) > m;, then P(m;) > m; and thus there exists a productive equilibrium
on the interval (7, 7j41).

Now note that from Eq. (6), for any 7 € (7;, mj41), limy_,oo P(7) = m, since %@ff’o) — 0

by Assumption SA 1(ii)(b), while p/(r) is finite by Lemma SA 2, and since limy,_, 0; x(z) =
0 by Lemma SA 4. It follows that, if P(m;) > m;, there exists a unique productive equi-
librium on the interval [m;,m;41) in the limit as & — oo, with limy_,o m(2*, 7, 0) =
m(z*,m,0) = m;. Any shock s > 0 to the corporate culture strength then results in a cor-
porate culture strength 7(z*, m, s) < m; and thus a discontinuous drop in the probability
of successful task completion, i.e. p(n(z* 7, 0)) — p(w(z*,m,s)) > =, for some v > 0.
Thus, for any € > 0, there exists k(e) and v > 0 such that for £ > k(e), any equilibrium
with a positive investments profile z* (with m(z*,x,0) € [7j, m41)) is (e, 7v)-fragile by
Definition SA 1.

We now show that there always exists a zero contribution equilibrium when k£ is large
enough.

Let x;; = 0 for ¢/ # i and denote this by z_; = 0. An investment profile is then denoted
by (x;,x_;) = (x;,0). When k is large enough, then for any z; € (0, 1]

(1 = ¥)aip(mi((2:,0), 7,0)) + ¢%/P(M((%»6)>L s))f(s)ds =0 < c(;)

s

and hence the benefit of investing is smaller than the cost. Indeed, ¢(x;) > 0 for ; > 0,
while (1 — ¢)a;p(mi((x;,0), 7, 0)) + Ya /. p(mi((5,0), 7, 8)) f(s)ds = 0 for all z; € [0,1]

Oy ((24,0),m,0) and Ay ((24,0),m,5)
ox; ox;

enough by Assumption SA 1(ii)(b)), since then 7((1,0),7,0) ~ 7 < m; = 7. Indeed,
when k£ is large enough, any single agent’s investment in the corporate culture cannot
raise it beyond the critical threshold 7 at which p becomes positive. It follows that z; = 0
for all 7 is an equilibrium.

when are small enough (which happens when k£ is large
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4.3. Proof of Corollary SA 1. Proposition 1 of the main paper is a corollary of Propo-
sition SA 2, when the collaborations tree is regular (m and n are fixed) and when shocks
are not anticipated (corresponding to the case 1 = 0). The reader is thus referred to the
proof of Proposition 1.

4.4. Proof of Lemma SA 1. Suppose that there are L layers in the collaborations tree.
Then the probability of completion of the complex task is given by

rp =G, (1 —Gy(l —7rp_q)),

where r7_; is the probability of completion of the complex task in a tree with L —1 layers.
In the above equation, G, and G, are the probability generating functions associated with
the pmf’s p and ¢, respectively.

In a tree with a single layer, we obviously have r; = 1 since there are no relations and
thus none can fail. The process we are interested in is the limit of r; as L gets large.
Initializing the sequence at r; = 1, we have that for all finite L, r, < rp_;. Thus, as at
each step of the iteration the probability of successful production decreases from an initial
value of 1, the limit probability of successful production is the limit of that sequence,
which converges from above to the largest fixed point of

r =G, (1 —Gy(l—mr))

or equivalently, the largest fixed point of

r=3" p(m) [1 ~S a(m)(1— m"] .

4.5. Proof of Lemma SA 2. Part (1):
Note that p(m) is the largest fixed point of
r = R(r)
= Ypm) 1= Y a1 - )" (7)

n

Also note that for any 7 € [0,1], r = 0 is always a fixed point of (7). Moreover, when
m =1, then r = 1 is always a fixed point of (7).

We thus first need to establish that when 7 is low enough, there is no other fixed point
than r = 0. To see this, it is sufficient to show that when 7 is low enough, the derivative
of the right-hand side of (7) is always smaller than the derivative of the left-hand side
(i.e. always smaller than 1). Thus, the curve described by the right-hand side never
crosses the curve described by the left-hand side, except at » = 0. For that purpose, note
that

d]fl,f,r) = Zp(m)m[1_Zq(n)m—m)n}m_lzq(mnu —m) e (8)

n n
< mnm

where m =) p(m)m and n =) q(n)n. We conclude that there must exist 7 € (0, 1]
such that %ff) < 1 for all # < w. Thus, there must exist 7 > 7 such that any 7 < T,

then p(m) = 0.
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Secondly, to establish that p(7) has a discontinuity at 7, we need to show that for any

7 € [0,1], the slope of R(r) around r = 0 is always close to zero. In other words, for
dR(r)

any n > 0 there exits 7 such that < n for all r € [0,7). This is easy to verify
by inspection of (8). Thus, when for some large enough 7 there exists a fixed point
other than r» = 0, it must lie outside a non-empty neighborhood or r = 0, implying a
discontinuity in p(7) at T = 7.

Now to demonstrate that when n > 2, 7 € (0, 1), it is sufficient to show that the largest
fixed point p(m) of (7) varies continuously in 7 in a neighborhood of 7 = 1. This then
implies that 7™ < 1.

Towards showing this, we will let f(r,m) =" p(m) [1 —> . q(n)(1— WT)”] " 7 and use

the implicit function theorem to show that there exists a continuous function r = p(r)
solving f(r,7) = 0 in a neighborhood of 7 = 1 and that this function is increasing in T,

ie. d’;—(;r) > (0 for all 7 in a neighborhood to the left of 7 = 1.

From the implicit function theorem, we can ascertain the existence of such a continuously
differentiable function p(7) if %’r:l,ﬂ':l = 0. This condition is satisfied since

df (r, m) -1 -1
IR S DU SUDIEE A D A ST IR it S N
= —1+#0
Moreover, in a neighborhood of m =1, d’;(:) can be expressed as

dm dm dr

_ S pm)m(1 =3 q(n)(1—7mr)")™ 1> qn)n(l —mr)""r
Em p<m>m(1 - En Q(n)(l — Wr)”)m—l Zn q(n)n(l _ 7T7“)n_17'r -1

!

dp(m) N

— T ~

dp(r)  df(r,m) /df(r,w)

By inspection of the above expression, we see that for 7 € (1 —n,1), &~ ~ — T
n", where n,n',n",n” > 0 are small numbers. We conclude that p(m) is positive and
continuous for all 7 in a non-empty neighborhood to the left of 7 = 1, implying that the

first discontinuity 7 is strictly smaller than 1, i.e. 7 € (0,1).
Part (2): Define 1T : (0,1] — R by

1= G;l(l — G;l(r))

m.=1(r) = (9)

r

Note that this function is continuously differentiable on its domain. Equation (9) can be
obtained by inverting r = G, (1 — G,(1 — r7)) to isolate 7 on the left-hand side. Equation
(9) gives us a simple relationship between 7 and r that avoids us having to work directly
with the implicitly defined r. It is through this transformation, and by using properties
of the generating functions, that we will be able to establish the remaining properties
documented in Lemma SA 2.

We start with a preliminary observation. Let IT = {7, s, ..., mm} be the set of points
at which there is a discontinuity in p(m). Let (m;,m11) be the open interval between
two consecutive points of II, with 7y = 0 and m41 = 1. Fixing any 7 € [m;, miq1),



11

/A
1) | P
pa)|
g o
r -
0 — -
P )] 0% 1
(A) (B)

FIGURE 2. Relationship between II(r) and p(7) in the case with p(m)
having two discontinuities at m; and 7. Panel (A): The function II(r).
Panel (B): The corresponding p(7). We see that the local minima of II(r)
correspond to the discontinuities of p(7).

and defining 7 = p(7), the function II(r) achieves a minimum at 7 on the interval [, r}],
where 7} = limyqr,,, p(7) < p(m;41). If not, and II(r) were strictly lower than II(7) on
this interval, then because II(r) has to reach the value ;1 at r = r}, there is (by the
intermediate value theorem) some point r € (7,rF) at which II(r) = 7, contradicting
the definition of p(7) (as the largest fixed point of Eq. (7)) and our assumption that
7 = p(7). From this it follows that at 7, either II'(7) > 0 or II'() = 0. In the latter case,
I1(r) has either a local minimum or an inflection point at 7.

By genericity of p and ¢, the function II(r) cannot have an inflection point anywhere (we
show this formally a bit later) and that possibility is eliminated. Now we can consider
the remaining two possibilities. In the first case, if II'(7) > 0, then because II(r) is
differentiable, the implicit function theorem guarantees that p(7) has a finite derivative
(and is therefore also continuous). In the second case, the fact that II(r) has a local
minimum at 7 implies (recalling the definition of p(w)) that p(7) has a discontinuity at
7 = II(7). Setting m; = 7, call the coordinates of this discontinuity (p(m;),m;).

Figure 2 illustrates the relationship between II(r) and p(7).

We now formally show that for generic probability mass functions p and ¢, supported on

{1,2,..m} and {1, 2, ...,n}, II(r) has no inflexion point. Making the dependence on p and

q explicit by writing I1(r, p, ¢), this is equivalent to showing that the equation w =0

is “regular” at almost every p and ¢ on the above-defined supports. That is, for almost
all p and ¢, M = 0 should imply that dH—Tp’q) # 0. By the transversality theorem,

this will hold true if the Jacobian J,,, [%} has full row rank (here, this means rank

one) whenever w = 0. Thus, all we need to verify is that J,.,, [dn—;ﬂpq)} # 0 under

that condition.

Denoting & ’p dlrpa) 1y IT'(r, p, q), we have that

[dH’(r,p,q) dll'(r,p,q) dll'(r,p,q)  dlI'(r,p,q) dll'(r,p,q) }

J“”[H/O"’p’@] dr 0 dp(l) 0 dp(2) 7 dg(l) T dg(2)

(10)
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It is sufficient to show that the first element dnl(d#’q) of this vector is never equal to zero

when w = (0. We can express this first element as
dil'(r,p,q) _ —Gg"(1= G ()G, (1) + G, (G (1= G, (1)
dr r
CGIN( =GN ()G (r)
r2
+—Gq_1/(1 — G U m)G Y (r)r? +2r(1 = G Y (1 = G, H(r))) i
o
while the % = 0 condition can be expressed as
Ap) _ G0 = GG = (=G0 G )

dr 72

: : : : R dIl' (r,p,q) |
Using (12) in the third term of (11) yields the following simplification of =7

dil'(r,p,q) =G, (LG, ()G, (1) + G, (NG (L= G, (1)
dr r
(610 - 6, 0m)
- — - >0 (13)

where the first equality follows from the previously mentioned substitution, the second
equality follows from integrating the numerator twice, while the final inequality follows
from the fact that Gq’ll’(r) < 0 for all » € [0,1]. We can therefore conclude that the

Jacobian is always of full row rank when w

inflexion point.
Part (3):
By the previous part and by the definition of p(7), we know that at any point of dis-

continuity m;, p(m;) = r; is the limit of p(7) when 7 approaches m; from the right, i.e.
hH’lﬂ-J’ﬂ-i p(ﬂ') =T;.

= 0, as required, and thus II(r) has no

From part (2), we also know that p(7) is continuous, except at the points of discontinuity.
Combining these two arguments, it thus follows that at any given point © € [0, 1), for
any 1 > 0 there exists & > 0 such that |p(z) — p(7)| < n for all x € (7, 7+ &). Therefore,
p() is right-continuous.

Part (4):

We will first show that if p(7) is discontinuous at 7;, then lim, ., p'(7) = co. Using the
same notation as in part (2), first note that because II(r) achieves a minimum at r; on the
interval [r;, 77|, there must be nonempty intervals (r;, ;") and (m;, 7;") such that II(r) is
strictly increasing and thus equal to the inverse of the (also strictly increasing) function
p(m). Moreover, because II(r) is continuously differentiable and a discontinuity in p(m)
at m; is associated with a local minimum of II(r) at r;, then II(r) is locally convex and
the derivative of I1(r) at points just to the right of r; approaches 0, i.e. lim,,, I[T'(r) = 0.
Thus, by the implicit function theorem, the derivative of p(7) tends to co as 7 tends to

m; from above, i.e. lim, ., p/(7) = 0.
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We now show that lim, ., p'(7) = oo implies discontinuity of p(7) at ;. If lim, ., p/(7) =
0o, then lim,,, IT'(r) = 0 (again by the implicit function theorem) and 7; is thus a local
minimum of II(r) (since inflexion points have been ruled out in part (2)). From the
definition of p(r), it follows that it is discontinuous at ;.

Now, since II(r) is locally convex and increasing on (r;,7;"), then p(m) (the inverse func-
tion) is locally concave and increasing on (7;, 7;").

Also note that, because G, and G, are polynomials (i.e., the generating function has only
finitely many nonzero coefficients), the function II(r) has a derivative that changes sign

only finitely many times, and thus p(7) has only finitely many discontinuities.

4.6. Proof of Lemma SA 3. Part (1) : Note that

pr(m) = Gy(l—Go(l —mpr(m))) (14)
= D pm) |1 a(n) (1 —7prs(m))" (15)

with py(m) = 1. Thus, ps(7) is a strictly increasing function of 7. If py_q(7) is strictly
increasing in m, then so is py(m). It thus follows by induction that pp(m) is strictly
increasing in 7 for any L.

Note also that pr(7) is a polynomial in the variable 7 for any L and thus it is infinitely
differentiable.

Part (2) :

{pr(m)}72, is a sequence of monotonically decreasing (in L) and differentiable functions
(in 7) converging pointwise to p(m). From Lemma SA 2, we know that p() is continuous
and has finite derivative on each of those intervals. Therefore, using Dini’s theorem,
{pr(m)}72, converges uniformly to p(7) on each of those intervals.

4.7. Proof of Lemma SA 4. By Lemma SA 2 and Assumption SA 1 parts (ii)(b) and
(i), for all s € [s, S| but a measure zero subset we have that

(552 ()] -«

We therefore have that

lim E

k—o0

e

4.8. Proof of Lemma SA 5. With fixed m and n, this case corresponds to Lemma 1
in the main paper. The reader is thus referred to the proof of Lemma 1.
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